
Z mathematical supplement

Z.1 Connection coefficients are not tensors

Covariant derivatives of tensors are tensors, with their rank increased by the addi-
tional covariant index α. As an example, the linear form pα becomes the mixed tensor
∇µpα in covariant differentiation. For this to be true, the transformation properties
of ∇µpα need to include a Jacobian for the contravariant index µ as well as for the
index α, complicated by the fact that the covariant derivative is defined through the
connection coefficient, ∇µpα = ∂µpα − Γ λµα pλ.

On its own, the Christoffel symbol is not a tensor: for a clean notation, let’s denote
the change of variables from xµ to x′m with a Jacobian Jµm = ∂xµ/∂x′m, with Greek
indices in the first and Latin indices in the second coordinate choice. Then, for a
covariant differentiation one has the tensorial transformation

∇mpa = Jµm Jαa∇µpα, (Z.806)

written out as

∇mpa = Jµm Jαa∇µpα = Jµm Jαa
(︂
∂µpα + Γ λµα pλ

)︂
= Jµm Jαa∂µpα− Jµm Jαa Γ

λ
µα pλ. (Z.807)

Instead of computing the derivative with ∇µ first and transforming to ∇m, we can
compute the derivative ∇m first and then transform,

∇mpa = ∂mpa − Γ ℓma pℓ = Jµm∂µ (Jαapα) − Γ ℓma pℓ (Z.808)

The first term can be rewritten as

Jµm∂µ (Jαapα) = Jµm Jαa∂µpα + Jµm
(︂
∂µJαa

)︂
pα (Z.809)

and the second term amended by

Γ ℓma pℓ = Γ ℓma Jλℓpλ (Z.810)

for the second result

∇mpa = Jµm Jαa∂µpα + Jµm
(︂
∂µJαa

)︂
pα − Γ ℓma Jλℓpλ (Z.811)

Comparing the two expressions Z.807 and Z.811 for ∇mpa obtained through trans-
formation leads to a relation between the two Christoffel symbols in their respective
frames,

Jλℓ Γ
λ
µα = Jµm Jαa Γ

λ
µα − Jµm

(︂
∂µJλa

)︂
, (Z.812)

as the linear form λℓ was arbitrary and drops out. Multiplying with Jk
λ

for isolating
one Christoffel symbol shows the final result:

Jkλ Jλℓ Γ
l
ma = δkℓ Γ

ℓ
ma = Γ kma = Jkλ Jµm Jαa Γ

λ
µν − Jkλ Jµm

(︂
∂µJλa

)︂
(Z.813)

with a tensorially consistent transformation only in the first term.
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Z.2 Algebraic Bianchi-identity

The algebraic Bianchi-identity is a property of the Riemann-tensor and reads

Rαβµν + Rαµνβ + Rανβµ = 0, (Z.814)

i.e. it is generated by cyclic permutation of the index triplet µνβ while keeping the
first index α fixed. Its proof is a matter of substitution of the explicit expression for the
Riemann-tensor as it arises from derivatives and squares of the Christoffel-symbols:

∂νΓ
α
βµ − ∂µΓ

α
βν + Γ δβµ Γ

α
νδ − Γ

δ
βν Γ

α
µδ +

∂βΓ
α
µν − ∂νΓ αβµ + Γ δµν Γ

α
βδ − Γ

δ
µβ Γ

α
νδ +

∂µΓ
α
βν − ∂βΓ

α
µν + Γ δνβ Γ

α
µδ − Γ

δ
µν Γ

α
βδ = 0 (Z.815)

which vanishes due to pairwise cancellation of the 12 terms. The algebraic Bianchi-
identity exists independently of the usual index exchange symmetries of the Riemann-
tensor, bringing the number of independent entries from 36 down to 20 in four
dimensions and makes the Ricci-tensor symmetric,

gαµ
(︂
Rαβµν + Rαµνβ + Rανβµ

)︂
= Rβν − Rνβ = 0 → Rβν = Rνβ, (Z.816)

using gαµRαµνβ = 0 because of the antisymmetry of the first index pair and Rανβµ =
−Rανµβ in the second index pair, before contracting to Rνβ.

