Z MATHEMATICAL SUPPLEMENT

z.1 Connection coefficients are not tensors

Covariant derivatives of tensors are tensors, with their rank increased by the addi-
tional covariant index a. As an example, the linear form p, becomes the mixed tensor
V,pq in covariant differentiation. For this to be true, the transformation properties
of V,,p, need to include a Jacobian for the contravariant index p as well as for the
index a, complicated by the fact that the covariant derivative is defined through the
connection coefficient, V,py = dyps — FAW Pa-

On its own, the Christoffel symbol is not a tensor: for a clean notation, let’s denote
the change of variables from x* to x"” with a Jacobian ]Vm = dxt/dx"™", with Greek
indices in the first and Latin indices in the second coordinate choice. Then, for a
covariant differentiation one has the tensorial transformation

vmpa = ]MmJO‘HVMpw (Z.806)

written out as

ViuPa = 1] %ViPa = 1'nT% (9ppa + Tha Pa) = 1% 0ypa =T mI T P (2.807)

Instead of computing the derivative with V, first and transforming to V,,, we can
compute the derivative V,, first and then transform,

ViuPa = Impa— I‘[ma pPe = ]Mm 8}4 (]aapa) - I‘gma pe (2.808)

The first term can be rewritten as

]Mm ay. (Iaapoc) = ]}Am]agaypa + ]Mm (aylaa)Pa (2.809)

and the second term amended by

rgma pe= IJma ])\ép)\ (2.810)

for the second result

ViuPa = ]Mm]aaaptpa +7% (au]au)pa - réma ]Aépk (z.811)

Comparing the two expressions Z.807 and Z.811 for V,,p, obtained through trans-
formation leads to a relation between the two Christoffel symbols in their respective
frames,

P = T0% D =14 (90%), (2.812)

as the linear form A, was arbitrary and drops out. Multiplying with IkX for isolating
one Christoffel symbol shows the final result:

]kA]/\Zrlma = 6§r€rzu = rknza = ]k)\]MmIaar)‘w - ]k)‘]}‘m (%un) (Z2.813)
with a tensorially consistent transformation only in the first term.
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z. MATHEMATICAL SUPPLEMENT

z.2 Algebraic Bianchi-identity
The algebraic Bianchi-identity is a property of the Riemann-tensor and reads

RO+ R+ R =0, (Z.814)

i.e. it is generated by cyclic permutation of the index triplet pvp while keeping the
first index a fixed. Its proof is a matter of substitution of the explicit expression for the
Riemann-tensor as it arises from derivatives and squares of the Christoffel-symbols:

a a )
Iy = Ly + Ty

o o
D%, — 9y T%, + T8, T% — T8, T +

o
T, =T, T+

o 5
9uI%, = 9l + 0T T4, % =0 (Z.815)

which vanishes due to pairwise cancellation of the 12 terms. The algebraic Bianchi-
identity exists independently of the usual index exchange symmetries of the Riemann-
tensor, bringing the number of independent entries from 36 down to 20 in four
dimensions and makes the Ricci-tensor symmetric,

8" (Rapy + Ragp + Ravpy) = Ry = Ryg =0 > Ry, =Ry, (Z.816)

using g*¥ Ry, = 0 because of the antisymmetry of the first index pair and Ry, =
—Rgyup in the second index pair, before contracting to Ryg.

