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A RELATIVITY AND GRAVITY

Surprisingly, the concepts behind general relativity as a theory of gravity are entirely
geometrical and require differential geometry as a description of the geometry and
dynamics of space time. In this script for the lecture on general relativity as a master-
level course at Heidelberg University we will encounter gravity as a geometric effect
of spacetime and the geometrisation of physical laws, understand the structure of
the laws of Nature by drawing analogies between classical and relativistic mechanics
of point particles, the theory of scalar and vectorial fields, touch on concepts like
invariance, covariance and symmetries, and will develop an intuition about gravity.
There are three great applications of general relativity: black holes, FLRW-cosmologies
and gravitational waves, and in all these areas there have been major experimental
and observational advances in the last couple of years.

In this script we will mostly use a coordinate-based description of tensors with
explicit indices. For those, we adopt the summation convention, with Greek indices
running over all spacetime coordinates and Latin indices over the spatial ones, should
the coordinate choice allow this.

A1 Why is classical Newtonian gravity insufficient?

It is important to realise that at the time of @ A. Einstein’s thinking about relativity,
there was no actual need to abandon @ I. Newton’s theory of gravity. The «4 peri-
helion shift of Mercury could have easily have had systematic origins, and many of
the arguments against Newton gravity to be the ultimate theory of gravity are purely
conceptual.

First of all, there is no dynamics of the gravitational potential @ in Newton’s
theory. According to the <4 Poisson-equation as the field equation of Newton-gravity,

AD(x', t) = 471G p(x', t), (A1)

the potential is source by the density field p in an instantaneous way as the Laplace-
operator A can, unlike the d’Alembert-operator [J, not generate any retardation.
a

The missing retardation could be easily fixed, though. Motivated by the ideas of 4
special relativity that there is no clear distinction between the t- and x’-coordinates,
one could make the replacement

A=v19,0; > O=1"3,0,=03%-A (A-2)

which gives a Lorentz-covariant field equation,

AD(x) =4nG p(x) — OPD(x) = 471G p(x) (A.3)

with proper retarded (and advanced) potentials. We can quickly check that there is
propagation of excitations of ® with c along a light cone: Plane waves © ~ exp(+ik,x¥)
yield O® = —n*" k,k, @ = 0 with a null-vector k,, #*" k,k, = 0. That this “covari-
antised” field equation already allows wave-like excitations of the gravitational field
is foreshadowing the emergence of gravitational waves in proper relativistic theory.
Then, the (energy) density p should be the tt-component of the energy momentum
tensor T, as suggested by special relativity and follow a Lorentz-transformation rule
when boosting from one Lorentz-frame to another: But the gravitational potential in

A Only coordinate choices
aligned with the spatial hypersur-
faces have this!

A Please note the difference in
sign between the Poisson-equation
AD = —4mp in electrostatics and
AD = 4nGp in classical gravity:
Gravity between masses is always
attractive, but the electric field be-
tween a positive field generating
charge and a positive test charge
is repulsive.


https://en.wikipedia.org/wiki/Albert_Einstein
https://en.wikipedia.org/wiki/Isaac_Newton
https://en.wikipedia.org/wiki/Tests_of_general_relativity
https://en.wikipedia.org/wiki/Tests_of_general_relativity
https://en.wikipedia.org/wiki/Poisson's_equation
https://en.wikipedia.org/wiki/Special_relativity
https://en.wikipedia.org/wiki/Special_relativity

A Please always use new names
for the indices in the variation!

A. RELATIVITY AND GRAVITY

Newton’s theory is scalar and would necessarily be equal in all frames. In fact, there
should be additional components of the gravitational field beyond @ if it was to be
sourced by the energy momentum-tensor Tj,,,.

A2 What would be the most general classical theory of gravity?

It turns out that Newtonian gravity is not even the most general classical (i.e. non-
relativisic, and of course non-quantum) theory of gravity! For seeing this, we would
approach the construction of a field equation from a variational principle, by writing
down an action integral S = Id3x L(®, 9;®) with a 4 Lagrange-density £(®, d; D)
that is dependent on the potential ® and the first derivative d;®. <4 Hamilton’s
principle S = 0 would then suggest that

- L. oL . oL . oL
_ 3 D) = Sy = =—=—00,P = x| 5z - dir =
bS_de xL'(CD,a,CD)_jd x5 00+ 555 091 fdx(acp %555

v v v

)6® =0
(A.4)

by using 6 d;® = 9;0 P and performing an integration by parts, so that we can extract
the 44 Euler-Lagrange-equation
aL oL

70 %39,0 -

0 (A.5)
which determines the field equation once the Lagrange density £ is chosen. Certainly,
Newton would have wanted to have a linear field equation such that the superposition
principle is valid, and the 44 Ostrogradsky-theorem disallows terms of higher deriva-
tive order beyond second derivatives, and we would like an isotropic gravitational
field around a spherically symmetric matter distribution. These arguments imply
that there can be at most squares of the potential in the Lagrange-density as the
Euler-Lagrange equation decreases the order by one through differentiation, and
that there should be the invariant yijaiQHjCI) (as a scalar product of two vectors it is
invariant under rotations) as a kinetic term in the Lagrange-density: Therefore, the
most general Lagrange-density would be

- 2
L(D, 9;D) = % Y 9;D9; + 4GpD + AD + "’7@2, (A.6)

with the Newtonian gravitational constant G and two new constants, m and A. Of
course, as Lagrange-densities only ever appear inside integrals, it is only determined
up to an integration by parts, so the kinetic term can equally written as

L(D, 9;P) = %cbyff 0;0j®+-++, (A.7)

with <Dyif8i8]-(1) = QAD. For carrying out the variation, one needs to substitute the
Lagrange-density into the Euler-Lagrange equation.
We obtain for the kinetic term

L= % Y"9,00,® (A.8)

the derivative


https://en.wikipedia.org/wiki/Lagrangian_(field_theory)
https://en.wikipedia.org/wiki/Hamilton's_principle
https://en.wikipedia.org/wiki/Hamilton's_principle
https://en.wikipedia.org/wiki/Euler–Lagrange_equation
https://en.wikipedia.org/wiki/Ostrogradsky_instability

A.2. WHAT WOULD BE THE MOST GENERAL CLASSICAL THEORY OF GRAVITY?

oL 1, (39,0
700 -2 \Ga.0 P+ %P

AP\ 1 4 a i ai
aaitp):E(ybbﬂ8b®+yb8aq)-bb):y 2,9,

(A.9)
and finally
-2 iiao
im:']/ i ](D:A(IJ, (AIO)
while the derivative with respect to the field @ itself is very easy,
a—q)—4nGp+ A+m” D, (A.11)

such that Newton’s field equation should be of A Yukawa-form, and being inhomo-
geneous even in vacuum,
(A-m?) @ =4mG p+ \. (A.12)

While the value of the 44 gravitational constant G ~ 107! 'm3/kg/s? is well known,
the «4 cosmological constant ) is in fact non-zero and plays a role on scales above
10%°m, but is completely irrelevant inside the Solar System. It would, however, have
the funny consequence that there would be gravitational effects in empty space!
Specifically for p = 0 the field equation becomes

10,00
AD =) such that ﬁZ(r W)_)‘ (A.13)

and the solution for the gravitational acceleration g, reads

Lo A A
W:—gr:ﬁjdrﬁ:gr, (A.14)

increasing linearly with distance: This is in fact observed in cosmology on very large
scales in the distance-redshift-relation of supernovae!

The additional constant m is very difficult to interpret classically, but we should see
what effects it might have, by solving the resulting field equation. In three dimensions
or more, and on scales below 102°m, the case m = 0 reduces the field equation in
vacuum to AD = 0, i.e. to

1 9,0\
AD = rn—l E (T Eq)) = 0, (A15)

suggesting that (r”’l %CD) should be constant for equation to be valid. Specifically
in 3 dimensions on obtains a 44 scale-invariant <4 Coulomb-potential, ® o« 1/r
whereas a nonzero value for m introduces a scale in the form of a Yukawa-potential
@ « exp(—mr)/r. For Newton, it must have been an empirical fact that m would be
vanishing as there are perfectly Keplerian orbits in the Solar System.

Let us come to the fact that orbits of planets in the Solar System are almost
perfectly Keplerian: A very instructive derivation of Kepler’s third law is to use
mechanical similarity transforms of the classical action S, in particular for power-law
potentials just as the Coulomb-potential.

A Many people claim that the
cosmological constant is reserved
to a relativistic theory of gravity,
but this is just untrue.

A Debye-screened electrostatic
fields in polarisable media is
a good example of Yukawa-
potentials.


https://en.wikipedia.org/wiki/Yukawa_potential
https://en.wikipedia.org/wiki/Gravitational_constant
https://en.wikipedia.org/wiki/Cosmological_constant
https://en.wikipedia.org/wiki/Scale_invariance
https://en.wikipedia.org/wiki/Electric_potential

A. RELATIVITY AND GRAVITY

The classical action for a particle moving inside a potential reads

B
S= fdt L(x', %) with L£(x, %) = g yij &% —m . (A.16)
A

If we introduce a scaling of distance and time with the transformations x — ax and
t — Bt, the kinetic term transforms according to T — g—;T and the potential term
with @ — " O if the potential is in fact a power law of with exponent n, ® ~ x.

2
#
factor, which can not matter because the Hamiltonian principle is invariant under <4
affine transformations of the action (or equivalently, of the Lagrange function):

If the two scaling factors are related through %> ~ ", L changes only by an overall

L - al+b implies S —aS+0b with S:jdtﬁ (A.17)

such that
8 =0 — d(aS+b)=adS=0, (A.18)

and a cancels. Therefore, the two scalings in length and time can not be independent

and their relation must depend on the exponent of the power law of the potential:
This is summarised by the similarity condition t> ~ x2~", which is sometimes referred
to as classical mechanical similarity: Motion inside a potential with a given exponent
is described by an equivalence class of Lagrange-functions (and their solutions),
which get mapped onto each other by a similarity transform. The most basic choices
of n correspond to well known problems in classical mechanics:

n=2 t?> ~x% isochronism of a pendulum (A.19)
n=1 t> ~x  inclined plane, constant acceleration (A.20)
n=20 t? ~ x?  inertial motion with constant velocity (A.21)
n=-1 2 ~ x5 Kepler’s third law (A.22)

Supposedly, the first case was discovered by @ G. Galilei himself, who noticed that
the oscillation period of a pendulum (measured with the pulse on his wrist) did
not depend on the amplitude. The last case, Kepler’s third law of planetary motion,
is necessarily a consequence of the 1/r-form of the potential and any Yukawa-type
contribution would break the scaling relation.

Besides, A Kepler’s third law provides a neat trick to remember the units of the
gravitational constant, G ~ 1071'm3/kg/s?, where one can immediately recognise
the three powers of length divided by the two powers of time! For our Sun, GMg ~
10 m3/s ~ (1 AU)3/(1 yr)?. But mechanical similarity applied to the Solar System
is a really powerful concept: All planetary orbits are scaled versions of each other,
and for measuring distances one really only needs a calendar!

We have obtained @ « 1/r from direct solution of Poisson’s equation in the case
p = 0, but there needs to be a fundamental argument why this is necessary, and this
argument comes in the shape of Gauf’s law. The gravitational acceleration g’ is given
as the gradient g = —yifajCI), and has in a spherically symmetric case only a radial
component. It is linked to the Poisson equation by


https://en.wikipedia.org/wiki/Affine_transformation
https://en.wikipedia.org/wiki/Affine_transformation
https://en.wikipedia.org/wiki/Galileo_Galilei
https://https://en.wikipedia.org/wiki/Kepler%27s_laws_of_planetary_motion

A.3. LORENTZ-GEOMETRY

AD = ij 9;0;® = —yij digj = 4G o, (A.23)

suggesting that the divergence of the acceleration is A® and proportional to p.
Recasting the Poisson-equation into integral form yields

jd3r8igi = de,-gi = 7411G‘J_d3rp: —4nGM. (A.24)
\% A% \Y%

Here, JdSi g' is the flux of the field through the surface 9V = 4mr? for a spherical
integration volume V appropriate for the isotropic case. As a consequence, the ac-
celeration decreases o 1/r2 as the flux needs to be the same at every distance and
surfaces increase o« r2! Now we can set up an entire chain of arguments: The flux
of g through surfaces dV is constant, so ¢ needs to be o 1/r? and ® « 1/r. Then,
mechanical similarity requires that t2 o« r3. And in addition, 44 Bertrand’s theorem
makes sure that the orbits are closed ellipses.

At this point it is a very large surprise that Mercury, the planet closest to the
Sun where perhaps the gravitational field behaves unusual, shows a tiny violation
of Kepler’s third law and in fact of Bertrand’s theorem, too: Neither is the orbit a
closed ellipse nor is Kepler’s law fulfilled. There is a small precession of the point of
closest approach to the Sun, called perihelion precession, amounting to 43 arcseconds
in about 1000 orbits (The number is usually stated as 43 arcseconds in 100 years,
but this refers to Earth years!). By now, we know many systems that show pericentre
precession, even much more pronounced than Mercury in the Solar System. For
instance, 44 PSR 1913+10 with 4 arcseconds per orbit, 44 PSR J0737-3039 with 20
arcseconds per orbit, and the system <4 OJ 287 with 40° per orbit! For a precession
to appear, the gravitational field needs to be stronger in the vicinity of a massive
object compared to the Newtonian prediction, and neither m nor A could achieve this:
They both correspond to long-distance modifications of gravity: That would be a very
strong argument for the necessity of a new theory of gravity. And we can see a tiny
glimpse onto geometry. Combining the constant of gravity G with the speed of light
¢

G _
S~ 10 Bm/kg (A.25)

which assigns a length scale to the field generating mass. With the specific value
Mg, = 103%kg for the mass of the Sun on obtains

GM,
C2

~10°m (A.26)

which we will encounter later as the Schwarzschild radius of the Sun. Perhaps we
can change how surfaces scale with r? &~

A3 Lorentz-geometry
A.3.1 Affine transformations: 2 possibilities

The foundational idea of general relativity is differential geometry, i.e. a varying
geometry of spacetime, with locally Minkowskian properties, i.e. we will see that
the laws of special relativity will be valid locally in freely falling reference frames.


https://en.wikipedia.org/wiki/Bertrand's_theorem
https://en.wikipedia.org/wiki/Hulse–Taylor_pulsar
https://https://en.wikipedia.org/wiki/PSR_J0737%E2%88%923039
https://https://en.wikipedia.org/wiki/OJ_287

A. RELATIVITY AND GRAVITY

Lorentz-transforms and rotations apply locally to the transitions between frames with
different orientation relative to each other or moving at constant velocities v relative
to each other. The homogeneity of spacetime should be respected by the coordinate
choice, meaning that it should not single out certain spacetime points.

An observer looking at two coordinate choices could measure the rate at which
the coordinates x" and x"* are drifting by as a function of her or his proper time T,
defining the velocity

dxt
&7 _ const. ,with x# = ti ~ 4-vector (A.27)
dt x

which is constant for inertial motion and suitably chosen coordinates, and the
corresponding acceleration
dzx}" dz.’(/}'1

= 0, and identically in S”: e 0 (A.28)

which then vanishes. Then, the relation between the two velocities and accelerations
is given by

/}A /IA v /M
—d;T = ?;;V d%, with Jacobian ?;V (A.29)
d?xt Ix'Md2xY 2%x" dxY dxP
a2 " ox' d? | 9xox® dt dt’ (A-30)
where 2
X't
e (A.31)

for transformations between frames that are linear and therefore conserve homo-
geneity. The solution for x"#(x") follows then as

M= A" x4 at, (A.32)

implying that the transformation between frames should be affine.

Let’s construct this transform from the most general transition between two
frames, where we align for simplicity the coordinate axes with the direction of

relative motion, taken to be the x-axis. There is an event with coordinates (xi) in$S

. . . .
and (x’i) in S/, and the two frames move with a relative (constant) velocity v.

A linear transform would then the only one to respect the homogeneity of space-
time (nonlinear transforms would always single out certain spacetime points), so we
make the ansatz:

x’ = ax + bt, a, b arbitrary, but x = vt must imply x" = 0 (A.33)
x'=0=avt+bt=(av+b)t = b=—av, and: (A.34)
x' = a(x —vt) (*) (A.35)



A.3. LORENTZ-GEOMETRY

Reversing the roles of S and S’ implies that

x = ax’ + bt’ but x’ = —vt must imply x = 0 (A.36)
x=0=-avt' +bt' = (~av+b)t' = b= +av, and: (A.37)
x = a(x” + vt’) (x=) (A.38)

But this relation between x and x’ is not yet fixed without an additional assumption
that determines the value of a. Here, Nature would have in fact a choice! Either, Nature
could work with a universal time coordinate (or rather, a parameter, as it does not
participate in transforms unlike the other coordinates). A universal time parameter
would require that ¢t = t/, which is the defining property of Galilei-transforms. Then,

x' = a(x - vt) (A.39)
x =a(x' +vt) = ala(x — vt) + vt) = a’x + (1 —a) vt = x (A.40)

which can only be realised if a = 1. Nature chose instead, for very good reasons, the
speed of light to be equal in all frames, ¢ = ¢/, which requires Lorentz- instead of
Galilei-transforms between frames. In this choice,

x" =ct’ = a(ct - vt) (A.41)
x =ct = a(ct’' - vt’) (A.42)
= 2t = a*(c—v)(c +v) - tF, (A.43)

where the third equation was obtained by multiplying the first two. Dividing by ¢’
and solving for a yields the 44 Lorentz-factor v,

with f = ; (A.44)

1
a=y= 17[52,

We should note that Lorentz-transformations, due to their linearity, do not ‘mix’ the
spatial coordinates. The Lorentz-factor y diverges at f = 1 and would indeed become
imaginary for values § > 1. Taylor-expanding y for small velocities p gives the result
that 2 5 5
U R R 4 d R (A.45)
Ip? lp=o 2 2 9B lp=0

which is perfectly consistent with the fact that for low velocities p << 1 and y ~ 1,
Lorentz- and Galilei-transforms are indistinguishable.
Writing ct and arranging the temporal and spatial coordinates into a vector

ct . .
Xt = (x) allows to use the standard matrix-form of the Lorentz-transformation by

eliminating x’ from (*) and (*¥):

x' = vy(x-vt) =y (x—Pct) (A.46)
ct’ =y (ct - px), (A.47)
so that one arrives at
)0 ) a8
)\ oy J\x
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encapsulating the Lorentz-transform in a matrix A", with

= AFxY. (A.49)

We have seen that coordinates undergo a joint transformation and that any physi-
cal statement on coordinates of an event is only sensibly within a specified frame S.
From that one might wonder if there is a way to make true statements about physical
properties of a system independent from a specification of a frame: That is exactly the
idea of a Lorentz-invariant. Similarly to rotations, where 2 = Yij x'xJ are invariant,
which essentially corresponds to the statement cos® a + sin® a = 1 if the rotation is
parameterised by an angle a, one can define invariants for Lorentz transforms and
relate them to the rapidity { which is indicative of the relative velocity between the
frames.

Setting cosh { = y and sinh | = By (which is sensible if you look at the range
of values of y and fy, and compare with the hyperbolic functions), one obtains the
= fLVV =
Lorentz-transformations can then be written compactly as

ct’\ _[cosh sinh ) (ct
(x’)_(sinhq) coshlp)(x)’ (A.50)

relation tanh ¢ f between the rapidity and the dimensionless velocity p = v/c.

as a hyberbolic rotation, suggesting an invariant through cosh?(p) — sinh?(p) =
¥? - B?y* = y*(1 - %) = 1, which we have already derived by direct calculation,
(ct')? = x"? = (ct)? — x%.

Analogous to rotations we write the Lorentz-invariant as s? = (ct)> — x by intro-
ducing the Minkowski-metric,

T = (+O1 _01) (A51)

such that one can write s* = 1y x*x”. In contrast to the invariant r? in Buclidean
space, Lorentz-invariants can be positive, negative or zero, and as the sign of the
Lorentz-invariant is of course conserved under transforms, too, the classification into
timelike (5% > 0), spacelike (s> < 0) and lightlike (or null, s> = 0) is very suggestive.
Let’s now imagine the motion of a point through spacetime: The Lorentz-invariant
reads
s2 = (ct)? — x% = (ct')? = x”? = (c1)? (A.52)

in two frames S and S’, and the choice of comoving coordinates x” = 0 defines
proper time ' = 1, which is read off a clock in the rest frame S’. Rewriting the
Lorentz-invariant for infinitesimal coordinate differences,

ds? = (cdt)? - dx? = (cdr)?, (A.53)

then shows that the passage of coordinate time dt and <4 proper time dt differ by an
inverse Lorentz-factor,
1dx

dt=4/1-p2dt with B= “ar (A.54)
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That implies that the length ds of the spacetime curve that a point takes is actually
measure by the comoving clock displaying proper time dr, at least for timelike motion
with velocities p < 1!

At this point, by merging the temporal coordinate with the spatial coordinates
we obtained R* with a particular geometric structure, given by the Minkowski scalar
product (x,y) = 1,,x"y", trading the positive definiteness of the Euclidean scalar
product for the ability to define general invariants.

A.3.2 Lie-groups and the generation of the Lorentz-group

Rotations and Lorentz-boosts are the fundamental transforms that leave a Lorentzian
spacetime invariant. Both transformations are (non-Abelian) groups and are param-
eterised by real numbers, the rotation angles in the first and the rapidities in the
second case. One might ask now the question whether there is something analogous
to a basis of these groups, such that all group elements can be addressed by a suitable
choice of the rotation angle or the rapidity: It turns out that this presumption is true,
and it brings us to the topic of Lie-groups. Lie-groups are continuously parameterised
groups and are generated from a basic building block, called, well, a generator.
If we choose the set of 44 Pauli-matrices,

(0) _ +1 0 a _ +1 0 (2) _ 0 +1 3) _ 0 +1
? (o al @ o ) Tl o) Tl o) B

to begin with, we can investigate which type of transformation could be generated
by substituting them into and exponential series, for instance

A =exp (1])0(3)) = Z i(1])(i(3))n. (A.56)

n!

For evaluating the matrix-valued exponential series, one needs to know all powers of
the matrix in question. In the case of the Pauli-matrices, it is easy to show that only
ever other Pauli-matrices appear. Specifically for o(®) one gets:

(0<3))° ~ ), ((,(3))1 ~ o0, (Gm)? ~ ), (G<3))3 — o (A.57)

Then, the exponential series can be summed,

2n 2n+1 .
=50, v (3) 0, B) _[cosh{  sinh
A=o Z,(Zn)!jwF Z(2n+l)! = o -coshp+o smhq}_(sinhlj) cosh )’

(A.58)

n n

and one recovers the expression for the Lorentz-transform as a hyperbolic rotation.
The invariant detA = cosh? | — sinh? { = 1, which otherwise appears as a property
of the hyperbolic function, comes out naturally like this: Using In detA = trln A with
A = exp(po'®) implies that In detA = Ptro® = 0, because Pauli-matrices (with the
exception of (%) are traceless. Then, the determinant needs be equal to one.

Surely, boosts and rotations are groups, but how does one need to combine their
continuous parameters? This question is readily answered by the tools that Lie-groups
provide: For instance, two successive boosts

A(D) - A(YP) = exp (¢0(3)) - exp (1[)0(3)) = exp ((([) + LP)0(3)) = A(q) + Lp), (A.59)

A There are many different def-
initions of Pauli-matrices, we’re
using the real-valued ones here,
which in a real-valued linear com-
bination, are a basis of the space
of 2 x 2-matrices.
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A Lorentz-transforms are orthog-
onal, but with respect to v, not o.

A My most favourite formula of
all of physics!
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implying that rapidities (and not the velocities!) are in fact additive parameters for
boosts. If one wants to revert to velocities, one can use the addition theorem for the
hyperbolic tangent:

tanh(¢) + tanh § = tanh(¢ + ¥) - [1 + tanh(¢) - tanh Y] (A.60)

We have just shown that rapidities add for boosts, and from the commutativity of
the addition of real numbers one should then obtain the commutativity of the boosts
into the same direction:

A)- A(D) = A(d+ ) = A(0+ §) = A() - AlD), (A.61)

which implies for the inverse boost that

A)- M=) = AP - ) = A(0) =id = A()! = A=) (A.62)

as a perfectly intuitive result: The inverse boost is that with the inverse velocity
or rapidity. In complete analogy we would have obtained rotations by starting the
constructing with ¢(?) instead of o(®).

Finally, one could ask the question what happens if rotations around different
axes and boosts into different directions are combined. If both transformations are
generated by basis elements A and B in an exponential series, their successive
application exp(A)exp(B) is only equal to exp(A + B) if the generators commute,
[A, B] = AB — BA = 0, which is not the case in every of our examples. The Rubik’s
cube demonstrates nicely that rotations in 3 dimensions do not commute, and neither
do boosts: In fact, if one moves from one inertial frame into another by a combination
of two boosts and moving back by interchanging the two boosts leaves you with a
rotation! In the case of non-commuting generators, the two transformation need to be
combined using the 4 Baker-Hausdorff-Campbell-formula,

exp(A)exp(B) = exp(A + B) - exp ( - %[A, B]), (A.63)

to lowest order, or exactly if [A, [A, B]] = 0 and B, [B, A]] = 0 is valid. In fact, one can
define a set of generators in 4d for the group comprising rotations around all three
axes and boosts into all 3 directions with a very rich algebra of generators, called the
4 Lorentz-algebra.

A4 Relativistic motion through spacetime

It might come as a surprise that variational principles, being so typical of classical
mechanics, only make sense in the context of relativity: Here, there is a well define
geometric interpretation, the Lagrange-function and the action are measurable quan-
tities, many properties such as their convexity and their affine invariance are made
sure by geometry, they are naturally invariant under Lorentz-transforms and there is
a natural pathway to include gravity.

A.4.1 Variational principles for relativistic mechanics

The fundamental idea of variational principles (and which ironically is not present
clearly in classical mechanics) is to link invariant quantities of a system in the form of
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the Lagrange-function with a covariant equation of motion. Specifically, the Lagrange
function £(x?, x') of classical mechanics

£, 2y =Dy vl (A.64)
2 Vi

is invariant as the norm of %' is unaffected by rotations of the coordinate systems and
because the scalar potential @ does not have any internal degrees of freedom. With
Hamilton’s principle S = 0 for the variation of the action

B
S = fdt L(x', %) (A.65)
A

one obtains through the Euler-Lagrange equation a covariant equation of motion

i =—y0;®, (A.66)

which sets two vectors in relation to each other, namely the acceleration ' and the
potential gradient d’®, which of course have the same transformation properties.
While this is a perfectly valid example of covariance generated from an invariant
Lagrange-function, one should note that while it is invariant unter rotations, it is not
invariant under Galilei-transforms.

Let’s take a leap of faith and replace the Lagrange-function by something rela-
tivistic, for instance the proper time t = fdr, which is measurable with a clock, fully
Lorentz-invariant as

ds? = ¢2d® = ¢?de® - yl-]-dx"dj = fdxtdx?, (A.67)

and has an intuitive geometric interpretation as the arc-length of the trajectory
through spacetime in the geometry defined by the Minkowski-metric 1},.

Suppose that a particle travels through spacetime along a trajectory x*(t). Then,
we can define the 4-velocity ul as the rate at which the coordinates pass by the
observer,

d dt d c
e Sy = LS ©
uf = 4ox (1) Tcar” y(v’) (A.68)

with Lorentz-factor dt/dt = y. The normalisation of the 4-velocity can be computed
straightforwardly,

Mttt u? = wut = ')/2(62 - yijvivj) =c?, (A.69)
because )/2(1 —B%) =1 for p' = v'/c. The 4-velocity, or the tangent to the trajectory

x#(7) is therefore timelike 1, utu" = ¢% > 0 and the particle moves inside the light
cone.

Inertial motion of a free particle should proceed along a straight line as a natural
result of the relativistic variational principle. Indeed, starting with the arc-length s,
which is a geometric interpretation of the action S

11
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B B B
S:st:chT:ch (A.70)
A A A v

of a trajectory linking the spacetime points A to B we obtain the elapsed proper time
T (which can be measured by a clock carried along by the particle) or the integrated
laboratory time Jdt/y, weighted by the Lorentz-factor, which is responsible for

relativistic time dilation:
[ — dt
dTZdt 1*}/1']' [_))1[5] = ?r (A71)

and because y > 1, dtis always smaller than dt and proper time elapses slower.

This would imply that the Lagrange function of a free particle is £(x%') = 1/y, and
that the action S is in fact the arc-length of a trajectory. In the slow-motion limit
|[3| < 1 one should recover the classical Lagrange-function: Taylor-expanding yields

B B B
—mczj dt( %][3 [S]) +m62J‘dtyij[3i[5j + const. = mjdt yijvivj (A.72)
A A A

with irrelevant prefactors, as affine transformations S — aS + b with two constants
a, b drop out in the Euler-Lagrange-equation. Effectively, the non-relativistic limit
yields the kinetic energy as the leading-order term of the proper time integral.

Funnily, Lorentz-covariance is lost in the non-relativistic limit and Galilei-invariance
is not generated: If one carries out a Galilei-transform by setting x' — x’ + v't, and
% — % + v’ one obtains:

Vi

1 | . ] . d .
L= Ey,-]-x’x] - Ey,-]-x’x] + X+ EY:‘]‘U'U] =L+ 5(]/,-]«’1)7 + ]v vft) (A.73)

where the additional term is a total time derivative with no influence on the varia-
tional principle: We find ourselves in the weird situation that we need a new concept
to remedy the error made by classical Galilei-invariance!

Is inertial motion really proceeding along a straight line? Hamilton’s principle
requires that 8S = 0, so

B B
dxt
_ _ 2
&S = —mc BJ = ) = —mc anﬁédxv,
A A

(A.74)

where we have used the symmetry of the integrand to get rid of the factor 1/2. For
continuing, we interchange variation and differentiation, 6dx” = dox"¥ and perform
an integration by parts

B

2xh
8 = +mc2f dT %ax% (A.75)

A
where d(dxt/dt) = (d?x*/dt?) dt, and with the assumption of vanishing variation on
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the boundary. The result then is that the 4-acceleration needs to vanish,

d2xt
dt?

=0 (A.76)

for fulfilling Hamilton’s principle, and the equation of motion is solved to yield
x#(1) = a1 + bt with two integration constants: In fact, the solution is a straight line
through spacetime.

A.4.2 Legendre-transforms and Hamilton-functions

We have seen in the last chapter that the Lagrange-function is much more a statement
of causal motion in spacetime and has little to do with energies: Those appear after <4
Legendre-transform, which is always well defined because the Lagrange function is a
convex functional in % - this is, incidentally, the same reason why the variation yields a
unique result and finds a unique extremum. In fact, the relativistic Lagrange-function
L = 1/yis perfectly convex as it always lies above its tangent: To visualise this, one
can write 1/y = Vc? — v2, whose graph is a semi-circle!

Not only do convex functions have uniquely defined Legendre-transforms, but
the Legendre-transformed function is again convex, making sure that the inverse
transform is possible, too. Starting with the relativistic Lagrange-function

1 —
L(x) = - [e2 - yijiinl (A.77)

we can define the canonical momentum
oL yijx!
Pi=57= 77
%! V C2 - Yrmzxmxn

which we need to convert into a relation for v(p): Let’s do this in one dimension for
simplicity.

(A.78)

p? [62 - vz] =%, p2c? = v2(1 + pz) Sv= P (A.79)

V1 +p?

Then, the Legendre-transform, replacing * = v by p can be carried out and the
Hamilton-function H can be obtained:

_L9L B v o v 5
H(p)—xg L(x(p)) = v—=+ V% -v —vp+;—c‘/1+p, (A.80)

2 _ 2
and if we include the prefactor mc?:
P2
H(p) = \[(mc?)? + 2p? = mc® + ET (A.81)

where mc? is the rest mass and %2" is the kinetic energy which appear in a Taylor-
expansion in the last step.

For massive particles the energy-momentum-relation H allows statements about
dispersion: In fact, phase and group velocities can not be equal for massive particles,

13
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H/p = dH/dp, but one can show that

oy v = B4R p V1P (A.82)
PR T pdp  fiep? P ’ ’

i.e. that the geometric mean of phase and group velocity is the speed of light. That in
turn implies that the phase velocity of massive particles needs to be vy, > c if their
group velocity is subluminal, Vgr < €. And, as a shortcut,

o HdH _d(H)
pdp d(p?)

(A.83)

which can be integrated to give H? = (cp)? + const, with the rest mass as the integra-
tion constant.

We have already encountered the classification of Lorentz-vectors in timelike,
spacelike and lightlike, and we saw that 4-velocities u* are normalised according
to  utuY = ¢? > 0 with the associated motion inside the light cone. Clearly, that
normalisation is conserved under Lorentz-transforms, but one might be curious as to
the possibility whether forces could accelerate a particle to super-luminous speeds:
A classical argument would be that this would be energetically impossible due to
relativistic mass increase (which is really only a consequence of proper time dilation),
but there is a more elegant, geometric argument. Acting on a charged, massive particle
with a 44 Lorentz-force leads to the equation of motion

dut g

—— = —F"y,. A.84
e = (A.84)
Multiplying both sides with u, then gives a relation how the normalisation of u!
would change under the influence of a Lorentz-force:

®
uMddLT = %%(uuu”) = %F’”uuuv =0, (A.85)
where the last term is vanishing as a contraction between an antisymmetric tensor
F¥ and a symmetric one, u,u,, making sure that the normalisation g,,u!u" = c?is
conserved and the motion of a massive particle is restricted to the inside of the light
cone: Electromagnetic forces can therefore not push a particle outside the light cone
and it is impossible to achieve superluminal speeds.

At this point, the Lorentz-geometry arises because of the requirement that the
speed of light was equal in al inertial frames, but one might ask if there is a more
fundamental reason: As it is, the constancy of ¢ might just be an empirical observation.
The truth is very far from that as the Lorentz-geometry is a natural way for Nature
to construct hyperbolic partial differential equations as her field equations (where
Maxwell’s equations or even the gravitational field equation are just examples). Hyper-
bolic (partial) differential equations are peculiar because they (i) realise a unique time
evolution for specified initial conditions, (ii) are perfectly time-invertible and (ii7)
show causal propagation: There is a finite speed (in our case c) at which excitations of
the fields travel, and the Lorentzian structure of spacetime makes sure that the light
cones are in fact identical in all frames: In this way one can be sure that the initial
conditions for the evolution of the fields are identical in all frames!
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That implies that the fundamental Lorentzian structure of spacetime is in fact
compatible with the hyperbolicity of the field equations. This is reached by defining
a partial differentiation d, with respect to the coordinates,

d

M= I

= (8”, 2;) (A.86)

which is naturally a linear form. Then, the divergence of x* is equal to the dimen-
sionality, i.e. 4:

oxt i
et = == = O = derlct) +9;x' =1+3 =4, (A.87)

and the corresponding vectorial differentiation is given by % = n#Vd,, = (d, —9;)".
Then, the <4 d’Alembert-operator would be naturally Lorentz-invariant because it is
defined as a Lorentz-scalar,

0= ﬂwayav = agt - A, (A.88)

and typical wave equations like (0@ = 0 would generate a light cone, as propagation
of excitation proceeds with velocities *c:

O® = (02— 92) = (Jet + 94 )(9er — 9x) @ = 0. (A.89)

The same property is reflected by the wave vectors being null: ® = exp ( + ikax"‘)
solves the wave equation
0®=1"d,0,2=0 (A.90)

only if n*"k,k, = 0, which holds again in every frame. Giving the components of the
wave vector k, the interpretation of the angular frequency w and the spatial wave
vector k;,

ky = (w/c, k;) (A.91)

shows first of all the dispersion-free propagation along the light cone, as the nor-
malisation 1"k, k,u = 0 implies that @?/c? - k? = 0 and therefore a proportionality
w = +ck, such that the phase velocity w/k and the group velocity dw/dk are identical
and 44 dispersion is not taking place. Secondly, the (relativistic) 4 Doppler-effect
can be derived by projecting k,, onto an observer’s 4-velocity u¥. At rest, u* has only
a temporal nonzero component of ¢, such that w = k,u", but for a moving observer
with 4’ one obtains

o' =kut = y(w- k;v'). (A.92)

A.4.3 Non-relativistic motion in weak gravitational potentials

In anticipation of general relativity we should have a look at changing the geometry
of spacetime and to move away from a Lorentzian space. And we need to make sure
that the relativistic line element is in fact the relativistic generalisation of the classical
Lagrange-function.

Weak gravitational potentials ® = —~GM/r sourced by a mass M at distance r
perturb the line element

15

A The wave vector is in fact a
linear form kw which is wonder-
fully consistent with the fact that
momentum py is a linear form
too: Quantum mechanics requires
these two quantities to be propor-
tional, py, = hky!

A ky being a null-vector and
dispersion-free propagation are
equivalent.
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ds? = (1+ 26—?) c?de? —(1- 26—(21)) yij dx'dxd, (A.93)

such that one recovers in the Minkowski-metric at large distances r > 2GM/c?. If
that is the case, the passage of proper time of a stationary observer where dx' = 0
would be dilated

ds? = 2d? ~ (1+ g) c?de?, (A.94)
C

and proper time would in fact depend on the presence of gravitational potentials!

That would then imply that the variational principle should find a different trajectory
if @ is nonzero compared to the case @ = 0. The action would again be given as the
line element, but now derived from the actual perturbed metric g, instead of the
Minkowski-metric 1,.:

B B
S =-mc J ds =-mc | dt Igw ubuY using ds? = Sy dxtdx? (A.95)
A

A

Substituting the 4-velocity u* with the spatial component yv then yields for the
action

B
S:—chdT\/(l+26—C2D)c2—(1—2€—?)yﬁ vivi (A.96)
A

which is then approximated to give

B
20 -
S:—mcjdt\/cz(l+7—y,-]- Bip/). (A.97)
A

Finally, a Taylor-expansion yields

B o
@ vij B'P
~ 2 = _ e
S~ —mc jdt(l t5 5 ) (A.98)
A
so that we finally arrive at
B B
S= [ dr (Zyjviv - m®)= | dit £ (A.99)
2 ’
A A

where we recognise the classical Lagrange function £ in the integrand, with a kinetic
and a potential term. Interestingly, the dogmatic expression £ = T — @ from classical
mechanics appears in a surprising new interpretation: The kinetic energy appears
in the Lagrange function, but only as the non-relativistic limit of the line element,
measured in terms of proper time.
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A.4.4 Photon propagation on the Lorentzian spacetime

Up to this point, have shown that the archetypical hyperbolic wave equation O® = 0
is solved in fact by plane waves @ ~ exp(+ik,x") with a wave vector k, which is null,
n*k,k, = 0. The same should be true for the propagation of electromagnetic waves,
so we need to make sure that 44 Maxwell’s equations provide a pathway to obtain
a hyperbolic wave equation for the field tensor F,, = d, A, - d,A,. Specifically, the
homogenous Maxwell-equation (or the Bianchi-identity) should be the relevant here,
as electromagnetic waves are vacuum solutions.

I\Fuw+ 9y Fy +9,Fy, =0, (A.100)

to which one can apply the differentiation 19, to obtain

10,0\ By + 10,0, By + 11100, By, = 0. (A.101)

Identifying the d’Alembert operator 1"d,.dy = [ and using commutativity of partial
derivatives, d\d, = d,,d) as well as the antisymmetry of the field tensor, F,, = -F),,
this becomes

OF,, — 9, 9By + 9,10, FM = 0. (A.102)

Now in vacuum, i.e. in the absence of a source ¥ = 0, the field equation is **d\Fy, =
0 and in fact there is a wave-equation with for the field tensor,

OF,

v=1" 0,03 B,y = 0. (A.103)
Analogously to the case of a scalar field one expects a plane wave of the type
F,, ~ exp(zik,x?) to solve this equation. Doing that, it is a good idea to use different
indices for the differentiation and for the quadratic form k,x" and to rename the

indices with the Kronecker-6 appearing through dux" = dx"/dx® = 8}.

OE,, = 0o dadp exp(ikyx¥) = (+i)? exp( + ikyxy) 0o kokg =0, (A.104)

recovering the null-condition 1% kokg = 0. This confirms that excitations of the elec-
tromagnetic field do in fact travel along null-lines, which implies that the Maxwell-
equations respect the fundamental Lorentzian structure of spacetime.

The field equation (in vacuum) makes sure that the excitations of the fields are
perpendicular to the propagation direction and that the wave is indeed transverse:
Again, using the ansatz F, = F,ﬁ? exp(+ik?x") one immediately convinces oneself that

qw‘aka = Y]W‘F}(A?,)a/\ exp(ikyxV) = (+i) exp(ikyx?) - Y]M)‘F}E?,)k)‘ =0 (A.105)

and therefore n”)‘F;(\),)kx = 0, underlining transversality of the electromagnetic waves.
In terms of the field components of the electric field E; this means that y/k;E; = 0,
and the analogous statement for the magnetic field B’ would be obtained from the
dual field tensor F"Y, as a consequence of electromagnetic duality in vacuum.
Photons move along null-lines, so the arc length measured along their trajectory
x¥ will always come out as zero: That means that one can not work with the proper
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time t. Using a new affine parameter A to address the points along the trajectory x#(\)
suggests the definition of a tangent u* = dx#/dA, because

ds® = 1, dxtdx” = dA? = 1, ubu’dA? =0 (A.106)
My Mpv

At this point, we should start to be careful not to link the Lorentz-geometry to any
particular coordinate choice. When considering light cone coordinates, du = cdt + dx
and dv = cdt — dx the line element is given by

ds® = 1, dx'dx” = c’d#? — dx? = (cdt + dx)(cdt — dx) = du - dv, (A.107)
and the corresponding Lorentzian metric is represented by the matrix

1(0 1
”'”‘5(1 0) (A.108)

in these coordinates. Surely, the geometry is identical and has not been changed by
the new definition of coordinates, and the spectrum of eigenvalues of the new metric
is identical.

A.4.5 Photon propagation through weak gravitational fields

At this point we should derive a puzzling result, which was in fact the first proper
prediction of general relativity: that gravitational fields have a stronger effect on the
motion of relativistic particles such as photons compared to non-relativistic particles.
We start by introducing a weak perturbation to the Minkowski-metric and define the
line element

ds? = Gy dx'dx? (A.109)

with g, being the metric tensor. For fixed Cartesian coordinates and a weak gravita-
tional potential @ with |®| < c? the line element becomes

d52:(1+26—(2p)62dt2—(1—2c—?)yij dx'dx. (A.110)

It will be the case that for slow motion |x’| < ¢ the classical equation of motion
is valid and will come out as ' = _yijgiq)' as expected, by variation of jdfc. There
is some intuition to this result because a non-relativistic particle moves essentially
only along the ct-axis of the coordinate frame, so that dt is approximately equal to
(1 +®/c?)dt.