Alternatively on can multiply the algebraic Bianchi-identity with a linear form pα,

Rαβµνpα + Rαµνβpα + Rανβµpα = 0, (Z.817)

and substitute the definition of the Riemann-tensor in terms of the anticommutativity
relation of two covariant derivatives,(︂

∇µ∇ν − ∇ν∇µ
)︂
pβ +

(︂
∇ν∇β − ∇β∇ν

)︂
pµ +

(︂
∇β∇µ − ∇µ∇β

)︂
pν = 0. (Z.818)

Reordering the terms leads to

∇µ
(︂
∇νpβ − ∇βpν

)︂
+ ∇ν

(︂
∇βpµ − ∇µpβ

)︂
+ ∇β

(︂
∇µpν − ∇νpµ

)︂
= 0. (Z.819)

The antisymmetric tensors Aµν = ∇µpν − ∇νpµ have the curious property that

∇µpν − ∇νpµ = ∂µpν − Γ αµν pα − ∂νpµ + Γ ανµ pα = ∂µυν − ∂νυµ, (Z.820)

as the connection is torsion-free. Therefore, with

∇βAµν = ∂βAµν − Γ αβµ Aαν − Γ αµβ Aµα (Z.821)

one arrives at
∇βAµν − ∇βAνµ = ∂βAµν − ∂βAνµ (Z.822)

and ultimately at
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∇βAµν − ∇βAνµ = ∂β
(︂
∂µpν

)︂
− ∂β

(︂
∂νpµ

)︂
, (Z.823)

in fact, this reduces all covariant derivatives to partial ones, suggesting

∇µ
(︂
∇νpβ − ∇βpν

)︂
+ ∇ν

(︂
∇βpµ − ∇µpβ

)︂
+ ∇β

(︂
∇µpν − ∇νpµ

)︂
=

∂µ
(︂
∂νpβ − ∂βpν

)︂
+ ∂ν

(︂
∂βpµ − ∂µpβ

)︂
+ ∂β

(︂
∂µpν − ∂νpµ

)︂
= 0 (Z.824)

with a pairwise cancellation of terms and the interchangeability of partial derivatives.

Z.3 Differential Bianchi-identity

The differential Bianchi-identity, ultimately used for showing the divergencelessness
of the Einstein-tensor, arises in cyclic permutation of a covariant derivative of the
Riemann-tensor (keeping the index pair α, β fixed, and cycling through τ, µ, ν),

∇τRαβµν + ∇µRαβντ + ∇νRαβτµ = 0. (Z.825)

A possible proof proceeds by building in a linear form pα,

∇τRαβµν · pα + ∇µRαβντ · pα + ∇νRαβτµ · pα = 0. (Z.826)

taking care of the Leibniz-rule for the covariant derivative,

∇τ
(︂
Rαβµνpα

)︂
−Rαβµν∇τpα+∇µ

(︂
Rαβντpα

)︂
−Rαβντ∇µpα+∇ν

(︂
Rαβτµpα

)︂
−Rαβτµ∇νpα = 0.

(Z.827)

One can substitute the definition of the Riemann-tensor [∇µ,∇ν]pα = Rβαµνpβ in the
first, third and fifth term:

= ∇τ
(︂[︂
∇µ∇ν − ∇ν∇µ

]︂
pβ

)︂
+ ∇µ

(︂
[∇ν∇τ − ∇τ∇ν] pβ

)︂
+ ∇ν

(︂[︂
∇τ∇µ − ∇µ∇τ

]︂
pβ

)︂
(Z.828)