Alternatively on can multiply the algebraic Bianchi-identity with a linear form p,,

Ra[ﬂyvpa + Ra}wﬁpa + Rav[g},ipa =0, (2.817)

and substitute the definition of the Riemann-tensor in terms of the anticommutativity
relation of two covariant derivatives,

(ViVy = VoV pp + (VoVp = VVy) Py + (Vg = ViuVg) py = 0. (2.818)
Reordering the terms leads to

Vo (Vopp = Vepy) + Vo (Vepu = Vupp) + Vo (Vypy = Vopy) = 0. (2.819)

The antisymmetric tensors Ay, = V;,p, — V,p, have the curious property that

Vupy = Vipyu = ava - raw Pa— 3vP;4 + raw Pa = apvv - avvw (2.820)
as the connection is torsion-free. Therefore, with

VA = dpAyy - F“BM Ay — 1““M3 Ao (2.821)

one arrives at

ViAuy = VpAy = dpAyy — dpAyy (2.822)

and ultimately at
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z.3. DIFFERENTIAL BIANCHI-IDENTITY

VoA = VpAy = 95 (9upy) — 9 (9vpy ) (2.823)

in fact, this reduces all covariant derivatives to partial ones, suggesting
Vi (Vopp = Vepy) + Vo (Vepu = Vipp) + Vi (Vipy = Vopy ) =

9y (9vpp = 9ppy) + 0y (9ppy — ypg) + 95 (Iupy— dupy) = 0 (2.824)

with a pairwise cancellation of terms and the interchangeability of partial derivatives.

2.3 Differential Bianchi-identity

The differential Bianchi-identity, ultimately used for showing the divergencelessness
of the Einstein-tensor, arises in cyclic permutation of a covariant derivative of the
Riemann-tensor (keeping the index pair «, p fixed, and cycling through T, i, v),

ViR%,, + VuR%, o+ ViR =0, (Z.825)

A possible proof proceeds by building in a linear form p,,

VR o+ VR0 Pa+ VyR%e, - po = 0. (2.826)

taking care of the Leibniz-rule for the covariant derivative,

Ve (Ralg}wpa) - Ra(g}wvtpa +Vy (Ra[swpa) - R“ﬁwvupa +Vy (Rawpa) - Rangvl’a =0.
(2.827)

One can substitute the definition of the Riemann-tensor [V, V,]p, = Rﬁaw,pﬁ in the
first, third and fifth term:

= Ve ([ViVy = VaVy ] ) + Yy ([VoVe = VeV I pg) + Vo ([VeVy = ViV pg) - (2.828)

Re-ordering by the first index pair appearing in every term leads to
= (VeVy = VuVo) Vpp + (Vi Ve = ViV, Vypg + (Y, ¥y = VoV, ) Viepy (2.829)
into which the Riemann-tensor can be resubstituted, keeping in mind that parallel-

transport acts on second rank tensors of the type V,pg, bringing in two Riemann-
tensors, one for each index:

= Ravwvap{i + Raﬁmv\,pa + Ra}wrvap[i + Ra[ﬂvTvplpa + Rawvvap[i + Raﬁpvvvpa (2.830)

The terms including V,p,, V,p, and V,p, cancel with the surplus terms in eqn. Z.827,
so that one is left with

= (Ravw + Rauvr + Rawv)v(xp[i =0 (Z~831)

which vanishes because the algebraic Bianchi-identity is a prerequisite of the differ-
ential Bianchi-identity.
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z. MATHEMATICAL SUPPLEMENT

Z.4 Metric compatibility of the inverse metric

Metric compatibility V,g,, = 0 of the metric g, itself implies metric compatibility
Vag"" = 0 of the inverse metric g'"". This can be seen by starting from the definition
of the inverse metric, g'*g., = 65 and have a covariant derivative act on this relation,
keeping in mind that the covariant differentiation V, obeys the Leibniz-rule:

Vo(gmg'[v = Vagw 8wt ngagw = Vo(at (2.832)

The covariant derivative of the Kronecker-symbol is determined from the fact that it
is a tensor with a co- and a contravariant index, i.e.