Photons need an entirely different argumentation, because they always follow
null-lines, ds? = 0. For that case we can define an effective speed of propagation

dx I+ 20
—~—c. =c-(1+= (A.111)
dt 1_2%213 ( CZ)

such that we can define an index of refraction, which is proportional to 2® instead
of ®! That realisation prompted @ A. Eddington in 1919 to measure <4 gravitational
light deflection during a Solar eclipse and the deflection angle was indeed twice as
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A.4. RELATIVISTIC MOTION THROUGH SPACETIME

large as expected from a Newtonian theory. The minute effect of the weakly perturbed
spacetime on the passage of time can be shown by measuring the elapsed time t
in comparison to the coordinate time ¢, as ds = cdt, on a stationary clock, where

dxi/dt = u' = 0:
dx:,/1+2§dtz(1+§)dt, (A112)

where the Taylor-expansion is applicable for |®| < c¢2. A nice example is the time dif-
ferential between the head and the feet of a person separated by / in the gravitational
potential of the Earth @ = gh, with ¢ = 9.81m/s? over a lifetime of ¢ = 10° seconds:
At is about a microsecond! More importantly, though, we see that the effect of @ on
relativistic particles is twice as large compared to classically moving objects, because
both the terms in front of the d¢-differential and in front of the dx'-differential matter.
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B METRIC AND DIFFERENTIAL STRUCTURE OF SPACETIME

General relativity requires that the idea of a vector-space (with Lorentzian geometry)
as a model for spacetime is given up. From the example of the perihelion precession
of the planet Mercury we saw that the gravitational field around massive objects
like the Sun is stronger compared to the prediction of a Newtonian theory: This is
surprising, because the 1/r-form of the potential is a direct consequence of the fact
that surfaces of spheres scale « 2, so typical for a Euclidean vector-space. The new
model for spacetime that was pioneered by Albert Einstein and by David Hilbert
was that of a manifold: A topological space with a metric and a differential structure,
and ultimately, curvature as an expression of the gravitational field. The decisive
property of curved manifolds is a locally defined, varying geometry, encapsulated by
the metric, which becomes dependent on the coordinates.

The <A topological structure explains the connectivity of sets of spacetime points
and introduces open sets, which are used to construct continuous mappings of the
spacetime points onto their coordinates. Changes from one coordinate choice to
another need to be invertible and differentiable (which is called a 44 diffeomorphism).
Adding a metric structure to the manifold allows the measurement of norms of
vectors and the angle between them, and the construction of invariants. Finally, the
construction of parallel transport and that of a covariant derivative allows statements
about variations of vector- and tensor-fields defined on the manifold. We need to
make sure that all these structures are compatible with each other.

B.1 Metric structure of manifolds and coordinate transforms

We have already encountered weak perturbations to the Minkowski-metric 1, me-
diated by the gravitational field in the limit of weak fields |®| < ¢? (which is only
valid in a particular coordinate choice!). A general «4 metric tensor gy defines an
infinitesimal contribution ds?

ds® = g,,dx"dx", (B.113)

to the arc length of a curve between two points that have an infinitesimal coordinate
difference dx*. With this definition, the metric tensor is symmetric as ds? would not
pick up any antisymmetric contribution in the contraction with dxtdx".

The line element ds? is scalar, under coordinate transformations we should obtain:

dxt oxY

mmdx’pdxm (B.114)

ds* = guv dxtdx’ = g, -

isolating the transformation rule for the metric to be
oxt dxY ,
81" G g = S0 (B.115)

and is naturally inverse to that of vectors like dx"

n
dx'® = ?;;v dx”, (B.116)

making sure that the coordinate transformation by the Jacobian and its inverse cancel
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A In relativity we are dealing

with a pseudo-metric: ds? can be
negative, for instance for space-
like vectors, but those lie outside
the light cone and do not corre-
spond to causal processes.

B. METRIC AND DIFFERENTIAL STRUCTURE OF SPACETIME

each other,
axt dx™v  oxt 4
ax,v axp = w = 69 (B117)

The interpretation of ds? as the arc-length of a trajectory through spacetime is
still that of proper time, ds? = c2dt?, measured on a clock comoving with a massive
particle. We will show that photons would follow null-lines, ds? = 0, so that the
definitions of light-cones and their associated causal structure is valid on metric
manifolds in exactly the same way.

A metric defines a geometry by defining distances and angles: It is a mapping of a
pair of vectors a, b onto a positive number obeying the 44 four metric axioms. They
are softened in their application to relativity, because there are important physical
concepts that would be invalidated if the definition of a metric were too strict:

1. positivity: g(a,b) > 0
Because from a physical motivation, the classification of vectors into timelike,
spacelike and lightlike is incredibly important, we will soften this axiom and
allow negative values for ds? = guv dxtdx": This, ultimately, defines a pseudo-
Riemannian geometry, with a physical light cone structure.

2. definiteness g(a,a) =0 & a=0
Additionally, null-vectors that describe the propagation of photons have a norm
of 0 but are not the vector 0. Application of the Cauchy-Schwarz inequality
becomes problematic.

3. symmetry: g(a, b) = g(b, a)
This axiom is fulfilled by g, being a symmetric, real valued tensor defining a
quadratic form.

4. triangle inequality: g(a, b) + g(b, ¢) > g(a, c)
There might be physical situations, where a “detour” is actually shorter than the
direct path, and the classical example for this is the twin paradox. Ultimately,
this is related to the <4 hyperbolic geometry of spacetime, and would be foreign
to the « elliptical geometry of Euclidean space.

You would not believe how much I would like at this point to go off on a tangent
about the necessity of a metric structure and the possibility of having geometries
that are defined in different ways, for instance avoiding scalar products. Instead, I
would just like to emphasise that the only metric geometry allowing for <4 hyperbolic
evolution of the field equations along an invariant 44 light cone is the Lorentzian one.

It is important to clarify the relation between an arbitrary geometry g,, and the
Lorentz-geometry 1, If one zooms in onto a single point of spacetime, it should have
a locally Minkowskian shape and allow for the local choice of Cartesian coordinates
(called normal coordinates in this context). Clearly, with a coordinate transform one
can transform the metric

, dxt IxY
gpa(x) = g;w(x)ﬁﬁ (B.118)

at one point in such a way that it becomes diagonal with eigenvalues A, because it is
symmetric. A rescaling of the coordinates x* — x"m would then make g, identical
to 1y

But it should not be possible to bring the entire manifold to a Lorentzian shape
and to choose globally Cartesian coordinates: To show this, we need to overcome the
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B.1. METRIC STRUCTURE OF MANIFOLDS AND COORDINATE TRANSFORMS

idea that an arbitrary coordinate transform would be able to define just the right
transform to ensure 8uv = My at every point.
Let’s consider a general coordinate transform x*(x"") at a point P:

xH(x') = xV'P

axt,
+ﬁx/v|1’(xv_x1’v)
1 9%xH , o ,
" EW;C'@ o =) (x? - x7)

Pt , N ’ ’
+%WM'P("V*"PV)(X“XEP)(X“*xp“)+~« (B.119)

and count the number of degrees of freedom that is provided at every order of the
Taylor-expansion and see if they suffice to have g = 17and to make all derivatives of g
appear at arbitrary order. If that would be the case, a coordinate transform could be
found that diagonalises the metric at every point and makes it globally Minkowskian,
across the entire manifold.

1. At lowest order, there are are more degrees of freedom provided by the coordi-
nate transform to diagonalise the metric g, and have unit diagonal entries: We
can adjust the coordinate transform to make g, = 1, at the point P, because
counting the degrees of freedom yields

dxt
™ n? (B.120)

because there are n choices for x and n independent choices for x”

,  n(n+1)
G~ (B.121)
because the metric is a symmetric, real-valued # x n matrix. The counting shows
that n? > n(n + 1)/2 for every number of dimensions 7, so there are enough
degrees of freedom to adjust g, = 1),y locally at P.

2. At second order, the number of degrees of freedom provided by the coordinate
transform is exactly that needed to make the first derivatives of the metric

vanish at P.
% xt n?(n+1)

o0 2 (B.122)

because the differentiations should not be counted twice for v = p, and

9w ni(n+1)
e (B.123)

because there are n possible differentiations of a symmetric matrix. Surprisingly,
the degrees of freedom provided by the coordinate transform suffice exactly to
have the derivatives d,g,, disappear locally at P.

3. At third order, the number of degrees of freedom provided by the coordinate
transform falls short of the number needed to make the second derivatives of
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Figure 1: Scaling of the degrees of freedom of the coordinate transform and of the metric
and its derivatives, as a function of the total number of dimensions of spacetime.

the metric at the point P disappear.

3 x¥ n(n+1)(n+2)
~Mn- B.124
axVIxvaxs " 6 ( )
because all derivatives must be different, while
a 7
8y n(n+1) ) n(n+1) (B.125)

IxPIxs 2 2

because both the metric and the double partial are symmetric. As n?(n + 1)(n +
2)/6 > n*(n + 1)%/4, the second derivatives of the metric can not be made to
vanish at P in the general case.

Continuing this line of reasoning shows that the problem exacerbates: The num-
bers of degrees of freedom provided by the coordinate transforms always falls short
of the degrees of freedom needed to make higher order derivatives of the metric
vanish. From that we conclude that there can only be two cases: Either the manifold
is already Lorentzian but with an unfortunate coordinate choice, in which case there
is a global construction of normal coordinates, or the manifold has new properties
expressed by the non-vanishing second derivatives of the metric: This is in fact the
curvature, as a new intrinsic property of the manifold that exists in any coordinate
choice. But even if that is the case, our argument shows that the spacetime structure
is locally Lorentzian with a Minkowski-metric. How exactly the degrees of freedom
provided by the coordinate transform scale in comparison to those of the metric and
its derivatives is summarised by Fig. 1.

B.2 Locally Minkowskian structure and the equivalence principle

While this argument is elegant, we might ask if the coordinate choice that achieves a
locally flat structure has a particular physical meaning: This is in fact the case, as an
expression of the 44 equivalence principle which stipulates that Suv = Myvand dygy, =
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8.3. VECTORS AND FIELDS ON MANIFOLDS

0 in a freely falling frame of reference. In such a freely falling frame, one recovers
(locally!) perfectly Lorentzian geometries and the laws of special relativity are valid,
for instance Maxwell’s equations as defined on a flat, Minkowskian spacetime. The
”size” r of the freely falling laboratory in which special relativity applies at least
approximatively is given by the requirement that curvature effects associated with
the second derivatives of the metric can not be dominant:

107 g -4

- ’Txﬂ — r:|a—x§| 2 (B.126)

2

And we will see in a second that the Christoffel-symbols

_ g“ﬁ(agms agﬁv ag}w)

' = S - (B.127)

oxY * oxt oxB

will be zero, due to their proportionality to dg, and that the covariant derivative
Vvt = v + I vP reverts back to the partial derivative Iy

B.3 Vectors and fields on manifolds

Let us start with the picture that a manifold as the continuum of spacetime points has
been given coordinates by a suitable mapping, so every point P has coordinates, x".
Changing from one coordinate set x" to a new set x”” should be done in an invertible,
differentiable way. The manifold itself is not a vector space, but we can define abstract
fields on the manifold: If they have internal degrees of freedom, their components
can be expressed in the local set of basis vectors spanning the tangent space (or
cotangent space, if their degrees of freedom rather correspond to linear forms instead
of vectors).

One of the easiest geometric objects we can define is a curve C()) = x#(}) visiting
the spacetime points x" as the (possibly affine) parameter A evolves. If there is a scalar
field ¢(x") defined on the manifold, the rate at which the field amplitude changes
along the curve x*()) would be given by

d¢ d

- a (x*(X)

_ At op w00 (B.128)
dA Jx# dxt

and we recognise in the last term the scalar multiplication of the field gradient

dPD/dx* into the tangent vector u* = dx#/dA. In this sense, one can think of the

tangent ut and of dx" as vectors. In transforming from on set of coordinates to

another set shows that the vector u* and the linear forms qu; transform consistently:

dﬁ _ uuﬁ =y 6[‘ 3([) _ uvax,a Ixt a‘P _ u/oc a(b

dr — o o9xk Voxt T T oxv dx'oxt ox’
—_——— —— —
=y’ =dd/Ix’™

(B.129)

so that in fact the vector u! transforms with the <4 Jacobian and the linear form 8}44)
with the inverse Jacobian of the coordinate transform.

We can run all possible curves through the point x* and get a complete set of
tangent vectors which would ultimately constitute, after proper orthonormalisation,
a local basis set: the basis of the 44 tangent space TpM at the point P with the
coordinates x!: It is important to realise that the tangent space’s basis set exists for a
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given choice of coordinates and that a different coordinate choice would induce a new
basis set. In particular, a neighbouring point Q can have a different tangent space
ToM. That implies that if we take the same abstract vector v and express it with the
basis sets at TpM and ToM in coordinates v, the tuples will in general differ, and
that one needs a more elaborate concept of differentiating vectors than just <4 partial
derivatives: the 44 covariant derivative.

Up to this point, the manifold has two structures: the topological structure which
defines open sets and allows the definition of continuous coordinate mappings, and
the metric structure which defines the geometry through a scalar product. The two
structures are compatible with each other, as the definition of open sets with the
metric is never in contradiction with the topology. The next step is the definition of a
differentiable structure constructed with parallel transport.

B.4 Differential structure of manifolds

B.4.1 Parallel transport

4 Parallel transport generates a perfect copy of an abstract vector at a different
spacetime position. After defining coordinates and therefore entries of a vector tuple,
the parallel transported copy vT(x + dx) of the vector vt(x) at a new, infinitesimally
distant position x + dx is given ty

vﬁ(x +6x) = vM(x) = T(x)" v%(x)oxP +--- (B.130)

of

at lowest order. It is conventional to use a minus-sign in front of the 4 Christoffel-
symbol F”aﬁ , which generates the transformation rule for the vector v*, because we
have a different set of tangent vectors at x + dx compared to the point x, and therefore
different expansions of the same vector into two different basis sets.
In fact, the best way to conceptualise the Christoffel-symbol is to think of I’Va(,) as
a transformation matrix in the indices o and p acting on the components v* for shifts
in any possible direction dxP:
vl}r(x +0x) = (6}& - I’(x)”a

ﬁéxﬁ) v¥(x) = UPy (x, x)0%(x), (B.131)

such that there is an operator U, (x, 8x) for parallel transport: It depends on the
starting point x of parallel transport, as the Christoffel symbol at that location is
needed, and reflects the direction of parallel transport dx.

There are cases where the connection is trivially zero, that is when index by
index the components of the parallel-transported vector are identical to the original
vector, which would be the case in a vector-space or a flat manifold with Cartesian
coordinates. Here, the parallel transport operator falls back onto the Kronecker-
symbol 8k, which index by index recovers the identical vector entries at x + dx. In the
general case, the tangent spaces at x and x + dx are not identical and have a different
set of basis vectors, so the expansion of the abstract vector, although it is in fact
identical at x and x + dx under perfect parallel transport, needs to be different.

B.4.2 Covariant derivatives

With this definition of parallel transport we can ask whether a vector field v has
changed moving from x to x + dx, or equivalently, if it has a derivative. It is senseless
just to compare the entries of the vectors as they exist in different tangent spaces,
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B.4. DIFFERENTIAL STRUCTURE OF MANIFOLDS

rather, we need to compare the vector field at x + ox with a parallel transported
version of v taken from x to x + dx.

Taking the limit 5xf — 0 to get the differential rate of change yields

U#(x + 8x) — vl (x + Ox) Vi (x + 6x) — vi(x)
Vgut = lim [ = lim + ()" L v%(x
P a0 dxP oxP—0 oxb () apv"(x)
(B.132)
such that the 44 covariant derivative is given by
Vot = dgvt + I‘Mo‘[3 * (B.133)

if we substitute the partial derivative as the index-by-index comparison of the entries
vt at the two infinitesimally separated points. For scalar fields @ there is no distinction
between the covariant derivative and the conventional partial derivative, V, = d,¢
because there are no internal degrees of freedom whose entries would change if
the set of basis vectors is different, hence the field can only have a derivative if it
assumes a different value. Using Cartesian coordinates on a flat manifold allows the
usage of the connection l"]uaﬁ = 0, because all tangent spaces are identical (or aligned)
and vectors do not change their entries moving from one tangent space to another,
therefore vﬁ(x +0x) = v#(x) in parallel transport and consequently, Vgvt = dpvi.

Higher-order tensors require a Christoffel-symbol for every index
VpTH = 9gTH + T, TV 4 T TH (B.134)
because their basis set is the Cartesian product of the basis of TpM, one factor for
each index.

The covariant differentiation can be constructed for linear forms (or covariant
vectors) in a way that is compatible with the differentiation of (contravariant) vectors:
Because a product v¥p, = g, v¥p¥ would be scalar, the covariant derivative reverts
back into a partial one:

Vﬁ(vaM) = Blg(v”pu) = 8(51)” . p” + vt Bﬁpu (B135)

If we require the covariant differentiation to obey a Leibniz-rule, the last term can be
written as:

Vﬁ(v“pu) = Vol p* + vMVpp, = (aﬁv" + I‘Ma[3 v“)pu +"Vep, (B.136)

Then, the term dgv! - p,, drops out and renaming the indices p <> «
VH(Vipy) = 0" gpy = T v py = 019y — T vpa = v(9py ~ T pa) (B.137)

gives the final result
Vepyu = aﬁp}* - I“"MS Pa (B.138)

for the covariant derivative of a linear form, with a minus-sign instead of a plus-sign.
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A The choice of a connection and
the subsequent properties of the
covariant derivatives are done out
of convenience, not due to phys-
ical necessity: Perhaps the situ-
ation is similar to quantum me-
chanics, where the Schrodinger-
, Heisenberg-, and Dirac-picture
are equivalent mathematical for-
mulations of the same physics.
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B.4.3 Levi-Civita connections

Up to this point, the connection has been arbitrary but we will now focus on <4 Levi-
Civita-connections: Those are metric-compatible and torsion-free, and can therefore
be computed from the metric and its derivatives. A metric manifold with such a
connection and the corresponding covariant derivative is referred to as a 44 Rieman-
nian geometry. It is important to achieve the compatibility between the metric and
the differentiable structure of the manifold so that we can compute the connection
coefficients from the metric itself.

Metric compatibility

Scalar products v'p, = g,,V'p" between two vectors v and p that are parallel trans-
ported with a Levi-Civita connection should not change, when they are computed
with the parallely transported metric, likewise with a Levi-Civita connection: The
parallel transport of two abstract vectors only changes the tuples v! and p" because
the tangent spaces change and a different basis set is provided at every point. The
scalar product is an abstract measure of the lengths and relative orientations of the
two vectors and that statement should be invariant:

g(v(x), p(x)) = g)(vy(x + 5x), py(x + 5x)) (B.139)

For that quantity to be conserved, parallel transport by dxf should not change
anything, neither the length nor the relative orientation of the two vectors. They
are identical, vlT(x + 0x) = v*(x + dx), which implies the parallel transport condition

dxPV4ut = 0. Then, the question arises what the invariance of the scalar product
implies for parallel transport of the metric.
Stating that the scalar product of parallel-transported vectors remains constant is
equivalent to
oxP Vpg= xP Vg (ng”p") =0 (B.140)

As the covariant derivatives obey a Leibniz-rule, one can write

oxb Vg (gw v”pv) = oxP (Vﬁ Sy VP + gy Vp U1 p¥ + gy O V(gpv) (B.141)

and therefore, as 6x|3VBv|‘ =0and 6xﬁV6p" = 0 as an expression of parallel transport,

oxP Vg gu - VFp¥ = 0. (B.142)

Because that statement must be valid for every index choice, we can isolate the 4
metric compatibility condition
Vg g = 0, (B.143)

stating that the covariant derivative of the metric must be zero.

Torsion
Parallel transport is achieved by the relation

vll“(x +6x) = vM(x) = TF  (x)v%(x)dxP. (B.144)

of
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B.4. DIFFERENTIAL STRUCTURE OF MANIFOLDS

An important intrinsic property of the connection would be if one could reach,
starting from the point x, the same point x + dx + 6x along two different ways: First, by
moving from x to x + dx, before moving on too (x + 6x) + %, or secondly, by moving
to x + 0x first and then to (x + 0X) + dx. This will become particularly relevant in the
next section, when we define transports of tensors around a loop for the definition of
the Riemann curvature. Keeping in mind that infinitesimal coordinate differences are
in fact vectors, the above requirement can be formulated that dx transported along
0x and that 0% transported along dx should be identical.

The general parallel transport relation can be decomposed into the symmetric
and antisymmetric part of the Christoffel symbol,

1 1
H N i B _ i # < B i i -
v (x+8x) = v (x) - Ty v*oxP = vl(x) - 5 (r o+ Tha ) v®oxf - 5 (r o~ e )vaxf,
. -
=" =T =T',

p p

(B.145)
where the first term will be the symmetric part of the connection F+Ma;3 =4I o and
the second the antisymmetric torsion tensor T”a13 = —T”IS « - Even though connection

coefficients themselves are not tensors, their difference TMoqs would be a tensor.
With this in mind, the question whether

6>E|T(x +0x) = 6x‘}|4(x + 8%) (B.146)

can be answered: Writing out the parallel transport with such a decomposition of
the connection leads to

O%/|(x + dx) = % — r*"aﬁ 5x%oxP — T" | 5x%oxP (B.147)

B

and
Ox) (x + 8%) = dx =T oxoxP — T" | 5x 5P, (B.148)

Here, the terms involving the symmetric connection are identical, but the terms
involving the torsion tensor are not, due to their antisymmetry. Then,

dx! (x + dx) — ox! (x + 0%) = oM — ok — 2T"

i I dx5xP, (B.149)

B
after renaming the indices o <> p in the last term. This implies that the displacements
dx and 0x do not change under transport only for a vanishing torsion tensor T”aﬁ.

In other words, torsion relates to the gap A" by which the polygon dx + %) (x +
0x) — ox)(x + 0X) — 0% is unclosed:

AV = x4+ e'”zl’l‘(x +6x) — éx‘}r(x +6%) — oxM = —2T“aﬁ Sx* 6P, (B.150)

and only for a Levi-Civita connection it would be the case that A* = 0, and the figure
is in fact a A parallelogram. And the sides ox! and er{(x + 0%), as well as 6x" and

6X|T(x + 0x) are really parallel to each other, due to the parallel transport condition,

and do not just form a 4 quadrilateral.
The magnitude of A is proportional to the torsion tensor and the area 6x*5%"
enclosed by the two parallel transports. Therefore, as a second condition, we require

29


https://en.wikipedia.org/wiki/Parallelogram
https://en.wikipedia.org/wiki/Quadrilateral

B. METRIC AND DIFFERENTIAL STRUCTURE OF SPACETIME

symmetry of the Christoffel-symbol in the lower two indices,

I =T%,, enforcing F_Ma(s = T”aﬁ =0, (B.151)

which is called the 44 torsion-free condition of the connection.

Construction of the connection

The particular case of a Levi-Civita connection is defined by the two requirements
to be (i) metric compatible and (ii) torsion-free. Then, it can be computed from the
metric alone: The metric is a covariant tensor, so its covariant derivative is explicitly
given by

Vﬁ g”v = 95 g}“/ - I‘aﬁ}d gD(V - faﬁv gWX =0. (B152)
We repeat this statement with with cyclically permuted indices (p, v, p):

Vi 8vp = 9y &p = T Gap — Faw} 8w =0 (B.153)

as well as
Vogup = 9v & — T 8ap — T §ua =0 (B.154)

and combine all three by computing the cyclicly permutated sum, Vg, + V,g\p —
V.gpu = 0, which is zero as all terms are required to be zero individually.
From eqns. B.153, B.154 and B.152 one gets:

ap 8pv — r(xlw 8ap — I‘aﬁu avt

Viugpy

d, 8up — rayv 8ap — raﬁv 8uv —

vaplﬁ

9 v + Ty Sav + T, guv = 0. (B.155)

V[Sg}w

Finally, we solve for the Christoffel-symbol I'?,, , keeping the symmetry in the lower
index pair in mind:

8}4 g‘gv + av gwg — alg ng = 21‘0‘[3‘) g(xﬁ (B156)
and isolate I’Y]Av by multiplication with the inverse metric gP?,
a By a v Y gliy
%, gapg’ =T%, 88 =T, = 7(aM v + Oy 8up — 9 Gyv) (B.157)
by using gaﬁgm’ = 8} Please keep in mind that

v = o vf = gob vg = g“ﬁgﬁy vY - g"‘ﬁgﬁy =9y (B.158)
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as the defining equation for the inverse metric g'"* for any metric g,,. It is a standard
exercise to show that the Christoffel-symbol I'%,, is not a tensor, but that the covariant
derivatives Vg v and Vg p,, are. Levi-Civita connections are peculiar, because they
are computable from the metric and its partial derivatives alone, and no further

information about the geometry of the manifold is needed.

B.5 Geodesics

B.5.1 Geodesics as autoparallel curves
Autoparallelity

A curve x#()) parameterised by A can be autoparallel in the sense that the tangent
ut = dx"/dA does not change, or equivalently, that the tangent vector u! is always a
parallel transported version of itself along the curve. Then, writing x* = u* = dx*/dX
for simplicity,

2PV =0 (B.159)

because J'clT(x + 0x) = x#(x + dx). We can substitute the explicit form of the covariant
derivative to get

£PVgit = iP(9px® + T, ) = xPIpx® + T iPit = 0 (B.160)

Rewriting the first term as a differentiation along A yields

B dxPox® d ;| .
xﬁaﬁx“ = AN 9af a(x"‘) =x“ (B.161)

which defines the standard form of the geodesic equation,

B+ T%, 5 = 0, (B.162)

A curve that obeys this equation of motion and follows an autoparallel line is called
a 4 geodesic. Geodesics generalise the concept of a straight line through Euclidean
space to manifolds, where straight and autoparallel are equivalent. One would already
suspect at this point that inertial motion, where no accelerations are felt, corresponds
to motion along an autoparallel line. But at the same time, freely falling motion
through a gravitational field would likewise be characterised by a feeling of perfect
weightlessness and the absence of inertial forces: And one is correct in guessing
that geodesics are in fact trajectories through spacetime followed by freely falling
particles.

Numerical example

Let’s make these points explicitly with a numerical example: Inertial motion at
constant velocity through the two-dimensional Euclidean plane in polar coordinates
r, @. Here, the metric is diagonal,

1 0
g]w:( 0 2 ); (B.163)
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0.6

velocities v and w

-0.3

affine parameter A

Figure 2: Geodesic through a Euclidean plane in polar coordinates r, @: Given are the
velocities v = 7 and w = ¢ as a function of an affine parameter A, in comparison to the
Cartesian velocities x and y which are constant for inertial motion.

and due to the high degree of symmetry, there are only two non-vanishing Christoffel-
symbols,

1
Iy =-r and I%, =T%, = = (B.164)

Then, the geodesic equation implies

F-r¢?>=0 and <p+%r'¢>=o. (B.165)

For the numerical solution, these can be converted into a first order ordinary differ-
ential equation, by introducing the velocities v = 7 and w = ¢,

T u

d w

o 1’ - o (B.166)
w —2vw/r

The numerical results are summarised in Fig. 2, along with the Euclidean velocities
X =vcosp—rwsin@and y = vsin ¢+ rwcos @ (from the differentiation of x = r cos ¢
and y = rsin ¢) which remain constant.

Because the rate at which particle pass by the coordinates does not need to be
constant for inertial motion we should not use the statement # = ¢ = 0 as a character-
isation of inertial motion, possibly motivated by Newtonian thinking. Instead, the
autoparallelity condition would be the proper thing to do. And as the connection has
been defined to be metric compatible, we immediately see that the modulus of the
velocity, defined as the scalar product g, x"x”, is conserved. Physically, this means
that the categorisation of x# into timelike, spacelike or light-like is not affected by
geodesic motion.
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Newton equation of motion as a non-relativistic limit

It is possible to reverse-engineer Newton’s equation of motion in a gravitational field
with our knowledge of relativity and to rediscover the geodesic equation, adding
perhaps some support for the idea on the connection between autoparallelity and
geodesic motion: Newton’s equation of motion reads

#+od=0 (B.167)

for a particle falling through the gravitational potential, where no accelerations can
be felt. The dot denotes the derivative with respect to laboratory time, which for
small velocities is equal to the proper time, t = t. Because we already suspect that the
potential is measured in units of ¢? as suggested by the weak field-metric, one can
write:

)
¥+d'—-c.c=0. (B.168)
c

Perhaps the two cs are just the t-component of the 4-velocity in the slow motion
limit,
i i@ o
¥+d' Sk =0 (B.169)
c

with coordinates (a tuple!) and velocities (a vector!)
Xt = (;f) it = (1‘;) (B.170)

where the difference between coordinate time and proper time vanishes, and y = 1.
If we identify the Christoffel-symbol

ri, = a’g (B.171)

with a suitable derivative of the metric, one gets

4T it =0 (B.172)

Finally, making everything covariant by replacing i with «a and reinstating t instead
of t
d2x® T dxtdx?
de? Widt dt

(B.173)

one obtains the geodesic equation, with the affine parameter t. This immediately
poses the question if these statements are only true for a particular choice of the affine
parameter. This is not the case, as geodesics are invariant under affine reparameteri-
sations A — A’! Perhaps the last derivation is able to shed light on the necessity of
the Newton’s law of inertia: That inertial motion proceeds at constant velocity would
already be a consequence of the equation of motion for zero force applied. But the
law of inertia clarifies that this motion takes place on a straight line, in concordance
with the notion of autoparallelity of geodesics.
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Affine invariance

We have seen that autoparallelity of the tangent vector is equivalent to the geodesic
equation,

BVt =0 - #arh, i =0 (B.174)
where b ;
dA dx d ,d)dx
p— AT B = sttt
X v dn and % dX’(dX’ d}\) (B.175)

yielding the following conversion

d((dx) dxl*) p dAdxt dA dxV

(52 S Rkl B.17
ol o) v avay avar 70 (B-176)

from the chain rule, and by applying the Leibniz-rule,

d?x  dxf (d)\)zdzxf5 pdidxt dA dxV

oz oy G e e avan av a7 (B.177)
such that 2.8 5 b
dx pdxtdx? d“x dX\2 dx
e ide __&A il B.1
o Teoorar - o (@) (B-178)

If there is now a linear relationship between A and )’, the derivative d?xn/d)?
vanishes, making sure that one recovers the geodesic equation in both parameters:
In fact, there seems to be an entire class of affine parameters which are all equally
suited to be used to define autoparallelity or the geodesic equation, all related by
affine transformations A" = a\ + b.

In classical mechanics with %' + 9'® = 0 as the equation of motion, this looks like
nothing particular beyond mechanical similarity: t — at + b implies that X acquires a
factor a2, but @ has units of Velocityz, so that it will have a factor of a2, too, which
cancels.

But, we can make an interesting statement about the 4 relativistic Doppler-effect,
which arises as a projection of a photon’s wave vector k* onto the observer’s world line
with the tangent u#, w = g,,utk". Clearly, reparameterisation of u* brings in a factor
of a1, but the photon wave vector should not change, such that the frequency only
changes by a single factor of a~!: We can not work with the same affine parameter for
photons and massive particles. In fact, the wave vector as the tangent to the photon
geodesic is normalised to zero, g,,k!k" = 0, while there is a particular choice of the
affine parameter for massive particles such that the tangent is normalised to c?. With
the proper time t and tangents u" = dx"/dt one always obtains the normalisation
g}wuVu" = ¢2. And, in both cases, geodesic motion conserves this normalisation
as a consequence of metric compatibility V,g,, and the autoparallelity condition
uVout =0:

uava(g}w uMuV) =u"Vy 8uv - utu? + 8y uVout-u+ 8uv utu®vau¥ =0. (B.179)
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B.5.2 Geodesic motion through a variational principle
Variation of relativistic arc length

Relativity surprises with the idea that the variational principles of classical mechanics
have a clear geometric meaning: Particles move along trajectories in spacetime with
extremised arc lengths. The central result of the last chapter was that autoparallelity
leads to the geodesic equation and that autoparallel lines are straight in a general
sense: But is straight equivalent to shortest? Writing down the action as the integrated
arc length gives

B B B
s:fds:de,lgw = ‘i’; :jd)»ﬁx”x &) (B.180)
A A A

with £ being the generalised Lagrange function. A variation of the trajectory x*(A) —
xH(A) + 0x#(A) by ox*(A) generates a variation 0S of the arc length,

B
o aL _ ., oL _, o eea A
as_J (8x°‘bx +be) with &x = 5o (B.181)
A
which can be recast into
¢ oL d or
_ _ = A0
6S_J-dx(axa o) O (B.182)
A

through an integration by parts, where no variation is done at the end points A and

B. The requirement that the physical trajectory corresponds to a curve that minimises

the arc length S leads to Hamilton’s principle 8S = 0. Then, the Euler-Lagrange
equation

d 9L dL

dXdxe T ox®

(B.183)

can be isolated, as it applies to the generalised Lagrange function

. / dx# dxv
[(XM, XM, gy.v) = gl” aa (B184)

which depends on the trajectory and its tangent, apart from the metric itself defining
the geometry. The derivatives can be directly computed, keeping in mind that the
metric itself is a function of the coordinates, for the derivative with respect to the
coordinates,
9L 1 9w dxtdx”
dx® 2L dx® dr dA

(B.185)

and for the derivative with respect to the velocities,

9,6 1 (9){” Bx") _ 1

) ) 1 )
oz~ 208\ Ok R %% i(gavxhrgwxu):zgauxu (B.186)
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Substitution into the Euler-Lagrange-equation yields

dt v £ 1o 1 g £ 08y .

a (Zgay, XV') = _ﬁgal,[ Xt Zgap{ XM+ Zgay, it = Z[— Zgau XM+ a;VM St +ga}4x”]
(B.187)

where the derivative of the metric is given by the chain rule, g5, = %0, gay, so that
one arrives at

d ;1 . 1 L . agtxp " .
E3Y (Zg"‘” x") =7 [— ng M+ v SXMXY + oy x”], (B.188)
which leads to
Lo 9%y e 198
~ 7 S i+ a;v” XY+ goy B = 5 ax’f; xhxY (B.189)
with a symmetrisation %( aag“v“ + %gv;‘ ) of the second term one then obtains
X X!

1 8go¢y. ag o ag}w [:

= Vi _ 8 TR A s

X 2( pP + ppe ax"‘)x X = S (B.190)
Multiplying this relation with the inverse metric gf* shows the emergence of the
Christoffel symbol,

2

JxH * ox¥  oJx®

pa 0 9 ’
iy & (ag“” Sua g””)x?‘x”:%xﬁ (B.191)

which one can replace in the equation,

4 TP ey = %xﬁ. (B.192)

The term £/L on the right side indicates the rate of change of £ = \/g,,uFu?, i.e. of
the normalisation of the velocity u*. If one makes the requirement that the velocity’s
normalisation does not change in freely falling motion, £ would be necessarily
constant and £ would vanish. With this requirement, one obtains the classic geodesic
equation,

#erh, e =0, (B.193)

Conservation of the norm

Conceptually, the geodesic equation joins straight, autoparallel motion and with the
principle of extremal proper time or minimal arc length to arbitrary geometry, as
the proper time is a preferred affine parameter because it has a measurable physical
meaning. Effectively, the requirement of conserved norm g,,,u"*u" in geodesic motion
has the physical implication that the categorisation of u! as a timelike vector never
changes, and it is consistent with metric compatibility: Along a geodesic,
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d
0= ﬁ(g}wul‘u") = uava(gpvu}‘u") = Va&uy ubu + 284y uvut, (B.194)
~— ——
=0 =0

because the covariant derivative is distributive and the condition u*V,u# = 0 holds
for geodesic motion, leading to the metricity requirement u®V,g,, = 0. And if the
norm of ut is ¢, then the curve parameter A coincides with proper time .

There is a number of interesting properties of gravity: Firstly, all objects experience
the same acceleration irrespective of their mass; with acceleration being meant as
the rate of the rate at which the coordinates pass by the object, not as a physical
acceleration which is always absent in free fall. This is very much different for e.g.
electrically charged particles experiencing electromagnetic fields. In this case, the arc
length is computed with

B B
S = J S dex"+—A dxt) = Jdr Gttt + iA pttt) (B.195)
A A

with a potential A, and the velocity u* = dx¥/dt. Clearly, the decisive quantity
here is the specific charge gq/m, and particles with different specific charge will
follow different trajectories through the same field A,. The arc length eqn. B.195
itself is composed of a metric contribution as the first term, which is the usual arc
length through spacetime, modified by the term A, u!, which is the projection of the
electromagnetic potential onto the particle’s velocity. Geometries of that type are
called <4 Finsler geometries. Intuitively, one might imagine that the electromagnetic
potential acts like a wind: its effect depends on the relative orientation between A,
and u", and if the two are aligned, the effective arc length experiences the largest
change. How much that term is able to influence the arc length, depends as well
on the magnitude of specific charge q/m of the particle. It is worth noting that any
gauging of the potential A, — A, + V, x with a gauge x does not change arc length!
In fact, the additional term comes out as

B B
dx
JdTVMx ut = Jde—T x(A) — x(B). (B.196)
A A

It is constant and would drop out in the Euler-Lagrange equation, having effectively
no influence on the equation of motion or the trajectory of the particle.

This specific charge for gravitational fields would correspond to the ratio between
the gravitational mass as the coupling strength of massive particle to the gravitational
field and the inertial mass. This ratio has been found to be unity at the level of 1071,
giving a strong empirical indication of the universality of gravity. In fact, variation
8S = 0 of eqn. B.195 gives

du®
dt

+T% ulu? = %F“wu" (B.197)

so that any deviation from freely-falling motion must be proportional to the specific
charge g/m, with F%, = g"‘ﬁFﬁv. Interestingly, one now realises that the normalisation
guu!uY is conserved by two distinct mechanisms: Rewriting the last relation as an
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autoparallelity condition with an external force gives

9

uVauh = EFM“”Q' (B.198)

Multiplying this equation with g,,u” implies for the right side:

Flou®gu” = Fu®u’ = 0, (B.199)

because the Faraday tensor is antisymmetric and the tensor u®u" is fully symmetric.
The left side requires the notion that along a geodesic the norm of the velocity is
conserved,

% (guvttu”) = uVo (gouu®) = 0. (B.200)

Using distributivity of the covariant derivative as well as metric compatibility
Va8yuv = 0 then yields

2g U uVoult = uv, (gwu“u") (B.201)

after renaming indices. This implies that the equation of motion respects

1
Eu“va (gwu"uv) = %qu“uv =0, (B.202)

and neither gravity nor electromagnetic fields are able to change the norm of u¥,
due to metric compatibility in the first case and due the antisymmetry of the Faraday
tensor in the second.

Gravitational lensing is naturally explained by the geodesic equation even the
photon has a vanishing mass, m, = 0. It is sufficient to use the geodesic equation for
the tangent u* of a photon’s world line as the trajectory of freely falling particles.
Therefore, the geodesic equation allows for phenomena like gravitational lensing,
effectively through

du®
da

+ F”‘”v utu’ =0, (B.203)

for the tangent u" = dx"/dX for the affine parameter A # t parameterising the
photon trajectory x#()): As a photon follows a null-geodesic ds? = gundxtdx¥ =0, the
tangent is normalised to zero, g,,u"u" = 0, and the usage of proper time is impossible,
cdt = ds = 0: Effectively, the photon does not experience a passage of time.

Lastly, inertial motion through a vector space with Cartesian coordinates suggest
a Euclidean straight line: d’x%/dt®> = 0 — x® = a%t + b®, because in Cartesian

A Both inertial motion and freely ~ coordinates the metric is constant and the Christoffel-symbol vanishes.

falling motion are, in addition,

characterised by a sensation of per- Geodesic, autoparallel motion corresponds to freely falling particles. It generalises

fect weightlessness of an observer the id £i tial tion t bi dinate choi d ulti lv to freel

moving along with the particle, e idea of inertial motion to arbitrary coordinate choices and ultimately to freely

and are therefore, a priori indis-  falling motion in curved manifolds. One should be careful, however, to associate

tinguishable. Suv # My Or ', = 0 to gravitational fields, as both statements can be true locally in
certain coordinate choices. Rather, one should think of geodesic motion as taking care
of the coordinate choice by establishing autoparallelity of a straight line, irrespective

of the presence of curvature or gravity.
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B.6 Equivalence and the relativistic origin of Newton’s axioms

The geodesic equation is a description of a straight line (in the autoparallel sense)
through spacetime and should, as such, be a generalisation of the law of inertia and
the Newtonian equation of motion. In fact, Newton’s inertial law states that force-free
motion proceeds at constant speed along a straight line, which is perfectly fulfilled
by the geodesic equation: Straight actually means autoparallel, as the proper concept
for more complicated coordinate choices, and the normalisation g,,utu” = c? of the
velocity u! is conserved. Force-free in the Newtonian sense might pertain to both
inertial motion through a flat spacetime or freely-falling motion through a curved
spacetime: There is no fundamental difference between these two cases. To take things
to extremes, one could say that Newton’s first axiom is the definition of the word
“straight”: As soon as there are no accelerations measured, the trajectory is necessarily
autoparallel.

We have already seen that the Newtonian equation of motion & + @?® = 0 with the
gravitational potential ® is hidden in geodesic equation for small velocities and weak
fields, exactly the limit Newton could have been aware of. Writing ' + 9'® = 0 to
allude at force-free motion is in the spirit of the geodesic equation ¥* + I'%,, x*x¥ = 0,
and only non-gravitational forces would replace the zero on the right hand side, for
instance an electromagnetic force,

2, in v v
d°x o dxtdx _% g dx (B.204)

a2 W dr dr Mdr

for a particle with specific charge q/m experiencing electromagnetic fields F,,. With
this idea in mind, I personally don’t like to speak about gravitational forces: Rather, I
would call them gravitational accelerations which get modified by non-gravitational
accelerations that are computed from the actual field with the specific charge gq/m as
the coupling constant, to yield an actual acceleration.

Ultimately, the third axiom actio = -reactio (with a minus-sign, as actio and reactio
take place in opposing directions!) is the most interesting in view of relativity. It
concerns non-geodesic motion with the appearance of inertial forces (reactio), which
are opposed to the actual forces (actio) acting on a particle. To understand where this
might come from we should first have a look at the way how classical inertial forces
like the A centrifugal force or the 4 Coriolis-force are contained in the geodesic
equation. In the slow-motion limit with T =t, y = 1, fixed u' = cand u' = v’ we get

d2x odatdxy A2, ; ; q ,i
T lwﬁ TR +Th o+, V" e+ T, V" + T, vmv”:af’, (B.205)

with an acceleration %fi that is neither inertial nor gravitational.