Re-ordering by the first index pair appearing in every term leads to

=
(︂
∇τ∇µ − ∇µ∇τ

)︂
∇νpβ + (∇ν∇τ − ∇τ∇ν)∇µpβ +

(︂
∇µ∇ν − ∇ν∇µ

)︂
∇τpβ (Z.829)

into which the Riemann-tensor can be resubstituted, keeping in mind that parallel-
transport acts on second rank tensors of the type ∇νpβ, bringing in two Riemann-
tensors, one for each index:

= Rαντµ∇αpβ+ Rαβτµ∇νpα+ Rαµντ∇αpβ+ Rαβντ∇µpα+ Rατµν∇αpβ+ Rαβµν∇νpα (Z.830)

The terms including∇νpα,∇µpα and∇νpα cancel with the surplus terms in eqn. Z.827,
so that one is left with

=
(︂
Rαντµ + Rαµντ + Rατµν

)︂
∇αpβ = 0 (Z.831)

which vanishes because the algebraic Bianchi-identity is a prerequisite of the differ-
ential Bianchi-identity.
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Z.4 Metric compatibility of the inverse metric

Metric compatibility ∇αgµν = 0 of the metric gµν itself implies metric compatibility
∇αgµν = 0 of the inverse metric gµν. This can be seen by starting from the definition
of the inverse metric, gµτgτν = δ

µ
ν and have a covariant derivative act on this relation,

keeping in mind that the covariant differentiation ∇α obeys the Leibniz-rule:

∇αgµτgτν = ∇αgµτ · gτν + gµτ∇αgτν = ∇αδ
µ
ν (Z.832)

The covariant derivative of the Kronecker-symbol is determined from the fact that it
is a tensor with a co- and a contravariant index, i.e.

∇αδ
µ
ν = ∂αδ

µ
ν + Γ µαβ δ

β
ν − Γ

β
αν δ

µ

β = ∂αδ
µ
ν + Γ µαν − Γ

µ
αν = ∂αδ

µ
ν (Z.833)

renaming the indices in the second step. The Kronecker-δ is peculiar as a tensor,
because it assumes the same values of 0 and 1 in every coordinate choice: One needs
a Jacobian for µ and an inverse Jacobian for ν,

δ
µ
ν →

∂x′µ

∂xα
∂xβ

∂x′ν
δαβ =

∂x′µ

∂xα
∂xα

∂x′ν
=

∂x′µ

∂x′ν
= δ

µ
ν (Z.834)

so that the transformation does not have any influence on the tensor. Therefore,
∂αδ

µ
ν = 0, and one gets

∇αgµτ · gτν + gµτ∇αgτν = 0 (Z.835)

Metric compatibility of the metric sets the second term to zero, so that one is left
with

∇αgµτ · gτν = 0 (Z.836)

from where one can isolate the metric compatibility condition for the inverse metric
by contraction with gνβ

∇αgµτ · gτνgνβ = ∇αgµτ · δ
β
τ = ∇α(gµτδβτ) = ∇αgµβ = 0, (Z.837)

using ∇αδ
β
τ = 0 in the penultimate step.

Z.5 Projection operators

When interpreting covariant energy momentum conservation in the continuity equa-
tion

gαµ∇αTµν = 0 (Z.838)

a physically meaningful procedure was to consider the projections of this vectorial
statement (in the index ν) onto the tangent uν of an observer and a plane perpendic-
ular to it. These operations can be formulated very elegantly in terms of projection
operators: The projection of a vector aα onto uα would be given by

aτ∥ = (gαβe
β
ua

α) eτu (Z.839)
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z.5. projection operators

with a unit vector eαu pointing in the direction of uα,

eαu =
uα√︁

gµνuµuν
. (Z.840)

Writing the projection in terms of an operator relation,

aτ∥ =
gαβu

βuτ

gµνuµuν
aα = P τ

∥ α a
α. (Z.841)

For the projection onto the plane perpendicular to uα one writes

aτ⊥ = aτ − aτ∥ =
(︂
δτα − P τ

∥ α

)︂
aα = P τ

⊥ α a
α. (Z.842)