Vady = 9ady + T,

N 8 = 9l + Tl Ty = 2400 (2.833)
renaming the indices in the second step. The Kronecker-6 is peculiar as a tensor,
because it assumes the same values of 0 and 1 in every coordinate choice: One needs
a Jacobian for p and an inverse Jacobian for v,

‘ Ix'* JxP ox'* Ix® It
8 5% = - _ sk
v ox% Jx’v E( T oxY Ix”Y  ox’V oy (Z.834)

so that the transformation does not have any influence on the tensor. Therefore,
3a65 = 0, and one gets
Vagm 8wt ngagw =0 (Z~835)

Metric compatibility of the metric sets the second term to zero, so that one is left
with
Ve gy =0 (Z.836)

from where one can isolate the metric compatibility condition for the inverse metric
by contraction with g*f

Vag"" - gng™ = Vagh" - 8t = Val(g""8%) = Vagh? = 0, (2.837)
using Vaég = 0 in the penultimate step.

Z.5 Projection operators

When interpreting covariant energy momentum conservation in the continuity equa-
tion
gV Ty =0 (2.838)

a physically meaningful procedure was to consider the projections of this vectorial
statement (in the index v) onto the tangent u" of an observer and a plane perpendic-
ular to it. These operations can be formulated very elegantly in terms of projection
operators: The projection of a vector a® onto u® would be given by

af = (gapeha®) e (2.839)
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z.5. PROJECTION OPERATORS

with a unit vector e} pointing in the direction of u?,

o
. - (Z.840)

Vgt uY

Writing the projection in terms of an operator relation,

ubut
af = %a“ =B at. (Z.841)
v

For the projection onto the plane perpendicular to u* one writes

)a® =P, % a" (2.842)

T _ T T_[sT_pT
a\ =a aH_(ba P |

Il o

These projection operators are idempotent, meaning that their squares are equal to
the projectors themselves. Physically that means that a vector, projected once, does
not change after a second projection. Symbolically, one obtains

T o _ T T o
B B =B and PGP Y =P (2.843)
Secondly, the operators are orthogonal to each other
PHTOL P, "‘ﬁ = 6;, (2.844)

because a vector a® projected parallel to u® can not be perpendicular to u® at the
same time.

These relations actually simplify in general relativity: Typically, a tangent u® of an
observer’s world line is normalised to g,,utu" = c?, and as in the motivating example
one often deals with projections of linear forms a, onto vectors u®. In this case, the
projections become

T o T uTuD‘ T™
a” = (euaa) eu = Cz aa = P” aou (2845)
and
uTu®
R R e L

using the index-raising property of the inverse metric. Returning to the continuity
equation eqn. Z.838, this means that the two components are given by

PJ_ TV(gOCI"vaTMV) =0 and P”W(g“”VaT;w) =0, (Z.847)

and in application of the projection operators with T, as the energy momentum
tensor of an ideal fluid one would recover the relativistic continuity equation and the
Euler-equation of fluid mechanics, as shown in eqn. D.366.
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z. MATHEMATICAL SUPPLEMENT

z2.6 Commutativity of Lie-derivatives

Covariant derivatives commute if the spacetime is flat and the Riemann-curvature
vanishes. Lie-derivatives, because they are induced by a vector field, or flow rather
than a connection, commute under the condition that the flows themselves commute,

(£0 £b] = £[a,p)- (2.848)

But even more generally, the statement is certainly true for scalars: A straightforward
calculation using the Leibniz-rule for Lie-derivatives shows that

£u£b¢ =
AV b Vi = b°Vea - Vi + aPVpVad - b + V¢ bV yaf =
aVob* - Vyd+aPVgVyd - b, (2.849)

with a cancellation of the second and fourth term. Building the commutator by
interchanging a and b leads to the final expression,

(o £6] & = £(ap)¢- (Z.850)

Tracing the same steps with a vector v* requires the Lie-derivative of a mixed
tensor,
£, T = 'V, TP + T, "V, b - TV, b (2.851)

with one co- and one contravariant index. Using this relation, can assemble a non-
vanishing commutator,
[£ur £b] = £[a,h]vul (2852)

But after all, the two concepts of derivatives, £, and V,, do refer to very different
pictures: The covariant derivative requires a connection, whereas the Lie-derivative
does not, as it refers to a shift of the manifold itself and not to a transport within the
manifold. Interestingly, Lie-derivatives and exterior derivatives commute, because
they do not depend on a particular connection. Examples include, for instance the
electromagnetic field strength F = dA, or in coordinates F,, = V,A, -V, A, = d,A, -
IOy A — dyAy + e, A, = duA, — dyA,, for torsion-free connections, which are
required at the same time to make the covariant derivative compatible with the
Lie-derivative.