The Christoffel symbol is symmetric in the lower two indices I',,, = T",,, because
of the torsion-free condition and T, = 9i§ specifically would be the gradient of
a classical gravitational potential. Then, fundamentally, there are two terms in the
geodesic equation, T, v"v" ~ (Q x v) x v corresponding to a centrifugal acceleration
which is quadratic in the velocities, and the Coriolis acceleration 2T, v"c ~ 2Q x v
with the factor 2 appearing naturally out of the two identical terms linear in the
velocity v.

This is in fact a surprising result: The velocity-dependent inertial accelerations
appear as the non-relativistic limit of the geodesic equation, up to terms o v? because

of the term ri;w utuY. It seems to be the case that the velocity dependence of accelera-
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tions is natural, similar to the Lorentz force oc v x B. Here, v! is the highest power that
can be generated by L ¢%# B,yu. The term ri, =o' % is an eternal source of confusion:
The geodesic equation with such a term clearly refers to autoparallel motion along a
straight line, but one tends to think of a curved trajectory, for instance when thinking
about throwing a ball along a parabolic curve. But please keep in mind that there is
a second definition of straightness corresponding to the Minkowski-space with the
metric 1), that one might use instinctively instead of g,,. Balls and planets follow
autoparallel lines through spacetimes, and parabolas and elliptical orbits (besides,
the parabola that is followed by a ball is only the second order Taylor-expansion of an
elliptical orbit around the Earth’s centre) are straight, otherwise Newton’s first axiom

could not be fulfilled.

If there is really the equivalence between inertial accelerations and gravitational
accelerations, as made clear by Einstein’s elevator argument, there should be a deep
connection between the two. First of all, inertial motion in e.g. rotating or accelerating
coordinate frames is the uninteresting case, because the geodesic equation makes the
job of computing the rate of change of the passage of the coordinates perfectly and all
we see are coordinate effects. It becomes more interesting if there is a non-gravitational
force acting on a particle such that inertial forces appear as a consequence of, well,
the change of the state of motion, but relative to what? At this point <4 Mach’s
principle comes in and clarifies that inertial frames are defined in by the large-scale
distribution of matter in the Universe. If there is a perfect equivalence between
inertial and gravitational forces, we should be able to ask how inertial accelerations
are sourced and what their gravitational origin is, after having thought of gravitational
accelerations to be inertial: They vanish in freely falling frames and affect all objects in
exactly the same way irrespective of their mass. Coming back to Newton’s third axiom
we should suspect that the inertial reactio is in fact gravitationally induced, because
the state of motion changes relative to the masses in the Universe, and because there
is an additional velocity dependent gravitational force acting on the particle.

A second striking example is the 44 rotational flattening of the Sun, whose diam-
eter at the equator is larger than the diameter taken at the poles, as a consequence
of the centrifugal force acting on it due to its rotation. But how would you interpret
the same observation from a frame co-rotating with the Sun? There, the entire uni-
verse rotates in the opposite direction and there is an additional component of the
gravitational field which pulls on the Sun’s equator.

There is an interesting remainder of the idea that accelerated frames and gravita-
tional potentials are equivalent left in classical mechanics: A boost into a frame with
constant acceleration a’ is defined by

i 1 . . .
’:x’+§alt2 - ®=x+a't, (B.206)

such that the Lagrange-function £ transforms accordingly,

=D i = Moy dalt 4y atal 2 B.207
L 2%] 2 Yij Yij )

The last term can be written as a total derivative, t> = d(¢+3/3)/dt and does not
matter in the variation, as total derivatives of functions that only depend on time and
coordinate (but not velocity) never have an influence on the variational principle.

The second term, however, can be rewritten using the fundamental theorem of
calculus, as a differentiation of an integral,
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%jdtki't:%fdtxi:xi (B.208)

so that we can apply an integration by parts in the last step. Collecting these results
yields o
L'=L-my;x'a, (B.209)

so that the Lagrange-function has acquired a new term that corresponds to a potential
with a constant slope: This is classical equivalence between a linear potential and a
frame accelerated at a constant rate.

B.7 Geodesic deviation, curvature and gravity

Geodesics as autoparallel lines through spacetime are the trajectories of freely falling
particles. The geodesic equation computes the rates of change %" of the passage x"
of the coordinates past the particle, completely independent from the presence of
curvature. Actually, neither the metric g, nor the Christoffel-symbol I'%,, do contain
information about gravity, and neither would the covariant derivative V,: They are
all constructed to deal with the arbitrariness of coordinate choices. In addition, we
already know that the gravitational field does not exist at a single point, because
both conditions g,y = 1,y and I'Y,, = 0 can always be achieved locally by a coordinate
transform.

A possible idea would be to look at the relative motion of freely falling particles.

Locally, every particle experiences perfect weightlessness, but that does not imply
that the relative acceleration must be zero. Imagine two astronauts holding hands

and falling through space(time) and following Keplerian orbits around the Earth.

The astronaut on the lower orbit moves with a higher velocity according to Kepler’s

first law and would actually accelerate away from the astronaut in the higher orbit.

Such an experiment could serve as a way to measure whether gravitational fields
(or spacetime curvature) is present, because it is non-local and because it would be
sensitive to the second derivatives 92 g of the metric, which partially resist coordinate
transforms as they can not be made to vanish.

The quantity determining the relative acceleration between two freely falling
particles is the Riemann-tensor,

R%up = 9pl % = + 1% rpl“f - rpp[s , (B.210)

which follows from the non-commutativity of the covariant derivatives,

R®, g0 = [Vy, Vg] v = (V,V = Vv, ) o (B.211)

It is through JI' ~ d(gdg) composed of second derivatives of the metric which
shows that it contains information about the manifold that can not be made to
vanish by a coordinate transform. We will see in this chapter that it contains all
information about curvature of the manifold and the deviation from a Lorentzian
geometry. In particular, the 44 geodesic deviation equation, which describes the
relative acceleration of two freely falling test particles separated by an infinitesimal
vector v%, R

(04
‘ZT”Z = R% P (B.212)

41

A gy, # 1y does not imply that
there is gravity, and neither does
I%y # 0, and neither does dy, =

V!


https://en.wikipedia.org/wiki/Geodesic_deviation

A 1t's worth remembering that
the velocities ut and u" are con-
tracted with the centre pair of in-
dices of the Riemann tensor: Con-
tracting with the last pair of in-
dices would automatically yield
zero as a consequence of the an-

. a _ _RQ
tisymmetry, R g = R gy

B. METRIC AND DIFFERENTIAL STRUCTURE OF SPACETIME

defines the experiment one can test for the presence of gravitational fields. If there
is no relative acceleration d>v®/dA? = 0 for every index choice one must conclude
that the Riemann curvature vanishes, R® »s = 0 and that the motion of the two test
particles takes place in Minkowskian space, but possibly with a weird coordinate
choice. Even without Cartesian coordinates one would be able to write down the
solution

d?v®

daz

=0 — v*=a%A+b" (B.213)

with two constants of motion. It is perhaps striking to realise that a quantity as
abstract as the Riemann-tensor is fully measurable in an experiment dropping test
particles in spacetime and observing their relative acceleration d?v®/dA?: This is
possible by the independent choices of u* and vf in the experimental setup.

A more formal derivation of the geodesic deviation equation would proceed
as follows: Imagine a patch of spacetime that is crossed by a bundle of geodesics,
uP = dxP/d\, with the affine parameter A. Perpendicular to those, there is a second
set of curves v* = dx®/di, used for interpolating between the geodesics. Then, the
quantity

uﬁVﬁv“ - vﬁVﬁu“ (B.214)

can be shown to vanish: Replacing the covariant derivatives with partial derivatives
leads to
= uﬁ(aﬁv"‘+l’°‘w v"‘)—vﬁ (8[514"‘+I‘°‘w u”) (B.215)

where the two terms involving Christoffel-symbols cancel. For the remaining partial
derivatives, we substitute the coordinates,

P dx®  daP_ dx®  P%x®  9%x®

d
— B a_ B a_ 22 a“r o= = _ _
e TN, i TR T i wil> v il )

. 0,  (B.216)

by absorbing the the derivative with respect to the coordinates into a derivative
with the affine parameter, and using the interchangeability of the second partial
derivatives. In summary,

ubVpo® = vPvgu®, (B.217)

Then, the relative acceleration between two neighbouring geodesics separated by
v* can be computed to be

d?vY

FIvi uVVy(uﬁVﬁv"‘) = uYVY (vﬁVﬁuo‘) = uVVyvﬁ . Vﬁu"‘ + uyvﬁvyvﬁu“, (B.218)

where we used the symmetry uﬁvf,v“ = vﬁVﬁu"‘ as derived in eqn. B.217 in the first
step. The order of covariant derivatives in the second term can be interchanged by
introducing the Riemann curvature,

= VP Vgu® + uof (VgVyu® = R® g ul), (B.219)
and the nested structure can be resolved by using the Leibniz-rule,
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= v"’V(), (uVVYu“) - UBVﬁuVVyu"‘ - R"‘Mﬁyu”uyvﬁ + vVVYuBVBu“ = R“Mﬁyu”t(t;vzﬁzo)

because the first term vanishes due to the autoparallelity condition and the second
and forth term cancel. In summary, this implies geodesic deviation,
d?vy

— o
dixz ~ R ypy

utuvob, (B.221)

for the relative acceleration between geodesics separated by v?. Perhaps it is worth
emphasising that geodesic deviation applies to timelike geodesics and null-geodesics
alike.

Geodesic deviation is an incredibly useful concept for visualising curvature: Most
importantly, gravity does not act locally on a single freely falling object, as there is
always a local Cartesian coordinate choice due to the equivalence principle. Instead,
it acts on the relative distance between freely falling objects in both time and space.
The explanation of the term 4 spaghettification widely used in public outreach and
popular science literature on black holes is in fact geodesic deviation: Close to a
black hole, the differential acceleration between the head and the feet of an astronaut
becomes very large due to the increasing curvature, to the point where the elastic
forces holding the body of the astronaut together would not be able to withstand the
gravitational fields. A less bloodthirsty view on the same physics is the backdrop of
the novel "Approaching perimelasma” by the aerospace engineer and science fiction
writer @ Geoffrey A. Landis, where the mind of an astronaut is transferred into a tiny
android, who then uses a small, spherical spacecraft to approach the event horizon
of a black hole. The smallness of the robotic creature and the spacecraft protect the
astronaut against curvature: The relative acceleration is proportional to distance, so
smaller objects experience less geodesic deviation, and are better protected against
gravity. To return to a more quantitative view, one can often isolate a curvature scale
from a curvature scalar, for instance 1/VR from the Ricci curvature scalar R : On
scales smaller than this curvature scale, curvature can be neglected and effectively,
the laws of special relativity apply inside that bubble of low curvature.

B.8 Raychaudhuri’s equation for geodesic congruences

The effects of geodesic deviation can explain the evolution of the enclosed area by
a bundle of geodesics. If such a bundle, sometimes called a 4 geodesic congruence,
traverses a region of nonzero curvature, the enclosing geodesics are accelerated
relative to each other, and the cross-sectional area of the congruence changes in a
nonlinear way. This is exactly the statement of the 44 Raychaudhuri-equation: Starting
the evolution of Bﬁo‘ = Vgu® along a geodesic,

d
ﬁB[ﬁa = ulV, Vu® = Vp(ulVyu®) = Voul - Vyu® - R% g utu?, (B.222)

by interchanging the order of covariant differentiation (which yields the Riemann-
tensor) and bundling u* with V,u® by usage of the Leibniz-relation. The trace of this
expression,

0= 0gBy" = Vou* (B.223)

is simply the divergence of the velocity field. Along the geodesic, it evolves as
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d

56: Va(ut'Vyu®) = Vout -V, u® - R, utu?, (B.224)
using the fact that V53 = 0. The first term vanishes due to autoparallelity, and the
last term falls back onto the Ricci tensor Ry, = R%4,

d
ae: =Vout -V, u® - Ry utu’. (B.225)

Raychauduri’s equation now implies that the divergence of the geodesic congruence
would, even if it was zero initially and the geodesics would move on the surface of a
cylinder, decrease with time, as the expression Ry,,utu" is necessarily positive. This
is an expression of the 44 energy condition of relativity. It can be related to the scalar
T,yutu? of the energy momentum tensor once we have the field equation, and easily
checked to be true from the expression for the energy momentum tensor of an ideal
fluid (see eqn. D.366). As in the case of geodesic deviation, Raychaudhuri’s equation
applies to both timelike and lightlike geodesics in a relativistic congruence.

B.9 Lie-differentiation and symmetries on manifolds

Spacetime as a manifold can have symmetries; whether particular coordinates are
chosen that are adapted to the symmetry, for instance cylinder coordinates for a situ-
ation with cylindrical symmetry) or not. Very often, one can be guided by intuition
for choosing coordinates in which the symmetries became apparent in a very clear
way, for instance the Schwarzschild coordinates for a spherically symmetric, static
spacetime around a black hole. But general covariance of relativity does not require
that we find the best coordinate choice, instead, it should be possible to make a state-
ment about symmetry without recursing to particular, properly adjusted coordinates;
there should be a perfectly valid Schwarzschild solution for oscillating Cartesian
coordinates just as well. As all observables are associated with scalars, the coordinate
choice does not matter for the prediction of measurable physical quantities. One
might even imagine that there could be a method to rediscover the symmetries even
for unsuitably chosen coordinates.

Additionally, there should be conserved quantities along with any symmetry of a
system as predicted by Noether’s theorem. It is worth pointing out that certain state-
ments are impossible or do not contribute substantially to statements on symmetry:
concerning motion through manifolds, g, utu” = ¢* or g,,k'k¥ = 0 are expressing
causality or define the choice of a sensible affine parameter rather than conservation,
and symmetries of the metric are certainly not expressed by d,g,, = 0 because of
its unclear transformation properties, nor by V,g,, = 0, which is always true for a
Levi-Civita connection.

B.9.1 Lie-derivatives

Instead, we would require a 44 new derivative, for making a statement of symmetry in
the metric like £,g,, = 0. It has been introduced by @ S. Lie, and can properly state
whether there is an isometry, or a shift symmetry in the metric present: The physical
properties of the metric would then not change under shifts in the direction of a
vector a¥, as an expression of this symmetry. Ideally, we can link this new derivative
to the already defined covariant derivative and possibly derive a relationship which
allows us to find coordinates adopted to a spacetime with a given symmetry.
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Imagine two distinct points P(x#) and P’(x’") with coordinates x* and x'*, respec-
tively. Then, the coordinates of the two points are related in general by

Ix't

x'" = x" —ea" and differentially, by o = sh—ed,at (B.226)

where € controls the infinitesimal shift into the direction a!. For visualisation, ob
might imagine a curve running from x to x” with the tangent a*. Any vector field v*
then transforms according to

T (A dx't v sH v v
vH(x) = o v (x) = (bv —ed, a")v (x) = vi(x) — €d,, a - v¥(x) (B.227)
Clearly, v'*(x") — v*(x) is not a vector because the two terms refer to physically
different points on the manifold, so we should rather apply a Taylor-expansion

vH(x') = vH(x) + (" = x)¥ 9, V! (x) +... =~ VH(x) — ea O, V!(x); (B.228)

and we can define the Lie-derivative £,0"

/ / /
£,0! = lim V) - v =-a"d, v +d,al- v’ (B.229)
e—0 €
of the vector field v! in the direction a*. The Lie-derivative therefore does not use a
connection to transport vectors over a manifold as in the case of the covariant deriva-
tive, but uses a shift induced by the vector a*. As such, it uses a dual interpretation
of the infinitesimal shift x"* = x# + ea" as moving the vector across the manifold
and as changing the coordinates: Then, the Lie-derivative answers the question of
the transformed vector v'* and the shifted vector v* at x” are equal or not. A vector
field v that is homogeneous in the at-direction would remain equal under shifts and
and coordinate transforms, so its Lie-derivative £,0" = 0: This shows well how the
Lie-derivative is able to make statements about symmetries in fields.
If defined for linear forms p,, the Lie-derivative picks up a different sign in the
Jacobian,
Eapy=+a" 0y py+dya’py. (B.230)

A useful thing to remember is that Lie-derivatives require signs that are opposite to
what sign the Christoffel-symbols have in covariant differentiation: minus-signs for
vectors, plus-signs for linear forms.

A scalar ¢, though, does not have any internal degrees of freedom, so the second
term of the Lie-derivative is missing, and the Lie-derivative falls back onto the
directional derivative along a",

£,¢ = atd . (B.231)

Applied to a rank-2 tensor such as the metric one obtains

£a&uv = &n0y at + gy Iy at +at 9y S (B.232)
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It is very important to realise that up to this point we did not use the concept of
parallel transport nor the covariant derivative, but only partial derivatives. This is
because the Lie-derivative is mediated by a vector field a*, or flow, in contrast to the
covariant derivative, which necessitates a connection.

In fact, symmetries of vector or tensor fields on a manifold exist and quantifiable
with the Lie-derivative even when there is no differential structure and no parallel
transport. But of course, one would like to define the Lie-derivative in a way that it
becomes compatible with the covariant derivative, and that is in fact one motivation
for Levi-Civita connections:

V,ut-a’ =V, at v’ = va”~av—3va”~vv—(rum —I‘M)\k)mka)‘ =d,vt-a"-9d,a"-v".
(B.233)

if the connection is torsion free, FMM = FV)\k , and the covariant expression falls back
onto the partial one.
B.9.2 Isometries and Killing-vectors
Applying the Lie-derivative to the metric would mean that
£a8uv = §un Vo at + e Vy at +av, &v=Vya,+V,a, (B.234)
with the last of the terms being canceled by metric compatibility V) g,, = 0, and
using the index-lowering property of the metric. Again, we should be able to compute

the Lie-derivative of the metric purely with partial derivatives instead of covariant
ones. Indeed, replacing V with d and the Christoffel-symbols yields

£,8uv =
g |9y a* + T, aK] + &y [Bpak + F*w< aK] +at [ax [ S T gw] =
Sur Iy at + w9y at+at 0y g (B.235)
because of the pairwise cancellation in the expression
gl a® + @l a® =T, gt =T, guea = 0. (B.236)
If £,84v = 0 for a given shift field a* then the spacetime possesses a certain

symmetry and
Vya, +V,a, =0. (B.237)

Then, at is called a 4 Killing-vector, named after @ W. Killing, and it describes
shift directions in which the physical properties of spacetime do not change. One
should notice, however, that there are symmetries, for instance conformal symmetry
as a scaling of the metric g,,, — ngw, which are not covered by isometries in this
context: Instead, there is the concept of conformal Killing vectors (see section C.3).

B.9.3 Killing equation

There is a weird relationship between Killing vectors and the Riemann-curvature.
For any vector we have the definition of curvature through the non-commutability of
second covariant derivatives,
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(ViVA = ViV ay, = R, 8 = Ry’ (B.238)

from which we can construct
Ve (Vyay = Vyay)+ Vy (Vyae - Veay) + V, (Via, - Vya) =
(Reyvi + Reviu + Regguy)a® = 0 (B.239)

which necessarily vanishes due to the algebraic Bianchi-identity. From the Killing-
condition Vy a, + V, a, = 0 we get V,, a, = =V, a,, so we can change the sign in every
second term,

Vi Voay + Vyay) + Vo Vit + Vyay) + Vo (Viay + Viay ) =
2(ViVyay + VyVya+ VuViay) =0 (B.240)

Inspecting the result V,V,a, + V,V a, + V,V,a, = 0 in more detail we can carry out
this treatment: Let’s keep the first term unchanged, but switch the indices p < xin
the second term. Because of the Killing-condition, this can be done as VMK+ VKaM =0,
so one picks up a minus-sign. The analogous index switch can be performed on the
last term. k <> vis possible because V. a, + V,a, = 0, again introducing a minus sign:

V,Voay + VoV + ViV, = ViVoa, = VoV, - Vi Vpa, (B.241)

The first two terms are just double covariant derivatives with interchanged order ap-
plied to the vector a, which yields the Riemann-curvature: Making this identification
yields the <4 Killing-equation

VVy = (VieVy = VoV )ay = Rt (B.242)

The Killing-equation is a tool of determining the Killing-vectors a for a spacetime
with a given metric g,,: Think of it as an eigenvalue equation, which yields the shift-
vectors for any spacetime where the covariant derivatives and the Riemann-curvature
are given in an arbitrary coordinate choice, and effectively isolate the spacetime
symmetries in the form of the set of a,,. If the connection is of the Levi-Civita type,
both the covariant derivative V, as well as the Riemann-curvature are completely
computable from g,,, so that all ingredients of the Killing equation for a given metric
are present.

That is not to say that it would be easy to solve: It is a system of coupled second-
order partial differential equations in a,. It might be very tempting to just take a
contraction with g” to have the Ricci-tensor g"'R",,, = R, on the right hand side,
and to identify ¢""V,V, with the d’Alembertian operator: but please keep in mind
that (i) it is the full expression on a curved spacetime and (i7) that it acts on a linear
form and not on a scalar, making the 4 tensor d’Alembertian operator much richer
in structure, and (iii) that there is still the antisymmetry requirement V,a, = =V ,a,:

"'V, a, = Oa, = R%ay, (B.243)

but it is clearer how the equation is fundamentally a homogeneous wave equation,
coupled by the internal structure of Oa, and by the linear combinations in R, a..
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Table 1: Properties of covariant derivatives and Lie-derivatives in comparison.

covariant derivative V 4 Lie-derivative £,
induced by connection I'%,, vector field, or flow a*
tensor rank increases by one stays the same
metric compatibility Vg, = 0 by choice  £,g,, = 0 for Killing field a¥
scalar falls back on partial V@ = 9@ directional £,¢ = a*d, ¢
commutativity [V, V,]Jo® = R"‘ﬁwv[S [£a £p] = £[a]
curves geodesics utV,u® =0 Fermi-Walker transport along a¥

Euclidean space, for instance makes a much easier example, has two types of
symmetries: shifts and rotations. By using intuition and introducing global Cartesian
coordinates one simplifies everything tremendously as g, = Yy, I'%,, = 0 such that
V. = d), and of course R%,,, = 0. Then, the Killing-equation reduces to V,V, a, =
0 = d,0, a, and one can search for solutions to d,,d, a, = 0, which are obviously
given by a, = q,,x* + p, with 6 constants g,, (due to the antisymmetry g, = —qyy,
from the Lie-derivative) and 3 constants p,, corresponding to the rotations and shifts,
respectively.

B.9.4 Conservation along time-like geodesics

There is a tight connection between Killing-vectors V,, a, + V, a,, = 0 expressing an
isometry of spacetime and geodesics, which are defined through their autoparallelity
condition ¥V, u! = 0. If the scalar product a,u" is shifted by uMV, into the direction

of u*, or equivalently, evolved along a geodesic, we obtain

d

a(auul”) = uAVX(aVuV) = u>‘(V)‘aM Sut + aHV)‘u") =Vaay, - uhu + ay - uMyut =0
(B.244)

as Vya, - utu? = 0 because of the antisymmetry V, a, ==V, a, and uMyut =0

because of geodesic motion. Hence, the projection of the tangent u* onto the Killing

vector field a* is conserved along the geodesic. Table B.9.4 summarises the similarities
and differences between covariant derivatives and Lie-derivatives.
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C GEOMETRIC STRUCTURE OF SPACETIME AND CURVATURE

C.1 Riemann curvature tensor

The connection, which establishes parallel transport of vectors and tensors across
a manifold, defines the covariant derivative of these quantities because a proper
rate of change can be measured through the comparison of e.g. a vector with the
parallel transported counterpart. The <4 Levi-Civita connection is singled out among
all possible connections as the (i) metric compatible Vg, = 0 and (ii) torsion-free
%, =T%, one, in which case the connection coefficients can be computed from the
metric g,, and its first derivatives d,g,, alone. The metric structure of a manifold
8uv With an additional differential structure V,,, defines the Riemann-geometry.

All these ideas and concepts are independent from actual curvature and are rather
an expression of the choice of coordinates as they only use the metric and its first
derivatives, for which there is always a coordinate transform to make them vanish lo-
cally, and because only second derivatives would contain information about curvature,
we should use them to quantify it. Additionally, we would like to have a covariant
quantification of curvature in the form of a tensor: the 44 Riemann curvature. Only if
the Riemann-curvature is nonzero, Ry, = 0 as a properly covariant expression, the
manifold is flat, and this statement would hold in every possible coordinate choice.
None of the statements g, = 1y, Vo = 04, Or %y = 0 are able to make a statement
about curvature, nor in fact about the existence of gravity.

C.1.1 Non-commuting parallel transport

The order of parallel transport of vectors and tensors matters in shifts along different
directions. Starting with the expression for parallel transport by 5",

vh(x + %) = vH(x) - r"aﬁ v%(x) &P (C.245)

we can define two paths: first a shift by 6% followed by a shift by ox,

VH((x + 6%) + Ox) = vH(x + &%) — r"aﬁ (x + 6%)v%(x + 6%)dxP (C.246)

which evaluates to

= v#(x) - T ; (x)v%(x) 5xP - (r”aﬁ + avr“a[3 X )(v*(x) %5 (x) v7(x) 5x0)oxP (C.247)

p

with T”aﬁ (x+6%) = F”aﬁ (x)+ ayFVaB OxY being the Taylor-expansion of the Christoffel-
symbol at x + 6%. Alternatively, the two shifts can be interchanged, for a parallel
transport first by ox and then by ox.

VH((x + 8x) + 8%) = vH(x + Ox) — r*‘a(5 (x + &x)v*(x + dx)dxP (C.248)

yielding

= vH(x) - r”oqa (x)v*(x) dxP — (I"MOLﬁ (x) + ayr"aﬁ éxy)(v“(x) - F”‘yé (%) vY(x) éxé)(‘ﬁ'3
(C.249)

with an equivalent Taylor-expansion. Then, the change ov* in parallel transport to
the point x + dx + 0% along two different paths is given by
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Sul = vF((x + OF) + 8x) — VF((x + 8x) + 6%) = R”aﬁyv“ oxP 5xY (C.250)

at order 0xdx. The usage of a torsion-free connection makes sure that both paths
lead to the identical point on the manifold. From this expression one can isolate the
Riemann-curvature,

RY g, = 9pllay = 9x I + TV, TS, —TH T, (C.251)

after renaming y <> B in the second expression to have 6xP 5x7). Flat manifolds with

vanishing Riemann curvature RMa = 0 would necessarily exhibit no change at all
of the transported vector, i.e. dv* = 0. This is ultimately derived from the fact that
flat manifolds allow globally Cartesian coordinate choices, in which the Christoffel
symbols and their derivatives are zero.

C.1.2 Non-commuting shifts

In the previous section it was shown that vectors obtained by successive parallel
transports depend on the order of the transports. Instead of using the straightforward
parallel transport equation B.130 for that purpose, one can as well employ the parallel
transport operator U, (x, 8x) defined in eqn. B.131,

U (x, ox) = (8h - e (x)oxf), (C.252)

and show that it has a non-vanishing commutator:
U ((x + dx) + 0%) = Ul (x + 0%, 0%) U, (x, 0x)v% (), (C.253)

and
vl‘“((x +0%) + 6x) = UP (x + 6%, 6x) U, (x, 8%)v%(x), (C.254)

will in fact be different by ovH = vl’r((x + 0x) + OX) — U‘T((x + 0X) + dx), depending on
whether the shift in dx or 6% took place first. The expression

UL (x + dx, 08) U, (x, 6x) = U (x + 0%, dx)U", (x, 8%). (C.255)
as a consequence of the Christoffel-symbols at different locations x + 6x and x + 0%
being involved. In fact,

U (x+0x, 8%) U, (x, 8x) = 8h—T(x)"ay0x7 =T (x+6x)", 6x5+r(x+6x)"Tﬁr(x)Tw6xﬁ6xV,

B
(C.256)
whereas
U (x+8%, 9x) U, (x, 8%) = 8 —T'(x)" 4y 0%V =T (x+ 62)”a66x‘3+1"(x+ 632)”Tﬁr(x)Tw6;zY6xﬁ.
(C.257)

The Christoffel-symbols can be Taylor-expanded at the position x, for instance

T(x+ eax)"a[3 ~ r(x)"aﬁ + 9T (x) 07, (C.258)
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such that all terms of order 6x cancel and the remainder at order 0x6x are:

Suk = [U“T(x + ox, 8%), U, (x, 6x)] = R" v oxPox?, (C.259)
with the Riemann curvature tensor Rpam, as before.

C.1.3 Non-commuting covariant derivatives

Covariant derivatives (into different directions), in contrast to partial derivatives, do

not commute:
(VVy = YV )o* = [V, V, Jo® = R, o, (C.260)

and the commutator defines, as before, the Riemann curvature R% ,- Concerning
the index structure, it is best to remember that for every choice of p and v there is an
transformation in a and p acting on the vector vP. As vectors are rotated in parallel
transport with a Levi-Civita connection, a and f are an antisymmetric index pair
because they effectively encode a rotation matrix. p and v are likewise an antisym-
metric index pair, due to the commutator in the definition of the Riemann curvature,
[vw Vil =-[Vy VM]'
Acting on a vector v¥ with covariant differentiation Vj yields

Vpul = dpot + r"ﬁé W= Mg" (C.261)

with a tensor M, as a result. In further covariant differentiation V, one needs
to watch out for co- and contravariant indices with their different signs in their
respective Christoffel-symbols:

po_ B
VoM = 9, M, - T

" M, + "0 Mp® (C.262)

B

Substituting eqn. C.261 into eqn. C.262 gives:

Vy(Vpot) = 9,950 = 9Tl v° = T 9, 00 =T (940" + TP 0°) (C.263)
If one interchanges the order of differentiation and builds the antisymmetric combi-
nation V,V, - V,V,, one can isolate the Riemann tensor,
® _ ® P Ko 3 o

Ry = 9play — ) + T Ty = Ty T (C.264)

as the partial derivatives of v* drop out, according to d,dgv¥ = dgd, VM.
The two approaches are related to each other as parallel transport of a vector v, is
performed using the covariant derivative as an operator, 1 + 6xP Vg. One can think

about extending this infinitesimal parallel transport to parallel transport operator for
finite distances by exponentiation. Then, parallel transport with a shift operator

exp(dxP V)t = vl’lA(x + &%) (C.265)

produces a shifted vector, and shifts would follow the Baker-Hausdorff-Campbell
formula,
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1
exp(dxP Vg)exp(6x¥ V,) = exp(dxP Vg +0x7 V) exp (—Eéxﬁ oxV [Vg, Vy]), (C.266)

where translations into different directions would be sensitive to the presence of
curvature in the case [V, V, ] ~ RMLXBY #0.

C.1.4 Tensors derived from the Riemann-curvature

It is worth noting that the definition of the Riemann-tensor in eqn. C.260 is likewise
possible with the loop-transport of a linear form p,, instead of a vector v®:

(Vu¥y = Vo V,0pa = [Vy, Valpa = ~Raguppy (C.267)

with an additional minus-sign due to the antisymmetry of the Riemann-tensor in the
first index pair. Of course, the contravariant index v can be lowered with a contraction,

Ryapy = SR Va0 (C.268)

And it is important to memorise the antisymmetry of the Riemann tensor in every
index pair,
R -R

napy = ~Rappy = ~Ruagp = +Regpp (C.269)

as well as the algebraic Bianchi-identity,

R}wﬁy + R}A[ﬂya + Rplya(i =0 (C270)

with cyclic index permutation of the last three indices while keeping the first index
fixed.

Tensors that are derived from the Riemann-curvature by contraction with the
metric include the 44 Ricci-curvature RM;

RV"S = gav RD(}W[S' (C271)

where the contraction over the first and third index is the only sensible one, given
the antisymmetry of the Riemann-tensor in the first and last index pair. Further
contraction yields the 4 Ricci-scalar R

R = g" Ryp = ¢ ¢° Ryyup (C.272)

which is a quantification of the (local) curvature, similarly to the 44 Kretschmann-
scalar K, )
K= R Ry = %7 8" 8" 8% Rayip Rypos (C.273)

Both curvature scalars are independent from the coordinate choice and are a conve-
nient quantification of curvature.
The Ricci-tensor and the Ricci-scalar define the 44 Einstein-tensor GMV,

R
Gy = Ry = 5 8 (C.274)
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Figure 3: Number of free entries in the metric g,,, the Christoffel symbol I, and the
Riemann-curvature R"‘ﬁw, as a function of the total number of dimensions of spacetime.

which is surprisingly the only rank-2 tensor with vanishing covariant divergence,
gV,Gy,y = 0 (the other one being the metric itself, g*'V,g,, = 0, due to metric
compatibility).

The total number of independent entries in the metric, the Christoffel-symbol
and the Riemann-curvature is summarised in Fig. 3 (with a subtlety: The algebraic
Bianchi-identity provides formally a new constraint only in four or more spacetime
dimensions; it is redundant with the conventional exchange symmetries below).
While the metric as a symmetric tensor has n(n + 1)/2 free entries, and the Christoffel
symbol #%(n + 1)/2 (it is in the Levi-Civita case symmetric in the lower two indices,
and there are n choices for the upper index), the Riemann-tensor’s argument is a
bit more involved: It is antisymmetric in the first and second index pair, leading to
(n(n—1)/2)* = 36 entries in 4d. But then, the first index pair can be exchanged with
the second index pair, Ryp = Rpa with an index container A = af and B = pv. Hence,
Rap is a symmetric 6 x 6-matrix, and the N(N — 1)/2 = 15 entries (for N = 6 resulting
from N = n(n — 1)/2) in the upper triangle are equivalent to those the the lower
triangle, reducing the number from 36 to 21. Then, the algebraic Bianchi-identity
provides a single additional constraint, bringing the number down to 20. At the same
time, the plot illustrates the number of degrees of freedom of the Ricci-tensor, which
due to its symmetry is always equal to that of the metric itself, i.e. 10 in 4d. The
remaining degrees of freedom are grouped in the Weyl-tensor, which has likewise
10 free entries in 4d. More importantly, though, is the fact that the number of free
entries of the Riemann only surpasses those of the Ricci-tensor if there are more
than 4 dimensions, implying that there can only be Weyl curvature in more than 4
dimensions. Conversely, there is only Ricci-curvature in 2d and 3d, and no curvature
atallin 1d.
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C.1.5 What happens to vectors in parallel transport?
Parallel transport around an area

Levi-Civita connections are constructed to be metric-compatible which will imply
that vectors, if transported around a closed loop, will conserve their norm. The only
way in which they can be affected in by curvature is a rotation: The rotation

vl = RY o v*oxPoxY (C.275)

experienced by the vector v is proportional to the enclosed area of the loop around

which it was transported. With a (large) grain of salt one might make the following
intuitive argument: The term xPxY is an area, so the expression could be generalised
to an integral over the area S,

Sut =~ R"amua sxPoxY > szw YTV V. ok, (C.276)
S

with a rewritten form of the commutator with the Levi-Civita symbol,

. 1
Rualivva = (VpVy - Vvvﬁ) vt = ( §oy — oy é)VGVT”a = 7Z€ﬁwv€'mﬂ VoVl
(C.277)

with the peculiar contraction

T i
e e ki, = _p!q!bj]...jz (C.278)

involving the generalised Kronecker-symbols, and a minus sign that reflects the
Lorentzian signature of the metric. The two Levi-Civita symbols serve two separate
purposes in the derivation: The first one allows a definition of the area element,
dX¥,, = eﬁwvéxﬁéﬂ, and the second symbol €*'°" encodes the antisymmetric combi-
nation of second covariant derivatives.

Now, Stokes theorem relates the area integral over a rotation to the line integral
on the boundary:

Sl =~ jdzw eIty (V 0t) = Jdr‘ Vool (C.279)
S a5

Again, the vector v* is transported by dr™ V around the loop JS, giving rise to a
nonzero change dv* as soon as curvature is present: In some sense, the last relation
is a continuum version of the loop transport discussed earlier. Here, there is no
requirement on the particular geometric shape of dS, such as a parallelogram as
before.

Norm of vectors

We can compute explicitly that the norm of a vector v does not change, expressing
parallel transport by dx" with the covariant derivative 0x'V,, as an operator acting on
a geometric object like a vector or a scalar product. Bringing in the commutator of V,
is a convenient way of interchanging the order of parallel transport from the starting
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point to the destination and to subtract the two results from each other: If the norm
is conserved, the result should be zero.

8apV 0P = 8xHOXV[V,, V] (gap v*0F) = 0x6%(V,,V, = VoV, )(8ap v70F)  (C.280)

Metric compatibility ensures that V, g, = 0, so we obtain, dropping the common
prefactor ox"6x”,
= gap VuVy (V70F) = gop V¥, (v*0F) (C.281)

Expanding the expression with the Leibniz-rule yields

= Sap (VMV\, v* 0P+ vV, 0%V 0P VvV, vf 40 V.V, vﬁ')—

13
8ap (VoVu v - 0P 4V, 0V, 0F 4V, 0 V0P 4+ 0¥ V7, 0F)(C.282)
and reordering the terms

= Zap (Vi Vo = Vo V) 0% 0P + gog v%(V,V, = V7, ) 0F (C.283)

Finally, identifying the Riemann curvature and renaming the indices in the second
term gives:

= gap R 070P + o 0 Ry 07 = 2 Ragyy 007 = 0, (C.284)

which is zero as a consequence of the antisymmetry of the Riemann-tensor in the
first index pair: The norm of v* is conserved, as expected from metric compatibility.

Scalar products

In exactly the same way one can show that the scalar product gaﬁvo‘wf5 between two
vectors v* and wP is conserved. Indeed, repeating the entire calculation shows that

[Vu ,Vv](gaﬁ v“wﬁ) = (vav - V\,V”)(gaﬁ v“wﬁ) =...=Royw (v“‘wy + vyw“) =0,
(C.285)

keeping in mind that the tensor (v"‘wy + vyw"‘) is perfectly symmetric.

With these results, we can revisit the defining equation of Riemann-curvature:

(Vi VyJo® = R“ﬁwvﬁ (C.286)

where the antisymmetry in the pv-index pair is obvious because of the commutator,
Vi V] = =[V,, V,]. If a vector v* is transported in a loop and compared to the
original vector, it can not have changed its norm because of metric compatibility, and
it exists (if the manifold is torsion-free) at the same point and can be decomposed in
terms of the basis of the identical, initial tangent space. The only possible difference
between the vectors is a rotation, and this is exactly the meaning of the Riemann-
tensor (and which gives you a great way to memorise its antisymmetry in the index
pair af): It is essentially a rotation matrix in ap for every pv-pair.
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Scalar fields

It is important to realise that parallel transport and covariant differentiation are only
sensible concepts for objects that have internal degrees of freedom. In fact, repeating
the derivation for a scalar field ¢ would give

(Vi Vile = (V. Vy = Vo V)@ = 0,0, — T, da9 = 9,0, 9 + T4, dgp =0 (C.287)

keeping in mind that V,¢ = d,¢ is a linear form, so the subsequent covariant
differentiation is well defined and brings in a Christoffel symbol. The Christoffel
symbol in turn is symmetric in the lower index pair I'Y,, = I'%, because of the
torsion-free connection: There is no effect on the scalar field in parallel transport, as it
does not possess internal degrees of freedom, and it is unsuitable to probe curvature
on manifolds.

Curvature tensors
Generalising eqn. (C.286) to tensors of higher rank leads to

[V Vil Ty =

R Tep = R Taes (C.288)
keeping in mind that covariant indices require a negative Riemann-curvature while
contravariant indices need a positive Riemann-tensor for transformation, as a remain-
der of the inverse transformation properties.

One very notable exception to this is the metric itself: Already because of metric
compatibility there can not be any effect of parallel transport in a loop, but this comes
out algebraically, too:

(Vi Vil8ap = “Ran8ep — R pyv8ar = ~Rpapy ~ Ragv = Ry — Ry =0 (C289)

using index lowering, followed by the antisymmetry in the index pair af. The same
applies to the inverse metric, too, as metric compatibility V,g,, = 0 implies V,g"" = 0
(see Appendix Z.4).

An almost funky second example is the Kronecker-symbol ég‘, which we can
think of as a mixed tensor 6"‘ﬁ. It has the curious property of never changing under
coordinate transforms:

COx® 9yt axY Iyt axt  dy®
B 9xF " axh oy T axtgyh  gpf O W (C.290)

N4

because one needs one Jacobian for « and one inverse Jacobian for f, the Kronecker-
tensor is the same in every coordinate choice; numerically there are only 0 and 1 as
entries. Then, parallel transport implies for the Kronecker-symbol

[V Va18% = R%,,07 = R%,,0% = R%,, ~R% , =0, (C.291)

as it can never change. The final example of tensors that never change is, perhaps
surprisingly, the Riemann-tensor itself! Transporting it in a loop amounts to

(Vi ValRagyo = ~“RanResys = RpnRarye = R yuvRages = RRapye (C:292)
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Replacing the second Riemann-tensor in each term by the algebraic Bianchi-identity
yields:

[VW Vv]Ra[i)/é = +RTtx}4v (R'[yéﬁ + Rtb[iy) + RT[B}W (Raybﬁ + Rabty)

+R7,, (Rm(3 + Raérh) + R, (Rawﬁ + RMM). (C.293)

Interestingly, there is now a pairwise cancellation of terms: For instance, the second
and eighth term read:
R R oy + R0 Ry = 0 (C.294)

and vanish, because of the antisymmetry in the (a, T) index pair. By extension,
all contractions of the Riemann-tensor, in particular the Ricci-tensor R, and the
Einstein-tensor Gug, have the same property [V}, V,]Rqp = 0 and [V, V,]Ggp = 0. As
the Einstein field equation will set Gy to be proportional to the energy momentum
tensor Ty, it too will have the property that [V, V,]Tyg = 0. Taking this argument to
extremes, one arrives at [V}, V,]R = 0 for the Ricci-scalar R, essentially by perform-
ing all contractions or equivalently, by arguing that R is scalar. At the same time,
parts of the relation [V, V,] T, = 0 are realised in Nature on different arguments:
g”"‘g"ﬁ[vw V,|Tsg = 0 already because of covariant energy momentum conservation
gV, Top = 0.

Returning to the mathematical experiment of transporting a vector v* around
an infinitesimal loop in plain defined by the coordinate pair (y, v) and measuring
its rotation R"‘ﬁ}wvi5 as quantification of the Riemann-curvature requires the vector
to be a non-gravitational field. otherwise, starting from the loop-transport of the
Riemann-curvature and the metric compatibility condition, the Riemann-tensor itself
and every contraction would come out to be unaffected.