These projection operators are idempotent, meaning that their squares are equal to
the projectors themselves. Physically that means that a vector, projected once, does
not change after a second projection. Symbolically, one obtains

P τ
∥ α P α

∥ β = P τ
∥ β and P τ

⊥ α P α
⊥ β = P τ

⊥ β . (Z.843)

Secondly, the operators are orthogonal to each other

P τ
∥ α P α

⊥ β = δτβ, (Z.844)

because a vector aα projected parallel to uα can not be perpendicular to uα at the
same time. . Particular rules apply to null-

vectors kµ, as they are orthogonal
to themselves, gµνkµkν = 0!

These relations actually simplify in general relativity: Typically, a tangent uα of an
observer’s world line is normalised to gµνu

µuν = c2, and as in the motivating example
one often deals with projections of linear forms aα onto vectors uα. In this case, the
projections become

aτ∥ = (eαuaα) eτu =
uτuα

c2 aα = P τα
∥ aα, (Z.845)

and

aτ⊥ = aτ − aτ∥ = (gτα − P τα
∥ )aα =

(︄
gτα − uτuα

c2

)︄
aα = P τα

⊥ aα, (Z.846)

using the index-raising property of the inverse metric. Returning to the continuity
equation eqn. Z.838, this means that the two components are given by

P τν
⊥ (gαµ∇αTµν) = 0 and P τν

∥ (gαµ∇αTµν) = 0, (Z.847)

and in application of the projection operators with Tµν as the energy momentum
tensor of an ideal fluid one would recover the relativistic continuity equation and the
Euler-equation of fluid mechanics, as shown in eqn. D.366.
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Z.6 Commutativity of Lie-derivatives

Covariant derivatives commute if the spacetime is flat and the Riemann-curvature
vanishes. Lie-derivatives, because they are induced by a vector field, or flow rather
than a connection, commute under the condition that the flows themselves commute,

[–La, –Lb] = –L[a,b]. (Z.848)

But even more generally, the statement is certainly true for scalars: A straightforward
calculation using the Leibniz-rule for Lie-derivatives shows that

–La–Lbφ =

aα∇αbλ · ∇λφ− bα∇αaλ · ∇λφ+ aβ∇β∇λφ · bλ + ∇βφ · bλ∇λaβ =

aα∇αbλ · ∇λφ+ aβ∇β∇λφ · bλ, (Z.849)

with a cancellation of the second and fourth term. Building the commutator by
interchanging a and b leads to the final expression,

[–La, –Lb]φ = –L[a,b]φ. (Z.850)

Tracing the same steps with a vector υµ requires the Lie-derivative of a mixed
tensor,

–LbT µ
α = bλ∇λT β

α + T µ

λ
∇αbλ − T λ

α ∇λbµ (Z.851)

with one co- and one contravariant index. Using this relation, can assemble a non-
vanishing commutator,

[–La, –Lb] υµ = –L[a,b]υ
µ, (Z.852)

But after all, the two concepts of derivatives, –La and ∇µ, do refer to very different
pictures: The covariant derivative requires a connection, whereas the Lie-derivative
does not, as it refers to a shift of the manifold itself and not to a transport within the
manifold. Interestingly, Lie-derivatives and exterior derivatives commute, because
they do not depend on a particular connection. Examples include, for instance the
electromagnetic field strength F = dA, or in coordinates Fµν = ∇µAν − ∇νAµ = ∂µAν −
Γ αµν Aα − ∂νAµ + Γ ανµ Aν = ∂µAν − ∂νAµ, for torsion-free connections, which are
required at the same time to make the covariant derivative compatible with the
Lie-derivative.