7.7 Relation between covariant derivatives and Lie-derivatives

As the covariant derivative, the Lie-derivative obeys a Leibniz-rule, and it falls back
onto the directional derivative for scalars ¢,

£,0 = ad\ o = a'V,¢. (Z.853)

This consistency explains nicely because there is a sign change between the Lie-
derivatives of vectors,
£,0% = a*V, 0% — 'V a® (Z.854)
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and of linear forms,

£.pa = a*Vapo + paVaea. (Z.855)
The Lie-derivative of the scalar ¢ = p,v* would be

£, (pav®) = uMVy (pav®), (Z.856)

which needs to be equivalent to the application of the Leibniz rule to the inner
product p,v%,

£4(paV®) = paaV® + £4Pa - V¥ = Py (a)‘VAv“ - v*V)‘a“) + (a*V)‘pa + vaaa") v
(2.857)

The two V,-derivatives can be combined, and the indices A <> a renamed in the last
term, leading to the anticipated result for a scalar,

L, (pava) = akv)‘ (pava) ’ (Z.858)

as the last two terms cancel after the index renaming.
Despite the choice of a torsion-free connection, that allows a re-expression of the
Lie-derivative in terms of covariant derivatives, the two notions of differentiation do

not interchange in general - and they would interchange, as one might have guessed,
only for a scalar ¢: The two relevant expressions are

£.Vqd = a*VyVod + Vi - Vaa?, (2.859)

and
Vaad = Vo (a'Vad) = Voa* - V1¢ + aVo V20, (Z.860)

which are in fact equal, because the covariant derivatives applied to a scalar field
commute, V,Vy$ = V, V¢, summarised by
[£4,Vald=0. (2.861)
This commutator comes out as nonzero for a linear form pg: In this case, the
covariant derivative of the Lie-derivative is computed as

Va£app = Vo (a*Vapg + prVpa®) = Vaa - Vapg +a* Vo Vapg + Vapy - Vga* + paVeVpat.
(2.862)

For the term with the derivatives interchanged it is important to realise that the
object V,pg is a tensor with two covariant indices. Consequently, its Lie-derivative is

£,Vapp = a*VyVapp + Vapp - Vaa® + Vopy - Vgat. (2.863)
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z. MATHEMATICAL SUPPLEMENT

Assembling the commutator the yields the final result
[£4, Vel pg = £aVapp — VaEapp = —RTgMPrﬂA - pAVaVpat, (2.864)

with the identification of the Riemann curvature in the term (V) V, — V,Vy)pg =
_RTmaPt and a cancellation of all other terms except one.

A very similar calculation shows that the two derivatives applied to a vector vf do
not commute either:

Vo£aof =V, (a)‘Vﬂ)(3 - v)‘V)\aﬁ) = VaaA-V;Lv(5+a)‘VaV)‘vﬁ—Vav)“V)\aﬁ—v)‘Va-anﬁ.
(2.865)

In contrast to the analogous derivation for the linear form, the object V,vf is a tensor
with one co- and one contravariant index:

£,V 0P = a* v,V 0P — Vot -V, af + V0P v, et (2.866)

with the typical sign change. Then,

[£0 Vo] VP = £,V 0P = Vo £,0F = +RP, vTa + 1MV, V) ab, (2.867)

again with a sign change relative to the expression Z.864 for the linear form.
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