C.2 Tensors, tensor densities and integration on manifolds
C.2.1 Invariant volume elements and covolumes

The integration measure for volumes needs to be independent of the coordinate
choice: This is clearly a physical requirement, as the physical volume of a region V
cannot depend on the choice of coordinates. Coordinate transforms change vectors
according to

axt

dxt =
x aIx"v

dx”, (C.295)

while volume elements transform with the functional determinant as a prefactor,

oxt
v

d*x = det ( EP

)d*x” = (det]) d*x’ (C.296)
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At the same time, the metric transforms inversely to vectors and requires two inverse
Jacobians,

o B i v
ox’® dx g ox dx® ox 4y =
dxt dxv o gxe ox’°
—_—

=8y =dxH =dxv

ds? = guv dxtdx? =

Ix/® Ixt I oxv
5xF 920 Ix 9y Sapdx’Pdx"? = giodx"dx B (C.297)

=0 =

Collecting these observations, the determinant of the metric transforms according to

&

2
g’ = det(g),) = det(g,) (det (aixv)) = g (det])? (C.298)

implying the definition of an invariant volume element as

d"x g — d"x' det] - — Y& __ V722 =d"x'\ ¢’ (C.299)

V(det])

with the functional determinant det ] = det (ax”/ax’v).

Therefore, the combination d*x4/=g of the coordinate volume element and the
covolume /=g give rise to an invariant quantity, which we identify with the physical
volume, dV = ﬁd“x as it does not depend on coordinate construction— just like
in the case of the metric g,,, which relates coordinate differences dx* to physically
measurable distances ds?2, the covolume V-8 relates a coordinate volume d%x (which
does not even need to have units of length?*) to a physical volume dV = Hd4x
(which most certainly has units of length*). For instance, the covolume V-8 = cr’sin 0
computed from the metric Sy = dia(cz, -1,-r2,—7%sin? 0) of Minkowski space in
spherical coordinates elevates the coordinate volume dt dr dOde (in units of time x
length x radian?) to the proper volume element dV = cdt r?dr sin 6d6d¢ (in units
of length®).

C.2.2 Covariant divergences

The covariant divergence V,v* of a vector v* is a contraction of the covariant deriva-
tive,

Vot = 9, + T v* (C.300)

n

In particular, for a Levi-Civita connection one would have

up

1
I‘M;wc = gT(apL 8pa T da 8up — a[ﬂ gwx) = E(gw3 au 8pa T gl‘ﬁ da 8up — gMﬁ a[ﬂ gya) (C.301)

for the needed Christoffel symbol FMW , .e. due to cancellation essentially only

1
e = ngﬂ 9o 8- (C.302)
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There is a curious relation between the covariant divergence and the metric
determinant g = det(g,,). My third most favourite formula in theoretical physics says
that

g = det(g,,) = expln det(g,,) = exp tr In(g,,) (C.303)

relating the logarithm of the determinant with the trace of the matrix-valued loga-
rithm, which is easily checked in the principal axis frame. Then,

do § = g04tr ln(g}w) =gtr d, ln(g}w)) = gg"d, 8pv (C.304)

using the linearity of the derivative as well as the inverse metric. With the derivative
of the square root one then obtains

1
8" 0 gy = §8a g=0d4Ing, and therefore ——3dy V-8 (C.305)

1
Eg'w da uv = \/—
With this result one can write for the contracted Christoffel-symbol

1
M = N (C.306)

and finally for the covariant divergence

Vot =4 v"+1‘wv =d, vt + dN-g- v = 8}4(\/%1)") (C.307)

1
FOE

using the Leibniz-rule and renaming indices; in summary,

Vot = —0, (v=gvt) (C.308)

1
Ve
which allows the computation of covariant divergences by a simple partial differenti-
ations. It is worth emphasising, how economical eqn. C.308 is, as the determination
of the determinant g from the metric g, is much faster than the determination of the
Christoffel-symbols FMW , of which 16 are needed in the general case.

C.2.3 Divergences and applications in physics

As seen before, continuity-type conservation equations can be formulated as a covari-
ant divergence,

Vit —F 2u(v=gs) =0 (C.309)

and reformulated in terms of a partial divergence using the covolume /=g. Interest-
ingly enough, the same divergence formula applies to antisymmetric tensors F*¥. They
have the covariant divergence

V=9 FV"+F”[3F‘3V+1“V F*f, (C.310)

59



c. GEOMETRIC STRUCTURE OF SPACETIME AND CURVATURE

where the last term cancels: F#f is antisymmetric by construction, and the Christoffel-
symbol I“"MS is symmetric in the index pair p, p for a torsion-free Levi-Civita connec-
tion. Then, the same steps as above lead to

1
V,EM = ﬁau (v=gF"), (C.311)

which for instance implies a Maxwell-equation of the type

4 4
VB = T“]V 9, (vgF) = TRHJV' (C.312)

While the first version is fully covariant, the second version relates the partial

divergence of /=gF"" to the source /=g;": The density /=g in ;¥ makes it a vector
density of weight 1 and factually describes the charge and current density with
respect to a particular coordinate system: It is the amount of charge crossing the
(coordinate) volume element d*x divided by that volume. On the left side of the
equation, one simply computes the partial divergence with respect to the chosen
coordinate frame, but the tensor F*Y needs to be transformed into the tensor density
\~8F", as it should correspond to the flux of field lines through the (coordinate)
volume element, normalised again by that element.

The compatibility of the Maxwell-equation with charge conservation is realised in
an interesting way: Applying V,, to

4
V,EF = T“]V (C.313)
leads to a continuity equation
Vyt=0 (C.314)
on the right side, but only if
V,V,F¥ = 0. (C.315)

While on a flat background one could immediately argue d,d, F**¥ = 0 as the partial
derivatives interchange and form a symmetric differentiation operator, applied to an
antisymmetric field tensor F*”, one needs to proceed in a formal way on a potentially
curved manifold. The covariant derivatives do not interchange, but require a Riemann-
tensor for every index,

V,V,E% = V.V, FP L RBP4 RP L FOY, (C.316)

in general, and for our case:

V.V, ER = VR 4 RE VBT 4 RY, FRY = VOV FR 4 R Y - Ry, BFY,(C317)

where the contraction of the antisymmetric F*¥ with the symmetric Ricci tensor R,
vanishes, and ensures that
V,.V,F¥ = V.,V F", (C.318)
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implying that covariant derivatives in the particular case of being applied to an
antisymmetric tensor with a full contraction do commute! The same result can be
obtained with double application the magic divergence formula, which applies to
vectors and antisymmetric tensors alike, yielding some insight into the working
principle of the covolume 4/~g:

YV, E = v%av ﬁ%au(ﬁpm - V%QVQM(QF”V), (C.319)

as V, F"is a vector in vand because the divergence formula applies to antisymmetric
tensors as well. Immediately it is obvious that this term needs to vanish, as a contrac-
tion between the symmetric operator d,d,, and the antisymmetric F**. When equated
with a continuity equation whose divergence has been prepared in an analogous way,

1
Vit = fgav(ﬁ]v)' (C.320)

ﬁ

one arrives at the expression
" 41 v
avau(\/_gF )= c av(\/_g] )- (C.321)

The quantity 4/=g;" is the physical amount of charge crossing the coordinate volume
d*x, and the divergence dy(1/=8}") corresponds to the imbalance of the flow of charge
through the surface of that volume, indicating a net change in the charge contained
in d*x. Continuity makes sure that the only reason for changes in the amount of
charge are in fact fluxes through the surface, so the result is necessarily zero, V,,j# = 0.
On the other hand, y/=gF"” corresponds to the physical flux of the field lines of the
electric field E; and magnetic field B’ through the same coordinate volume.

C.2.4 Scalar, vector and tensor densities

Covariant derivatives harmonise well with tensors: After covariant differentiation,
a tensor is still a tensor, albeit of higher rank, and it transforms consistently under
coordinate transforms (see Appendix Z.1) including the newly acquired index. Partial
differentiations do not guarantee that, and the tensorial property of a differentiation
would only be given in a Minkowski-space with Cartesian coordinates, because
the Christoffel-symbol vanishes. Statements involving tensors including covariant
derivatives are, well, covariant under coordinate changes, whereas partial derivatives
break this property.

The laws of physics are defined covariantly, i.e. any expression needs to be com-
posed of physical quantities that transform consistently to each other when transi-
tioning from one coordinate frame to another. Better still are statements that are
scalar, by themselves or as inner products or contractions between tensors. They are
invariant under coordinate transform and assume the same value in every frame, or
every coordinate choice. Because of that, these invariants are very attractive for the
formulation of conservation laws, for instance of electric charge: The 4-current j* has
a vanishing covariant divergence, V,,j* = 0. While V,, transforms as a linear form and
j* as a vector, their inner product is identical in every frame.

Reformulating continuity for charge conservation in terms of a partial derivative,
i.e. with a straightforward differentiation with respect to the coordinates, shows that
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1

vVt =
YoV

Iy (\/—7gﬂ‘) =dylny~g- - +d, " =0. (C.322)

Now, two terms actually make up the covariant divergence: There is a partial diver-
gence d,,j* corresponding to the flux of electric charges across the coordinate volume,
and the (logarithmic) rate of change of covolume d, In /=g projected along j*.

To illustrate this point, we can compute the change in charge density p in a homoge-
neously and isotropically expanding spacetime (effectively an FLRW-universe, see sec-
tion G): Using an expanding coordinate grid with a metric g, = dia(1, —a%,—a?% —a?)
with a scale factor a(t) and charge carriers that are at rest with respect to the expand-
ing coordinate grid, j* = (pc, 0, 0, 0) leads to

0=V =0d,"+9d,Iny=g " = di(pc) + d; In/~g - pc = 0, (C.323)

as the only relevant coordinate is t and j' = pc. The covolume is given by \/=g = a5,
so that the divergence takes on the concrete form

dip=—0d;In as- p — Jdilnp=-dilIn @ > po a3, (C.324)

as expected: With the volume of space increasing proportionally to 4> and conserved
charge, the density must scale oc a=3. This scaling is clearly enforced by the change
d,\/=g in covolume along ;*.

At the same time, the statement V,,j* = 0 is equivalent to d,, (Hﬂ‘) =0, from
multiplication of the continuity equation C.322 with the covolume /~g: While the
first statement is properly invariant and involves only tensors, the second uses a
partial derivative. From that one would conclude that the flux through the surface of
a coordinate volume is zero, by application of the Gauf3-theorem.

This brings us to the categories of absolute tensors and tensor densities. j is called
an absolute vector, in a very unfortunate choice of language: It follows a straightfor-
ward tensorial transformation rule and needs a Jacobian for transitioning into another
coordinate choice. It transforms covariantly and is in this sense not absolute, unlike
an invariant! The quantity /=g is a vector density: It describes the flux of charge
through a 4d coordinate volume. Changes in coordinate affect both j* and /=g, the
latter in a very interesting way.

There is a second very unfortunate choice of language when dealing with tensors
and tensor densities: Physical densities reflect density of a substance with respect
to the spatial volume. These quantities can be perfectly scalar though in the sense
of differential geometry! For instance, the electric charge density p would result
from the projection p = g,,/*u" on the an observer’s world line x"t with the tangent
ut = dx"/dr; likewise, the electric current density is the projection of j* on a plane
perpendicular to u”, effectively through (o) — uuu"/cz)]”. p is the electric charge per
3-volume, and it is a scalar - evaluation of g,,u";" would yield the same value in
every frame.

A third bit of relativity lingo concerns conservation laws: The continuity equation
can be written covariantly and with a partial divergence,

VV]P‘ - V%a”(ﬁ]”) =0. (C.325)

The inverse density 1/4/~g seems to convert the partial derivative of the vector
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density y/=g;* back to a fully covariant expression V,j# involving the absolute vector

J- As such, it dedensitises the expression d, (ﬁ]“) A.

Distinguishing between absolute tensors and tensor densities generalises to more
complicated objects. The trace g''T,,, of the energy momentum tensor T,,, of an ideal
fluid is the quantity p — 3p. It simplifies to p for pressureless matter, and is a scalar
in the sense of differential geometry: p = ¢""T,,,, even though the matter density
is the amount of matter per 3-volume. A corresponding tensor density, however,
written as 4/=gT,,, is a density in the sense of differential geometry. It quantifies the
energy momentum content with respect to the coordinate 4-volume, and the trace
v=88" T, is the flux of matter through the coordinate volume in 44.

Searching for a corresponding continuity equation leads to a very interesting bit
of physics and geometry: The covariant conservation law

§MV, T, =0, (C.326)

does not lead to an analogous partial divergence of a flux, as in the examples of the
vector j! and the antisymmetric tensor F'". Instead, we write (working with TH” to
bring out the similarity to the previous two conservation laws)
1
Wy _ wv P ™ v nT _ — nv v
VU TH = 0, TH + TH TY 4 T, T = _gau(wﬁgT )+ 7, (C.327)
_
=tv

where only the first two terms can be combined into a partial divergence, leaving
additional vector-like quantity t" = I'},; TF" - which is not a vector in the sense of
differential geometry, as the Christoffel-symbol itself is, in contrast to T"”, not a
tensor!

C.2.5 Integration on manifolds and the Gauf3-theorem

Divergences of vectors

Distinguishing between physical volumes d*x/~g and coordinate volumes d*x paves
a way to linking them to absolute tensors in the first and tensor densities in the second
csae, through application of the Gauf3-theorem. A completely coordinate invariant
formulation of the Gauf3-theorem would be

Jd%ﬁ Vit = JdSMM]” or abstractly
v

A%

jdV V= ‘[d):” J' because d¥, = \/Mdsw (C.328)
v

where the physical, invariant volume element dV = d*xy/=g is used to integrate
over the invariant divergence Vj¥. It is related to the integration of the absolute
tensor j* over the physical surface element d¥,. The physical surface element d¥, is
linked to the coordinate surface element dSH by means of d):” = Ndsw with the
induced metric y;; on the integration surface JV: After all, the metric only ever gets
evaluated on the surface dV. It is convenient to write the associated covolume (or
better, coarea) \W as an absolute value, as the induced metric can have a positive or
negative determinant, depending on the coordinates involved.
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c. GEOMETRIC STRUCTURE OF SPACETIME AND CURVATURE

In the other hand, the same integrations can be carried out with coordinate volume
and surface elements:

(i) ii) iii
jd%ﬁvwv 0 jd‘*x 3, (v=g1") jdsu N szu #(C.329)

\Y% A% av A%

by using the magic divergence formula,

1
V' = = (v=g), (C.330)

\?

which leads in step (i) to a cancellation of the covolume and has the Gauf3-theorem
fomulated in terms of invariant quantities and covariant derivatives fall back onto
the formulation for coordinate volumes and partial derivatives — with one important
detail! The quantity to be integrated over is the vector density 4/~g# and not the
vector j! itself. But that is sensible, as the vector density is the physical amount of
charge that crosses the coordinate volume. Step (ii) is a direct application of the
Gauf3-theorem for converting the integral over the coordinate volume to a surface
integral. Here, the covolume /=g is only ever evaluated on the surface dV, so it
can be computed from the induced metric y;; on dV. Lastly, step (iii) has us absorb
the coarea \/m with the coordinate surface element dS,, to yield the physical area

elementdX¥, = \/MdSM. Effectively, N/MJM is the physical flux of charge through the a
coordinate surface element dS,, with consistent interpretation compared to /=g "

and d*x. The final expression is an integral over d¥,j#, which involves absolute
tensors and the physical area, and is invariant under coordinate frames as an inner
product.

Divergences of antisymmetric tensors

With the divergence formula for antisymmetric tensors F*¥ = —F¥,

1
V,FrY = \nga*‘ (v=gF"), (C.331)

an analogous integral formulation is possible,

Jd‘*xﬁ V,ErY = Jd4x 9y (v=gF") = j ds,iyl F*Y = szuw. (C.332)

v \4 A% av

Divergences of symmetric tensors

Symmetric tensors like the energy momentum tensor T, on the contrary, do not
allow such an application to of the Gauf3-theorem. With eqn. C.327 one would write

f d*xy=g V, T = J d*x (9, (v=gT") + y=gt*) =

A% A%

jdsu V=gTH + j d4x \=gt¥ = jd):” T + j d*x \V-gt" (C.333)

%% v 1A% A%
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as the term involving t* can not be converted into a surface integral. But more
importantly, it is a term with unclear, i.e. non-tensorial transformation properties.

Under the particular condition of isometries in spacetime £,g,, = 0, as quantified
by a Killing-vector a, (see eqn. B.237),

Vyay + Vya, =0, (C.334)

however, one can construct the covariant divergence of TH¥ projected onto a,:

V. (ay,T") = V,a, - TH + a,V, T = 0, (C.335)

by application of the Leibniz-rule. Both terms are actually zero, the second one due
to covariant energy momentum conservation V, T*” = 0 and the first one due to the
contraction over a symmetric index pair in T*¥ with an antisymmetric index pair in
V,a, = -V,a,. Then,

YV, (a,T")=V,Q¥ =0 with Q" =a,TH, (C.336)

i.e. there is a conservation law for the projection Q" of the energy momentum tensor
onto the Killing vector:
1

ﬁau(ﬁQM) =0, (C.337)

V,QF =

with a corresponding integral formulation,

Jd‘*x\/% V,Q" = jd‘lx 9, (v=gQ") = stM V=8Qt = JdZMQ” =0. (C.338)

\4 \% av av

This relation, referring to the conservation of T, projected onto the Killing field a,,
mirrors the previous statement of the conservation of the scalar product u*a, along a
geodesic B.244 with tangent uk.

C.2.6 Covariant differentiation of tensor densities

Absolute tensors have clearly defined covariant derivatives, and if they are converted
to tensor densities by multiplication with the covolume, their covariant divergence is
given by

VM(\/%]”) = y-gV,uj" because V,/-g=0. (C.339)

The last statement is a consequence of metric compatibility V, g, = 0. In fact,

-1 -1 1
V=g = Zi—gv“g = HVM( exp trlngalg) = Eﬁ g% Vig€ap =0, (C.340)

by writing the determinant as ¢ = exp trIn gup.

While V, gqp = 0 for Levi-Civita-based covariant derivative, the partial derivative
dyu8ap is nonzero in the general case, as it is given by ', . Linking the covariant and
partial derivatives by a typical relation involving a Christoffel-symbol would lead to
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A Conformal Killing vectors de-
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mal invariance of an object like

N
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the requirement

Viy8 = g ~T%, =g =0 (C.341)

which relates the vanishing V,,1/=¢ with the nonzero I',, = d,+/=g/y/=§ (c.f. C.306)
for reasons of consistency. This relation can be generalised to tensor densities of

weight w:
Viv=8" = 9uv=g" - wl, v=g". (C.342)
In fact,

VR = R T VY = O E v VR

IyV=8" —wI =g V=" = 98" - 9,V=g" = 0, (C.343)

such that, for instance,

v, (ﬁwﬂi) - ﬁwku. (C.344)

C.3 Lie-differentiation and tensor densities
C.3.1 Conformal Killing fields

The standard definition of an isometry is £,g,,, = 0 and it implies the Killing condition
Vyay + Vya, = 0. There is a second notion of isometry, conformal isometry, which
applies to the density-weighted metric,

£4(V78"8w) = V8" £a8y + w8 g £aV"E = 0, (C.345)

here with tensor weight w in the general case. A vector field a* for which this
condition is fulfilled is called a w-Killing field. The interest in this type of density,
specifically for ﬁfl/zgw with w = -1/2, is derived from its invariance under
conformal transformations:

v — ngw, with a conformal factor Q? > 0, (C.346)
implies
_ _ -1/4 _
V=& Uzgyv =(-g) l/4g}4v - (Qs(_g)) ng}w (-g 1/4 =V~ Uzgyw

(C.347)

respecting multilinearity of the determinant, here in 4 dimensions.

Assuming a vanishing Lie-derivative for \/=g" g, implies
w

£, ( V_gwguv) =0 - £ugy.v = _ﬁgyv £.\-8 (C.348)

from eqn. C.345. The derivative has to be treated by the book, by rewriting the
determinant of the metric as an exponential of a trace, g = det(g) = exp(trln g,),

g =- g(g”vfag;w) = \—gVyat. (C.349)

Lo 1
PN N =
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c.3. LIE-DIFFERENTIATION AND TENSOR DENSITIES

In the last step the argument

8" Eaguy = 81 (g Vo + g Vyat + a'Vigyy) = 8YV,at + 8\ Ve’ = 2Va* (C.350)

was used, leading to the covariant divergence Vya" of the conformal Killing vector.
Restarting at eqn. C.345 with these results suggests

£48uv = Vyay + Vyay = —wgy, Vyat, (C.351)

and taking the trace by contraction with the inverse metric g"¥ results in

gV E g = 2V, at = ~wghgy, Vya* = —4w V,a*, (C.352)

because of gtVg,, = 6}}: = 4. Collecting the results yields

(2 + 4w)Vya* = 0. (C.353)

This particular relationship can be fulfilled in two different ways: Either there was
the particular choice of w = —1/2, or the divergence Vya* of the w-Killing vector
vanishes. The particular value w = —1/2 defines the conformal Killing condition

1
Vyay + Vi = =y Vya. (C.354)

In contrast to the conventional Killing-condition, which alludes to shift symmetries
of the metric, the conformal Killing equation refers to conformal transformations as a
second class of symmetries. Looking again at flat 3d Euclidean space as an example
that is easy to imagine, the equation reads

2
a,'al' + Bja,- = gyl] Qkak, (C355)

as the trace of the Euclidean metric yifyij is three, not four. The ansatz a' = Mijxi
with a symmetric matrix M’ i (the antisymmetric part gives rise to rotations, which
were already covered) leads to

2 1
aia]‘ + aja,» = Mij + Mji = 2M,‘j = g‘)/l‘ijk — Mij = g‘yiijk, (C356)

meaning that a dilation takes place: The matrix M, is proportional to the metric
itself, such that a' = M’jxf = )\6} x) = Ax" with a real-valued scaling factor A.

C.3.2 Conservation along null-geodesics

While the conventional Killing vectors provide a natural conserved quantities through
their projection u*a, along a timelike geodesic (eqn. B.244) and play an important
role in the definition of a conserved energy-momentum tensor (eqn. C.336), conformal
Killing vectors do the same for null-geodesics, with k¥ as their tangent:

d

ﬁ(auk”) = KMy (aukt) = KAVAK! -y + kKM ay, (C.357)
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A The projection of a conformal
Killing vector onto a null-geodesic
is conserved, in the same way as
the projection of a conventional
Killing vector onto a time-like
geodesic.

c. GEOMETRIC STRUCTURE OF SPACETIME AND CURVATURE

where the first term drops out due to the geodesic condition, k*Vyk* = 0. The second
term can be split up into a symmetric and antisymmetric part,

Vaa, = % (Vaay + Vyay) + % (Vaay = Vyuay). (C.358)

When contracting with the (symmetric) k#k*, the antisymmetric second term drops
out and the symmetric first term can be written as being proportional to the metric, as
we are considering the case of a conformal Killing field: (V)\aM + Vwa)\) o gy, leading
to the norm gwk*k” = 0. In summary, a, k¥ is conserved along a null-geodesic.
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D SOURCES OF THE GRAVITATIONAL FIELD

D.1 Gravity and matter

The source of gravity in the Poisson equation A® = 4nGp as the field equation is the
matter density p. As a scalar potential @ is identical in all frames. To make the source
consistent with the field, we need to assume in Newtonian gravity that the density
p is identical in all frames, too, in contradiction with relativistic effects like mass
increase and length contraction that would affect the matter density, and with the
fact that from a moving frame of reference p would be perceived as a momentum
density rather than a matter density. For Newtonian gravity this is all irrelevant as the
Poisson equation states a relation between two absolute quantities. The <4 continuity
equation for the matter density

drp+di(pv')=0 (D.359)

is phenomenological and expresses the idea that matter is not arbitrarily created or
annihilated, and the partial derivatives refer to spacetime as being Euclidean, but in
the spirit of Galilean relativity, but weirdly with a static relation between p and ®.

Electrodynamics building on Lorentzian relativity does things better: The source
of the electromagnetic field E,, = d,A, - d,A, in Maxwell’s equation #**d,F,, =
411/ 1)yq)* is the 4-current density as a Lorentz-vector j.

Neither the charge density nor the current density are absolute but depend on
the state of motion of the observer relative to the charge. As j is a timelike vector
(because charges are tied to massive particles), it is always possible to boost into the
rest-frame of a charge with a suitable Lorentz-transform, j* — A" ;. There should
be a consistent transformation between all terms of a formula, so Maxwell’s field
equation

N9 Fyy = 47“%]“ (D.360)

implies, that the Faraday-tensor F,, should transform, too, F,, — AM"‘AMﬁFa[g as well
as the partial derivative d,, = A,%d,,, which inherits its transformation property from
the coordinates. The relativistic charge density j* is conserved,

Iy = erlcp) +9if' = 0, (D-361)

consistently in all Lorentz-frames, because BV]?‘ is a scalar.

It is fun to notice that the Maxwell equation and the Lorentz-equation introduce a
nice consistency between the fields and the charges: Multiplying the Lorentz-equation
for the acceleration of a charge

dug _

q
i %qﬁv Fypity (D.362)

with 1 u; yields the conservation of the normalisation of the velocity as a timelike

vector d 1 d
 du , ,
1 g df = 55(’1"‘“ Ugty) = %na?’qf*v Fopityits = 0. (D.363)
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Simultaneously, acting on the Maxwell equation with the differentiation 1’ I

47
1B = — (D.364)
shows that the charge is conserved d,,j = 0
4T
1Y 900 By = Tﬂ‘”z?ﬁ]v =0 (D.365)

In both cases, the contraction of the antisymmetric tensor F,, with the symmetric
tensors d,d, and u,u, implies the conservation, of electric charge in the first case and
of the norm of the 4-velocity in the second case.

We would like these ideas to be realised for gravity as well: There should be a
source of gravity with a proper covariant conservation law and a consistent transfor-
mation between the source and the field, all of course consistent with the Poisson
equation in the limit of static sources and weak gravitational fields. With the knowl-
edge of special relativity one notices a decisive difference between p as a charge
density and p as a matter density: One can imagine that a cloud of charge gets
Lorentz-contracted by a factor of y as seen from an observer moving relative to the
charge, implying that the charge density p is indeed the ct-component of a time-like
Lorentz-vector. A cloud of matter seen from an observer moving relative to it would
experience the same Lorentz-contraction, but there is relativistic mass increase in
addition to it, introducing two instead of a single power of y. This transformation
property can not be reconciled with a single-indexed quantity like j* but requires a
double indexed quantity: In fact, we will introduce the energy-momentum tensor T,
with T;; = pc? in accordance with this idea.

D.2 (Relativistic) fluids as sources of gravity

Fluids are a continuum description of matter, i.e. a field where at every point the
density and the velocity are defined: It is a valid picture to think of the fluid as being
composed of small fluid elements across which the gradients of the fields do not
vary strongly and linearisations apply. Fluid elements react to forces exerted by the
surrounding fluid if their size is changed or if their shapes are distorted by gradients
of the velocity field across the fluid element; in general there is a force dFf = Gidej
acting on the surface element dS;, parameterised by the shear tensor o'l, which
is necessarily symmetric, '/ = of!. While this relation is in general tensorial, the
separation ¢/ — &'/ + py'/ would define a traceless anisotropic stress tensor '/ and
the isotropic pressure p. Effects in the relation of anisotropic stress are parameterised
by the shear viscosity and if in addition there are no viscous effects in relation to the
change of volume of fluid element parameterised by the bulk viscosity, the fluid is
ideal and only shows dynamic effects in relation with pressure p.

An 4 ideal fluid is therefore characterised by density, pressure and velocity, and
these quantities are assembled into the 44 energy momentum tensor Ty

p
T = (P+ Cﬁ)“uuv—Pgw (D.366)

and we will convince ourselves retrospectively that this is the correct quantity, by
showing the equivalence of covariant conservation of T, by means of a continu-
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ity equation g**V,T,, = 0 and the equations of relativistic fluid mechanics. The
components of the energy momentum tensor,

T —(T” Tf) (D.367)

contain the energy density Ty, the energy flux in i-direction Tj;, T;; being the

component j of momentum density and T;; the projection of the i-momentum in
j-direction. In the local rest frame with Cartesian coordinates one would obtain
Suv = My as well as ut = (c, 0)! such that

T, = p (D.368)

The trace g"T,,, has the value pc? — 3p, which likewise is true in any frame and any
geometry: g¢MVT,, = (p+ p/cz)g?‘vuMuv - p8"ieu = pc? — 3p because gy uy = ¢? and
gy = 6,‘1 = 4. Many fluids are characterised by a fixed relation between pressure
p and energy density pc?, which is referred to as the equation of state parameter
w = p/(pc?). With the equation of state, the trace becomes g, = (1 - 3w)pc?.
A good way to remember this is the realisation that for photons the relationship
p = pc?/3 holds, implying that g" T, = 0asw = +1/3, in accordance with a direct
computation of the energy-momentum tensor from the Maxwell-Lagrange-density.

The conservation law g V,T,, = 0 for the energy momentum tensor is vectorial
(in the index v), in contrast to the corresponding law for the charge density g%V, =
0, which is a scalar expression. To make sense of it nonetheless, one can project the
vector gV, T, = 0 onto the velocity u* and a plane perpendicular to it. Computing
the gradient g V, T, = 0 yields

gauva[(p*'c%)”uuv_pguv] =g [Va(p"'c%)‘”u”v"'(@"'C%)va(upuv)_vap'gw] =0
(D.369)

keeping in mind that metric compatibility states that Vg, = 0 and that the product
of velocities in the second term resolves to g% Vo (1, u,) = g*¥ Vu, - u, + g% u, - Vou,,.

Computing ug**V,T,, = 0 as the projection of the covariant conservation law
onto u" yields, if applied to the form of eqn. D.369 :

P
P
P

c2

=g Va(p+ c%) . uuu"uv + g% (p+ ) Vo, - uu,—

gt (p + ) ' Vo, — g Vop- g u’ (D.370)
where we can carry out a number of simplifications: u,u"? = ¢? in the first and second

term. Then, V, (u,u”) = 0 = u,Vou” + Vyu, - u¥ = 2u,V,u” implies that the third
term vanishes, and finally g** V,p- g u’ = g g, \Vop u” =05 Vo p-u’ =Vup - u®.

Therefore, one arrives at

u'gV, Ty = g% Vq (p+ C%)'C2 uy+ g (P+ c%)va”}l'cz =Vop-u®=0, (D.371)
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and lastly
u'gMV, Ty = g [Va(p o)+ pVau”] =0, (D.372)

which is exactly the relativistic continuity equation. The non-relativistic limit is
recovered by setting p c? > p as well as ut = (¢, v')! with y = 1, and using Cartesian
coordinates implies g*" = ™" as well as V, = d:

gt [Va(pcz-up)+pvauu] = r]"‘”[aapc2~uu+pc29au}4+p8au}4] ~ 2o dalpuy) =0
(D.373)

where the last term in the brackets reads

d;p+di(pv)=0 (D.374)

in the preferred coordinate frame, which is exactly the continuity equation from
classical continuum mechanics: But unlike classical mechanics, where continuity is
an empirical finding, it results in relativity from the covariant conservation of T,,.
We can resubstitute the conservation law eqn. D.372 into the divergence D.369
and see how we can isolate a statement about the conservation of momentum density.
Again writing out g**V,T,,, = 0 for the energy momentum tensor of an ideal fluid
and writing out the expression fully gives:

Uy,

B
c2

gV Ty = g“”[va(pu}d)uv+ C%Va Uy -ty +Vyp- +C%uuvauv+ p~uuvauv—Vapgw]

(D.375)

where the sum of the first two terms correspond exactly to the continuity equa-
tion D.372 (up to a pre-factor of c?), and are therefore zero. Consequently,

~&w) Vap+(p+ C%)Au,dvauv]:o (D.376)

gauvaTw} = gO‘V[( uzr‘/

In this way, one arrives at the relativistic Euler equation as an expression of momen-
tum conservation:

U
gw[( Zz -~ S JVap+(o+ C%)uﬂa ”v] =0 (D.377)
First, we see that only pressure gradients perpendicular to the velocity are ever
relevant,
ap (Mt 1
a 2 g )Vap = V4p (D.378)

because one applies a projection operator on the gradient in pressure, projecting out
the component of V,, p perpendicular to u, and secondly, if the motion of a fluid
element proceeds along a geodesic with autoparallelity u#V,u, = 0 given,

that those pressure gradients must be zero! Pressure gradients would push a fluid
element away from the geodesic that characterises free fall.
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The nonrelativistic limit can be constructed by approximating the autoparallelity

condition, ‘ . 4
ubVyu¥ ~ uto u¥ = cdul +u'diu! (D.380)

which shows that the nonlinearity of the Euler-equation has a relativistic origin, and
furthermore for a flat background where V,, = d,, that
p(atuj+uiaiuj):fajp (D.381)
or equivalently, that '
Ip
P

ool +uloul = - (D.382)

which is the classical Euler-equation for ideal fluid mechanics. Allowing for weak,
static Newtonian gravity one work with the approximation that pressure is scalar
(actually it is only a partial trace of the energy momentum tensor!), so V,p = d,p and
we obtain for the covariant derivative

ut Vyu, = u”(auuv - I’D‘w ua) (D.383)

while Newtonian gravity is a weak and static perturbation to the line element,

ds? = (1 + 2C—c21))c2dt2 - (1 - i—?)yij dx'dx’ (D.384)

from which we isolate the two metric functions

ZGI)) (D.385)

gtt:(l"'zcizp) and g :_(1_?

Working towards the nonrelativistic limit we would replace g®* = 1* but keep
the derivative d, g, with the exception d.;g,, = 0 as Newtonian fields are neces-
sarily static. The derivatives of the metric then reflect potential gradients, J; g, =
ic% d;®d,,, which become the Christoffel-symbol I, ~+0/®. So ultimately, we ar-
rive at the Euler-equation of classical ideal fluid mechanics including a gravitational
potential @,

. . . ] .
doul + (u' ) = —‘9—9” ~ oo, (D.386)

from the covariant divergence g**V,T,, = 0. Alternative to resubstituting we can
take the vector g**V, T, = 0 and project it straight away onto a plane perpendicular

to u¥, by means of a projection operator P;* = u¥u?/c? — g*°, to arrive at the Euler-
equation (see Appendix Z.5).

D.3 Fields as sources of gravity

Relativistic gravity should be compatible with relativistic fields as well as fluids,
similarly to electrodynamics which is equally valid for a classical charge density as a
source or a charge density that is computed from the probability determined by the
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wave functions of the particles according to the Born-postulate: This is made sure
by the fact that fields can be assigned an energy-momentum tensor as an expression
of local energy density, momentum density and stress, which obeys automatically
relativistic conservation laws as soon as the Lagrange-density £ of the fields does not
explicitly depend on the coordinate, meaning that the working principle of the fields
should be identical everywhere and at every time.

A scalar field ¢ on an arbitrary, possibly curved spacetime with metric g, for
instance would be described by the Lagrange-function

L=L() Vo), g}w) (D.387)

if its dynamics is universal, so that £ depends on the field ¢ and its derivative V,¢
(which would of course be = d, ¢ as ¢ is scalar, but let’s use the covariant formalism),
but not explicitly on the coordinates x. The action integral would read

S = Jd‘lxﬁz (D.388)

v

where the covolume /=g makes sure that the volume element is invariant under coor-
dinate transforms. The field equation follows from variation according to Hamilton’s
principle 0S = 0. Specifically,

jd4xr( 5+ aéﬁq) Vo) (D.389)

\%

Using the interchangeability 6V,¢$ = V,6¢ and integration by parts while keeping
the variation on the boundary fixed gives

:jd‘*xﬁ(%—va aéip)zo (D.390)

v

from which we extract the Euler-Lagrange equation, now in a covariant formulation
ready to work on a curved background,

oL oL

Vo .6 7% (D.391)

Next, it would be great if an expression for the energy momentum tensor T, would
directly follow from the coordinate independent Lagrange-function £, possibly along
with a covariant conservation law in the form ¢g**V,T,, = 0. In fact, if L(¢, Vo) does
not depend on position the variation £ is given by

oL oL oL
5L = %% 5¢+8v¢6va¢ Vq [a 6¢] 5q> V“avaq;éq’ (D.392)

where in the last step the Leibniz-rule was used to introduce the derivative of the
product d£/dV,¢ d¢d, which suggests that the Euler-Lagrange-equation should be
substituted,
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L=V, [%Péq)] + (g—i - VQ%) 5 o> L=V, [%m}, (D.393)
=0

leading to a very compact expression for 0L.

Next, we need to write the variation £ in £ from an infinitesimal translation of
the field 0¢ (because the Lagrange-density does not change itself as a function of
coordinate, it can only change if the fields themselves are different!), i.e. to think of a
way of actually generating the variation from an infinitesimal shift in the coordinates:

G (xM + 0xt) = ¢ (xM) + Vb (xF)ox¥ + ... (D.394)

again using covariant derivatives for generality. Then, the field variation d¢ is given
by
o = P(xF + oxt) — P(xF) = Vypox” (D.395)

On the other hand, shifting the Lagrange function £ by an amount dx; is easily
achieved by the displacement defined through the covariant derivative, 6x5Vﬁ:

oL = Vo Lx°. (D.396)

Combining both yields
P
oL =V, [Wﬁq)vv(p ox"] (D.397)
(03

As the same covariant derivative V, acts on both terms, they can be combined to give

, oL o
Vo [£ox* - mvvq; 5x"] = 0 (D.398)

This equation would be perfect if it was independent of the shift dx, but it appears
with different indices in the two terms. A possible remedy is a renaming 6x* = 85 dx",
so that the formula becomes

oL

Vo [05L - .9

v, 0] 8x" = 0 (D.399)

where we can identify the energy momentum tensor as computed for the field ¢ from
its Lagrange-function L(¢, V4, gw), as the shift ox" is arbitrary,
Ta aL

_ _ o
V= e q)vvq) £68 (D.400)

including the conservation law
VoT% =0 (D.401)

in a covariant formulation. It is remarkable that in this derivation the energy mo-
mentum tensor comes out as a mixed tensor (in fact, an endomorphism), as the
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morphism or a co- or contravari-
ant tensor vanishes when working
with a metric-compatible connec-
tion making sure that V 4 gy = 0.

p. SOURCES OF THE GRAVITATIONAL FIELD

differentiation with respect to V¢ of the Lagrange density £ enforces a contravariant
index. Multiplication with g, leads to a more common form

oL
Ty = 8T = gwmvvd) - L8 (D.402)

with the covariant conservation

VaT% =V, (‘SgTTv) =Vq (gwxg}nTTv) =gMV, (g}ATTTV) = gvavaTyv =0. (D.403)

The idea that the energy-momentum tensor T,,, mediates between the field and
the gravitational field equation is very interesting: As soon as the dynamics of the
fields are universal (i.e. not dependent on position x*), T, is defined, covariantly
conserved, and computable from £, irrespective of the actual substance. In this sense,
general relativity is the gravitational theory of systems with conserved energy and
momentum in the same way as Maxwell electrodynamics is the electromagnetic
theory for systems with conserved charges.
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E.1 What should be realised in a gravitational field equation?

The field equation for gravity should first of all be a tensorial relationship between
curvature and the energy-momentum tensor the source of gravity, with a symmetric
curvature tensor isolated from the full Riemann curvature. Tensorial relationships
are necessary to have a consistent and well-defined transformation property of all
terms in the field equation. The field equation should operate on a 4-dimensional
background and allow for wave-like propagating solutions.

The field equation should obey covariant energy-momentum conservation. As a
second order partial differential equation (because the Riemann-curvature is made
from the second derivatives of the metric) it should be hyperbolic and allow modes
to propagate on the light cone. In contrast to our first attempts at constructing a
generalisation of the Poisson-equation within special relativity, there should be a
natural explanation why m = 0 but why A = 0. But nevertheless, the limit of the field
equation for weakly perturbed, static spacetimes should fall back on the classical
Poisson equation AP = 41Gp + A (I'm trying to make a point that the cosmological
constant A was always part of a classical theory).

It is a surprising result found by @ D. Lovelock that <4 general relativity is
unique as a relativistic theory of gravity for conserved energy and momentum in 4
dimensions with a second order hyperbolic and local field equation with a single
dynamical field, the metric g,,. It is an astonishing fact that the field equation of
general relativity is as fundamental as the Maxwell equations with nothing more
fundamental from which it could be derived. So all we can hope is to go through
arguments why the equation is sensible and how physical concepts are realised. I
should mention that there are ideas in relation to constructive gravity with the central
idea that the theory for the material fields (like A*) already fixes the dynamics of the
metric g, up to the point that the gravitational field equation can be constructed
from the Lagrange-density of the Maxwell-field.

E.2 Construction of the field equation

The first issue in the quest to link the Riemann curvature R,p,, to the energy-
momentum tensor T, is the different rank of the two tensors. The Ricci-curvature
Ry = §*¥Rgpyy would be (up to an overall sign) the only non-vanishing contraction
of the Riemann-curvature and it would be symmetric as well, as can be shown with
the #4 algebraic Bianchi-identity,

Ra[gw, + R"‘W’ﬁ + RO(V[%M =0 (E404)
for the cyclic permutation of f, p, v while keeping the first index « fixed. Applying a

contraction with g to the algebraic Bianchi-identity gets rid of the second term due
to the antisymmetry of Ry in ap. Then,

gaMRaﬁ;w + gaMR(xv[ip = gaMRaﬁ}w - gaMRavpﬁ = Rﬁv - Rv[ﬂ =0 (E.405)
again using antisymmetry, this time of Ry, in the second index pair, which shows
the symmetry of the Ricci tensor, Ry, = R,g. Then, the Ricci-scalar R = gﬁvRﬁv =

g“”gﬁ"Raﬁw as a contraction of the Ricci-tensor R, is well-defined and not fixed to
zero by any index exchange symmetry.
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A There is no "derivation” of the
field equation, it is so fundamen-
tal that we don’t know any more
fundamental principle from which
it could originate!

