I GRAVITY FROM A VARIATIONAL PRINCIPLE

1.1 Variational principles for particles and fields

4 Variational principles play a huge role in theoretical physics, and only in the
context of relativity becomes their true nature apparent: The Lagrange-function £
is composed of invariants, and the Euler-Lagrange-equation carrying out the vari-
ation injects coordinates and generates a covariant equation of motion. There are
fundamental properties of the Lagrange-function £, for instance its convexity which
makes sure that a global minimum for the variation exists and that the Legendre
transform is well-defined, ultimately yielding the Hamilton-function H including
possible conserved conjugate momenta.

While Hamilton’s principle 6S = 0 is straightforward to interpret for the motion of
a particle as the arc length through spacetime, an analogous interpretation for fields
is a bit more involved: After all, the field equation establishes a relation between
the geometry of the field and the strength of the amplitudes and the source, so the
variation is effectively searching among all field configurations for the single one that
minimises the action. It is a curious property that vacuum solutions provide typically
a lower bound on the action, for instance in electrodynamics: The Maxwell-action S
is defined through the invariant 4 Frobenius norm of Faﬁ,

1
5= J d*xy= Y BygEyy (1.716)
v

integrated over spacetime, where we already introduced the covolume /=7 to make

d*x invariant under coordinate transforms. For vacuum solutions such as plane waves
noE Y FapByy E;E' — B;B’ = 0 because for a wave the absolute values of E/ and B’
are equal. Incidentially, the (only) other quadratic invariant n* nf¥ F,3F,, o E;B' = 0
as well, as the electric and magnetic fields are always perpendicular. Starting with
squares of first derivatives of the potentials makes sure that one obtains a linear field
equation which fulfills the superposition principle and excluding higher derivatives
makes sure that the Ostrogradsky-theorem is respected and the Hamilton-function
bounded from below.

As Lagrange-functions only ever appear as an integral in the action and as the
Hamilton-principle makes a statement only about the action, any reformulation of
the Lagrange-function by integration is permissible and should yield exactly the same
equations of motion. For instance, a point particle would have an equivalent action if
one writes

B B B
1 oo 1 o
S= jdtﬁ = Jdt EYU x'x! —CD(X) = —Idt E]/,] #'x + (D(X) (1.717)
A A A

if the boundary term arising in the integration by parts is neglected. But of course
this form of the action calls for a generalised Euler-Lagrange equation that is capable
of dealing with second derivatives ' of the trajectory x(t). In fact, the variation for
[(xi, % Xi) is given by
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B B
oL oL o _ . oL d oL d2 oc
hdad i T 1.71
Jdta 5x! +a 5% +azé Jdt(axl dtax’+dt28x1)6x =0 (L.718)
A A

with a single integration for the second and a double integration for the third term.
In fact, this new Euler-Lagrange equation

oL d 8[ d? oL

_ 4 = 1.719
oxi dtox At ox ( )
works perfectly: £ = %y,-]-xia'éj + @(x) has the derivatives
oL % oL oL x d2 oL %
E = E + aq), g = O, 5 = E, and @ﬁ = E (1720)

which get assembled in the Euler-Lagrange equation to %’ + 9'® = 0.

Almost exactly the same argument holds for a scalar field ¢ on a Euclidean
background: The Lagrange-density £ = 1/2 yijaiq)a]vcp — V(¢) can be integrated by
parts to yield the equivalent form,

5= Jd%z: - jcﬁx%yii 9,0 = —Jd%%qyy"f 9,0 = —fd%%q)Aq) (L.721)

v \Y% A% v

where again a generalised Euler-Lagrange equation is required for the variation

85 =0,
5S—J_d3x—a¢+ 50 + oL 80;9;¢ (1.722)

N E 99;¢ 90;0;¢ '
v

Single and double integration by parts while neglecting the boundary terms, where
the variation is zero, yields

oL oL ac
_ 3 . .. —
6s_J‘d (aq> a’aaiqﬁa’afaa,-ajq))é@‘o (1.723)

A%

from which one can read off the suitable second-order Euler-Lagrange equation.
Going through the example again recovers conventional Poisson-equation A¢ =
dV/d¢ = 4nGp for V(¢) = 4nGpd.

Things get a bit more interesting with the Maxwell-field: The variation of the field
can not be, in general, set to zero on the surface of a spacetime volume, because for
instance a plane wave as a perfectly valid solution to the field equation exists for
arbitrarily early and late times. But there is the freedom to pick a gauge, and in fact
the surface terms can be set to zero by demanding the Lorenz-gauge "Vd, A, = 0 to
be valid.