Z.7 Relation between covariant derivatives and Lie-derivatives

As the covariant derivative, the Lie-derivative obeys a Leibniz-rule, and it falls back
onto the directional derivative for scalars φ,

–Laϕ = aλ∂λϕ = aλ∇λφ. (Z.853)

This consistency explains nicely because there is a sign change between the Lie-
derivatives of vectors,

–Laυα = aλ∇λυα − υλ∇λaα (Z.854)
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z.7. relation between covariant derivatives and lie-derivatives

and of linear forms,
–Lapα = aλ∇λpα + pλ∇αaλ. (Z.855)

The Lie-derivative of the scalar ϕ = pαυ
α would be

–La (pαυ
α) = uλ∇λ (pαυ

α) , (Z.856)

which needs to be equivalent to the application of the Leibniz rule to the inner
product pαυα,

–La (pαυ
α) = pα–Laυα + –Lapα · υα = pα

(︂
aλ∇λυα − υλ∇λaα

)︂
+

(︂
aλ∇λpα + pλ∇αaλ

)︂
υα.

(Z.857)

The two ∇λ-derivatives can be combined, and the indices λ↔ α renamed in the last
term, leading to the anticipated result for a scalar,

La (pαυ
α) = aλ∇λ (pαυ

α) , (Z.858)

as the last two terms cancel after the index renaming.
Despite the choice of a torsion-free connection, that allows a re-expression of the

Lie-derivative in terms of covariant derivatives, the two notions of differentiation do
not interchange in general - and they would interchange, as one might have guessed,
only for a scalar φ: The two relevant expressions are

–La∇αφ = aλ∇λ∇αφ+ ∇λφ · ∇αaλ, (Z.859)

and
∇α–Laφ = ∇α

(︂
aλ∇λφ

)︂
= ∇αaλ · ∇λφ+ aλ∇α∇λφ, (Z.860)

which are in fact equal, because the covariant derivatives applied to a scalar field
commute, ∇α∇λφ = ∇λ∇αφ, summarised by . ∇α∇λφ = ∇λ∇αφ is only

true for a torsion-free connection,
which we need anyways for mak-
ing the Lie-derivative compatible
with the covariant derivative!

[–La,∇α]φ = 0. (Z.861)

This commutator comes out as nonzero for a linear form pβ: In this case, the
covariant derivative of the Lie-derivative is computed as

∇α–Lapβ = ∇α
(︂
aλ∇λpβ + pλ∇βaλ

)︂
= ∇αaλ ·∇λpβ+ aλ∇α∇λpβ+∇αpλ ·∇βaλ+pλ∇α∇βaλ.

(Z.862)

For the term with the derivatives interchanged it is important to realise that the
object ∇αpβ is a tensor with two covariant indices. Consequently, its Lie-derivative is

–La∇αpβ = aλ∇λ∇αpβ + ∇λpβ · ∇αaλ + ∇αpλ · ∇βaλ. (Z.863)
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Assembling the commutator the yields the final result

[–La,∇α] pβ = –La∇αpβ − ∇α–Lapβ = −Rτβλαpτa
λ − pλ∇α∇βaλ, (Z.864)

with the identification of the Riemann curvature in the term (∇λ∇α − ∇α∇λ)pβ =
−Rτ

βλα
pτ and a cancellation of all other terms except one.

A very similar calculation shows that the two derivatives applied to a vector υβ do
not commute either:

∇α–Laυβ = ∇α
(︂
aλ∇λυβ − υλ∇λaβ

)︂
= ∇αaλ ·∇λυβ+aλ∇α∇λυβ−∇αυλ ·∇λaβ−υλ∇α ·∇λaβ.

(Z.865)

In contrast to the analogous derivation for the linear form, the object ∇αυβ is a tensor
with one co- and one contravariant index:

–La∇αυβ = aλ∇λ∇αυβ − ∇αυλ · ∇λaβ + ∇λυβ · ∇αaλ, (Z.866)

with the typical sign change. Then,

[–La,∇α] υβ = –La∇αυβ − ∇α–Laυβ = +Rβ
τλα

υτaλ + υλ∇α∇λaβ, (Z.867)

again with a sign change relative to the expression Z.864 for the linear form.
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