E. GRAVITATIONAL FIELD EQUATION

Would Ry, oc Ty, be viable field equation? Covariant energy-momentum conserva-
tion requires that g**V, T, = 0, but one can show that the divergence g**V,R,,, = 0,
so that the field equation would be inconsistent. Instead, one needs a more elabo-
rate curvature quantity: the Einstein-tensor G,,. Starting from the 4 differential
Bianchi-identity

VR

+V, Regye + Vy Ry = 0 (E.406)

appv aptp
with cyclic permutation in T, pvand o, p fixed, one can make the substitution Ryg, =
—Rgpuc in the last term with the index antisymmetry in the second pair. Contraction
with g yields:

gV, Raﬁ}w +g th Ra[%v*c -g"v, Raﬁ}n =0 (E.407)

Using metric compatibility V,g,, = 0 in the last term, followed by a contraction
with gPT then introduces the Ricci-scalar R, because g"‘”gﬁTRD‘BM = R. The first term
gives g"‘*‘g(“VTR‘XmW = gﬁ“VTngv, which is the divergence of the Ricci-tensor. The
most complicated term is the middle one: Starting from the algebraic Bianchi-identity
Rapye + Ravep + Raggy = 0 one can construct the argument that Rgaye = Revep + Rarpy
using the antisymmetry in the first index pair of the first term, followed by the
contraction of V,Rgaye, over ftand ap, which comes out as gﬁTg"‘P‘[RMTﬁ + Rap),
where the first term vanishes due to the (anti)symmetry of the indices and only
gFV Ry, is left over, with an additional overall minus-sign. Realising that this term
is, like the first one, the divergence of the Ricci-tensor albeit with different (internal)
indices, the final result is:

28V, Ryy - V,R = g%V, [2Ry, — Rgqy] = 0 (E.408)

indicating that this particular combination of the Ricci-tensor, the Ricci-scalar and
the metric is divergence-free and could appear in the field equation. Commonly, one
defines the Einstein-tensor G,

Gy =

R
= Ry = 5 8 (E.409)
for this purpose, which inherits its symmetry from R, and g, It is a memorable
result that the trace of G,

R

5=-R (E.410)

R R
ngpw = gprw_ zgwgw =R- Eb}}i =R-4

is just the negative Ricci-scalar R.

Realising that the metric is the second rank-2 tensor with vanishing divergence
due to metric compatibility suggests as a possible 44 gravitational field equation
R 8nG
RVV—ng: _CTTW_AgVV (E.411)

with two gravitational constants G and A. It is a second-order nonlinear hyperbolic
partial differential equation which respects the local covariant energy-momentum
conservation and constitutes 10 independent relations in 4 dimensions, due to the
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E.3. RICCI- AND WEYL-CURVATURE

Table 2: Numbers of entries of T, Ry, and Regyy as a function of the dimensionality n of
spacetime: While the number of entries of T,,,, is simply determined by symmetry T, = T,,,
the entries of R, and Repy, must be derived from the index exchange symmetries, for in-
stance, that there can not be any curvature in 1 dimension, because the non-commutativity
of the covariant derivative in different directions never arises: there is only one direction. In
3 dimensions, there can not be any curvature beyond Ricci-curvature and the gravitational
field would only exist at locations where the energy-momentum tensor is nonzero. Only in
4 dimensions or more there are components of curvature beyond Ricci curvature and the
gravitational field can exist away from the source.

dimension 1 2 3 4
T, 1 3 6 10
Ry 0 1 6 10
Ry 0 1 6 20

symmetry of Ry, g,y and T,,,. Hyperbolicity of the field equation is a consequence of
the sign-change in the signature (+, -, -, -) of the metric g, which falls back onto the
Minkowskian-metric in freely-falling frames, g, = 1}y, and ultimately, hyperbolicity
will allow for wave-type solutions: gravitational waves!

One issue needs considerable explanation: The Riemann-curvature as a complete
characterisation of the spacetime curvature has 20 entries in 4 dimensions (reduced
from 4% = 256 to 20 by the index exchange symmetries), but the field equation only
fixes half of the curvature, similarly to the Poisson equation A® = 41Gp, where only
the trace AD = yijaiajtl) of the tidal field tensor d;0;® is determined by the field
equation. In electrodynamics, the field equation A, = 41/c 1" in Lorenz-gauge
v, A, = 0 fixes 1 of the 10 derivatives d,dgA,, of the field Ay, so this is really a
common feature for all field theories. If this was not the case, we could have only
Ricci-curvature, and it could only exist at places where the energy-momentum tensor
is nonzero, Ty, # 0. Clearly, this would be a weird theory of gravity, as the field should
be free to propagate away from the source into spacetime. Table E.2 summarises
the numbers of free entries of the tensors involved in constructing a sensible field
equation.

E.3  Ricci- and Weyl-curvature

In classical gravity, A® = yijaiz?]-fb is invariant as the trace of the tidal field d;d;®: It
does not change under rotations of the coordinate system and links the potential to
the source 4mGp. Starting with ® one obtains the gravitational acceleration g; = —d;®,
of which one can compute the divergence divg = y'/ digj = —yijaz-ajCD which tells you
about a nonzero p at the point where A acts on ®. Vice versa, however, does AD = 0
not imply that there is no gravitational field, it only implies that at that particular
location there is no source, and clearly can gravity exist at locations outside the field
generating matter, for instance above the surface of the Earth. This suggests that one
would like to separate A® from d;0;P and define the traceless shear

- AD
(D,»]» = 91‘9]-(1) - T%] (E.412)

CTDij are the components of the tidal shear that are sourced elsewhere and propagate
to the point where the derivatives of ® are computed or observed.
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E.4 Curvature invariants

There are two possible ways to quantify geometric properties of manifolds, or, in
fact, tensorial or vectorial fields: Either, one is able to write down a relation between
tensors of compatible rank and index structure, in which case all terms in an equation
transform covariantly under coordinate transforms, or one can construct invariants
by a full index contraction. Then, one obtains a scalar which is necessarily invariant
under coordinate transforms and has to assume an identical value in all frames. That
is the reason why scalars are so convenient: Their entries do not only for a given
coordinate choice but are universally true. What one gives up, however, is a significant
part of the information that gets lost in contraction. But sometimes, scalars have a
physical interpretation and can isolate important information on a tensor.

In classical gravity, we can compute the tidal field d;0;® as the curvature ana-
logue and build contractions of this quantity, for instance with the Euclidean metric:
yijaiajq) = A® is rotationally invariant (reflecting the fundamental properties of
Euclidean spaces, and proportional to 4nGp + A). Or, one constructs the quadratic
quantity Y41 9,0,®- 9;9;®, which corresponds to the Frobenius-norm of Phi which
is positive definite: We can conclude @ = 0 from a vanishing Frobenius-norm, but we
can not do that from A® = 0, which only means that at that particular location no
source of the field exists.

The central quantity for curvature in relativity is the Riemann-tensor R, with
a range of possibilities to form a scalar. For instance, the Ricci-scalar R = go‘l”gﬁ"Ra[;lw
would be a quantity analogous to A®, as it is proportional to the trace of the energy
momentum tensor T = gt'T,,, minus 4A if the cosmological constant is included.
That’s clearly only the curvature that is generated locally by T, (and by A), but
not the complete curvature. In analogy to the Frobenius-norm one could think of
Kretschmann-scalar K = R"‘W"Ramw = g““gﬁ"gypgé"Raﬁbewpg.

The Weyl-tensor Cp,,, would correspond to the traceless tidal shear ®;, because
the locally generated part of the curvature has been eliminated. Then, clearly both
yijﬁbij and go‘l‘gﬁ"CaﬁPW vanish. But y* % d)ab(f)ij is not required to be zero by AD = 0,
and neither is the Weyl-scalar C = C‘XW"CLX[;IW = g“”gﬁvgypgégcalgywap‘,: It would
serve as an invariant quantification of the curvature at a point of all gravitational
fields that are sourced elsewhere. As such, the Weyl-curvature Cgg,,, is a covariant
generalisation of the traceless tidal tensor ®;;.

B.5 Weak and static gravity

General relativity needs to be consistent with classical gravity in the limit of weak
curvature and static gravitational fields consistent with a non-relativistic matter
distribution at rest. The trace of the field equation is given by

R
g”VR}AV - Eg}wgyv =-R= _CTgMVT = —TT (E413)

using R = ¢""R,,,, T = g"'T;,, and gMg,, = 6& = 4, while the trace of the energy
momentum tensor is given by
T=¢MT,, = ’”[( +£)uu— ]—( +E) W, —pghtie,, = pc = 3p = pc?
=8 w=E& % o2 )ty PEuv| =P ng py =P8 8uv =P p=9
(E.414)
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if the matter is non-relativistic, p < pc?, so that the Ricci-scalar just depends on the
matter density,

R=-—"p. (E.415)

A weak perturbation an otherwise Minkowskian spacetime by a static gravitational
potential @ has the form

ds? :(1+2C—?)c2dt27(1fi—?)yij dx'dx/ (E.416)

where the decomposition g, = 1,y + h, with the condition |h,| < 1 is only valid
in that particular Cartesian coordinate choice. Then, the inverse metric can be ap-
proximated to be g"V ~ 1*¥ with an error of the order h2. The tt-component of the
Ricci-tensor in general given by

Ry = o, =9, T, + 1%, T, T, T, (E.417)

W

where the first term 8tl"”m = 0 for static fields, and the squared Christoffel-symbols

-!—l“"tM FMW -TY I‘Mw, would contribute at order h?, so we neglect them. The only
contributing term is then

; ij 1 AD
Rtt = —BMI‘M” = —ail"tt = —a,‘ (%( - a]htt)) = 7y]aiajhtt = Cf

> k (E.418)

because hy; = 2®/c?. Collecting the results on the traces and the weak field, static

limit then yields
AP  4nG ,

Ry = 2= are o AD = 4Gy, (E.419)

which one recognises as the classic Poisson field equation.

BE.6  Weyl-curvature

There is a very good physical reason to decompose the Riemann tensor Reg, as full
quantification of curvature into two parts: The 44 Ricci-curvature Rpy = g™ Ragpys
which appears in field equation as Rg, — R/2 g3, and which is proportional to the
energy-momentum tensor Tz, and the remaining curvature components, which
form the <4 Weyl-tensor Cypuv describing the curvature that has been sourced by
energy and momentum elsewhere and has propagated to the spacetime point under
consideration.

As already discussed, the field equation should not fully fix the curvature and
set it to be proportional to the source of the field, which is a typical structure in
all field equations. In electrodynamics, for instance, the field components Fw can
not all be independent from each other, as there are 6 components in F,, and only
4 components in j*. This is resolved by the fact that one makes a detour through
the potential A,, whose antisymmetrised derivative is F,, = d,A, - d,A. Then, the
divergence *d,F,, = 47/c J,. On the other hand, the Bianchi-identity,

d\Fyy + 9, Fy\ + 0,F, =0 or equivalently d,F" =0 (E.420)
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with the 44 dual tensor FF = e”""‘ﬁFaﬁﬂ has made sure that the potential A, exists:
F”V is an exact form, as it is an antisymmetric derivative of Ay By itself is closed, as
its antisymmetric derivative vanishes, regulated by the Bianchi-identity.

Then, there is a one to one mapping between all 4 components of the source j
and the 4 components of the potential A, by means of the wave equation. F,, has six
components as an antisymmetric tensor, but not all independent, such that the field
equation only fixes them partially.

Similarly, the off-trace parts of the curvature form the Weyl-tensor which obeys
an analogous differential Bianchi-identity. In fact, it obeys the same antisymmetry
relations as the Riemann-tensor, i.e.

Cor[iy.v = _C[Sayw = _Ca(%vM (E.421)

as well as an algebraic Bianchi-identity

Ca[ﬁuv + Ca}wﬁ + Cavﬁu =0. (E.422)

But most importantly, it is trace free,

g% Copuy = 0, (E.423)

in contrast to the Riemann-tensor, whose trace is the Ricci-tensor. Finally, there is a
differential Bianchi-identity
VeCappv + ViCapyr + ViCapry = 0. (E.424)

Let’s construct a systematic decomposition of the Riemann curvature Rypyy: From
any symmetric tensor X, one can derive the quantity Xaﬁw

Xoc[i}w = Aap 8pv + A(iv ap — Agy 8y~ Aﬁp av- (E.425)

This definition of Xaﬁw makes sure that the quantity fulfils the properties
Xa[ﬁuv = _Xor[iuv = _X[SOW»V and XO([SPW + quwﬁ + XOW[SM =0 (E426)
i.e. effectively the index exchange symmetries of the Riemann-tensor, suggesting the

ansatz
Ra[ﬂpv = Ca[ﬂpv +a- RO([S],W +bR- gNO(ﬁ]AV (E427)

with the Ricci-scalar R, and gup,, and ﬁaﬁw from the metric g,, and the Ricci-
tensor Ry, respectively. Then, the two factors a and b can be determined through
contraction.

82


https://en.wikipedia.org/wiki/Hodge_star_operator

E.6. WEYL-CURVATURE

This decomposition can be used to show an extremely interesting algebraic prop-
erty of the Weyl-curvature C,p,, as the part of curvature that propagates: The tensor
can only be nonzero in more than four dimensions. In fewer than four dimensions
this implies that gravity can only exist at locations where the energy momentum
tensor is nonzero, and can not exist at locations where the energy momentum tensor
is zero, entirely defeating the purpose of a field theory:

e n=1

no Riemann-curvature, Ry, = 0, because of the exchange symmetry in e.g. the
last two indices: There can’t be any curvature in one dimensions, because the
covariant derivatives always commute, as they apply only to a single direction.

e n=2

Riemann-curvature is always proportional to the Ricci-scalar and the metric,

R
Ry = ( 8oy — Sev8pn ) (E.428)

*n=3
Riemann-curvature is proportional to the Ricci-tensor and the Ricci scalar, but
the Weyl-tensor vanishes identically,
R
Ra(%y.v = (gﬁ}d Ry + 8av R(%}A — &8pv Roqd — 8ap RBV) + i(gocyg[%v - gtxvgﬁy.) (E-429)

That implies that there are no vacuum solutions in two or three dimensions:
If the energy momentum tensor T, is linked to the Ricci-curvature as in the
conventional field equation, the Ricci curvature could be nonzero, but the Weyl
curvature is not sourced.

e n=4

Ricci- and Weyl-curvature can simultaneously exist

1
Raﬁ}w = Caﬁ}w + E(g[iy Ray + 8av R(%}A — 8pv Ray. — 8ap Rﬁv) (E'430)

and Rggyy can be nonzero even if R, is zero as a consequence of T, = 0.

Spacetimes without Weyl-curvature, Cgg,, = 0 (as for instance FLRW-spacetimes)
are 44 conformally flat and their metric can always be written as

v = QZ(X)Y]}AV (E.431)

i.e. as originating with a (coordinate-dependent) conformal factor Q?(x) > 0 from the
flat Minkowski-metric: This implies that the light cone structure of these spacetimes
is identical to perfectly Minkowskian light cones: The conformal factor drops out in
the condition ds? = guok!kY = Q(x)znkak" = 0. That would be automatically the
case in 2 and 3 dimensions.
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A direct computation (which is very tedious) shows that Weyl-curvature is in-
variant under conformal transformations g, — Qz(x)gw of the metric and that the
Weyl-tensor maps onto itself: Cyg,y — Cappur-

The differential Bianchi-identity is the dynamical equation for the Riemann cur-
vature:

Vi Raguv + VuRapye + Vo Ragey = 0 (E.432)

Contraction with g* then yields:
gV, Ra(ﬂ}w +g vu Raﬁvt +g™v, Raﬁw =0 (E.433)
Identifying the Ricci-scalar in the first (and after an index swap) in the last term

yields:
8 Vi Ragvr = V¥ Rgyr = Voy Rge = Vi Rpy,e (E.434)

As the same differential Bianchi-identity applies to the Weyl-tensor Cyg,,, as well,
one obtains a very similar result

g"‘M Vp Raﬁvr =V Ca[%vT =V, Sﬁ'[ -V S|3v = Cﬁvr (E.435)

with the 44 Schouten-tensor

R R
Spe = % - <8 (E.436)
and the «4 Cotton-tensor
Cpvr = Vy Spr— Vi Spy (E.437)

such that the differential Bianchi-identity assumes a shape that is in fact reminiscent
of the field equation in Maxwell-electrodynamics! For vacuum both Ry, and R vanish,
such that the Sy is necessarily zero, implying that

gV, Capyr =0 in vacuum. (E.438)

If there are is a field-generating energy momentum content Ty, # 0, one would obtain
in a non-vacuum situation

411G 1
g Vi Capve = ve Capvr = Cpyr = e VyTge = Vi Tpy - 3 (VTT 8y~ VT gﬁr)]

(E.439)

similar to gV, B, = 41/c J,.

E.7 Raychaudhuri-equation

The 44 Raychaudhuri-equation gives a very pictorial and intuitive impression of the
effects of the two types of curvature (Ricci and Weyl). It’s even possible to apply the
concept to classical gravity, so let’s do this first: A bundle of geodesics x'(t) with
relative velocities vf

X = x4 vt (E.440)
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E.7. RAYCHAUDHURI-EQUATION

would exhibit relative motion
ox' N avit ox'! . (avi t)
_ =8 4+ —t =~ - =exp(—
ox/ 7 oxl ox/ P dxi

(E.441)

at order t, in the spirit of a Lie-generated transformation. The change of the volume
elements from d3x to d3x’ is given by

ox’
ox

d*x’ = det (=—)d’x (E.442)

with the Jacobian determinant of the coordinate change. Using my third most

favourite formula,
ox’

3. _
In d®x' = In det(g

)+1n d°x (E.443)

following from In det A =1In [T A; = ¥ In A; = tr In A for any non-singular matrix

A one arrives at

ox’ ox’ dv dv
In det (g) =tr In (ﬁ) =tr In exp(ﬁ t) = t-tr(g) (E.444)
with the identification
el Y1 djv; =~ 9;0; ® = ~AD = —4nGp (E.445)

ox

such that the matter density p (appearing through the substitution of the Poisson
equation A® = 4nGp) inside a cloud of freely falling test particles (made sure by the
Newtonian equation of motion v’ + 9;® = 0) causes a negative change of the volume.
Interestingly, the appearance of a cosmological constant A would likewise contribute
to the volume evolution, and we witness this actually in cosmology.

The same intuition applies to a relativistic theory of gravity, as the Ricci-curvature
is responsible to the volume change of a spacetime volume. The picture that emerges
is that Ricci-curvature changes volumes while keeping their shape intact, and that
Weyl-curvature changes shapes while conserving their volumes (at least to lowest
order). In all theories this distinction is made by a decomposition into the trace and
the traceless part of the curvature.

In a relativistic theory, one would define the tensor Bﬁ‘" = Vﬁu"‘, whose trace
would be the divergence ©

© = 4By = Vqul (E.446)

of a bundle of geodesics. If all geodesics pass through a single point, such a bundle is
referred to as a 44 congruence. Now, along a geodesic, the divergence © has a natural
evolution

de
3 =18, (E.447)

using the operator u"V, for autoparallel transport along the geodesic.
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For the more general tensor Bﬁ‘" this would be analogously
dB"‘— WV, Veu® = ut (VgV, u® - R® Y E.448
P T L —”(6}4”_ 71514”)' (E.448)

The first term becomes by virtue of the Leibniz rule:

uM'VpV,u® = Vg (u'V,u®) - Vout - V,uf, (E.449)

where the first expression vanishes due to the autoparallelity condition u*V,u® =0
assumed for geodesic motion, and the second expression is the 4 Frobenius norm of
VMuﬁ.
Taking the trace by setting a = p leads
doe

— =-Vgu"-V,uf - R*

In it = =Vgut -V uf - R, uVul (E.450)

Y

where we identify the Ricci-tensor in the second step. Clearly, the Ricci-curvature, due
its proportionality to the energy-momentum tensor, forces the geodesics towards each
other such that the velocity divergence and therefore the enclosed volume becomes
smaller compared to straightforward linear extrapolation with the parameter t. The
Frobenius norm Vgut - VMu[5 is a relic of the nonlinearity of the geodesic equation.

E.8 Nonlinearity and locality

The field equation of general relativity are nonlinear partial differential equations
with the important consequence that the superposition principle does not apply,
which was such a convenient tool in classical gravity for solving the Poisson equation
A®D = 4nGp + A. There, it’s always possible to separate the problems one faces when
determining the potential ® from p: the inversion of the differential operator, to
account for boundary conditions (as the Poisson-equation is an elliptical partial
differential equation) and the possibly complicated geometry of the source p. In the
case of linear field theories one achieves that by means of a 44 Green-function G(r, r’)
as a solution to the field equation for a point charge dp(r — r’), for simplicity on small
scales where A = 0 in a good approximation:

1
A—— = 4nGdp(r - 1)) (E.451)
|r—7|

Using linearity, the equation can be multiplied with p((r)) and integrated over d37’.
Effectively, this is exactly the expression of the superposition principle as one adds
up the contributions to @ at r from the source distribution p(r’):

jdv’ AL f av )z - 4nGJdV’ o(r)dp(r - ') = 41Go(r)

|r—7| |r—17/|
v
(E.452)
so that ,
D(r) = J-dV’ |rp(_'r),| (E.453)

A%
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E.8. NONLINEARITY AND LOCALITY

Table 3: Compilation of the simplest solutions of general relativity together with their sym-

metries and peculiar physical properties. It should be emphasised that a coordinate choice

has been taken which is particularly suited to the symmetry of the respective spacetimes.
black holes  grav. waves ~ FLRW-cosmologies white dwarfs

homogeneous t r+ct r t
isotropic yes ves yes ves
varies along r r,t t r
gravity strong weak strong weak...strong
scales rg = 28M  Jinear physics QOcrit = ELir) eqn. of state

P crit el
curvature Weyl Weyl Ricci Weyl + Ricci
sources vacuum vacuum p, p (ideal fluid) p, o (ideal fluid)

is the required solution for the potential. Effectively, going from p to @ relies on
linearity, and going from @ to p uses the locality of the equation as it determines
the classical equivalent of Ricci-curvature. General relativity, however, is nonlinear,
because pictorially the Christoffel-symbols contain terms of the type gdg, the Rie-
mann curvature (gdg)? and d(gdg), and finally the Ricci-curvature terms of the type
g(gdg)? and gd(gdg). Despite the nonlinearities, the field equation is still local, as it
links the Ricci-part of the curvature to the energy-momentum tensor, as exemplified
by the consideration of the change in volume of freely falling clouds of test particles
in the Raychaudhuri-equation.

And I would like to mention, that the field equation of general relativity is a
hyperbolic differential equation: Therefore, the solution is already unique if initial
conditions are specified, while boundary conditions are not necessary. Hyperbolicity
makes sure that excitations of the gravitational field are propagating along the light
cones defined differentially by ds? = guvdx"dx” = 0. The nonlinearities of the field
equation make it very difficult to find solutions for arbitrary T, as one can not use
the Green-method which would require linear superposition. But there are solutions
for reasonable simple and symmetric cases, which are listed in Table. E.8 and which
will be discussed in Sects. F (black holes), G (FLRW-cosmologies) and H (gravitational
waves).
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E1 Schwarzschild black holes

The Schwarzschild geometry refers to the geometry outside of a spherically symmetric
static matter distribution as a generalisation to the Newtonian gravitational potential
® = —GM/r. Just like the latter follows from the solution of the vacuum (p = 0)
Poisson-equation A® = 0 in the spherically symmetric case, @ K. Schwarzschild
obtained his solution from the gravitational field equation in vacuum. T, = 0 implies
directly T = ¢g""T,,, = 0, such that the trace of the field equation becomes

R
g""Ryy — ngg’” =-R= fc—zlg’“’T}W =0 —> R=0 (F.454)

restricting ourselves to scales < 1/VA, meaning that the cosmological constant can
be neglected. The trace relation implies that the Ricci-scalar R vanishes for vacuum
solutions as a general result. Then, what remains from the field equation is

R, =0 (F.455)

W

which is to be solved for a spherically symmetric, static case. It would be wrong to
conclude from R, = 0 that there could not be any curvature: There can not be any
Ricci-curvature Rw in a vacuum case, but the field equation does not restrict the
Weyl-curvature C,p,y, in the same way as the classical Poisson-equation only restricts
A® = 0 but not the traceless tidal field d;d; @~ A®/3 §;;. Although there is no parallel
in Newtonian theory as there is no notion of general covariance, the Weyl-curvature
must obey the differential Bianchi-identity, which acts as the dynamic equation of
Caﬁuv.

Guided by isotropy and staticity as symmetries, a suitable ansatz for the metric
could be

ds® = A(r)d#? - B(r)dr? - r?[d6? + sin® 0d¢?] (F.456)

for an intuitive coordinate choice. Clearly, one would like to work with spherical

coordinates r, 6, ¢, augmented by a temporal ct-coordinate. But there is some fineprint
attached to this: The ct-coordinate would be the conventional coordinate time at the
location of an infinitely distant observer, where A(r) — 1 asymptotically to recover
Minkowskian space. In this asymptotically flat space, the coordinate time would be
identical to the proper time of observers at rest relative to the black hole. The radial
coordinate r has the same limit B(r) — oo as ¥ — oo to make the spatial submanifold
appear as a flat Euclidean space. Clearly, the dependence of A and B on the radial
coordinate is there to encode curvature effects in the measurement of time intervals
and radial distances, and these curvature effects do not depend on time, as a reflection
of staticity.

The typical scaling oc 472 of spheres of radius r is obtained by integration over
the two angles at fixed r, which in turn is actually defining the radial coordinate! The
coordinate area alement is dS = d6d ¢, and the corresponding coarea \/m =r2sin 0
such that

¢ 27
jds\/m =7 | dOsin@ Jdcp = 47 r? (F.457)
4m 0 0
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i.e. the radial coordinate r is chosen in such a way that the scaling of surfaces of
spheres with radius is defined just like in flat Euclidean space, despite the fact that
there are curvature effects present. At least in this single coordinate direction, the
effects of curvature have disappeared through a suitable coordinate choice.

Writing the metric in this coordinate choice in matrix form

A(r) 0 0 0
| 0 -B(r) O 0
&= 0 g 0 (F.458)
0 0 0 -rZsin’0

makes it apparent that it is diagonal, and the inverse can be found quickly using the
determinant det(g,,) = —A(r)B(r) - r#sin? 6, such that

A~Y(r) 0 0 0
0 -B(r 0 0
g=| © 0( ) e . (F.459)
0 0 0 —(r?sin’6)!

Many of the Christoffel-symbols vanish due to the high degree of symmetry. If the
metric does not change in a certain coordinate direction along x?, aagw is zero and
does not contribute to the Christoffel-symbol. It is a technical exercise to show that
the nonzero I'?,, are:

A’ r .
T}, = A [gg = 5 I‘9¢¢ = —sin Bcos O (F.460)
A rsin® O 1
rrtt = 2B 1—v'<[)(|) = B rq)r(p = r (F461)
B’ 1 b cos 0
I, = — réy =~ r*, = F.462
rr 2B r0 r 0 sin O ( )

together with torsion-free condition I'%,, =T'%,,, for switching the order of the two
covariant indices. From those, we can compute the Riemann-tensor and determine
the Ricci-tensor Ry, = g™ Ryp,y as its contraction: Again, the nonzero elements of

Ry, are:

A’/ A/ A/ B/ A/
R, A AN BN A F.4
w="35*m(a*E) "B ° (F463)
A/’ A’ A/ B/ B/
R,=2 A (A D2 F.464
m=3x iAlAtE) 7B (F464)
1 r /A’ B
o N F.4
Roo=g -1+ 35 (%~ F) (F465)
Ry¢ = Rpg - sin” O (F.466)

which comes out diagonal but not proportional to the metric, as a reflection of the
presence of Weyl-curvature. Setting R, = 0 yields differential equations (the fourth
involving Ry¢ = 0 is redundant because it is proportional to the third equation)
whose solution will fix the two functions A(r) and B(r). Adding B/Ax eqn. F.463 and
adding it to eqn. F.464 yields
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A// A/ A/ B/ A/ A// A/ A/ B/ B/
PO U P i N F.467
AtTAATE) ATIA A ATE) ® (F-467)

which immediately simplifies to

1,A B
?(X+§):O (F.468)

The term in brackets needs to vanish exactly for any choice of r, so one can determine

A" B ) ,_d
St =0 AB BA+AB'= —-(AB)=0 (F.469)

such that the product AB needs to be constant, AB = a. Substituting B = o/A and
the derivative B’ = —-% A’ into eqn. F.465,

1 oA B
Rec Ll 1, (A& _BY_, F.470
w=5"1+35(%x ") (F-470)

from which one can isolate a differential equation for A,

A+rA = %(rA) =aqa, (F.471)

and therefore *A = ar + k with an integration constant k. In this way, we have
obtained the two metric functions

A =a(l+ %) and B(r) = (1+ é)’l (F.472)

where the two constants « and k need to be identified by comparison with a
Minkowski-metric that is weakly perturbed by a potential: In this way, we match up
the two solutions in the weak field limit and make them consistent with each other.

ds? = (1+ QC—ZD) Zde? - (1- zc—(f) dr? - (d6? +sin? 0d¢) (F.473)

is the weakly perturbed line element with a potential ®, in our case ® = —-GM/r

generated by an isotropic matter distribution with mass M according to the Poisson-
equation. Comparison with the Schwarzschild line element yields for the metric
functions

1+ =)= A(r) (F.474)
if a = c? and k = —2GM/c2.

With this identification, the Schwarzschild line element becomes

1

2GM
1-=5

2GM
c2r

ds? = (1- )c?de? - dr? - 17 (d6” + sin” 0d¢) (F.475)

where one can read off the #4 Schwarzschild-radius
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(F.476)

which assigns a length scale to the gravitational field generated outside a spherically
symmetric and static matter distribution of mass M. G/c* ~ 1072%m, so a good
number to remember is a few hundred meters for the Schwarzschild radius of the Sun
with Mg ~ 103%kg. The Earth, with a considerably lower mass of Mg, ~ 10%*kg has a
Schwarzschild radius smaller by a factor 10°. But please be careful: The gravitational
field outside of every spherically symmetric matter distribution is of Schwarzschild
form, there is no requirement that the mass would be somehow concentrated to r < rs.

A subtle but very interesting point is that indirectly through the Newtonian
solution, we have introduced a boundary condition: Spacetime becomes flat and
Minkowskian at very large distances. This is necessary because by deactivating time-
evolution of the gravitational field (because of the assumption of staticity) the field
equation as a hyperbolic partial differential equation falls back onto an elliptical
partial differential equation, which has only unique solutions if boundary conditions
are specified. In our case, this would be a Dirichlet boundary condition. The situation
is similar to the transition from ¢ = 0 as a hyperbolic PDE to A¢ = 0 as an elliptical
PDE if 9.,® = 0.

I would like to emphasise that, as technically straightforward the comparison of
the two line elements may seem, there is quite a lot happening from a conceptual
point of view: With increasing radial distance one would expect the metric functions
to approach one, but also the definition of the radial coordinate r approaches the
Euclidean regime, so there is a smooth interpolation from the curved spacetime to
a flat one. It is interesting that through this matching of the two models the mass
gains a significance: Before, we only had two functions A and B, and the mass of
the field-generating object was nowhere to be found. As long as one deals with
spacetime as a curved manifold, the choice of coordinates is arbitrary and bears no
physical significance. Curvature varies with changing r, but r is not an indication of
distance, so one actually can not know how far away the black hole is, and neither
how curvature, mass and distance are related. In the asymptotically Minkowskian
spacetime, which is a vector space with normal coordinates, distance as coordinate
difference has an absolute sense, so the decrease of field strength with distance is
indicative of the mass.

Funnily enough, the same problem also arises in Newtonian gravity. For vacuum
solutions, A® = 0 is to be solved, yielding @ o« 1/r in the spherically symmetric case,
which is perfectly scale invariant. As the superposition principle holds here (for the
Poisson-equation as a linear field equation), the scaling of ® with M is natural, and
G is there to fix the units. But nowhere there is a moment where the prefactors are
determined by requiring ® to have a specific value at a given distance, which would
effective amount to a Dirichlet boundary condition.

At this point one should make clear that it’d be very wrong to say that “gravity
becomes strong” at r = rg, or that curvature would start to dominate, or that classical
gravity would need to get replaced by relativity. As a statement involving coordinates
this can not be universally true. There are certain things that the infinitely distant
observer can not compute at r = rg, but this is a consequence of the coordinate choice,
as spacetime is curved but perfectly regular, as none of the curvature invariants
diverges. Certainly one would notice an increase in e.g. the Kretschmann-scalar
K= 48r§/r6 moving towards smaller r from the Minkowski-regime where K = 0, but
this is a relative statement between r — co and finite r.
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As discussed in the chapter about the equivalence principle, any freely falling
frame recovers a perfectly Minkowskian spacetime with a coordinate choice making
sure that g,, = 1,y and I'Yy, = 0 locally. The amount of curvature the defines the size
of this laboratory in which special relativity holds for instance by 6 = (rSZ/K)l/ﬁ. Even
at rg, motion of particles separated by less than 6 is unaffected by curvature to first
order. Of course, d becomes smaller as r decreases.

F.2 Birkhoff’s theorem

Up to this point we chose metric functions A(r) and B(r) of the Schwarzschild-metric
to be functions of the radial coordinate only

ds? = A(t,r) dt? = B(t,r) dr? — r? (46 + sin® 6d¢?) (F.477)

Surprisingly, the result would have been identically the same if we had started
with an allowed time-dependence A(t, ) and B(t, r), as spherical symmetry disallows
time-dependences in vacuum. One might have noticed that up to now we used
three equations from the diagonal vacuum field equation Ry, = 0 to fix just two
functions A and B; please be reminded that Ry, = 0 is automatically already fulfilled
by Rgg = 0. If a time-dependence of the two metric functions is introduced, the
Christoffel-symbols and the Ricci-tensor become more complicated and contain time
derivatives, but the vacuum field equation enforces then staticity with the additional
third differential equation that is unused if one restricts A and B to be functions of
r only: Somehow, the assumption of static gravitational fields is superfluous if one
deals with a spherically symmetric vacuum solution.

This result is known as the <4 Birkhoff-theorem: The fields outside spherically

symmetric matter distributions need to be static and to be of the Schwarzschild-type.

For instance, a radially pulsating spherically symmetric matter distribution would
generate a perfectly static curved spacetime, and all that matters is the total mass M. A
remainder of the Birkhoff-theorem is present in Newtonian gravity: There, the field of
a spherically symmetric matter distribution was always computed as if the matter was

concentrated at the central point, which arose as a peculiarity of the Poisson-equation.

Many students ask at this point how a black hole can grow by accreting matter if
there is no dynamical evolution of the gravitational field, which naively would be
in contradiction with intuition, as a larger mass black hole should show a stronger
gravitational field. Accretion and black hole growth is only possible if spherical
symmetry is broken, though, even the case of accreting a spherically symmetric
spherical shell of matter onto the black hole would not change the physical situation:
Outside of the shell, the field stays static and corresponds to the combined masses of
the shell and the black hole itself.

E3  Conformal scaling of the Schwarzschild solution

The Schwarzschild-geometry is a spherically symmetric vacuum solution: As such, it
possesses only Weyl-curvature and no Ricci-curvature. Weyl-curvature is invariant
unter conformal transformations of the metric, g,, — Qz(x)gw, with a conformal
factor Q?(x) > 0, so the question naturally arises, what the physical significance of a
conformally rescaled Schwarzschild solution actually might be. Conformal rescaling
is present in classical gravity too, A ® = 0 is invariant under ® — Q2 @, but we
would rather call this mechanical similarity of a scale-free potential: Increasing the
mass M can always be absorbed in @ by going to larger distances r.
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Applied to the Schwarzschild geometry, the metric transforms under conformal
transformations as

Sy — Q3(r) 8w and consequently ds? - Q%(r)ds? (F.478)

where only Q?(r) would respect the fundamental symmetry. Applied to the line
element in Schwarzschild coordinates we get:

1

_Is
r

dszz(l—r—rs)c(th)z—l (Qdr)’ - (Qr)’(d6 +sin 0d%9)  (E479)

with Schwarzschild radius rg = ZS’ZM. Absorbing the conformal factor in a redefinition

of the coordinates yields then gives

QT’S

ds? :(1 R

) ?d7® - ——dR? - R*(d6” + sin’ 0 d¢?) (F.480)

Qrg
-

if the conformal factor is constant, R = Qr - dR =Qdr,aswellast=Qt - dt =
Q dt. That is just the Schwarzschild line element for an upscaled mass,
2G

rg — Qrg = CT(QM), (F.481)

i.e. the Schwarzschild solution is invariant under conformal transforms; M — QM
and rg — Qrg is absorbed by r — Qr and t — ()t as coordinate choices, so we have
recovered a similarity transform and the class of Schwarzschild solutions for different
masses is just related by a constant stretching of the spacetime by a factor of Q, which
is perhaps a bit surprising keeping in mind that r is not the Euclidean distance but a
geometrically constructed radial coordinate. Of course, in classical gravity the same

result would just be the scale-invariance of the potential, ® = —GTM.

Photon geodesics are invariant under conformal transforms:

ds? = g, kFKY —> Q% g, kKFKY = 0 (F.482)

as the conformal factor Q? drops out, so we can explore the causal structure of
Schwarzschild spacetimes in their generality even though there is no scale invariance
as in the case of a classical Newtonian gravitational field ® o —1/r, because conformal
invariance replaces that particular concept.

Constructing radial photon geodesics for the Schwarzschild geometry sets dO =
0, d¢ = 0 such that the photons only propagate along r as time passes: The geodesic
equation does not predict any deviation as d26/dA? = 0 as well as d>¢/dA? = 0,
perfectly in agreement with intution - there should not be any acceleration in the
angular directions for a radially moving photon in a spherically symmetric field. The
Schwarzschild line element

ds® =(1- Lrs) ?de? - 117r§dr2 - r?(d6? +sin” 0d¢?) = 0 (F.483)
T

with (d62 +sin? 6d<{)2) = 0. Therefore, the photon visits the coordinates r as measured
by the passage of time t as measured by an infinitely distant observer as
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%:ﬂ_(l_ﬁ) (F.484)

with + for outgoing and — for infalling photons. This can be solved for the trajectory
t(r),
dr

Is

T

sedt = - (F.485)

and integrated to give

d
+ct =r+rg-In(r —rg) + const using j I rrs =71+ rgln(r — rg) + const (F.486)
T

At large distances r — oo, 1 + rg In(r — rg) approaches r and the light cone becomes
Minkowskian +ct = r, but at r = rg, the light cone collapses as the effective speed of
propagation of the photon approaches zero: It is unable to change the radial distance
(into any direction!) as time (of the infinitely distant observer) passes:

— =+c

dr
ar = =

1-5)5o0 (F.487)
T

Therefore, photons would be unable to propagate away from a source at r = rg
and would certainly never reach an observer at r > rg: That’s the reason why black
holes are black. Please keep in mind that nowhere one would need concepts of
energy loss or redshifting of photons; instead, it is much clearer to think of the null-
condition ds? = gudxt/dAdx"/dA = 0 as being generally true, and the effective speed
of propagation dr/dt being dependent on the particular coordinate choice.

F4 Coordinate singularity at the Schwarzschild radius

The Schwarzschild geometry has a diverging line element at r = rg, but that diver-
gence only concerns the metric and has no physical implication: Firstly, it is not
present in other coordinate choices and secondly, all curvature invariants stay finite
at the Schwarzschild-radius, for instance R = 0 for the Ricci-scalar and K = 4l8r§/r6
for the Kretschmann-scalar.

All apparent irregularities at rg are only a consequence of the coordinate choice,
and so is this curious switch between timelike and spacelike distances at rg: The
Schwarzschild line element in Schwarzschild coordinates assumes the form

_ Ts
ds® = (1 - 7)c2dl‘2 1

1
—dr? = r?(d” +sin® 0d¢?) (F.488)
E

where the first prefactor shows this behaviour,

>0if r>
(1-3)7rrers (F.489)
r’|l<0ifr<rg

whereas the second prefactor shows exactly the opposite behaviour,
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1 {<Oifr> rs (F.490)

rs .
1-2>0ifr<rg

so that cdt > 0 and dr = 0 imply a positive ds? at r > rg and a negative ds? at r < rg,
while dr > 0 with cdt = 0 would cause ds? to be negative at r > rg and positive at
r < rg, interchanging the classification of timelike and spacelike vectors.

E5 Painlevé-Gullstrand-coordinates

Solving the geodesic equation for a massive particle that is initially at rest at infinity,
dr/dt = 0and dt/dt = 1 by isolating the metric from the line element,

2 _ sy 24,2 1 22 -2 2
ds 7(1—7)c dt —jdr -r (d62+s1n qu)) (F.491)

T

and computing the necessary Christoffel-symbols shows that massive particles do
not cross the horizon as viewed by an observer at infinity, in fact their velocity defined
as the rate at which they change the radial coordinate r in terms of t approaches zero:

dr rs rs
E:—(:(]—7)- 7—)0 at r=rg (F.492)

At this point, 44 Painlevé and Gullstrand came up with this idea: As one is
completely free in choosing coordinates (as long as there is an invertible and differen-
tiable way of changing between them), one can have a non-uniform time-coordinate
T(r) = t — a(r) with the differential dT = dt — a’ dr, prime denoting a differentiation
with respect to the radial coordinate r.

Using this new coordinate in the Schwarzschild line element yields

ds?=(1-3) (aT+a'r) dr)’ - dr? -2 (A6 +sin? 0d¢?)  (F493)

_Is
r

with a non-diagonal term appearing in the metric,

1

s
1 r

ds? = (1—r—rs)c2dT2+2a’(l—r7s)ch dr+[(1—r75)a'2— Jdr2-r?(de? +sin? 6d¢?)

(F.494)

Up to here, the function a(r) was unspecified, so we might set the term in front of
the dr-differential to unity,

(1—%5)54’2— L _, (E.495)

provided that the differential equation

P p—— (F.496)

has a solution.
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Figure 4: Painlevé-Gullstrand time coordinate t—T(r) = a(r)/rs, as a function of y = \/r/rs.
This is in fact the case as it is solved by
1
M :ln(y+ )—Zy with y= [L
rs y -1 rs

Then, the final form of the Schwarzschild line element in Painlevé-Gullstrand
coordinates is given by:

(F.497)

ds? = (1 - 7’75) c2dT? + 24’ (1 - r7s) cdT dr- dr? - 72(d62 +sin’? 6d¢2) (F.498)

which is perfectly regular at r = rg and allows tracking of particles through the
Schwarzschild horizon: Solving a radial geodesic for a massive particle with dr/dt =0
and dT/dt = 1 as initial conditions shows that the particle approaches dr/dT =
—c\rs/r = —c at r = rg. It is weird to look at history and see that Painlevé and
Gullstrand were criticised for their coordinate construction because they “assigned
too much significance to the coordinates” when in fact they showed that coordinate
choices adapted to a physical problem at hand were possible and sensible. Fig. 4
shows the difference between the Painlevé-Gullstrand time coordinate T(r) and the

Schwarzschild time coordinate t, as a function of radius in the variable y = +/r/rs.