S= f Aty = Y BypFy = ... = -2 f d*xy= YA O A, (1.724)

v v

with the d’Alembert-operator O = 7* d,d,,. The generalised Euler-Lagrange equation
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needed to deal with the second-order action is

s oL c L
Jd xr( bA + 7, A, 00, Ag + == 73,,A. 59,9yAq) (1.725)
\%

with 8d, A, = d,,0A, and éauavAa = d,,d,0A,. Then, integration by parts suggests

oL aL .
4 _— =

jd N h( "aa ™ auakuav%)aAlx 0 (1.726)

\%

where again Hamilton’s principle determines the Euler-Lagrange equation. Sub-
stitution yields the perfectly normal vacuum field equation for the potential A,

oL ,
apavm =0 AD{ = T]M 3}43\, AO( =0 (1.727)

in Lorenz-gauge. In summary, there are possible reformulations of the Lagrange-
densities involving the product of the fields and its second derivative (please notice
the locality here!), which give exactly the same field equation after variation. Tech-
nically, there are 44 subtleties related to the boundary terms of the integration,
which can be set to zero in certain gauges, for instance by assuming Lorenz-gauge
8"V, A, = 0 on the boundary for the Maxwell-field A,.

1.2 Variational principles on manifolds

Would it be possible to formulate a variational principle on a manifold? Clearly yes,
but we would have to use the covariant derivative V, instead of the partial derivative
dy, as a general metric g, as a globally Cartesian coordinate choice would not be
possible. Let’s try this with a scalar field first: Clearly, the action should be invariant
under coordinate changes with a volume element d*x/=g, and the Lagrange-function
should depend on ¢, the covariant derivative V¢ and the metric g,, that mediates
the geometry of the manifold:

= jd%ﬁ L(0 Yy b g (1.728)

\%

consisting of generally invariant scalars built from ¢ and V,,¢. Hamilton’s principle
0S = would then imply for the variation that

P
jd‘*xr( 6¢+8V£¢6VM¢):0 (1.729)

A%

We would continue with the usual V¢ = V,6¢ but reach an impasse when it comes
to the integration by parts, as there is the covariant V, instead of the partial d,: We
need a generalisation of the Gauf3-theorem for manifolds:

fd‘*x\/@ Vot = JdSV\M ok, (1.730)

v A%
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In this formula, the induced metric y on the boundary dV would be
V-8 |8V = \/m, (I1.731)

as the metric is only ever computed on the surface V.

The covariant divergence can be written as a conventional partial divergence with
the covolume, such that

f dv V”UV = J‘ d4x\/§ V”v“ = J‘ d4xr

\Y% v

\/> V(er)

Jd‘*x 2u(v=gv") = J dS, Iyl v = j dz, vt (1.732)

\4 % av

With these tools, one can write:

4 l
Jd xV-gV, 8V ¢ JdS 8V ¢ (L.733)
v
Considering
oL
— 0
QVV({)M) v (1.734)

as the vector field v*, the product rule suggests that

aL aL )
_ 4..= . by =g ——
= J‘d =gV, NG 6¢+Jd x\—g avmvu o, (I.735)
v

\

while the surface term vanishes, because the variation 8¢ is zero on the boundary

av,
st \/> av ¢ 0, (1.736)

so that finally

d _ L .
jd‘ixﬁ Wf@’v” 3 = —jd‘lx\/fgvy Wfq)m (1.737)

v v
and the Euler-Lagrange equation on a manifold has exactly the same form as the
conventional one, with a VV replacing the aw

oL oc

V“av;lq) - 55 (1.738)
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1.3 Gauge transformations on manifolds and source terms

Clearly, coordinate transformations and a nontrivial geometry can be dealt with as
discussed in the previous chapter, but what about gauge transformations? Writing

L~ L£+V,QH¢) (1.739)

and having the transformation generated by Q" would imply that S becomes

S—> S+ J d*x y=g v, Q" (1.740)
v
with the variation 8S
4 L 4 9QV
S =85S+ | d*x/-gV, dQ¥ =0S+ | d*x+—g Vu (a—q)aq)) (I.741)
% v

Clearly, invariance is only given if

J d*x =gV, (%w) = f dsum%w =0 (1.742)

Vv A%

implying that the variation of the fields 6¢ = 0 is valid on the boundary dV.