Both time coordinates are equal at the specific radius y =~ 1.1968, which follows as a
numerical solution to

y+l

S (F.499)

ln( coth(y) = .

1
) =2y - z%l =exp(2y) equivalent to

E6 Propagation of fields on a curved spacetime

Light propagation on a curved spacetime differs technically in a very important
point from Minkowski spacetimes with Cartesian coordinates. There, when the wave
equation was formulated in terms of partial derivatives which required to compute
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differentiations of a wave-type ansatz ¢ = exp(+ik,x"), leading to dxt/dx® = . The
situation is very different on a manifold, where partial differentiations are replaced
by covariant ones, and while d,x" remains well defined, V,x" is a senseless operation:
Covariant differentiations can only be applied to vectors and tensors (well, and
scalars, V, ¢ = d,$), but the coordinates form only a tuple! Only transformation of
infinitesimal coordinate differences dx" is well defined in terms of a Jacobian, as
dx" has the properties of a vector, but the coordinates themselves do not have this
property. In addition, even an expression like the scalar product k,x" in exp(+ik,x")
is highly doubtful on a manifold, as it does not combine two vectors.

Formulating a wave equation for a free scalar field ¢ on a manifold starts inevitably
at the action integral

- [ atx v Vv (500)

A%

and substitution into the Euler-Lagrange formula yields the covariant wave equation,

v“%b - % - gVVV,p=0 (F.501)
where the d’Alembert-operator is scalar, [0 = g""VMVV.

For getting an explicit expression for the d’Alembert-operator and for relating
it to the metric properties of spacetime one can draw the (inverse) metric into the
double product, g"'V,V,¢ = VgV, ¢ and realise that this is effectively a covariant
divergence on the vector vt = gV, ¢:

O¢ = g"' V.V, ¢ =V, (g"Vih) = V=g " ) =0 (F.502)

Lo

using eqn. C.308. The result is obviously not just gtd, d, ¢ = 0; there is clearly an
influence from the curved background onto wave propagation, for instance from the
spacetime around a black hole or in an expanding universe.

We can solve the wave equation in the 44 eikonal or geometric optics approxima-
tion, where the changes in the geometric properties of spacetime take place on spatial
scales much larger than the wavelength, and temporal changes much larger than the
frequency. Again, we need to navigate through the fact that the coordinate tuple x*
is not a vector: Writing ¢ = A exp(iS/€) with an amplitude A(x*) and a phase S(x")
as a function of the coordinates and a parameter € which controls the rate of phase
change (which must be high in comparison to the scales on which spacetime changes
its geometry) one derives by heavy application of the Leibniz-rule

9y ¢ = d,Aexp (%) + i€A exp (%)av S (F.503)

as well as for the second derivative

VMQVQD:VMBVAexp(ie)+ -d, Aexp( )V S+ V Aexp( )8VS+

7Aexp( S)V d S+( ) Aexp S)V $9,S (F.504)
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Sorting the terms by powers in € leads to 1/€? as the dominating term for high
€ (making sure the phase changes are fast) which exactly corresponds to geometric
optics,

gV, Y, D = (i)zq)g'“' 9,59y8=0 (E.505)

keeping in mind that the phase function is scalar. Defining the wave vector k, as the
gradient V,S = ¢,S in S one recovers the null-condition

" k.k, =0. (F.506)

Effectively, this links the propagation equation for massless fields on a curved
background with the more naive geodesic equation for a massless particle’s wave
vector.

At order 1/€ one obtains
i is
§VV V= (g) [ (K A + 9, A k) exp (?) + 8" OVyky| = 0 (F.507)

which suggest a relation how the amplitude of the wave is transported through
spacetime,
" (2k,dyIn A+ V,k,) = 0 (E508)

Realising that k, is tangent to a null-curve parameterised by A then shows that the
evolution in amplitude would be given by

AA(N) = 7% j dA gV .k, (E.509)

as an integral of the divergence of a bundle of light rays along A: If the bundle has a
positive divergence and increases its cross-sectional area, the amplitudes decrease
accordingly.

Although we solved a wave-equation for a massless scalar field ¢ on a curved
background, the essential results are applicable to the Maxwell-field A, as well, with
a small caveat: While the Euler-Lagrange equation is identical, the wave equation
as the operator g""V,V, act on a linear form instead of a scalar, generating a richer
structure of the second derivatives.

E7 Causal structure of black holes

The Schwarzschild-geometry is the unique solution for a spherically symmetric grav-
itational field in vacuum, but the particular choice of Schwarzschild coordinates,
motivated by the passage of time for the infinitely distant observer for t and the
Euclidean scaling of surfaces with radius r is unsuited to parameterise the metric
at rg = 2GM/c?: there exists a coordinate singularity. The issue is really only an
unfortunate choice of coordinates as all curvature invariants stay finite for every
finite r, and there is really only a divergence of the curvature invariants as conve-
nient coordinate-independent quantifications of curvature at r = 0. Additionally,
because the mass of the black hole in the Schwarzschild solution was injected into
the derivation only at the stage of embedding the spacetime into an asymptotically
flat Minkowski-spacetime with a weak perturbation caused by a Newtonian potential
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©® = —-GM/r, the peculiarity of the Schwarzschild radius only applies to the infinitely
distant observer.

Instead of using Schwarzschild coordinates (ct, r, 6, ¢) one can find much better
coordinates by looking at the radial motion of null-geodesics, corresponding to ingo-
ing or outgoing light rays. That is the foundational idea of <4 Eddington-Finkelstein
coordinates, and we need two sets of coordinate as required by differential geome-
try: non-flat manifolds need to be covered by at least two sets of coordinate maps.
Null-geodesics are of course the expression of the causal structure of spacetime, as
hyberbolic differential equations cause massless fields to propagate along the light
cones and restrict massive fields to propagate strictly within the light cones.

The coordinates ct, r of photons in radial motion where d¢ = d0 = 0 fulfill the
relation

ct = —r—rg-In(r — rg) + const. (F.510)

obtained by direct integration of the Schwarzschild line element ds? = 0 for massless
particles. The integration constant is defined to be a new coordinate p

p=ct+r+rs-In(r—rs) (E511)

with the differential dp

dr

T

that will be used to replace ct in the Schwarzschild line element,

ds? = (1 - r—:’) c2de? - ﬁdr2 —r? (dG2 +sin? 6d¢2) (F.513)
to yield
2 _ s 2 ! 1 2 1 2_2(302 4 sin2 2
ds” = (1—7)[dp -2 N 7,75dpdr+(1 7,75)2dr ]— N 7,75dr —-r (d@ +sin” 0d¢ )
(F.514)
finally arriving at
ds? :(1 —%S)dpz—2dp dr—r? (d62+sin26dq>2) (E.515)

with ds? = 0 for photons. Clearly, any divergent behaviour of ds? at r = rg is avoided.
The null-condition for radially moving photons suggests

rsy(dpy\2 _ _dp
( _7)(5) =22 (F.516)

with two distinct solutions: dp/dr = 0, i.e. p = const, and

dp 2 p
- = — = =71+ rgln(r —rg) + const (F.517)
dr 1-% 2
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With p one can define a new time coordinate ¢’:

t'=p-r=ct+rg-In(r-rg) (F.518)

such that the line element reads

ds? = (1~ %S)c2 ar? -2 Lrs dt'dr—(1+ %S)er ~%(d6? +sin? 6d¢?)  (R519)

It is perfectly regular for the entire Schwarzschild geometry and has for null-lines
ds? = 0 the two branches

{ct’ = —r + const. (E520)

ct/ =r+2rg-In(r —rg)

In analogy, one can define retarded Eddington-Finkelstein coordinates q instead
of advanced ones for outward moving radial photons,

dq:cdt—li

s
r

(instead of + sign) (F.521)

It is important to realise that the Eddington-Finkelstein coordinates approach
Minkowski-light cones at large distances from the black hole, and that they always
consist of a linear branch and a nonlinear one, making the light cone tilt towards
r = rg: After the coordinate change, this replaces the closing up of the light cones in
Schwarzschild coordinates. It illustrates the geometric origin of the event horizon.
For large distances, the outward travelling photon can reach even larger distances,
but at the Schwarzschild radius the outward travelling photon has to stay at r = rg,
and at smaller radii, the “outward” travelling photon actually moves towards smaller
radii.

F.8 Kruskal-coordinates

4 Kruskal-coordiantes combine retarded and advanced Eddington-Finkelstein coor-
dinates to construct effectively Minkowskian light cones.

{dp:cdt+adr — cdt=dp-adr (E522)

dg=cdt-adr - cdt =dg+ adr

with a =1/(1 - 775). As we need ¢?dt? in the Schwarzschild line element, we could
try out to substitute each of the two relations, each one providing one power of cdt:

ds? = %cz d? - adr? = %dp dg+dpdr-dgdr-adr?® - adr? = idp dg (E523)
after substitution of dp dr — dq dr = (dp — dq) dr = 2adr?, which is obtained by
differencing both equations in eqn. F.522. Therefore, the Schwarzschild line element

reads »
ds* = (1 - 75) dpdg (F.524)
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which is obviously a modified line element for light cone coordinates, and in
Minkowskian space at r — co one would recover ds? = dpdg. In fact, reintroducing
new spatial and temporal coordinates (cf, 7) through the conversion

cdf = 1(dp +dg) (£525)
d7 = $(dp - dg)

gives a line element that is even more reminiscent of Minkowski-space, again with a
prefactor approaching unity as r — co.

ds? = (1 - 2 )[cdP’ - d7? (E.526)

At this point it might appear very surprising that one finds light cone coordinates

with a conformal factor 1 - rg/r for a non-conformally flat spacetime with clearly
present Weyl-curvature Cqg,! This contradiction is cleared up by realising that the
argument only concerns the 2-dimensional submanifold in (ct, r), and there is no
problem arising as 2-dimensional manifolds are always conformally flat because they
are unable to support Weyl-curvature: The Riemann-tensor can then be written in
terms of the Ricci-curvature alone.

Apart from that, there is a technical issue: The conformal factor Q%(r)is 1 — 775
is zero at r = rg, but conformal factors are supposed to be strictly positive. To reach
conformal flatness we can introduce yet another coordinate transform (p, q) — (P, Q),

dp dq

dg2:(1—%)dpdq:(1—%)@EdeQ (E.527)

If the coordinate transformation can be constructed in a way that the conformal factor
1 -8 is absorbed into the coordinates, the line element would simply be ds? = dPdQ,
and one would have reached conformal flatness in the submanifold:

(1_%5)%(% 1 (F.528)
Kruskal’s really bright idea was the choice
P:+exp(+2L;s),Q:—exp(—zirs)—> %:%,i—(jz+% (F.529)
Then, the line element becomes
ds? = (1~ r75) 4. d?P%Q =(1- 775)4@ cexp (- 2% + 2%)dp dQ  (E530)
with the consistency condition
%(p—q):r+rs~ln(r—rs) (F.531)
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r= 2GM/62} ct+x, {r = 2GM/c?
t=-o00 . o vl t=+oco
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Figure 5: Causal structure of a Schwarzschild-hole, represented in Kruskal coordinates.
Reproduction by kind permission of I. Neutelings.

With this coordinate transform, the line element reads

ds> = 4(1 - )2 -exp (- —)-exp(~In(r - rs)) dP dQ (E532)
r rs
Further simplification with exp(—In(r — rg)) = # = % . 1_% then yields the Kruskal
line element ;
2 _ _M\s
ds® = 4exp rs) = -dPdQ (F.533)

where one power of rg has been added for consistency, as the line element has the

unit of a squared length and the coordinates (P, Q) are dimensionless. The conformal
factor is then ,
rs\’s

Q%(r) = 4exp(-2)2 F.534

(r) = 4exp (- =) (F534)

which is strictly positive and nonsingular everywhere with the exception of r = 0.
Fig. 5 gives an impression of the Schwarzschild-geometry in Kruksal coordinates,
in particular of a particle falling towards the centre of the Schwarzschild-geometry,
with lightcones that appear as Minkowskian ones due to the conformal flatness of the
submanifold in r and ct.

A compactification of a conformally flat spacetime leads to the Penrose diagram
shown in Fig. 6: Here, the infinities in x and ct are mapped to points in the corners of
logenze-shaped region with coordinate +1/2, by the mapping tan(u + v) = x + ct of
the Minkowski-coordinates x, ct to Penrose coordinates u, v.

Pasting together advanced and retarded Eddington-Finkelstein-coordinates leads
to the realisation that spacetime extends beyond the limits of the straightforward
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negative future
lightlike infinity (.#*)

v, future timelike

infinity (i*)

t =400

positive future
lightlike infinity (.#*)

negative positive
spacelike spacelike
infinity (i%) infinity (i%)
X = -0 X =400

4 _ / u
—1/2 | 1= /2

t = constant
Xx = constant

negative past

lightlike infinity (.#") positive past

lightlike infinity (.#7)

past timelike
infinity (i7)

Figure 6: Diamond of causality, in which spacetime has been mapped into a compact
domain. Reproduction by kind permission of I. Neutelings.

Schwarzschild solution., and compactification leads to the diagram shown in Fig. 7:
Here, the world line of a particle crossing the event horizon and falling onto the
singularity is shown, along with the associated light cones.

F.9 Reissner-Nordstrom black holes

Clearly, the Schwarzschild black hole with its highly symmetric spacetime as a
solution to the vacuum field equation R, is a very attractive starting point to find
solutions for the relativistic field equation, which is simplified dramatically due to
the symmetries and the absence of a source. There is, perhaps a bit surprisingly,
an analytic solution for the gravitational field outside of a spherically symmetric
matter distribution which is electrically charged: the 44 Reissner-Nordstrém black
hole. In this case, spherical symmetry and staticity is maintained, but the electric field
emanating from the charge distribution can propagate and its own energy content
can contribute to spacetime curvature in addition to the central mass. As such, the
solution is not a pure vacuum solution and possesses Ricci-curvature, sourced by the
nonzero energy-momentum-tensor of the electric field, alongside the Weyl-curvature
propagating away from the matter distribution.

With the same symmetry assumptions of isotropy and staticity, which suggests
the line element to be of the Schwarzschild type,

ds? = A(r) ¢ dt? - B(r) dr? — r* (dO” + sin 0d¢?) (F.535)

with two (possibly different) metric functions A(r) and B(r), one does not only to
solve the gravitational field equation but also the vacuum Maxwell-equation
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Figure 7: Penrose-diagram of a Schwarzschild black hole in the Kruskal extension of
spacetime. Reproduction by kind permission of I. Neutelings.

81G
g VaFy =0 & Ryy=-=" Ty(F) (F.536)

in a self-consistent way: The first equation provides the field F,, in vacuum for a
given spacetime geometry and defines source T,,, which in turn sources the Ricci-
curvature R, and fixes the geometry. At this point, please keep in mind that the
Maxwell-field, due to the masslessness of the photon, has a vanishing trace T of the
energy momentum tensor.

Let’s begin with the Maxwell-equation in vacuum, g** V,F,, = 0 or equivalently,

V,F* = 0. Writing out the covariant divergence

Vi FR = 9, B 4 T FPY 4T FHE (F.537)

B

shows that one term drops out, as a contraction of the symmetric Christoffel-symbol
FVM with the antisymmetric field tensor F#f. Then, the index structure suggests that
we can bring in the divergence formula for the index y, yielding

L

ﬁ

V,FFY = 9, F + r"Mﬁ FPv = I (v=gF") =0 (E.538)

The covolume is readily computed to be /=g = VABr? sin 6, implying that

d
E(VAB r’Fy) =0 (F.539)

as all other derivatives vanish as a consequence of the assumed symmetries, with
F; = d,A; — d; A, being the only nonzero field component. To make things specific,
we make the ansatz AM = ((D, 0,0, O) with the electrostatic potential ®, where none of
the entries of A, can depend on time. The field tensor with contravariant indices is
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then given by

rr  tt E

F't = gi’}‘-gtr FMV =g¢g"¢g" E;= _E (F.540)

directly from d;F,; = 0 and the radial electric field Jd,F,; = E, along with the metric
coefficients ¢’ and g'! (no summation is implied in the second last term!), finally
suggesting the differential equation

i( 2B )=0, solvedb E(r) = VAB. £ (E541)
dr\yaB’ v - r2 '

At infinity, one recovers Minkowskian geometry, as A — 1, B — 1 and k should be
equal to % in Gaussian units to yield the static Coulomb-potential:

E(r) = VAB- Q (F.542)

4rcr?

That would be the solution for the electric field for the - apart from symmetries
- yet unknown background spacetime. The energy momentum tensor Ty, of the
Coulomb-field is given by

1
Tov = 8% Bup - oo = 78 FpoF*° (F.543)
from the construction of Ty, from vacuum the Maxwell-Lagrange density S =

fd4xw/—g g"‘”gﬁ“’EXﬁFPw it comes out naturally as traceless (as an expression of the
masslessness of the photon),

1
T =g" Ty = 878" FipFyp = 78108" FpoF? = 0 (F.544)

with g,,¢"" = 6:: =4

The energy momentum-tensor T,,, now acts as the source of the gravitational field:
The vanishing trace implies that the Ricci-scalar is zero, too (that is in fact identical to
the Schwarzschild case as a vacuum solution), but the Ricci-scalar is otherwise liked
to the energy momentum-tensor through the field equation:

" (F.545)

The expressions for the Ricci-tensor are identical to those in the Schwarzschild case,
as the symmetries are identical:

E2
R” = —41G - E (F546)
E2
Rrr = +41G - K (F547)
EZ
Rgg = —47G - r2E (F.548)

only that the right side is nonzero due to the presence of the source T,,. Specifically,
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the source components read:

1 E?
Ty = g% FyoFo — 1 Fp(,FP“ =75 (F.549)
T, = g% F, F,y— ~ g, F poo ~ B (F.550)
rr TP ro 4 rr PU 2A N
Too = g°° Fo Foy — 900 F FPL—ZEZ (F.551)
00 = & Teples 48% oo = r2AB .
using the form of the metric tensor and its inverse, the antisymmetry F,, = -F,,

of the field tensor, and the expression F,;F?° = E.,F"t + F,, F' for the trace. In both
the Ricci-tensor and the energy momentum tensor, the information contained in the
¢, ¢-components is redundant with that in the 6, 6-component.

Proceeding with solving the field equation we obtain for the Ricci-tensor com-
ponents specifically the same result as in the Schwarzschild case. Starting with Bx
eqn. F.547 + Ax eqn. F.547 needs to vanish, from which one arrives at:

d
AB+BA=0 — —(AB)=0 — AB= . (F.552)
r

Then, eqn. F.548 together with eqn. F.542 suggests that

G-Q% 1
2
A+rA =c*(1- T ﬁ) (F.553)
which can be simplified using A + rA’ = %(rA) to give
2GM GQ
A(r)=c*(1- F.554
(r)=c ( < 4ch4r2) ( )
in analogy to the Schwarzschild case. Collecting all results and defining g = %
yields the Reissner-Nordstrém line element,
d?=(1-2+ iz) Qdro 1 g2 r2(d6? + sin” 8.d¢?) (E555)
ror? 2

1-2+ 4
as the spacetime geometry outside of a spherically symmetric matter and charge
distribution. There are a couple of interesting observations to make: Firstly, the
electric field E(r) is really a Coulomb-field in Schwarzschild coordinates, as AB = c?
one arrives at

Q

T 472

E(r) (F.556)

which is perhaps not too surprising since the radial coordinate r in the Schwarzschild
geometry is constructed to keep the scaling of surfaces o« 47r? fixed. Thinking of the
Gauf3-theorem applied to electrostatics one realises that the conservation of electric
flux is made sure by diluting the field over larger and larger surfaces at increasing
distance, such that the product remains constant. It is the particular construction
of the Schwarzschild radial coordinate that this argument applies exactly despite
curvature effects being present. Secondly, the new term proportional to g corresponds
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to the gravitational effect of the Coulomb field through its own energy content o E2.
Thirdly, all arguments on coordinate singularities apply likewise, as the Reissner-
Nordstrom geometry has a finite curvature everywhere (except r = 0).

There is, however, a surprising result concerning the coordinate singularities: The
line element implies a very interesting coordinate singularity structure:

2
ds? = (1- %S + L) ar - b ae- r(d6? + sin® 0.d¢?) (E.557)
T

shows that what matters are solutions to the quadratic equation r? — rrg + g% =

0. If zeros exist, the metric function in front of the dr?-differential can diverge.
The existence of solutions of a quadratic equation is decided by the value of the
discriminant, A = 1 — r75 + 'z—z. If it is negative, there are no solutions and the spacetime
is regular everywhere. If it is zero, then there is a single solution of the quadratic
equation and a single singularity arises. The interesting case is a positive discriminant:
Then, there are two zeros and consequently, coordinate singularities at two different

radii. From a physical point of view, the solution of

rsi,lrsz—élqz

P—rrg+49>=0 — r,= — (F.558)

is determined by the comparison of mass and charge,

rg > 4¢? 2 horizons
rg = 44? 1 horizon at g (E.559)

r§ < 44 no real valued solution — interpretation unclear

as the Schwarzschild radius increases with mass. Interestingly, a highly charged black

hole has no horizons at all. There are analogies to Eddington-Finkelstein and Kruskal-
coordinates that can deal with the double horizon structure, but their construction is
very technical.

F.10 Escape from a black hole

Almost every student asks the question, after the causal structure of black holes is
discussed, together with the impossible escape of photons form black hole if they are
emitted inwards of rg = 2GM/c?, whether a sufficiently powerful spacecraft could
escape.

Clearly, the spaceship is not in a state of freely falling motion but has non-
gravitational accelerations acting on it. A short answer would be that light cones form
the convex hull of all time-like geodesics, so the spaceship can at most travel inside
the light cones, for which we have derived the causal structure, most clearly in e.g.
Kruskal-coordinates.

Additionally, the causal structure is respected by magnetic forces: If they are
added to the geodesic equation, they constitute a source term on the right hand side

of the equation,
d o
% + 0 utu’ = —%F“ﬁuﬁ (E.560)
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with the velocity u® = dx%/dr, using proper time t as an affine parameter, which is
perfectly admissible as an affine parameter. u® is time-like, g, u"u" = ¢?, and this
normalisation is conserved. Using autoparallelity, the equation of motion is rewritten

as
q

ny uo =1
uhv, u® =
s m

FPuy, (E561)

Multiplying both sides with u, makes the electromagnetic term vanish, as a con-
traction of an antisymmetric tensor F* with a symmetric tensor uqug, while parallel
transport conserves the normalisation of u* because of metric compatibility;

U utVyu® = (uqu®) = 0. (F.562)

19
20t
In a sense the two concepts are completely independent and do not interfere with
each other.

In summary, the normalisation gaﬁuo‘uf5 = ¢? is conserved, even when electromag-
netic forces act, and the velocity u" will always be timelike. The causal structure
is such that timelike vectors are funneled towards the event horizon, carrying the
spacecraft into the black hole.
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G.1 Friedmann-Lemaitre-Robertson-Walker cosmologies

4 Friedmann-Lemaitre-Robertson-Walker spacetimes are highly symmetric solu-
tions of the gravitational field equation for a particular matter distribution: Even
though there is the cosmic large scale structure in the distribution of galaxies and
strong inhomogeneities, fluctuations in the matter distribution are thought to subside
approaching scales above a few hundred Mpc. This is summarised by the 44 cosmo-
logical principle, which postulates that the matter and consequently the geometric
properties of spacetime are homogeneous (they don’t change as a function of position
in the Universe) and isotropic (independent of the direction in which one observes
the dynamics of spacetime). The high degree of symmetry in the matter distribu-
tion allows to find a non-vacuum solution to the gravitational field equation, and
homogeneous and isotropic geometries sourced by ideal fluids constitute the class
of FLRW-cosmologies. Observations of distant objects show that spacetime on these
very large scales is dynamic.

Fundamental observers in a FLRW-spacetime are thought to be freely falling and
are stationary with respect to their surrounding matter distribution. Their relative
motion can be described by geodesic deviation, but every observer would naturally
center a coordinate system on her or his position (allowed by symmetry) and perceive
the properties of spacetime isotropically at every point. Is is perfectly possible that
the world lines have intersected in the past (this was in fact the case!) and they might
intersect in the future (which won’t be the case according to our understanding).
The first intersection point is called the Big Bang, and we’ll come to the dynamic of
congruences of geodesics at a later time.

A natural choice of the time coordinate is then the proper time 7 of those observers,
which need to be identical for every world line, again as a consequence of homogeneity,
motivating the definition of synchronous time ¢. Spatial coordinates are defined to be
comoving, meaning that every freely falling object stays at its respective coordinate.
This defines a slicing of spacetime into spatial hypersurfaces of constant time, and a
threading of spacetime in terms of world lines with a common passage of synchronous
coordinate time.

The metric defines for an arbitrary set a measurable spacetime distance in form of
the line element,

ds? = guv dxtdx” = 2 di? - gij dx'dx’ (G.563)

The orthogonality of spacetime slices and threads suggests the separation into
the temporal and spatial part of the metric. The line element measures the length
of a world line which is perceived by the observer as her or his elapsed proper
time, ¢2dt? = ds? = ¢2d#? if dx’ = 0 for comoving observers, and therefore T = t:
Synchronous, physical time is measured by clocks of the fundamental observers, and
elapses identically for everyone.

A particle at rest follows a world line defined by

xa:(cof) . ua:%x“:%x“:(c) (G.564)

and the tangent u* needs to fulfil the geodesic equation - otherwise the particle could
not be freely falling.
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In fact,

d o
d”T +T%, uhu¥ =0 (G.565)

is fulfilled because the specific form of the tangents u! requires just a single
Christoffel-symbol,

re —g—aﬁ(a +0; gyt — Ip &) = 0 (G.566)
=5 t 8tpt Ot 8pt — Op 8t ) = .

which is necessarily zero: The changes of u! vanish and the particles stay at their
comoving coordinates.

Symmetry requires that the metric g;; can only be a function of ¢. In a frame where
gij is diagonal isotropy must hold, too, so all three eigenvalues must be identical:

ds? = c? dt* - a*(t)g;; dx'dx (G.567)

where §;; can be Euclidean, §;; = y;;, but it might as well be possible that the
spatial submanifold has a constant (otherwise homogeneity would not hold) spatial
curvature. Allowing for this case, the FLRW-line element assumes the shape

dr?
1—kr?

ds? =c? d* - az(t)[ +1r2d6% + r? sin? 6d¢2] (G.568)

with the scale factor a(t). The Euclidean case is recovered by k = 0. Spatially non-flat
universes would have k = +1 if they are spherical with a positive curvature, and
k = —1 if they are hyperbolical with a negative curvature.

G.2 FLRW-cosmologies and their Ricci-curvature

FLRW-cosmologies are highly symmetric spacetimes. In what concerns the spatial
part, they are maximally symmetric (also called a maximally symmetric 3-space), and
one can write the Riemann-curvature as a function of the Ricci-scalar and the metric
alone:

R
ROCI3}4V = ﬁ (goqtgliv - gavgﬁ},l) (G.569)

which is traced back to the fact that there is no Weyl-curvature Cgg,, = 0 and that the
Ricci-tensor comes out proportional to the the metric, Rg, = R/4 gp,, self-consistent

with glﬂvRﬁv =R/4 gﬁvg{gv = R/4 6E = R. Here, the Ricci-scalar is only a function of
time, in accordance the symmetry requirements.

The physical reason for the absence of Weyl-curvature is not only that FLRW-
solutions are non-vacuum solutions, but also that there are absolutely no propagation
effects of gravity, as the densities on every spatial hypersurface are constant. Ab-
sence of Weyl-curvature implies conformal flatness and Minkowski-light cones in
conformal coordinates, and it is the case that the scale factor a(n) is exactly the con-
formal factor ()(1). Due to their spatial symmetry, FLRW-spacetimes are effectively
two-dimensional, and can only sustain Ricci-curvature. In the extreme case of a
A-dominated FLRW-universe, as will be established in the distant future, spacetime
will become maximally symmetric in all coordinates, as the Ricci-scalar will be given
by 4A and will be constant in time. This follows directly from the trace of the field
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equation, keeping in mind that all fluids with be diluted to vanishing densities, such
that T, — 0.

G.3 Conformal flatness of FLRW-cosmologies

FLRW-cosmologies are systems with pure Ricci-curvature, and as their density on
any spatial hypersurface is constant, the Weyl-tensor is necessarily zero: There are
no propagation effects of gravity. As the Weyl-tensor vanishes, C.g,,, = 0 the FLRW-
spacetime is conformally flat and coordinates can be found where the metric can be
written as

&uv = Q2 ()1 (G.570)

where the conformal factor is in this particular case only a function of time; and
the suitable coordinate choice are conformal coordinates, the spatial part of which
is usually called comoving. Specifically, the line element for a spatially flat FLRW-
cosmology in physical time t and comoving coordinates r reads

ds? = c2de? - a?(t) (dr2 +r? (d62 +sin? 9d¢2)) (G.571)
If one defines conformal time dn = % - 1= J % # t one obtains a new temporal

coordinate different from physical time. While the length of the world line of a
particle at rest is measured in terms of proper time 7,

2di? =ds’=c*dt? > =t (G.572)

such that proper time T and coordinate time ¢ come out equal, and must be equal

everywhere due to the cosmological principle, conformal time intervals dn = dt/a(t)
have been short in the past and slow down as a(t) expands, and catch up with d¢
today. In fact, the scale factor a(t) plays the role of the conformal factor Q)(t), as in
these coordinates the line element reads

ds? = a?(1) (62 di? —dr? + 12 (d92 +sin? qu)z)) (G.573)

For radial (which can always be achieved using the cosmological principle, that
allows to centre the coordinate frame on the observer such that d6 = d¢ = 0 along
the photon trajectory) light-like geodesics, one obtains

ds? = a(t) [?d? = dr’] = 0 (G.574)

and the scale factor as the conformal factor does not have any influence on light

propagation, if measured in terms of comoving radial coordinate r and conformal
time T, in fact, in these coordinates one has perfectly conventional Minkowskian light
cones, cdn = +dr and from that, cy) = £r. Whether the light cones expand to positive
or negative infinity in terms of physical time instead of conformal time, depends
on the relation dn = dt/a(t) which might be divergent in which case a 44 horizon
appears.
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Figure 8: Compactification of the spacetime diagram for FLRW-universes. Reproduction
with kind permission of I. Neutelings.

G.4 Spatial curvature of FLRW-cosmologies

Perhaps a bit surprisingly, spatial curvature k # 0 which affects the scaling of the
surface of spheres with their comoving radii, does not imply deviations from confor-
mal flatness as spacetime property: Homogeneity and isotropy as symmetries are still
present, requiring the absence of Weyl-curvature, which in turn ensures conformal
flatness. A general FLRW line element including spatial curvature is

1
1—kr?

ds? = a® [czdrl2 - dr? - r? (d62 +sin? 6d¢2)] (G.575)

where k = —1 corresponds to negative, hyperbolic curvature, for which we define a
new radial coordinate r = sinh x with the derivative dr/dx = cosh x, implying

cosh? X

ds? = a2 [¢? drf - dx® - sinh? x - (d6? + sin? 0d¢?)| (G.576)

1 +sinh? x

with cosh? x = 1 + sinh? , and one finds again Minkowski light cones for radial
photon geodesics, ds? = a? - (C2 d? - dxz).

Similarly k = +1 corresponds to a spacetime with positive, spherical curvature.
Definition of a new coordinate r = sin x with the derivative dr/dx = cos x then
suggests for the line element,

cos? x

1 —sin? X

R G U dx® - sin’ x- (d6? + sin” 6.d¢?)| (G.577)

with cos? x = 1 —sin? x. Then again, radial photon geodesics will come out as
Minkowskian. It is even possible to redefine conformal coordinates as light cone
coordinates,
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du=3(cdn-dx) and dv=_(cdn+ds) (G.578)

where the line element would read ds? = 4a?du dv, implying dudv = 0 for photons.

The geometric interpretation of spatial curvature k # 0 is a non-Euclidean scaling
of areas and volumes of spheres with their comoving radius (at a fixed time). Embed-
ding spatial part of a spherically curved FLRW-spacetime into a 4d Euclidean space
can be done with the transformation

x = Rsin x sin 0 cos ¢ (G.579)
y = Rsin x sin 0 sin ¢ (G.580)
z = Rsin x cos O (G.581)
w = Rcos x (G.582)

with the constraint x? + y2 +z2 +w? = R?, defining the manifold. With this embedding,
one can compute the area A of a sphere with radius R,

T 21
A= JdGRsindeq) Rsin xcos 6 = 4nR? sin? x (G.583)
0 0
as well as the volume V,
byd T 21
V:jdeJdGRsinxJ&?Rsinxcos6:21'(2R3 (G.584)
0 0 0

Because sin’ x < 1 always, one obtains for positively curved spherical FLRW-
cosmologies surfaces that are smaller than that in a Euclidean space. Repeating
the exercise for hyperbolic, negatively curved cosmologies yields A = 4nR sinh? x,
and systematically larger areas, as well as a divergent volume V, both as x — co.

G.5 Cosmological redshift

The dynamics of the FLRW-spacetime has the effect that photons arrive at an observer
4 redshifted lower frequency (or higher wavelength), caused by the changing geome-
try between emission and observation. To make the point that the lower frequency
caused by the increase in scale factor is a transformation effect, we can try the follow-
ing: Photon propagation is most conveniently described in conformal coordinates,
where absolutely no property of the photon changes with time. What changes, how-
ever, is the definition of the scalar product that is needed to project the wave vector
of the photon k" onto the world lines of the emitter and observer represented by the
tangent u¥, thereby defining the frequency w = g, u*k". w is a physical observable
and comes out, as a scalar, independent of any coordinate choice for g, u" and k¥.
In conformal coordinates metric reads

+a2 0 0 0
0 -a2 0 0
g =] o o -2 o (G.585)
0 0 0 -a?
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such that g,, = 1, at a = 1, i.e. today, and provides the scalar product for projecting
kt* onto ut.

The motion of galaxies is purely timelike along the ct- or c#-direction, and in
conformal coordinates every galaxy and every observer stays at their comoving
coordinate: dr = 0. The tangent u* = dx#/dt = dx#/dt is normalised to c?, so we get:

c c
Sy uhu = = gpulul —  ul= =-

V8&m 4

(G.586)

because of the motion along the c#-direction only the #-entry of u! is nonzero.
Photons follow null geodesics, so
czdnz—dr2 =0 -

cH = +r (G.587)

with a wave vector k' = dx*/dA, using an affine parameter . k* is normalised to
zero, gwk“kv = 0 and has the entries k¥ = (w/c, k). Then, the projection of the wave
vector k! onto the tangent of the world lines of comoving systems u" is given by

wc
az.ff

W' = guktu? = a?ky" = =aw (G.588)

ca

w’ is the frequency today, where a = 1 by convention. Reformulating the result in
terms of wave length with the dispersion w = ck (coming from g,,, k'k" = (w/c)®>—k? =
0) and k = 21/A then implies

== (G.589)
a
such that the redshift z is defined as

z—L_)‘—l 1 - a= !
TN a T 14z

(G.590)

G.6 Cosmological horizons and causal structure

The introduction of conformal coordinates brushes over the fact that depending on
the cosmology photons are only given a finite time to propagate and can only reach
finite physical distances, both coming from the finite past or traveling into a possibly
finite future. Effectively, we ask the question whether there are limits to the light
cones, which are not apparent in terms of conformal coordinates. The <4 particle
horizon is the limitation of the past light cone caused by a finite age of the Universe.
The maximum distance a photon could have traveled since a = 1 is given by

tod 0

t

rPH_CJ‘Z_CIdY]
ti

—00

(G.591)

where for an actual computation one needs H = d/a. The origin of the conformal
coordinate system in time is conveniently chosen to be 1 = 0 today. The 44 event
horizon is the maximum distance that light emitted today could possibly cover in the
future:
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ty d +oo0
t
TEH = CJ- i CJ- dn (G.592)
t 0

where it is clear that the behaviour of 1/a(t) is the decisive quantity that causes the
integrals to converge or to diverge, while the a(t) relation itself as a solution to the
Friedmann-equation depends on all gravitating fluids and their properties p and w.

G.7 Friedmann-equations

Substituting the energy-momentum tensor T,, into the gravitational field equation
and solving for g, which in turn is needed for the motion of the fluid according to
gV, T,y is a nice example of how gravity, geometry and motion work together. Our
starting point is the FLRW-metric

1
1—kr?

ds? = c2de? - uz(t)( dr? + 12 (d@2 +sin? 6d¢2)) (G.593)

with the choice of using physical time ¢t (identical to proper time T of comoving ob-
servers) and comoving distance r as coordinates: this is referred to as the synchronous
gauge, as the metric is constant on a spatial hypersurface defined through a constant
value of t. We have already made the point that the FLRW-spacetime is conformally
flat and has only Ricci-curvature. There is a single parameter, k, which determines the
spatial geometry on a spatial hypersurface, and the only dynamic degree of freedom
is the scale factor a(t), which changes the distance definition on each hypersurface,
moving from ¢t to another time #’. It is a convention to set a = 1 today - there is a
priori no particular instant in time defined singled out by the FLRW-metric, so we
may bring in this human element.
Substitution of this metric into the field equation

R 811G
Ry - 28w = 7C—4TIW - Agu (G.594)

with a homogeneous and isotropic ideal fluid (the symmetries of the fluid need
to be consistent with the symmetries of the metric, and the fluid can only be ideal
as it otherwise would not obey local energy momentum conservation) yields the
Friedmann-equations as dynamical equations for a(t).

Turning to the energy-momentum tensor T, as the source of the gravitational
field and its covariant energy momentum conservation g** VT, = 0 (which we have
already shown to be equivalent to the equations of relativistic fluid mechanics on a
possibly curved background), one realises that the cosmological principle requiring
a homogeneous and isotropic fluid makes sure that the Euler-equation is trivially
fulfilled: There are no spatial gradients in p that would accelerate the fluid by non-
gravitational forces. In fact,

(0+ %) ¢ 1V, 1y = —gOt (% ~ &u) Vap (G.595)

suggests that the relevant driving gradient in p gets projected onto a plane perpen-
dicular to u*. The FLRW-symmetries disallow d;p in this hyperplane, but do not
restrict d;p. That component however, is in our coordinate choice perpendicular to
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the hyperplane, so it can not affect the motion of the fluid. From that we conclude
that g°* u,V, u, = 0, which is just the autoparallelity condition: The fluid elements
follow geodesics.

The continuity equation, however, is not trivial and reads

g [Va (pczu}‘) + pVauM] (G.596)

Rewriting it in terms of a divergence

Vu(pczu“) +pVuut =0 (G.597)

using metric compatibility and using the divergence formula bringing in the covol-
ume /=g
Iy (\/—g(pczu”)) +pd, (ﬁu”) =0 (G.598)

reduces to a considerably more simple shape using comoving coordinates: There are

only derivatives d; and only u’ = ¢, while \/=g = ca®:

p+35(o+5)=0 (G.599)

There is an intuitive but potentially misleading reinterpretation of the continuity
equation in the form of the adiabatic equation: While the mathematics is certainly
correct, the physical interpretation is a bit problematic. Establishing the relation
between the dp and da differentials,

p\da _
do+3(p+ C—z)7 =0 (G.600)

and multiplying with a3 one can use the Leibniz-rule to write

d(pcza3) =—pd(a® (G.601)

which seems to suggest that the change in energy, given by the energy density
multiplied with the volume 43 is equal to the work done by changing the volume
against the pressure p, reminiscent of the first law of thermodynamics. Please keep
in mind, however, that pressure enters the field equations as a source of gravity and
that there are no gradients in p that could perform work.
But the argument suggests a new question: Where is the limitation in the relation
between pressure and energy density? Taking the trace of the field equation yields for
the Ricci-scalar R

R(t) = % T +4A (G.602)
C

with the trace of the energy-momentum tensor T
T=g"[(p+ %) Uty = p G| = pc* = 3p (G.603)
such that one arrives at
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8nG

R(t) = = (pc” = 3p) + 4A (G.604)

which suggests that the Ricci-curvature is positive for all fluids with equation of
state w < +1/3, and in the absence of a cosmological constant a fully radiation
dominated Universe would have a vanishing Ricci-scalar, R = 0! Of course that is a
direct consequence of the masslessness of the photon that already makes sure that
T = 0, and would not imply that there is no Ricci curvature at all: The Ricci tensor

would still be non-vanishing.

Then, one needs the Ricci-tensor R, as well as the Ricci-scalar R(¢) for the field
equation, following the chain g, — I}, — Raguy = Rpy — R, for which there is
really no shortcut (apart from the Cartan-formalism). It’s important to realise that
the Ricci-tensor comes out proportional to the metric, as required for maximally

symmetric spacetimes, and therefore diagonal in our choice of coordinates,

R, =32 (G.605)
a
-’ YY) 2
Ry = krz(aa +24d% + 2c7k) (G.606)
Roo = ——g(ad + 2 + 26k (G.607)
r
Ry¢ = Rgg - sin” 0 (G.608)
such that contraction g"'Ry,, = R yields the Ricci-scalar R,
6 4 (a2 ck

Substitution into the gravitational field equation G, = —8mG/ct Ty — Aguyand
separating d from d then yields the standard form of the 44 Friedmann-equations

i  4nG Ac?

—=—-——1 —_— .61

p 3 (I+3w)p+ 3 (G.610)
and 5 X

a2 8nGp Ac® ¢k

-] = —_ G.611

(a) * 3 * 3 a? ( )

which relate the evolution of the scale factor a(t) to the presence of gravitating fluids,
curvature and the cosmological constant. In parallel, covariant energy momentum
conservation g**V, T, = 0 yields in these coordinates the adiabatic equation

Cisn+w)l =0, (G.612)
p a

from which the evolution of standard fluids with constant equation of state w can
directly be read off: The equation is equivalent to d;In p = —=3(1 + w)d; In a, which
is solved to be p oc a~3(1*%), 50 one obtains naturally p oc a=3 for matter, p oc a~* for
radiation and a constant p for the cosmological constant.

For a single dominating fluid at critical density it is possible to relate the equation
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Table 4: Equation of state parameter w, deceleration parameter q and physical examples of
cosmological fluids

w 9
+% +1  relativistic particles, e.g. photons
+0 +% non-relativistic matter
—% +0  pure curvature, empty universe, like a fluid w = —%
—% ...—1 q<0 darkenergy models, accelerated expansion
-1 -1 A, like a fluid with eos w = -1
<-1 < -1 Big Rip, diverging scale factor after a finite time

of state directly to the deceleration

g=-— (G.613)

with this funky relationship:

3(1+w)=2(1+q) (G.614)

summarised in Table G.7.

Fluids with positive equation of state have an attractive effect and slow down
the expansion of the Universe, but as a increases, they get diluted: p oc a=31%) is
a decreasing function for all w strictly larger than —1. Therefore any expanding
Universe will work its way towards smaller values equation of state as time passes.
But as soon as w < —1/3 something interesting happens as the deceleration changes its
sign: g > 0 for all fluids with w < —1/3, such that the expansion of the Universe gets
accelerated if the Universe has gotten large enough, that the densities are sufficiently
small. Weirdly, an empty and therefore maximally hyperbolically curved universe,
expands at a constant velocity: g = 0 for w = —1/3, and therefore 4 = 0, from which
one integrates d to be constant and a to be a linear function in time: There is no
gravity that changes the state of motion. While this may seem as an odd result, please
keep in mind that in a completely empty (and therefore hyperbolic universe) there is
no matter content that could by its gravitational action change the state of motion of
spacetime! Or, if you prefer a fancy argument, one can invoke the 4 Birkhoff-theorem:
There is no gravitational dynamic outside a spherically symmetric matter distribution:
Surely, FLRW-universes are isotropic, and because there is nothing inside, one deals
with a vacuum solution, and therefore, the universe is in a state of inertial motion
with constant 4. Equations of state w < —1/3 are typical for dark energy and cause
acceleration with a negative q. The extreme case is the cosmological constant A with
w=-1.

The logarithmic derivative of the scale factor as a function of time defines the
Hubble-Lemaitre-function

(G.615)

which defines the A critical density pi; as a scale. Multiplying the first Friedmann-
equation G.611 with 1 = H(z)/Hg yields

(E')z :+8nGp +A7c2_ c’k

. o (G.616)

a
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so that we can identify
3H]
Pcrit = % (G-617)
with a numerical value of about 1072°kg/m?, roughly a few ten atoms per cubic
metre. Equivalent to the density scale is the Hubble-length
c

= — G.618
XH H, ( )

roughly 102°m in size. Redefining the terms in the Friedmann-equation by introduc-
ing the density parameters Qx
On=-21 0p=2(L), 0p=-k(S) (G.619)
= y = —\— ’ k = - — .
"ot 3VHy Ho

(please watch out for the minus-sign in the definition of (;: negative curvature k < 0
has a positive (;!) brings the first Friedmann-equation in the standard shape
Qﬂl

Q
Hz(t):Hg(?+QA+a—2k) (G.620)

which helps us to understand the meaning of critical density: As H(t) = Hypata =1
necessarily,
Qu+Qr+Qp=1 (G.621)

so that spatial curvature can only arise if the densities do not add up to the critical

density. It seems natural that the gravitational field equation links the dynamics of
the metric and therefore geometric properties of spacetime to the gravitating effect
of all substances, but interestingly, we can use the field equation as well to assign
properties of material substances such as p and p (or equivalently w) to a geometric
property (curvature) or a phenomenon of gravity A.

G.8 Cosmological constant A

The numerical value of the 44 cosmological constant A = 107°m~2 implies that it can
only play a substantial role on scales of 102°m an above, corresponding to the size
c/Hj of the observable Universe. The first Friedmann-equation shows that ultimately
a continued expansion will necessarily lead to a A-dominated Universe,

a Q Qy
Tty 22+ D0y - HoEn (G.622)

substantiating the idea that the cosmological fluids dominate in the order of de-
creasing equation of state w if the expansion is monotonic, 4 > 0, i.e. if there is no
recollapse of the Universe. Similarly, the second Friedmann-equation shows that the
dynamics will be dominated by A because p is increasingly diluted, p — 0:

d 4rG  Ac?

e (G.623)
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in a way that 4 becomes proportional to a as well as 4 as the expansion becomes

exponential,
Ac?
a(t) ~ exp (w/%t) (G.624)

leading to a deceleration of q = —da/a®> = —1.

G.9 Size and age of FLRW-universes

It is a funny realisation that the age of the Universe as the elapsed time between
a = 0and a = 1 can be finite or infinite, depending on the cosmological model; in
fact, whether the point a = 0 is reached in a finite past is determined by the matter
and energy content of the FLRW-cosmology, and usually high densities of matter or
radiation cause that time to be finite.

To be exact, the age of the Universe would be the elapsed coordinate time (and
hence the proper time) of a comoving observer, who has the right to center the
coordinate frame onto herself or himself. Then, dr = 0 and the age of the Universe
corresponds to the length of the observer’s world line. H = 4/a implies dt = da/(aH)
from the Hubble-Lemaitre-function, and therefore

t 1 1

da 1 da

0 0 0 ay g+ 7 +Qa

where the inverse Hubble-Lemaitre constant 1/H, =~ 10'”s determines the scale of
the age of the Universe. While fluids with an equation of state w > —1/3 tend to
make the integral converge, very negative equation of state parameters w < —1/3
will cause infinite ts. A good example is a pure A-dominated Universe, where the
Hubble-Lemaitre-function is constant.

In this particular case,

1

t 1 1
da 1 da 1
t=|dt= =— | === |4dl 62
f aH(a) ofﬂ Hoj ne (G.626)
0 0 0

0

diverges logarithmically.

A related question is whether the Universe will exist an infinite time into the
future. Coming back to the example with a A-dominated Universe as ours, the scale
factor will increase exponentially in time, a(t) = exp(VAt), such that there is a finite
a given at every time. The integral

t (oS
da 1
t‘Jdt‘JaHuz)‘HT)
0 1

is divergent, too. In contrast, high values of the equation of state parameter w will
make the integral convergent. A weird example is an empty, hyperbolically curved
universe with QO = 1 and w = —1/3. Then, the age is

e

da = L dlna — oo, (G.627)
a H()
1

——3
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Figure 9: Evolution of the scale factor a(t) over time for a two-component fluid, with
Q,, = 0.3 and Qx =1 -Q,,, with the equation of state w.
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- = .62
t , J‘da Hy (G.628)
0

i.e. finite, and the Universe will continue to exist into the infinite future. Fig. 9
summarises the influence of a fluid with the the equation of state w onto the evolution
of a(t) and indirectly on the age of the Universe, alongside a conventional matter
component with Q,, = 0.3. Clearly, equations of state w > —1/3 lead to decelerated
expansion while w < —1/3 accelerate the growth of a with time. Circumstantially, the
age of the Universe tends to be lower for fluids with large positive equation of state,
due to their strong gravity.

G.10 Quintessence: dynamical fluids with varying w

Up to this point, the equation of state w = p/(pc?) was a property of the fluid and
expressed an intrinsic, unaltering property of the substance sourcing the gravitational
field, for instance relativistic matter with w = +1/3 or nonrelativistic matter with
w = 0. Interestingly, it was possible to map curvature as a property of spacetime
onto a fluid with w = —1/3 or to think of the cosmological constant as a substance
with w = —1. It is even possible to design an artificial fluid with a given QOx and an
equation of state wy that reproduces any expansion history H(t) that one might think
of, if one has the freedom to choose a function wx(t). Vice versa, it is an interesting
question if one could take this one step further and not only generate any Hubble
function H(t) with the freedom to choose wx(t), but to set up a field that changes
by interaction its gravitational properties such that it can vary its own equation of
state: That is the foundational idea behind <4 quintessence, the fifth substance after
radiation, matter, curvature and the cosmological constant, substance meant here of
course in a gravitational sense.

The quintessence construction starts with a scalar field ¢ which can only depend
on t in accordance with the cosmological principle. ¢ can interact with itself in the
sense of particle physics through the potential V(¢), a suitable Lagrange-function
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would be |
L£(9,Vabr g = 5 8 Vad Vo = V(§). (G-629)

Apart from direct self-interaction the scalar field ¢ sources a gravitational field as it
provides a nonzero energy momentum tensor, so as it evolves dynamically it does
that in a varying geometry; in fact, it is best to think of the dynamical equations
for ¢ and for g, (or a(t), which is the only degree of freedom in the metric if the
FLRW-symmetries apply) as a coupled system with a joint solution.

Substitution into the corresponding Euler-Lagrange-equation for a scalar field ¢
on an arbitrary and possibly curved background yields a wave equation with a source

term
dv

B —
ga[ VaV[S(T’ - _@

(G.630)

which is effectively a Klein-Gordon-equation with a driving term. It can be inter-
preted as the covariant divergence of the vector v, = Vo = d, 9,

1

8% VoV ¢ = g% Vo v = Vo (8 vp) = Vo 0 =

9o (V=8 2%0)  (G.631)

The covolume /=g is quickly derived for the FLRW-metric to be /=g = ca3(t) and
cosmological principle makes sure that there are only variations along the ct-direction,

such that d, — Jy:
v%igaJ@a“q;): %-(3a2d¢+ )=+ 324; (G.632)

such that the final Klein-Gordon-equation on a FLRW-background with scale factor

a(t) reads

.a dv
¢+3;¢,: _E (G.633)

where we recognise the Hubble-Lemaitre-function H(t) = 4/a. The energy-momentum
tensor T, as the source of the gravitational field can be derived from the Lagrange-
function and is covariantly conserved as £ does not explicitly depend on the coordi-

nates, g“”VaTw =0,

oL
TV'V = mvv q) - g}“/ L (G634)

specifically for the particular Lagrange-function,
1
Tuy = VudVub = g 5 8°F Va VP + V(g (G.635)

which we view in terms of the energy-momentum tensor of an ideal fluid,

T = (P+ C%)uuuv—Pgw (G.636)

in order to be able to identify terms involving the field ¢ and its derivative ¢ with the
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fluid-mechanical quantities p and p. The actual entries of T, can then be computed
by enforcing the FLRW-symmetries, where only t-derivatives are present; we identify
the tt-component with the energy density pc? of an ideal fluid

Ty = (p+ c%) Uty — pgyy = pc’ (G.637)

as uy, = (c, 0) in the comoving frame, and the trace gijTij with the pressure,

g = (p+ C%)gijuiuj -pglgij=+3da’p, (G.638)

where the trace gijgi]- only encompasses the diagonal elements of the metric and
yields —3a2, while the first term gifuiuj does not contribute, as the spatial components
of u, are zero: the fluid is at rest in the comoving frame. Comparing these two
expressions with the energy-momentum tensor T,, of the field ¢ then yields for the
tt-component

1 1.
Ty = did- i d—gi - 58“ 0 b I b+ V(d)gy = 5432 + V() = PCz (G.639)
and correspondingly for the trace over the spatial components
. o1 ” 1.
§Tyj = ~¢'1i;58" ipdi-+ 818 V(@) = 3a% (547 - V@) =32 (G.640)

Collecting the results yields for the equation of state w:

(2

P - & —2V(9) (G.641)
pet P +2V(d)

which is an amazingly interesting result: The coupled system of the Klein-Gordon-
equation and the Friedmann-equation allows a simultaneous evolution of ¢ and
a. ¢ and ¢ determine the energy-momentum tensor T,y and define the two fluid
properties pc? and p that enter the Friedmann-equation as source properties. The
Friedmann-equation in turn provides the solution for a(t) for a given fluid, and a(t)
enters the Klein-Gordon-equation as d/a. Phenomenologically, one obtains a time-
varying equation of state w from the dynamics of the field ¢ If the field is static, ¢ = 0
and the equation of state w is equal to —1. In this case, ¢ mimicks a cosmological
constant. But it would be natural that ¢ is accelerated by the gradient in V(¢), as
determined through the Klein-Gordon-equation, so ¢ increases at the expense of
V(¢), and w will move away from —1 towards less negative numbers. In summary, the
coupled system of differential equations for ¢(¢) and a(t) allow the construction of
a Friedmann-universe with a dynamical fluid; the freedom to choose the equation
of state function w(t) is mapped onto the choice of the potential V(¢) and initial
conditions for ¢. Effectively, one obtains repulsive gravity in the limit ¢ < V(¢),
making quintessence a possible explanation of 44 dark energy.

Taking things to extremes are maximally flat spacetimes: While the FLRW-universes
only sustain a scalar Ricci-curvature, it can still be a function of time, while any vari-
ation with position or direction is excluded by the cosmological principle. A flat
universe dominated by a cosmological constant A has a constant Hubble-function
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d/a = d1na/dt, as it expands with a o exp(+VAc2/3t). The Ricci-curvature becomes
then constant as well: The terms in eqn. G.609 will be

6 rd (a\2
R(t)zﬁ[;-'—(g) ]—>R=4/\ (G.642)
and a corresponding expression for the Riemann-curvature as
A
Roppy = 3 (gorug[iv - gavgﬁp)» (G.643)

With our current evidence of A = 0 this highly symmetric spacetime will be reached
asymptotically in the distant future. An alternative way to reach this result would be
to take the trace of the field eequation,

R
gw(Rl” - ng) =-R=-Aglg,,=—4A — R=4A (G.644)

while considering the limit T,,, — 0, which is reached in the distant future when all
fluids are diluted beyond measure.
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H.1 Weak field gravity and gravitational waves

The gravitational field equation is a nonlinear, hyperbolic, partial differential equation.
We have already encountered that the nonlinearity forbids the usage of a Green-
function method for finding constructing solutions for a given T,,,, so that we can
only hope to find solutions for very simple matter distributions such as the black hole
solutions or the FLRW-cosmologies. While the gravitational field equation is certainly
compatible with the Poisson-equation in the limit of small spacetime curvature for
static matter distributions, it is a sensible question whether (i) there are gravitational
effects that can be attributed to motion in the sourcing matter distribution, and (i7)
the gravitational field can show dynamical behaviour on its own, in the form of
wave-type propagating excitations: This would be natural for a hyperbolic PDE. If
one replaces the Laplace operator A = '/ 0;d; in the Poisson-equation A® = 4mGp
(setting A to zero for that instance) with the d’Alembert-operator O = ¥ d,,0d, as
the relativistic invariant constructed from d,,, one obtains a typical wave equation
O® = 92,® - A ® = -4nGp with excitations travelling at the speed c away from the
source p, irrespective of the frame: this is exactly the expression of hyperbolicity,
i.e. the notion of a relativistically invariant light cone with wave-type excitations
propagating along null-lines: Substitution of a plane wave ® o exp(+ik,x") shows
that y"Vktk* = 0 and that w = *ck.

Incidentally (and I thank T. Baumgarte for this argument), requiring the matter
distribution p to be homogeneous cancels the position-dependence of @, yielding
0%,® = —4wGp, reminiscent of the second Friedmann-equation! This underlines the
reasoning that depending on symmetry, black hole solutions, FLRW-solutions and
wave-type solutions should naturally come out of the gravitational field equation at
similar levels of symmetry (which deactivates certain derivatives), and that only in
the limit of weak gravity one can expect to recover a pure wave equation.

H.2 Nonlinearities in the field equation

The gravitational field equation is naturally nonlinear due to the construction of the
Ricci-curvature from the metric. This is pictorially summarised in the schematic

v I“"ylv - Regpw — Rpy — R (H.645)
gdg T’ ~(gdg)?  g%dg §dg

ol ~d(gdg)  gd(gdg)  g*d(gdg)

where clearly contractions between the metric and its derivatives are needed for
computing the curvature. If symmetries are present, the complexity is significantly
reduced because in a suitably aligned coordinate system, the partial derivative of the
metric with respect to the coordinate direction in which a symmetry is present, would
be zero: We have encountered this in the case of the Schwarzschild solution and the
FLRW-cosmologies. Additionally, both these solutions have defined natural scales,
the Schwarzschild radius r; = 2GM/c? and the Hubble distance ¢/Hp. In contrast,
classical gravity in three dimensions and more is scale free, as the potential follows
a power law, as long as effects of the cosmological constant are neglected on small
scales, < 1/VA, reiterating the argument that the cosmological constant is a perfectly
admissible feature of classical gravity.
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From a conceptual point of view, we will formally and not just by analogy join
weak perturbations h,,, of the otherwise Minkowskian metric #,,,

Suv = M + Iy with  |h, | <1 (H.646)

with the gravitational potential ®, the gravitomagnetic field A; and the gravitational
shear h;;. It should be emphasised that in this process one loses general covariance
as this decomposition with weak perturbations makes statements about individual
entries of hy,,, and their smallness compared to one can only be made in a preferred
coordinate system. There is, however, residual Lorentz-covariance pertaining to non-
accelerated frames of reference, i.e. a transformation law of the form

I = A A B (H.647)

with Lorentz-transforms AM"‘.

H.3 Gauging of the metric
Transitions from one coordinate choice to another
xt — xM = xt 4+ EH(x) (H.648)
where the differential function £!(x) defines the transform. The corresponding

Jacobian is given by

ax't aEr

_ sH 2
S =5+ 0 (9%¢) (H.649)
with its inverse Jacobian
oxH et oEH 5
T 0(2%¢) (H.650)
so that
ax’* odxV _(H (98‘ v QEV o~ shsv an (9{,” va(t.,V G
S 9 = (a) axv)'(éﬁ_ ax'ﬁ)_ ol & “S 85 = % (H.651)
T —— —
3 ok o8t
ox'P axP

implying that we should not distinguish d&/0xP and 9&#/dx" at this order. With
this definition of a coordinate change, the metric transforms as

Ixe oxb V V
S = T o S = (85 = 9,E%) (80 = 0P e + frog] =

) B
T+ Ty = 88 0y € - o = Dy £ 85 1o = My + Py — 0y & = 9y &, (H.652)
This is the relation from which we can isolate the transformation rule of the

perturbation
hyy — h;w =hyy -0, & -9y & (H.653)
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The inverse metric obeys g"ﬁgﬁv = &), by definition, such that

M = — (H.654)

is a good enough approximation at that order and correct to O(h?), with the inverse
Minkowski-metric being h#V = oy’ hog.

g"ﬁggv = (}1}413 _ h”ﬁ)(ﬂﬁv + h[iv) = ﬂ"ﬁﬂﬁv + q”ﬁhﬁv _ huliyIfiv +O(h?) (H.655)

with nPrg, = &), WPhy, = 1, = 0 and h*ng, = K", = 0 at lowest order, h", =

g%y, = (r]”“ - h”‘") hoy = 1*%hy,. Effectively this implies that raising and lowering of
indices is done with 1}, instead of g, and that derivatives are replaced dq g,y = daltyy
as 1,y is constant in Cartesian coordinates.

H.4 Linearised gravitational field equation

So far we have set up the metric as weak perturbation of the Minkowski-metric
in Cartesian coordinates, determined the transformation properties and suitable
approximations for the inverse metric. In this preferred frame with a particular
coordinate choice we can continue to find a 44 linearisation for curvature tensors,
which are all ultimately computed from partial derivatives of the metric and by
contractions with the metric.

The first step would be the Christoffel-symbols, where the inverse metric is
replaced by the inverse Minkowski-metric,

re, - £ Dy 8up — Ip Gv) =
A ( w8pvt 9y 8up ﬁgw)—
”aﬁ 1 o (o4 o
7(914 hgy + Oy hyg — 0 Iy ) = E(éuh v Oy S =% hy,), (H.656)

renaming one of the indices, by writing 9, = 1 -

The Riemann-tensor is then derived in the limit that the dominating terms are
the derivatives of the Christoffel symbols (in turn with the inverse Minkowski metric
instead of the inverse actual metric), while the squared Christoffel-symbols are
discarded,

-

oo p B B )
R = 9y T =9 Ty + T T —T', T, (H.657)

B
Applying all simplifications then yields the final result for the Riemann-tensor,

1 1
W — [ ® W [
R4y = 59 (9a 1y + 9 ha" = 9% hap) = 5 95 (9a 1"y + 9y hal" = 0¥ hoy)  (HL658)

so that finally one arrives at

R gy = 5 (9970 'y = 0520 W'y 4 00" hoy = 03" hg] - (H.659)

The contraction of the Riemann-tensor with the metric yields in a first step the
Ricci-tensor, where we will use in this approximation the inverse Minkowski metric
1" as in the case of the Christoffel-symbols,
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1
Ray = 5 [dady 1+ Dty = 940" hoy = 9,90 1] (H.660)

where one can define the trace h = hMV and recovers the d’Alembert-operator OJ =
90"
Further contraction of the Ricci-tensor with 'V gives the Ricci-scalar,

1
R=> [0%00 1+ T he® = 9% hoy — %" hey| (H.661)

with a particular compact form using the trace h and the d’Alembert-operator [J,

R=0h-9%" hy, (H.662)

With these approximations, one can write down the field equation Ry, - R/2 gy, =
—8mG/ct T,y (setting A = 0 as it is not relevant on small scales) in the weak field
limit.

By redefining the amplitude h,, one can reach a significant simpification: The
trace referse

. h
Ry = By = 5 (H.663)
has the properties
h= oy~ B, = B a oy H.664
=y = oy =h- o 4= (H.664)
as well as ~
= . h
hyy = hyy — ETIPW hyy - Eﬂw + ETI}W By (H.665)
such that hy,, is given by
_ h _ h
hMV = huv + E}’l}w = h}w - Eﬂuv (H666)
because i = —h.
Then, the linearise gravitational field equation becomes
- v - - 16mG
O hay + My 997 hyy = 90" By = 90" hgy = _TT‘W (H.667)

After linearising the field equation, introducing a Minkowskian background and
redefining the amplitudes there is still the freedom for picking a particular gauge,
where the choice of the Lorenz-gauge would naturally come to mind. The gauge
choice should be able to simplify the field equation further, discarding all terms apart
from O Bay.

Now introducing the Lorenz-gauge and replacing & by '

’

1.7 ’ h 11
By = My = = My = By = Oy = Iy = %(h - 21 9, &) (H.668)
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such that one arrives at:

y h
huv = h;w - aua - avap - Eﬂ}w + hpv *laﬁ aa‘i[& (H.669)

Applying 9" to the equation then gives:

0" Iy = 9" hyy = 9¥9,E, — 0Y9, &, — 00, + 1y IV 9, EP (H.670)

Using the definitions 90, = [J, as well as *r]wa"*q"‘ﬁ do &g = apaﬁ &p one arrives finally
at
hyy = "hyy —OE, (H.671)

such that, with the gauge choice O g, = 9" l_zw implying 9"}_1;“, = 0, the linearised
field equation in Lorenz-gauge reads
16mG

Oy = —227C

T (H.672)

which is is perfect agreement with the expectations: T, sources perturbations in fa{w
in a linear, Lorentz-covariant wave equation with propagation along the light cones:
4 gravitational waves!

H.5 Vacuum solutions of the linearised field equation

Vacuum solutions Ty, = 0 of the linearised field equation [J fzw = 0 with the Lorenz
gauge condition 9" }_L}w = 0 very naturally call for plane wave solutions, in complete
analogy to the vacuum Maxwell-equation d"F,, = 0. By substituting F,,, = d A, -
d,A, and assuming Lorenz gauge J*A,, = 0 one obtains d"d, A, = OA, = 0, which
is likewise solved by planed waves, where the gauge condition makes sure that the
vector potential A, is oriented perpendicular to the wave vector k¥, justifying the
expression transverse gauge.

Plane waves of the form ﬁw ~ exp(+in* kqxg) have to have a light-like wave
vector — 1), kk¥ = 0 such that the propagation in the gravitational field takes place
along the light cone without any dispersion at all. It should be emphasised that in the
limit of linearised gravity that we are dealing with there the light cone is defined by
the background alone, g, k"k” = 0 which becomes in the preferred coordinate system
1uyk"k? = 0 and that there is no effect of the gravitational field of the wave back onto
the propagation of the wave.

Given the implicitness of a particular coordinate choice in which the metric is
written as a perturbation to the flat, Minkowskian spacetime, one might be tempted
to search for a wave equation on the basis of differential geometric quantities. A
physically sensible starting point would be the differential Bianchi-identity

VaRpgp + VeRyapy + VyRog = 0, (H.673)

with a cyclic permutation in the first three indices.

Application of the operator g°*Vs would immediately yield the tensor d’Alembert-
operator in the first term, g?""VéVOLRMMV = DRﬁww but an incredibly complicated
structure in the second and third term. Even with all index exchange symmetries
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of the Riemann tensor, and by replacing the Riemann-tensor with the Weyl-tensor,
to which the same symmetries apply, these additional terms would not vanish. Re-
placement of the Ricci-tensor by the Weyl-tensor is a sensible physical assumption, as
gravitational waves are vacuum solutions devoid of Ricci-curvature: At least at first
order they are structures of pure Weyl-curvature; yet at higher order they do source
Ricci-curvature due to their own energy momentum content. This ultimately gives
rise to current research questions in relation to 44 gravitational wave memory and
gravitational wave dispersion.

One can get a feeling for this complication by looking at the Bianchi-identity for
the electromagnetic field tensor F,,. Obtaining a wave equation on a flat, Minkowskian
background straightforward (c.f. eqn. A.101):

aaFﬁy + BBFW + ayFa[; = 0, (H674)

and computing the divergence qéaay,

DF‘gy + aﬁFw + ayFalg = 0, (H675)

with O = *rf""ayaa. As partial derivatives interchange, one can isolate the divergences
qéaag,Faﬁ in the second and third term, which correspond to the Maxwell equations
and are zero in vacuum, leaving the wave equation DF[;Y =0.

On a curved background, the Bianchi-identity would still apply,

VeoFsy + VgEyo + VyFep = 0, (H.676)

because Fyg is given by VoA — VA

VeFgy + VgEyq + VyFyp = (Vavﬁ ~VgVa) Ay + (VyVa - VaVy) Ag+(VpVy - Vy(zlﬁg %

suggesting substitution of the Riemann-tensor after reordering the terms,

= —(R7)op + R¥ya + RUgpy ) Ac = 0. (H.678)

This expression vanishes, as the term in the brackets is exactly the algebraic Bianchi-
identity.
Applying the the divergence g%V to Bianchi-identity on a curved background

VoEsy + VgEya + V, Eyp = 0, (H.679)

one obtains the tensor d’Alembert operator in the first term, ngévaFﬁy = UEy,
but the covariant derivatives in the second and third terms do not straightforwardly
interchange:

OFgy + %V VpEyq + g%V V, Fop = 0, (H.680)

but this stands in the way of substituting the vacuum Maxwell equations g“‘?’VbFalg =
0! Instead, substitution of the Riemann-tensor yields surplus terms:

O3, — R% ey + RY By = R% g FY + R F% = 0. (H.681)
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Even when the Ricci-curvature is set to zero due to the assumption of a vacuum
situation (and disallowing the energy momentum content of the electromagnetic field
to contribute to gravity), the first two terms would vanish, but the third and fourth
term would fall back onto the Weyl-curvature of spacetime,

OBy — C% o B% + € (P = 0. (H.682)

By

This derivation perhaps gives a flavour of the difficulties one faces in the search
of a wave equation for gravitational waves: While there is an analogous starting
point in the form of the differential Bianchi-identity, setting the Riemann curvature
RT(3Mv to the Weyl-curvature CTWV can only be true at first order, as the wave has its
own energy and momentum content and sources the Ricci-curvature at second order.
When neglecting those, the wave equation reads

DC[SWV - V[SQy}w + VyQ‘i}w =0, (H.683)

with Qy = g“éVbCawv, which still has some degree of similarity, but the internal
structure of the tensor d’Alembert-operator acting on the Weyl curvature is over-
whelming. But one already sees that the wave equation involves first derivatives of
curvature, which ultimately lead to a loss in ampltiiude, to a propagation away from
the light cone and to sourcing of Ricci-curvature.

H.6 Stationary sources and gravitomagnetism

Stationary sources are peculiar as there is no time dependence is the source and
hence none in the gravitational field. As a consequence, there is no corresponding
retardation in the Green-function and the perturbation to the metric fzw can be
computed from the source Ty,

_ T, (x
B = 3G gy Tl (H.684)
¥ ct |x — x|
\%

There is a tremendous simplification in the energy momentum tensor if taken in the
non-relativistic limit, where p <« pc2:

2
- p ~ _[pc”  pcu;
T = (P + Cz) Uty = PGy = P Uylly = (p cu; puiulj) (H.685)

Solving for the metric perturbations then suggests a sourcing of ® through pc?

D(x) = -G J av’ ljf‘;:q (H.686)
\'

suggesting that i, = %D, as well as of a vectorial contribution A;

A = =25 [ av 208D (H.687)
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from pu;, appearing as ;; = h;; = A;/c. In order to construct the metric we need to
revert back to hy,,

h
w5 (H.688)

=
Il
=

wv

and discard contributions to fl,-]-, which is valid for small velocities p < 1. Then, the
trace is simply given by the Newtonian potential, h = h;; — hyy = i% and the full
line element reads

20 . 20 L
ds? = (1+ 6—2) c?de? +2A; drdx’ - (1 - Tz) yijdx'dad. (H.689)

When computing the Christoffel-symbols from this metric, which would be needed
for e.g. the geodesic equation
du®
dt

+I%, utu’ =0 (H.690)

describing the motion of a test particle, one realises that the scalar, Newtonian poten-
tial @ appears in I';; while the vectorial potential A; influences F’tj and rljk terms, i.e.

that one needs a nonzero velocity u' to notice them, and that those terms will be pro-
portional to the velocity at first and second power (and as inertial accelerations those
would be exactly the Coriolis acceleration and the centrifugal acceleration). Velocity-
dependent accelerations in relativistic motion are very typical, and in analogy to
the Lorentz-force in electrodynamics these accelerations are called gravitomagnetic
accelerations.

H.7 Wave equation and Lorenz-gauge condition

Gravitational waves are a typical consequence of the hyperbolic gravitational field
equation. After a suitable linearisation procedure and after writing the amplitudes
with the trace reverse, one obtains the wave equation

- 167G
Dhyy =~ ! Ty

(H.691)

in the Lorenz gauge, o* l_lw, = 0. The waves necessarily follow null-geodesics which
illustrates why in our consideration about the most general classical theory of gravity
the parameter m was set to zero: Otherwise, the wave equation would have read
O® = m?® such that for the wave vector NuktkY = m? > 0 and would therefore lie
inside the light cone. In addition, propagation of wave would not be dispersion-free.

The superposition principle applies to such a linear field equation and one can
introduce plane waves as fundamental Fourier-modes:

d3k

hy(x) = f P Au(k) exp (£ irqg k%xP) (H.692)

with amplitudes A, (k), and perhaps it’s worth pointing out that in the context of
a flat Minkowski-background with Cartesian coordinates the tuple x* is indeed a
vector. While the T-operator generates a perfectly normal 4 retardation,
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, T, et =[x = %))

Ty(x) = dv (H.693)

ct |x — x|

captured by the Green-function, it would be unnecessary to distinguish distances
from different points of the source to the observer, [x — x’| ~ r for all x’, defining the
compact source approximation:

(x) = 46 dV’ T, (x/, ct — 1) (H.694)
i A i

with a common retardation. It should be kept in mind that gravitational waves as

vacuum solutions to the field equation only exhibit Weyl-curvature and that the
Birkhoff-theorem forbids spherically symmetric gravitational waves, as spherically
symmetric vacuum solutions need to be static.

H.8 Plane gravitational waves in traceless transverse gauge

The wave equation fixes the wave vector k¥ to be lightlike, 1, kFk” = w?/c? - k? =0,
so for a propagation along the z-axis of a Cartesian coordinate frame one would write
k” = (k,0,0,-k)¢, so that the Lorenz-gauge condition o* flw = 0 makes sure that
the amplitudes obey A,k = 0 so that they are confined to the (x,y)-plane of the
coordinate system. Any further gauge transformation

hyy = hyy = 9, &, - 94 &, (H.695)

defined through the gauge function &, (x) does not interfere with the Lorenz-gauge if
it obeys J &, = 0, because due to the condition 0 §, = 0% Ijlav_ the gauging condition
is maintained.

A specific choice for the gauge function would be &, = €, exp(ik,x®) with constant
€ which would obviously fulfil O EM = 0 as a wave, and it would have the effect to
change the gravitational wave amplitude to

Al = Ay — ek, —ieky, +iegk® 1y, (H.696)

Effectively, the new gauge introduces coordinates that oscillate along with the grav-
itational wave, and the best way to visualise this would be to draw the analogy to
comoving coordinates. Specifically, the amplitudes in this coordinate frame with the
null-vector k' become

Al = Ay —ik (e +€;) Af = Ay —ike, (H.697)
Al = Agc—ik (e —€)) Af, = Ay —ikey (H.698)
AZ’JV = Ay}’ —ik (er — ;) A;y = Axy (H.699)

While transversality A, k¥ = 0 fixes the relation

An k' =k-Ay—k-Ap=k(Ay—AL) =0 (H.700)

to A Ay;. Then, the particular choice of the constants €, : A}, = A}, = A}, =0,

pt =
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Al = —Aj, implies

00 0 O
00 a b O

A=lo b s 0 (H.701)
00 0 O

which is referred to as the traceless transverse gauge, because of n*'A,, = 0 and
ktA,y = 0. The shape of the central section of_the matrix pertaining to the (x, y)-plane
suggests the ansatz a(t, z) o1 + b(t, z) o3 ~ hy, illustrating that there should be two
polarisation modes, with oscillatory functions a(t) and b(t), such that the line element
assumes the form

ds? = c?df? - dx? - dy? - dz? - a(t, z) [dx? —dy?| -2 b(, 2) dxdy  (H.702)

i.e. effectively a Minkowski line element with periodic deformations in the plane
transverse to the propagation direction. In comparison, the FLRW-line element for a
flat Universe is given by

ds? = ¢ df? - a?(1)[dx’ + dy? + d2’| (H.703)

which suggests that the two functions a(t) and b(t) should be thought of as scale
factors, relating the comoving coordinates in the (x, y)-plane (which is actually the
role of the traceless transverse gauge) to physical distances. Of course, the analogy
does not go further than that as the two solutions could not be more different: FLRW-
universes are systems of pure Ricci curvature and the effects of A are important,
while gravitational waves are vacuum solutions with pure Weyl-curvature.

The motion of test particles is given by the geodesic equation du®/dt+I'%,, utu” =
0, and if the particle is initially at rest, u* = (c, 0)' one would obtain:

d d
au“ = Eu“ =-T%, utu’ = 219, = —%11"“5 [at gy + 0y g = dp h”] =0 (H.704)

confirming that the test particles are indeed at rest in the traceless transverse (co-
moving) coordinate frame. That of course does not mean that the physical distance
between the particles does not change! Physical distances, as measured for instance
at dt = 0 (i.e. instantaneously) or along the light cone ds = 0 oscillate as given by
a(t) and b(t). This is illustrated in Fig. 10 for the two polarisation states of a plane
gravitational wave, for a set of test particles arranged on a circle. The transition
over time from a circle to an ellipse conserves to first order the enclosed area, as an
expression of the pure Weyl-curvature of the gravitational wave.

Just as in the case of circularly polarised light, one can introduce a phase shift of
+1/4 between the two linear polarisation states, and the result is illustrated in Fig. 11.

H.9 Huygens’ principle and elementary waves
There is a fundamental difference in the propagation of (spherical) waves in space-

times with different dimensionalities. A plane wave obviously obeys the %4 wave
equation, for instance for a scalar field ¢ one gets
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Figure 10: Amplitudes for a plane, linearly polarised gravitational wave as a function of
time for the two polarisation states o'!) and o'3). The shading indicates the passage of time.
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Figure 11: Amplitudes for a plane, linearly polarised gravitational wave as a function
of time for a phase shift between the two polarisation states o\') and o3, resulting in a
circularly polarised wave. The shading indicates the passage of time.
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1 9,9y ¢ = Oy = [92, - ia?]cp =0 (H.705)
i=1

with a light cone condition 1"k, k, = 0, obtained by substitution of ¢ oc exp(+ik,x¥).
If one now asks whether a spherical wave obeys a light cone condition, too, i.e.
whether the radius r of a spherical wave front is given by r = ct, the answer would
depend on the number of dimensions that spacetime has. This is in contrast to plane
waves, because in fact eqn. H.705 always reduces to a wave equation in one temporal
and one spatial dimension by orienting the coordinate system in the direction of k;.

Spherical symmetry reduces the Laplace-operator to contain only derivatives

. n
along the r-direction, such that y"/ d;d;y = A, ¢ = Z d?¢ = 0, with the definition

r? = =vijx ixi = xixt = Z x typical for Euclidean space. A spherically symmetry blast

wave would then i 1ncrease its radius r as a function of time ¢, such that the system is
effectively 2-dimensional. But even though it would be reasonable to assume that r
and ¢ fulfil a light cone condition ct — r = 0 we shall see that this is only the case in
1+ 1 and 3 + 1 dimensions!

From the derivatives

1

2
. X°
dir = % and J?r= o r—; =—F2= (H.706)

we can derive that

Z(ar) 1 Zx -1 and Zazr_ Zl——z :”—;1 (H.707)

i

such that the double derivatives 8? in the wave equation can be written as

2 b=0,;(d; 19, §) = I?r- 9, o+ (9; r)*- 2P (H.708)

Summing over i gives the Laplace-operator needed for the wave equation, then
reformulated in radial derivatives,

n
Ap=) =) = 20 (H.709)
i i
so that the wave equation for a spherical wave reads
Od=0%p-0? (H.710)

with an additional term d, ¢/r containing a first derivative. If it was not for that term,
spherical waves in any number of dimensions would behave like plane waves, which
is the case n = 1.

The asymptotic behaviour of the wave can be isolated by setting {(r) = rk - ¢(r)
with a negative exponent k, as the amplitude is expected to decrease with increasing
distance. Reformulating the wave equation in terms of 1 instead of ¢ gives
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A v=r"0,0+k-r*1¢ and 2P =rk?dp+2-kr* 19, p+k(k-1)-rF2d (H.711)

arriving by division with r at

k(k - 1)
1’2

ikafq):aimz—rk.a,m ¢ (H.712)
T

If the energy flux is proportional to the squared amplitudes ¢? and if it is conserved
when integrated over shells of radius r which in turn have an area oc 7”1 in 1 spatial
dimensions, the amplitudes need to scale as

Y(r) = r'e “¢(r) (H.713)

suggesting that k = (n — 1)/2. Substitution of that particular scaling then

,,1;1'334):93(1”n;19r¢+(n_li(rn_3)¢ (H.714)
r 2
and finally
P2 = agq)_wq, (H.715)

which is a truly surprising result: One recovers the archetypical wave equation in
1 and 3 spatial dimensions as the last term vanishes, but there will be in general
additional effects from that term in propagation problems. Spherical waves in 3 + 1
dimensions behave in every aspect as plane waves as their radius obeys a light cone
condition ¢t — r = 0 as as their propagation is therefore dispersionless. In spacetimes
with other dimensionality one would see through numerical computation that there
is no infinitesimally thin wave front, instead the entire bubble with radius r = ct is
filled with nonzero amplitudes, as not all partial waves propagate at the same speed.
Formally, solutions to the spherical wave can be constructed with a power series
ansatz, as eqn. H.714 is a differential equation of the Bessel-type.

Fig. 12 shows the dispersion relation of a spherical wave in n dimensions: While
inn =1 or in n = 3 one would always obtain a linear relation w « k, the angular
frequency can become imaginary at small r in n > 4. At large r, though, a spherical
wave approximates a plane wave, so that a linear, real-valued relation w « k is
recovered at large radii. At small radii, though, there is dispersion and damping of
the spherical caused by an imaginary w(k).
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Figure 12: Dispersion relation w(k, r) for a spherical wave in n dimensions, as a function of
wave number k, for the value r = 1. The cyan-coloured brances indicate real values, while
the blue-coloured branches indicate imaginary values.
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I GRAVITY FROM A VARIATIONAL PRINCIPLE

1.1 Variational principles for particles and fields

4 Variational principles play a huge role in theoretical physics, and only in the
context of relativity becomes their true nature apparent: The Lagrange-function £
is composed of invariants, and the Euler-Lagrange-equation carrying out the vari-
ation injects coordinates and generates a covariant equation of motion. There are
fundamental properties of the Lagrange-function £, for instance its convexity which
makes sure that a global minimum for the variation exists and that the Legendre
transform is well-defined, ultimately yielding the Hamilton-function H including
possible conserved conjugate momenta.

While Hamilton’s principle 6S = 0 is straightforward to interpret for the motion of
a particle as the arc length through spacetime, an analogous interpretation for fields
is a bit more involved: After all, the field equation establishes a relation between
the geometry of the field and the strength of the amplitudes and the source, so the
variation is effectively searching among all field configurations for the single one that
minimises the action. It is a curious property that vacuum solutions provide typically
a lower bound on the action, for instance in electrodynamics: The Maxwell-action S
is defined through the invariant 4 Frobenius norm of Faﬁ,

1
5= J d*xy= Y BygEyy (1.716)
v

integrated over spacetime, where we already introduced the covolume /=7 to make

d*x invariant under coordinate transforms. For vacuum solutions such as plane waves
noE Y FapByy E;E' — B;B’ = 0 because for a wave the absolute values of E/ and B’
are equal. Incidentially, the (only) other quadratic invariant n* nf¥ F,3F,, o E;B' = 0
as well, as the electric and magnetic fields are always perpendicular. Starting with
squares of first derivatives of the potentials makes sure that one obtains a linear field
equation which fulfills the superposition principle and excluding higher derivatives
makes sure that the Ostrogradsky-theorem is respected and the Hamilton-function
bounded from below.

As Lagrange-functions only ever appear as an integral in the action and as the
Hamilton-principle makes a statement only about the action, any reformulation of
the Lagrange-function by integration is permissible and should yield exactly the same
equations of motion. For instance, a point particle would have an equivalent action if
one writes

B B B
1 oo 1 o
S= jdtﬁ = Jdt EYU x'x! —CD(X) = —Idt E]/,] #'x + (D(X) (1.717)
A A A

if the boundary term arising in the integration by parts is neglected. But of course
this form of the action calls for a generalised Euler-Lagrange equation that is capable
of dealing with second derivatives ' of the trajectory x(t). In fact, the variation for
[(xi, % Xi) is given by
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B B
oL oL o _ . oL d oL d2 oc
hdad i T 1.71
Jdta 5x! +a 5% +azé Jdt(axl dtax’+dt28x1)6x =0 (L.718)
A A

with a single integration for the second and a double integration for the third term.
In fact, this new Euler-Lagrange equation

oL d 8[ d? oL

_ 4 = 1.719
oxi dtox At ox ( )
works perfectly: £ = %y,-]-xia'éj + @(x) has the derivatives
oL % oL oL x d2 oL %
E = E + aq), g = O, 5 = E, and @ﬁ = E (1720)

which get assembled in the Euler-Lagrange equation to %’ + 9'® = 0.