Let’s look at Maxwell electrodynamics as an intuitive example. Acting on the
Lagrange-density

1
L= Zg“”gﬁ" FopFyy + 47“ Ag J” (1.743)

with a gauge transformation A, — A, + V,x with a gauge function x does not change
the field tensor Fyg: Formally it transitions to
Fop = VaAp = VgAq = Fag+ (VaVp - VpVa) x = Fa (1.744)

but the additional term is zero as a consequence of the torsion-free condition FMaﬁ =

F”ﬁa , making (VaVﬁ - Vﬁva) X = (8,18'3 - aﬁaa) x = 0. That implies that the gauge-
transformed Lagrange-density becomes:

1
L= 28" FygFyy + Aas® + Vax - S (L.745)

with V, x - 1% being an additional term. This term, however, is necessarily equivalent
to

J d*x g Vax-j% = J d*x g Y, (x]"‘) —j d*x \Cg xVa* =0 (L.746)

\Y% A% \Y%

where the first term vanishes as a boundary term and the second vanishes if charge
is covariantly conserved, V% = 0.
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1. GRAVITY FROM A VARIATIONAL PRINCIPLE

The issue does not arise in the homogeneous Maxwell-equations. There, the
covariant generalisation

vV, B =0 (1.747)

of the Bianchi identity
Vo By +VFa+V, Fy =0 (1.748)

with the dual tensor F®f is automatically gauge-independent, as Fyp does not change
under gauge transformations. The relation between the two are

_ 1 1 N
Fob = —Ee‘*ﬁw Fiy and Fuy =+ €uap Fob (1.749)

so that both become auto-dual, 15043 = Fap,

n

1 1 ; ,
op = —Eeaﬁww = —Zeaﬁwd‘w@l:76 =FBop with e, = -2121-508¢. (1.750)

1.4 Invariant volume elements

The integration measure for volumes needs to be independent of the coordinate
choice. The transformation changes vectors according to

oxt

T
datt = ox'*

dxY (L751)

but clearly that coordinate change implies for the volume element:

oxt
ax"v

d"x = det (5 ) d"x’ (1.752)

with the functional determinant as a prefactor. At the same time, the metric trans-
forms like a rank-2 tensor,

oxt oxY

2 _ _
ds” = gy dxtdxY = Sy Rl

dx'* dx® = gl;f3 dx’*dx’ (L.753)

i.e. inverse to the vector and with two powers of the Jacobian for the determinant of
the metric (as the line element is invariant):

’ ax” 2
det(g],) = det(gy) - (det (m)) (L.754)

implying the definition of an invariant volume element as

d"x =g - d"x - det] - —Y5_ = d"x'\/ g’ (1.755)
(det])?

with the functional determinant det ] = det (ax"/ax"’).
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It is important to realise that /=g is a density, not a scalar, as d"x/~g is scalar
and therefore invariant under coordinate transformations. In particular,

1
RV exptringes) = V8- PV, gp=0 (L756)

-1 1
ZH ns ZH l‘(

as a consequence of metric compatibility of V,; but it is the case that V /=g # d,\/=¢
because of the missing scalar property of 4/=¢g: The covolume is a density rather than
a scalar, and the reduction of the covariant derivative V,,¢ = d,,¢ for scalar fields is
not applicable for 4/=g. Technically, the derivative of a logarithm of a matrix In g4
is given by g"‘ﬁvugﬁy with the inverse metric g*P. In the subsequent step, the trace
requires setting o = .

1.5 Einstein-Hilbert: gravity from a variational principle

Up to this point we postulated the gravitational field equation and convinced our-
selves that it had properties desirable in a field equation. A variational principle
would require the construction of an action for the metric

S= Jd‘*xﬁ £(8ap> Vy8ap ViVv8ap) (L.757)
v

composed of invariants such that after variation a covariant field equation is obtained.

The Lagrange-density can in principle depend on the metric gqg as the dynamical
field itself and its first and second derivatives. There, V|, g, is impossible to use
as it always vanishes due to metric compatibility, so d, gap or FVO‘ would be better
alternatives, but we have already argued that the gravitational field should rather
be contained in the second than the first derivatives of the metric: According to the
equivalence principle, first derivatives would automatically be zero in a freely falling
frame.

As invariants containing second derivatives, the Ricci-scalar R = g gBV Rappv
or the Kretschmann-scalar K = g gfg7P g8 RapysRyvps would be possible choices,
although we would prefer R from the intuition on the contraction of freely falling
clouds of point particles caused by Ricci-curvature. Perhaps a bit surprisingly, a
straightforward constant A would be fine, too.

Postulating the «4 Einstein-Hilbert-Lagrange density as being the simplest, local
invariant second-order action

S = Jd”‘xﬁ(R -24A) (1.758)

A%

one can in fact derive the gravitational field equation through variation of the metric,

8uv = &uv T Ogyy- In the Ricci-scalar R = gI'R,,,, however, there is the inverse metric
g" so actually one needs to vary with respect to that quantity, too. The two variations
are related by

5 () = 5 (8" gav) = 98" gay + &M+ 8gay = 0 (L759)
where one can isolate 5" by contraction with g*f,
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g gay - §"F = 01 = —g g dg,, (1.760)

with an additional minus-sign appearing.