Almost exactly the same argument holds for a scalar field ¢ on a Euclidean
background: The Lagrange-density £ = 1/2 yijaiq)a]vcp — V(¢) can be integrated by
parts to yield the equivalent form,

5= Jd%z: - jcﬁx%yii 9,0 = —Jd%%qyy"f 9,0 = —fd%%q)Aq) (L.721)

v \Y% A% v

where again a generalised Euler-Lagrange equation is required for the variation

85 =0,
5S—J_d3x—a¢+ 50 + oL 80;9;¢ (1.722)

N E 99;¢ 90;0;¢ '
v

Single and double integration by parts while neglecting the boundary terms, where
the variation is zero, yields

oL oL ac
_ 3 . .. —
6s_J‘d (aq> a’aaiqﬁa’afaa,-ajq))é@‘o (1.723)

A%

from which one can read off the suitable second-order Euler-Lagrange equation.
Going through the example again recovers conventional Poisson-equation A¢ =
dV/d¢ = 4nGp for V(¢) = 4nGpd.

Things get a bit more interesting with the Maxwell-field: The variation of the field
can not be, in general, set to zero on the surface of a spacetime volume, because for
instance a plane wave as a perfectly valid solution to the field equation exists for
arbitrarily early and late times. But there is the freedom to pick a gauge, and in fact
the surface terms can be set to zero by demanding the Lorenz-gauge "Vd, A, = 0 to
be valid.

S= f Aty = Y BypFy = ... = -2 f d*xy= YA O A, (1.724)

v v

with the d’Alembert-operator O = 7* d,d,,. The generalised Euler-Lagrange equation
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needed to deal with the second-order action is

s oL c L
Jd xr( bA + 7, A, 00, Ag + == 73,,A. 59,9yAq) (1.725)
\%

with 8d, A, = d,,0A, and éauavAa = d,,d,0A,. Then, integration by parts suggests

oL aL .
4 _— =

jd N h( "aa ™ auakuav%)aAlx 0 (1.726)

\%

where again Hamilton’s principle determines the Euler-Lagrange equation. Sub-
stitution yields the perfectly normal vacuum field equation for the potential A,

oL ,
apavm =0 AD{ = T]M 3}43\, AO( =0 (1.727)

in Lorenz-gauge. In summary, there are possible reformulations of the Lagrange-
densities involving the product of the fields and its second derivative (please notice
the locality here!), which give exactly the same field equation after variation. Tech-
nically, there are 44 subtleties related to the boundary terms of the integration,
which can be set to zero in certain gauges, for instance by assuming Lorenz-gauge
8"V, A, = 0 on the boundary for the Maxwell-field A,.

1.2 Variational principles on manifolds

Would it be possible to formulate a variational principle on a manifold? Clearly yes,
but we would have to use the covariant derivative V, instead of the partial derivative
dy, as a general metric g, as a globally Cartesian coordinate choice would not be
possible. Let’s try this with a scalar field first: Clearly, the action should be invariant
under coordinate changes with a volume element d*x/=g, and the Lagrange-function
should depend on ¢, the covariant derivative V¢ and the metric g,, that mediates
the geometry of the manifold:

= jd%ﬁ L(0 Yy b g (1.728)

\%

consisting of generally invariant scalars built from ¢ and V,,¢. Hamilton’s principle
0S = would then imply for the variation that

P
jd‘*xr( 6¢+8V£¢6VM¢):0 (1.729)

A%

We would continue with the usual V¢ = V,6¢ but reach an impasse when it comes
to the integration by parts, as there is the covariant V, instead of the partial d,: We
need a generalisation of the Gauf3-theorem for manifolds:

fd‘*x\/@ Vot = JdSV\M ok, (1.730)

v A%
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In this formula, the induced metric y on the boundary dV would be
V-8 |8V = \/m, (I1.731)

as the metric is only ever computed on the surface V.

The covariant divergence can be written as a conventional partial divergence with
the covolume, such that

f dv V”UV = J‘ d4x\/§ V”v“ = J‘ d4xr

\Y% v

\/> V(er)

Jd‘*x 2u(v=gv") = J dS, Iyl v = j dz, vt (1.732)

\4 % av

With these tools, one can write:

4 l
Jd xV-gV, 8V ¢ JdS 8V ¢ (L.733)
v
Considering
oL
— 0
QVV({)M) v (1.734)

as the vector field v*, the product rule suggests that

aL aL )
_ 4..= . by =g ——
= J‘d =gV, NG 6¢+Jd x\—g avmvu o, (I.735)
v

\

while the surface term vanishes, because the variation 8¢ is zero on the boundary

av,
st \/> av ¢ 0, (1.736)

so that finally

d _ L .
jd‘ixﬁ Wf@’v” 3 = —jd‘lx\/fgvy Wfq)m (1.737)

v v
and the Euler-Lagrange equation on a manifold has exactly the same form as the
conventional one, with a VV replacing the aw

oL oc

V“av;lq) - 55 (1.738)
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1.3 Gauge transformations on manifolds and source terms

Clearly, coordinate transformations and a nontrivial geometry can be dealt with as
discussed in the previous chapter, but what about gauge transformations? Writing

L~ L£+V,QH¢) (1.739)

and having the transformation generated by Q" would imply that S becomes

S—> S+ J d*x y=g v, Q" (1.740)
v
with the variation 8S
4 L 4 9QV
S =85S+ | d*x/-gV, dQ¥ =0S+ | d*x+—g Vu (a—q)aq)) (I.741)
% v

Clearly, invariance is only given if

J d*x =gV, (%w) = f dsum%w =0 (1.742)

Vv A%

implying that the variation of the fields 6¢ = 0 is valid on the boundary dV.

Let’s look at Maxwell electrodynamics as an intuitive example. Acting on the
Lagrange-density

1
L= Zg“”gﬁ" FopFyy + 47“ Ag J” (1.743)

with a gauge transformation A, — A, + V,x with a gauge function x does not change
the field tensor Fyg: Formally it transitions to
Fop = VaAp = VgAq = Fag+ (VaVp - VpVa) x = Fa (1.744)

but the additional term is zero as a consequence of the torsion-free condition FMaﬁ =

F”ﬁa , making (VaVﬁ - Vﬁva) X = (8,18'3 - aﬁaa) x = 0. That implies that the gauge-
transformed Lagrange-density becomes:

1
L= 28" FygFyy + Aas® + Vax - S (L.745)

with V, x - 1% being an additional term. This term, however, is necessarily equivalent
to

J d*x g Vax-j% = J d*x g Y, (x]"‘) —j d*x \Cg xVa* =0 (L.746)

\Y% A% \Y%

where the first term vanishes as a boundary term and the second vanishes if charge
is covariantly conserved, V% = 0.
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The issue does not arise in the homogeneous Maxwell-equations. There, the
covariant generalisation

vV, B =0 (1.747)

of the Bianchi identity
Vo By +VFa+V, Fy =0 (1.748)

with the dual tensor F®f is automatically gauge-independent, as Fyp does not change
under gauge transformations. The relation between the two are

_ 1 1 N
Fob = —Ee‘*ﬁw Fiy and Fuy =+ €uap Fob (1.749)

so that both become auto-dual, 15043 = Fap,

n

1 1 ; ,
op = —Eeaﬁww = —Zeaﬁwd‘w@l:76 =FBop with e, = -2121-508¢. (1.750)

1.4 Invariant volume elements

The integration measure for volumes needs to be independent of the coordinate
choice. The transformation changes vectors according to

oxt

T
datt = ox'*

dxY (L751)

but clearly that coordinate change implies for the volume element:

oxt
ax"v

d"x = det (5 ) d"x’ (1.752)

with the functional determinant as a prefactor. At the same time, the metric trans-
forms like a rank-2 tensor,

oxt oxY

2 _ _
ds” = gy dxtdxY = Sy Rl

dx'* dx® = gl;f3 dx’*dx’ (L.753)

i.e. inverse to the vector and with two powers of the Jacobian for the determinant of
the metric (as the line element is invariant):

’ ax” 2
det(g],) = det(gy) - (det (m)) (L.754)

implying the definition of an invariant volume element as

d"x =g - d"x - det] - —Y5_ = d"x'\/ g’ (1.755)
(det])?

with the functional determinant det ] = det (ax"/ax"’).
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It is important to realise that /=g is a density, not a scalar, as d"x/~g is scalar
and therefore invariant under coordinate transformations. In particular,

1
RV exptringes) = V8- PV, gp=0 (L756)

-1 1
ZH ns ZH l‘(

as a consequence of metric compatibility of V,; but it is the case that V /=g # d,\/=¢
because of the missing scalar property of 4/=¢g: The covolume is a density rather than
a scalar, and the reduction of the covariant derivative V,,¢ = d,,¢ for scalar fields is
not applicable for 4/=g. Technically, the derivative of a logarithm of a matrix In g4
is given by g"‘ﬁvugﬁy with the inverse metric g*P. In the subsequent step, the trace
requires setting o = .

1.5 Einstein-Hilbert: gravity from a variational principle

Up to this point we postulated the gravitational field equation and convinced our-
selves that it had properties desirable in a field equation. A variational principle
would require the construction of an action for the metric

S= Jd‘*xﬁ £(8ap> Vy8ap ViVv8ap) (L.757)
v

composed of invariants such that after variation a covariant field equation is obtained.

The Lagrange-density can in principle depend on the metric gqg as the dynamical
field itself and its first and second derivatives. There, V|, g, is impossible to use
as it always vanishes due to metric compatibility, so d, gap or FVO‘ would be better
alternatives, but we have already argued that the gravitational field should rather
be contained in the second than the first derivatives of the metric: According to the
equivalence principle, first derivatives would automatically be zero in a freely falling
frame.

As invariants containing second derivatives, the Ricci-scalar R = g gBV Rappv
or the Kretschmann-scalar K = g gfg7P g8 RapysRyvps would be possible choices,
although we would prefer R from the intuition on the contraction of freely falling
clouds of point particles caused by Ricci-curvature. Perhaps a bit surprisingly, a
straightforward constant A would be fine, too.

Postulating the «4 Einstein-Hilbert-Lagrange density as being the simplest, local
invariant second-order action

S = Jd”‘xﬁ(R -24A) (1.758)

A%

one can in fact derive the gravitational field equation through variation of the metric,

8uv = &uv T Ogyy- In the Ricci-scalar R = gI'R,,,, however, there is the inverse metric
g" so actually one needs to vary with respect to that quantity, too. The two variations
are related by

5 () = 5 (8" gav) = 98" gay + &M+ 8gay = 0 (L759)
where one can isolate 5" by contraction with g*f,
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g gay - §"F = 01 = —g g dg,, (1.760)

with an additional minus-sign appearing.

Let’s ignore the cosmological constant for a second, A = 0. Then, the variation 8S
of S becomes

S = J-d"x (9v=g - R+ y=g- 8" Ry + V=g - 1" 6R ) (1.761)

v

which requires a relation between d4/=¢g and dg"” as well as between R, and og"”,
while the second term is already in good shape, being directly proportional to dgH”.
The variation of the covolume is done by
6\/—?=L~6g=L-g-g””6g =—lv—?-g ogh" (L762)
2% 24-¢ |AS) 4 ’

keeping in mind that In g = Indet g,, = trlng,,, such that g = exptrlng,,.  acts
like a derivative, so that g is reproduced as the derivative of the exponential, the
trace is linear and the derivative of a matrix valued logarithm is given by the matrix
inverse, multiplied with the internal derivative. Switching from dg,, to 5g"¥ then
introduces yet another minus sign. Collecting all results so far gives the intermediate
formula

i R\, i
58S = jd‘*x\/fg (Ryv - 5gw)ag1” + j d*xy=g 5R,, " = 0 (1.763)
\% \%

which is already very reminiscent of the field equation if Hamilton’s principle 6S = 0
is assumed, if only the last term was zero.

For continuing one needs the 4 Palatini-identity, which relates the variation of
the Ricci-tensor to covariant derivatives of the varied Christoffel-symbols, which I
guess merits a few words of explanation. The Riemann-curvature Rgg,, is in general
a function of I'},, and its derivatives dyI'%,, , as suggested by parallel transport. In

% = 0 as in these coordinates partial derivatives of

locally Cartesian coordinates I
the metric vanish, but dgI'%,, are not necessarily zero. That implies that the Riemann-

wv
curvature only depends on the derivatives of the Christoffel-symbols but not on
the squares. Secondly, the variation 6I'%,,, of the Christoffel-symbols is a tensor, as
the non-tensorial contributions drop out. And thirdly, V,, = 9, in locally Cartesian

coordinates, as I',, = 0.

Putting everything together lets us write for the Riemann-tensor

6Raﬁw =dy 61""‘;3‘, -d, BFD‘BH =V, %, -V 61""‘[%” (I.764)
and consequently for the Ricci-tensor
— K 3
ORgy = V) oI, =V, 07, (L.765)

which is the sought after Palatini-identity. Inspecting the surplus term of the Einstein-
Hilbert action
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jd%ﬁ. 3Ry - g = jd‘lxﬁ P [V, orty, - vy orty | (1.766)
\%

v

shows that both terms arising due to the Palatini-action are in fact covariant diver-
gences, which would vanish when converted into surface integrals.

The cosmological constant A requires only the variation of the covolume in
S = Jd4x\/—g (2A), such that one gets:
v

88 = jd4x Sy=g A = fd‘*xﬁ( — Agyy) 9" (1.767)

\Y% v

Finally, one finds that the variation of the Einstein-Hilbert-Lagrange density

- J-d‘*xﬁ(R—zA) (L768)

A%

in fact recovers the gravitational field equation (in vacuum)

R
Ry - 5 8w +Agw =0 (1.769)

Let’s have a quick look at the non-relativistic limit of the Einstein-Hilbert-Lagrange

density. Analogous pairs of quantities are ® and g,,, then J; and Iy, as well as
d;d;® and R,g,,, and finally A® and R;,,. The weakly perturbed line element on an
otherwise flat Minkowski background

ds? = (1 +2C—c2D)c2dt2—(l —i—?)dxidxf (1.770)

can be used to extract the metric and to compute covolume through the determinant,

det(gyn) = ~(1+ ch))l—E =—[1—@ 2 O((g)z)]:—(l—i—?) (L771)

such that the covolume becomes /=g =~ 1 — 2®/c? at lowest order. This means
effectively, that in the classical, second-order Lagrange density for Newtonian gravity,

S = —J-d3x DAD = fd% ¥'10;® 9;® 1.772)
\' \'

the first factor of ® could be thought of as a remainder of the covolume, while the
second factor A® appears as the Ricci-curvature. Integration by parts recovers the
conventional form, which immediately poses the question if one could construct a
gravitational action from squares of Christoffel symbols: This will be the Einstein-
Palatini-action.
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L6 Palatini-variation: metric g,, and connection ',

There is an alternative approach to deriving the field equation from a variational
principle where the metric and the <4 connection are interpreted as independent
fields: Then, the field equation and the Levi-Civita connection are simultaneous
results of the variational principle.

S:Jd4xﬁR:jd4xﬁgﬁvRaﬁav:

\Y% v

jd‘lx V=8 8P [0aT %, = 9\T%, +T%, T, =T, T | (1773)
\Y%

where there is no a-priori assumption about the relationship between the metric g,
and connection I'Yy, . The variation with the metric borrows from the derivation in
the previous section and gives directly the vacuum-field equation

58S = J-d‘lx 5(v=8 &%) Rpy =0 — R, =0 (1.774)
v
as the Ricci-tensor Ry, was taken to depend only on I',, and dgI'%,,, not on gy.
Then, the variation with respect to the connection coefficients I'Y,, as the second
independent field can be computed as follows. Firstly, on uses the Palatini-identity to
get

S = jd4xﬁ g oRp, = Jd‘*x\ﬁ—g g (v, or'y, - vy o'y, ) (1.775)
\Y% \%

and rewrites it with the Leibniz-rule: Please keep in mind that we did not yet make
any assumption about e.g. metric compatibility, so terms of the type V,g'" are not
automatically zero.

55 [ sy e 1% ) - () -
v

- J d*xy=g v, ¢V -orty, - v, gPY-orfy  (1776)
\Y%

The first two terms vanish as covariant divergences, as they can be rewritten as
boundary integrals, leaving

58 = —J‘d4x\/7—g [V, 8P = o v g7 oTy, =0 (1.777)
\%

Then, we realise that the Christoffel-symbol is symmetric in the lower two indices
%, =T?%, if the connection was torsion-free. The last equation has to be equal to
zero as required by Hamilton’s principle S = 0, which then implies that the term in
the square brackets, which does not have a perfect antisymmetry pertaining to the
index pair pv, has to vanish identically. From that one can conclude
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1.7. COUPLING TO MATTER THROUGH THE ENERGY MOMENTUM TENSOR

1
Vigh =3 [of Vo g + 0l Vo g] = 0 (1.778)

after symmetrisation, and from that metric compatibility V, g, = 0, with the argu-
ment that

Vi [8%gp] = Vi (85) = 0 = Vyig®P - g5y + 8PV, 85 (L.779)

implying that metric compatibility of the inverse metric is consistent with metric
compatibility of the metric (please see Appendix Z.4 for the detailed derivation).

These relations are sufficient to compute the Christoffel-symbol from the metric,
as Vy ggyv = 9y Gpy — I""WS Zav — % 8pa = 0 and the two cyclic permutations define
already

ap
re, = 37 [94 8+ v 8up — 9 & (1.780)

1.7 Coupling to matter through the energy momentum tensor

The field equation needs to be coupled to energy and momentum in the form of energy
momentum-tensor Ty, such that curvature is induced into spacetime. A combined
action including geometry and the material fields could be

s:_fd‘*xﬁ(lz—z/\mzm) (1.781)

A%

with an a-priori unknown coupling constant k put as a prefactor to the Lagrange
“density” L,, of the non-gravitational fields: Commonly, one calls this the matter-term,
but actually it refers to every field that is defined on spacetime. In the combined
action one carries out an integral with the invariant volume element d*x/=g over the
scalar quantities R, A and £,,.
Variation with respect to the (inverse) metric would recover the field equation

R 81G
Ryv— ng = _CTTVV - A gy (1.782)

but only if

i & i
8S,, = ojd‘*x\/% Lo = J-d‘lx o (V=8Lm) 0" =
\% \'

1 9 .

J_d4x g ——— (\/7g£m) oghY = jd‘lx\/fg T, (1.783)
—o dahv v

v £ v

by definition, with the energy momentum tensor T, and the coupling constant
« = 8G/c*. Then, the symmetry of T,y is implied by ¢"”, and the variation of S with
respect to the (inverse) metric yields the correct field equation. Vice versa, this can

only be consistent if
1 98

Ty = N= e (V=8Lm)- (1.784)

153



1. GRAVITY FROM A VARIATIONAL PRINCIPLE

Similar to the expression for the covariant divergence there is the covolume /=g
that converts the scalar £,, to a density as a coordinate expression, onto which
the variation with respect to g"” is applied. Subsequently, 1/4/=g dedensitises the
expression to yield an absolute tensor Tw as a result, consistent with the other terms
in the field equation.

As a simple consistency check one can derive the particular case of a constant

L,, = 2A, falling back onto the cosmological constant term. The variation is now just
the variation of the covolume carried out in eqn. 1.762,

13
V=g ot

2N ®
)_

(V=g24) = V=g 0g"

(v=3), (1.785)

using the variation of the covolume,

0—¢ 1
6\(;: = —E\/—i‘g * v (1.786)

recovering the term —Ag,,.

1.8 Dynamics of the energy-momentum tensor

General relativity is the theory for the dynamics of spacetime for energy-momentum
conserving fields, which is formulated in terms of the covariant divergence of the
energy-momentum tensor TPW’

g Vo Ty =0 (1.787)

The variation in Hamilton’s principle can be generated by an infinitesimal coordi-
nate shift, which can have two important consequences: It should, applied to the
matter-part of the action, reproduce covariant energy momentum conservation, as the
working principle of the fields does not change across the manifold. Alternatively, it
would as well generate a variation in the inverse metric, on which the Einstein-Hilbert-
Lagrange density is built: Varying the gravitational part with respect to the inverse
metric should yield the field equation, and varying the matter part the corresponding
source of the gravitational field.

Infinitesimal coordinate shifts x* — x* = x* + C*(x) induce a change in the metric
8uv — &y following

, Ix® dxP
g},w(x ) = D 9 Sap (1.788)
based on the Jacobians
9x® - d 71 a) _ X« ac* _ s« a
ox'h T oxm (X -C )_ ox'¥ - ox’t bp - ay C (1789)
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1.8. DYNAMICS OF THE ENERGY-MOMENTUM TENSOR

Therefore, the metric changes according to

(') = (8-, T0)(80 -9y TP)- o = ) gap— 03 9, TP gap— 059, T8 gap + O(T?) (1.790)

such that at order {? the changed metric is given by

g}’w(x’) =8y~ av Cﬁ 8up — ap (G 8av (1.791)
The induced variation in g, due to the coordinate change is given by
8w = &l X) = &%) + Ziu(¥) = gy (x) = [1n(¥') = gu()] = [870(*) — g(x)] (1.792)

Subsituting eqn. 1.791 and the Taylor expansion g;.,(x") = g(x) = dq g, C*

6g}w =—&up - dy cﬁ — 8av ap "~ d, uv * " (1.793)

if the approximation dg g,y = d4 g, is done

Replacing the partial derivatives d,, with covariant ones V,, according to

Vi = 3}4(,"‘ + Faw [ (I.794)

as (% is a vector yields
gu[iav(»‘s + gavapcﬁ + aag'w(f‘ =

B
g}ﬂ.ﬁvvcﬁ - gy.ﬁrﬁv'[ CT + guvvpca - gavrlwt CT + Vagy.vca + (rTa}A Swt rTav gw[)ca
(1.795)

where the metric compatibility condition Vg, = 0 has been substituted. Two pairs
of Christoffel-symbols drop out, leaving

084y = ~(8an VT + gup Vo TP) = =(V,iCy + V,0,.) (1.796)

with an interesting relation to Lie-derivatives and Killing-fields: The variation of the
metric vanishes if C, corresponds to an isometry!

This result can be substituted into the variation 6S,, of the part of the action S,
describing the material fields,

_ 1 _ 1
88 =~ f d*xy=g T0g,, = +5 f dhay=g T (V,Cy + V4, (1.797)

A% v

and using the Leibniz-rule to orient the Vp—differentiations to T}W rather than (,M,

_ 1
08 = —5 j dfay=g (V, TH - G+ V, TH - () = J‘d4x\ﬁ—g V,TH.C,  (1798)

A% v

by exploiting the symmetry of the expression, and if the variation on the boundary
vanishes, to be assumed when the Gauf3-theorem is applied,
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1. GRAVITY FROM A VARIATIONAL PRINCIPLE

jd4x\/§ V[T = j s,y T ¢, = 0, (1.799)
A%

\%

in summary, energy momentum-conservation in the form of a covariant divergence
V, T =0 or g**V,T,, = 0 is recovered.

Let’s try out this relation for a straightforward scalar field ¢ with a self-interaction
or a coupling V(¢), as the easiest example of a non-gravitational field serving as a
model for the matter content of the theory. Variation of the action

= fd%ﬁ(%g“ﬁvawﬁq)—wq))) (1.800)

A%

with respect to g*” should recover the energy momentum tensor T,,,. In fact, there are
two dependences on the metric, the covolume /=g and the contraction g“lfvacpvﬁcp
in the kinetic term, such that the variation becomes

8y = Jd‘*x ﬁ[%angpq;vvq)] +0yg - [%g“ﬁvaq)vw -V(p)g"  (L801)

\%

using the relation

1

1
_ wao L o
“2vg o8 = r 88" Oy =~ V=8 g 08 (1.802)

5(V=3) =
for the variation of the covolume. Rewriting the variation yields

654) = J.d4x‘/§[ M(T)Vvq) Zg}w( ﬁVaq)VﬁCI) M ))]6g’” (1.803)

A%

Naturally, we obtain the energy momentum tensor

Ty = V0 Vo0~ o (58 Voo Vi~ V() (1804)

for a scalar field, by comparing eqn. 1.803 with

_ 1. .
88y = jd4x V=85 T 08" (1.805)

v

which is the correct form, that could otherwise be obtained by Legendre-transform
or by taking the Lie-derivative of the Lagrange-function.
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Z MATHEMATICAL SUPPLEMENT

z.1 Connection coefficients are not tensors

Covariant derivatives of tensors are tensors, with their rank increased by the addi-
tional covariant index a. As an example, the linear form p, becomes the mixed tensor
V,pq in covariant differentiation. For this to be true, the transformation properties
of V,,p, need to include a Jacobian for the contravariant index p as well as for the
index a, complicated by the fact that the covariant derivative is defined through the
connection coefficient, V,py = dyps — FAW Pa-

On its own, the Christoffel symbol is not a tensor: for a clean notation, let’s denote
the change of variables from x* to x"” with a Jacobian ]Vm = dxt/dx"™", with Greek
indices in the first and Latin indices in the second coordinate choice. Then, for a
covariant differentiation one has the tensorial transformation

vmpa = ]MmJO‘HVMpw (Z.806)

written out as

ViuPa = 1] %ViPa = 1'nT% (9ppa + Tha Pa) = 1% 0ypa =T mI T P (2.807)

Instead of computing the derivative with V, first and transforming to V,,, we can
compute the derivative V,, first and then transform,

ViuPa = Impa— I‘[ma pPe = ]Mm 8}4 (]aapa) - I‘gma pe (2.808)

The first term can be rewritten as

]Mm ay. (Iaapoc) = ]}Am]agaypa + ]Mm (aylaa)Pa (2.809)

and the second term amended by

rgma pe= IJma ])\ép)\ (2.810)

for the second result

ViuPa = ]Mm]aaaptpa +7% (au]au)pa - réma ]Aépk (z.811)

Comparing the two expressions Z.807 and Z.811 for V,,p, obtained through trans-
formation leads to a relation between the two Christoffel symbols in their respective
frames,

P = T0% D =14 (90%), (2.812)

as the linear form A, was arbitrary and drops out. Multiplying with IkX for isolating
one Christoffel symbol shows the final result:

]kA]/\Zrlma = 6§r€rzu = rknza = ]k)\]MmIaar)‘w - ]k)‘]}‘m (%un) (Z2.813)
with a tensorially consistent transformation only in the first term.
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z. MATHEMATICAL SUPPLEMENT

z.2 Algebraic Bianchi-identity
The algebraic Bianchi-identity is a property of the Riemann-tensor and reads

RO+ R+ R =0, (Z.814)

i.e. it is generated by cyclic permutation of the index triplet pvp while keeping the
first index a fixed. Its proof is a matter of substitution of the explicit expression for the
Riemann-tensor as it arises from derivatives and squares of the Christoffel-symbols:

a a )
Iy = Ly + Ty

o o
D%, — 9y T%, + T8, T% — T8, T +

o
T, =T, T+

o 5
9uI%, = 9l + 0T T4, % =0 (Z.815)

which vanishes due to pairwise cancellation of the 12 terms. The algebraic Bianchi-
identity exists independently of the usual index exchange symmetries of the Riemann-
tensor, bringing the number of independent entries from 36 down to 20 in four
dimensions and makes the Ricci-tensor symmetric,

8" (Rapy + Ragp + Ravpy) = Ry = Ryg =0 > Ry, =Ry, (Z.816)

using g*¥ Ry, = 0 because of the antisymmetry of the first index pair and Ry, =
—Rgyup in the second index pair, before contracting to Ryg.

Alternatively on can multiply the algebraic Bianchi-identity with a linear form p,,

Ra[ﬂyvpa + Ra}wﬁpa + Rav[g},ipa =0, (2.817)

and substitute the definition of the Riemann-tensor in terms of the anticommutativity
relation of two covariant derivatives,

(ViVy = VoV pp + (VoVp = VVy) Py + (Vg = ViuVg) py = 0. (2.818)
Reordering the terms leads to

Vo (Vopp = Vepy) + Vo (Vepu = Vupp) + Vo (Vypy = Vopy) = 0. (2.819)

The antisymmetric tensors Ay, = V;,p, — V,p, have the curious property that

Vupy = Vipyu = ava - raw Pa— 3vP;4 + raw Pa = apvv - avvw (2.820)
as the connection is torsion-free. Therefore, with

VA = dpAyy - F“BM Ay — 1““M3 Ao (2.821)

one arrives at

ViAuy = VpAy = dpAyy — dpAyy (2.822)

and ultimately at
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z.3. DIFFERENTIAL BIANCHI-IDENTITY

VoA = VpAy = 95 (9upy) — 9 (9vpy ) (2.823)

in fact, this reduces all covariant derivatives to partial ones, suggesting
Vi (Vopp = Vepy) + Vo (Vepu = Vipp) + Vi (Vipy = Vopy ) =

9y (9vpp = 9ppy) + 0y (9ppy — ypg) + 95 (Iupy— dupy) = 0 (2.824)

with a pairwise cancellation of terms and the interchangeability of partial derivatives.

2.3 Differential Bianchi-identity

The differential Bianchi-identity, ultimately used for showing the divergencelessness
of the Einstein-tensor, arises in cyclic permutation of a covariant derivative of the
Riemann-tensor (keeping the index pair «, p fixed, and cycling through T, i, v),

ViR%,, + VuR%, o+ ViR =0, (Z.825)

A possible proof proceeds by building in a linear form p,,

VR o+ VR0 Pa+ VyR%e, - po = 0. (2.826)

taking care of the Leibniz-rule for the covariant derivative,

Ve (Ralg}wpa) - Ra(g}wvtpa +Vy (Ra[swpa) - R“ﬁwvupa +Vy (Rawpa) - Rangvl’a =0.
(2.827)

One can substitute the definition of the Riemann-tensor [V, V,]p, = Rﬁaw,pﬁ in the
first, third and fifth term:

= Ve ([ViVy = VaVy ] ) + Yy ([VoVe = VeV I pg) + Vo ([VeVy = ViV pg) - (2.828)

Re-ordering by the first index pair appearing in every term leads to
= (VeVy = VuVo) Vpp + (Vi Ve = ViV, Vypg + (Y, ¥y = VoV, ) Viepy (2.829)
into which the Riemann-tensor can be resubstituted, keeping in mind that parallel-

transport acts on second rank tensors of the type V,pg, bringing in two Riemann-
tensors, one for each index:

= Ravwvap{i + Raﬁmv\,pa + Ra}wrvap[i + Ra[ﬂvTvplpa + Rawvvap[i + Raﬁpvvvpa (2.830)

The terms including V,p,, V,p, and V,p, cancel with the surplus terms in eqn. Z.827,
so that one is left with

= (Ravw + Rauvr + Rawv)v(xp[i =0 (Z~831)

which vanishes because the algebraic Bianchi-identity is a prerequisite of the differ-
ential Bianchi-identity.
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z. MATHEMATICAL SUPPLEMENT

Z.4 Metric compatibility of the inverse metric

Metric compatibility V,g,, = 0 of the metric g, itself implies metric compatibility
Vag"" = 0 of the inverse metric g'"". This can be seen by starting from the definition
of the inverse metric, g'*g., = 65 and have a covariant derivative act on this relation,
keeping in mind that the covariant differentiation V, obeys the Leibniz-rule:

Vo(gmg'[v = Vagw 8wt ngagw = Vo(at (2.832)

The covariant derivative of the Kronecker-symbol is determined from the fact that it
is a tensor with a co- and a contravariant index, i.e.

Vady = 9ady + T,

N 8 = 9l + Tl Ty = 2400 (2.833)
renaming the indices in the second step. The Kronecker-6 is peculiar as a tensor,
because it assumes the same values of 0 and 1 in every coordinate choice: One needs
a Jacobian for p and an inverse Jacobian for v,

‘ Ix'* JxP ox'* Ix® It
8 5% = - _ sk
v ox% Jx’v E( T oxY Ix”Y  ox’V oy (Z.834)

so that the transformation does not have any influence on the tensor. Therefore,
3a65 = 0, and one gets
Vagm 8wt ngagw =0 (Z~835)

Metric compatibility of the metric sets the second term to zero, so that one is left
with
Ve gy =0 (Z.836)

from where one can isolate the metric compatibility condition for the inverse metric
by contraction with g*f

Vag"" - gng™ = Vagh" - 8t = Val(g""8%) = Vagh? = 0, (2.837)
using Vaég = 0 in the penultimate step.

Z.5 Projection operators

When interpreting covariant energy momentum conservation in the continuity equa-
tion
gV Ty =0 (2.838)

a physically meaningful procedure was to consider the projections of this vectorial
statement (in the index v) onto the tangent u" of an observer and a plane perpendic-
ular to it. These operations can be formulated very elegantly in terms of projection
operators: The projection of a vector a® onto u® would be given by

af = (gapeha®) e (2.839)
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z.5. PROJECTION OPERATORS

with a unit vector e} pointing in the direction of u?,

o
. - (Z.840)

Vgt uY

Writing the projection in terms of an operator relation,

ubut
af = %a“ =B at. (Z.841)
v

For the projection onto the plane perpendicular to u* one writes

)a® =P, % a" (2.842)

T _ T T_[sT_pT
a\ =a aH_(ba P |

Il o

These projection operators are idempotent, meaning that their squares are equal to
the projectors themselves. Physically that means that a vector, projected once, does
not change after a second projection. Symbolically, one obtains

T o _ T T o
B B =B and PGP Y =P (2.843)
Secondly, the operators are orthogonal to each other
PHTOL P, "‘ﬁ = 6;, (2.844)

because a vector a® projected parallel to u® can not be perpendicular to u® at the
same time.

These relations actually simplify in general relativity: Typically, a tangent u® of an
observer’s world line is normalised to g,,utu" = c?, and as in the motivating example
one often deals with projections of linear forms a, onto vectors u®. In this case, the
projections become

T o T uTuD‘ T™
a” = (euaa) eu = Cz aa = P” aou (2845)
and
uTu®
R R e L

using the index-raising property of the inverse metric. Returning to the continuity
equation eqn. Z.838, this means that the two components are given by

PJ_ TV(gOCI"vaTMV) =0 and P”W(g“”VaT;w) =0, (Z.847)

and in application of the projection operators with T, as the energy momentum
tensor of an ideal fluid one would recover the relativistic continuity equation and the
Euler-equation of fluid mechanics, as shown in eqn. D.366.
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z. MATHEMATICAL SUPPLEMENT

z2.6 Commutativity of Lie-derivatives

Covariant derivatives commute if the spacetime is flat and the Riemann-curvature
vanishes. Lie-derivatives, because they are induced by a vector field, or flow rather
than a connection, commute under the condition that the flows themselves commute,

(£0 £b] = £[a,p)- (2.848)

But even more generally, the statement is certainly true for scalars: A straightforward
calculation using the Leibniz-rule for Lie-derivatives shows that

£u£b¢ =
AV b Vi = b°Vea - Vi + aPVpVad - b + V¢ bV yaf =
aVob* - Vyd+aPVgVyd - b, (2.849)

with a cancellation of the second and fourth term. Building the commutator by
interchanging a and b leads to the final expression,

(o £6] & = £(ap)¢- (Z.850)

Tracing the same steps with a vector v* requires the Lie-derivative of a mixed
tensor,
£, T = 'V, TP + T, "V, b - TV, b (2.851)

with one co- and one contravariant index. Using this relation, can assemble a non-
vanishing commutator,
[£ur £b] = £[a,h]vul (2852)

But after all, the two concepts of derivatives, £, and V,, do refer to very different
pictures: The covariant derivative requires a connection, whereas the Lie-derivative
does not, as it refers to a shift of the manifold itself and not to a transport within the
manifold. Interestingly, Lie-derivatives and exterior derivatives commute, because
they do not depend on a particular connection. Examples include, for instance the
electromagnetic field strength F = dA, or in coordinates F,, = V,A, -V, A, = d,A, -
IOy A — dyAy + e, A, = duA, — dyA,, for torsion-free connections, which are
required at the same time to make the covariant derivative compatible with the
Lie-derivative.

7.7 Relation between covariant derivatives and Lie-derivatives

As the covariant derivative, the Lie-derivative obeys a Leibniz-rule, and it falls back
onto the directional derivative for scalars ¢,

£,0 = ad\ o = a'V,¢. (Z.853)

This consistency explains nicely because there is a sign change between the Lie-
derivatives of vectors,
£,0% = a*V, 0% — 'V a® (Z.854)
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and of linear forms,

£.pa = a*Vapo + paVaea. (Z.855)
The Lie-derivative of the scalar ¢ = p,v* would be

£, (pav®) = uMVy (pav®), (Z.856)

which needs to be equivalent to the application of the Leibniz rule to the inner
product p,v%,

£4(paV®) = paaV® + £4Pa - V¥ = Py (a)‘VAv“ - v*V)‘a“) + (a*V)‘pa + vaaa") v
(2.857)

The two V,-derivatives can be combined, and the indices A <> a renamed in the last
term, leading to the anticipated result for a scalar,

L, (pava) = akv)‘ (pava) ’ (Z.858)

as the last two terms cancel after the index renaming.
Despite the choice of a torsion-free connection, that allows a re-expression of the
Lie-derivative in terms of covariant derivatives, the two notions of differentiation do

not interchange in general - and they would interchange, as one might have guessed,
only for a scalar ¢: The two relevant expressions are

£.Vqd = a*VyVod + Vi - Vaa?, (2.859)

and
Vaad = Vo (a'Vad) = Voa* - V1¢ + aVo V20, (Z.860)

which are in fact equal, because the covariant derivatives applied to a scalar field
commute, V,Vy$ = V, V¢, summarised by
[£4,Vald=0. (2.861)
This commutator comes out as nonzero for a linear form pg: In this case, the
covariant derivative of the Lie-derivative is computed as

Va£app = Vo (a*Vapg + prVpa®) = Vaa - Vapg +a* Vo Vapg + Vapy - Vga* + paVeVpat.
(2.862)

For the term with the derivatives interchanged it is important to realise that the
object V,pg is a tensor with two covariant indices. Consequently, its Lie-derivative is

£,Vapp = a*VyVapp + Vapp - Vaa® + Vopy - Vgat. (2.863)
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z. MATHEMATICAL SUPPLEMENT

Assembling the commutator the yields the final result
[£4, Vel pg = £aVapp — VaEapp = —RTgMPrﬂA - pAVaVpat, (2.864)

with the identification of the Riemann curvature in the term (V) V, — V,Vy)pg =
_RTmaPt and a cancellation of all other terms except one.

A very similar calculation shows that the two derivatives applied to a vector vf do
not commute either:

Vo£aof =V, (a)‘Vﬂ)(3 - v)‘V)\aﬁ) = VaaA-V;Lv(5+a)‘VaV)‘vﬁ—Vav)“V)\aﬁ—v)‘Va-anﬁ.
(2.865)

In contrast to the analogous derivation for the linear form, the object V,vf is a tensor
with one co- and one contravariant index:

£,V 0P = a* v,V 0P — Vot -V, af + V0P v, et (2.866)

with the typical sign change. Then,

[£0 Vo] VP = £,V 0P = Vo £,0F = +RP, vTa + 1MV, V) ab, (2.867)

again with a sign change relative to the expression Z.864 for the linear form.
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A. Eddington, 18

A. Einstein, 1

affine transformations, 4
algebraic Bianchi-identity, 77

Baker-Hausdorff-Campbell-formula,
10

Bertrand’s theorem, 5

Birkhoff-theorem, 93, 120

centrifugal force, 39
Christoffel-symbol, 26
conformally flat, 83
congruence, 85
connection are interpreted as
independent fields, 152
continuity equation, 69
Coriolis-force, 39
cosmological constant, 3, 121
cosmological principle, 111
Cotton-tensor, 84
Coulomb-potential, 3
covariant derivative, 26, 27
critical density pcyit, 120

d’Alembert, 15

D. Lovelock, 77

dark energy, 125
diffeomorphism, 21
differential Bianchi-identity, 78
dispersion, 15

Doppler-effect, 15

dual tensor, 82

Eddington-Finkelstein coordinates,
100

eikonal or geometric optics, 98

Einstein-Hilbert-Lagrange density,
149

Einstein-tensor, 52

elliptical geometry, 22

energy condition, 44

energy momentum tensor, 70

equivalence principle, 24

Euler-Lagrange-equation, 2

event horizon, 116

Finsler geometries, 37
four metric axioms, 22
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Friedmann-equations, 119

Friedmann-Lemaitre-Robertson-
Walker, 111

Frobenius norm, 86, 143

G. Galilei, 4

general relativity is unique, 77
geodesic, 31

geodesic congruence, 43
geodesic deviation, 41

Geoffrey A. Landis, 43
gravitational constant, 3
gravitational field equation, 78
gravitational light deflection, 18
gravitational wave memory, 132
gravitational waves, 131
Green-function, 86

Hamilton’s principle, 2
horizon, 113

hyperbolic evolution, 22
hyperbolic geometry, 22

1. Newton, 1
ideal fluid, 70

Jacobian, 25

K. Schwarzschild, 89
Kepler’s third law, 4
Killing-equation, 47
Killing-vector, 46
Kretschmann-scalar, 52
Kruskal-coordiantes, 101

Lagrange-density, 2

Legendre-transform, 13

Levi-Civita connection, 49

Levi-Civita-connections, 28

light cone, 22

linearisation for curvature tensors,
129

Lorentz-algebra, 10

Lorentz-factor, 7

Lorentz-force, 14

Mach’s principle, 40
Maxwell’s equations, 17
metric compatibility, 28
metric tensor, 21

new derivative, 44
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OJ 287, 5
Ostrogradsky-theorem, 2

Painlevé and Gullstrand, 96
Palatini-identity, 150
Parallel transport, 26
parallelogram, 29

partial derivatives, 26
particle horizon, 116
Pauli-matrices, 9
perihelion shift of Mercury, 1
Poisson-equation, 1

proper time, 8

PSR 1913+10, 5

PSR J0737-3039, 5

quadrilateral, 29
quintessence, 123

Raychaudhuri-equation, 43, 84

redshifted, 115
Reissner-Nordstréom, 104
relativistic Doppler-effect, 34
retardation, 134
Ricci-curvature, 52, 81
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Ricci-scalar, 52

Riemann curvature, 49
Riemannian geometry, 28
rotational flattening, 40

S. Lie, 44
scale-invariant, 3
Schouten-tensor, 84
Schwarzschild-radius, 91
spaghettification, 43
special relativity, 1
subtleties, 145

tangent space, 25

tensor d’Alembertian operator, 47
topological structure, 21
torsion-free condition, 30

Variational principles, 143
W. Killing, 46
wave equation, 136

Weyl-tensor, 81

Yukawa-form, 3



General relativity is the theory of the structure and dynamics of
spacetime. These lecture notes provide an introduction into the
concepts of differential geometry, in particular pseudo-Riemannian
geometry, and discusses the ideas behind the construction of a
gravitational field equation. Exact solutions to the field equation for
highly symmetric spacetimes, i.e. black holes, FLRW cosmologies
and gravitational waves, are worked out. Advanced topics that are
covered include Lie derivatives and the Killing equation, the derivation
of the field equations from variational principles, and the formulation
of field theories on curved spacetimes.
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