Let’s ignore the cosmological constant for a second, A = 0. Then, the variation 8S
of S becomes

S = J-d"x (9v=g - R+ y=g- 8" Ry + V=g - 1" 6R ) (1.761)

v

which requires a relation between d4/=¢g and dg"” as well as between R, and og"”,
while the second term is already in good shape, being directly proportional to dgH”.
The variation of the covolume is done by
6\/—?=L~6g=L-g-g””6g =—lv—?-g ogh" (L762)
2% 24-¢ |AS) 4 ’

keeping in mind that In g = Indet g,, = trlng,,, such that g = exptrlng,,.  acts
like a derivative, so that g is reproduced as the derivative of the exponential, the
trace is linear and the derivative of a matrix valued logarithm is given by the matrix
inverse, multiplied with the internal derivative. Switching from dg,, to 5g"¥ then
introduces yet another minus sign. Collecting all results so far gives the intermediate
formula

i R\, i
58S = jd‘*x\/fg (Ryv - 5gw)ag1” + j d*xy=g 5R,, " = 0 (1.763)
\% \%

which is already very reminiscent of the field equation if Hamilton’s principle 6S = 0
is assumed, if only the last term was zero.

For continuing one needs the 4 Palatini-identity, which relates the variation of
the Ricci-tensor to covariant derivatives of the varied Christoffel-symbols, which I
guess merits a few words of explanation. The Riemann-curvature Rgg,, is in general
a function of I'},, and its derivatives dyI'%,, , as suggested by parallel transport. In

% = 0 as in these coordinates partial derivatives of

locally Cartesian coordinates I
the metric vanish, but dgI'%,, are not necessarily zero. That implies that the Riemann-

wv
curvature only depends on the derivatives of the Christoffel-symbols but not on
the squares. Secondly, the variation 6I'%,,, of the Christoffel-symbols is a tensor, as
the non-tensorial contributions drop out. And thirdly, V,, = 9, in locally Cartesian

coordinates, as I',, = 0.

Putting everything together lets us write for the Riemann-tensor

6Raﬁw =dy 61""‘;3‘, -d, BFD‘BH =V, %, -V 61""‘[%” (I.764)
and consequently for the Ricci-tensor
— K 3
ORgy = V) oI, =V, 07, (L.765)

which is the sought after Palatini-identity. Inspecting the surplus term of the Einstein-
Hilbert action
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jd%ﬁ. 3Ry - g = jd‘lxﬁ P [V, orty, - vy orty | (1.766)
\%

v

shows that both terms arising due to the Palatini-action are in fact covariant diver-
gences, which would vanish when converted into surface integrals.

The cosmological constant A requires only the variation of the covolume in
S = Jd4x\/—g (2A), such that one gets:
v

88 = jd4x Sy=g A = fd‘*xﬁ( — Agyy) 9" (1.767)

\Y% v

Finally, one finds that the variation of the Einstein-Hilbert-Lagrange density

- J-d‘*xﬁ(R—zA) (L768)

A%

in fact recovers the gravitational field equation (in vacuum)

R
Ry - 5 8w +Agw =0 (1.769)

Let’s have a quick look at the non-relativistic limit of the Einstein-Hilbert-Lagrange

density. Analogous pairs of quantities are ® and g,,, then J; and Iy, as well as
d;d;® and R,g,,, and finally A® and R;,,. The weakly perturbed line element on an
otherwise flat Minkowski background

ds? = (1 +2C—c2D)c2dt2—(l —i—?)dxidxf (1.770)

can be used to extract the metric and to compute covolume through the determinant,

det(gyn) = ~(1+ ch))l—E =—[1—@ 2 O((g)z)]:—(l—i—?) (L771)

such that the covolume becomes /=g =~ 1 — 2®/c? at lowest order. This means
effectively, that in the classical, second-order Lagrange density for Newtonian gravity,

S = —J-d3x DAD = fd% ¥'10;® 9;® 1.772)
\' \'

the first factor of ® could be thought of as a remainder of the covolume, while the
second factor A® appears as the Ricci-curvature. Integration by parts recovers the
conventional form, which immediately poses the question if one could construct a
gravitational action from squares of Christoffel symbols: This will be the Einstein-
Palatini-action.
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1. GRAVITY FROM A VARIATIONAL PRINCIPLE

L6 Palatini-variation: metric g,, and connection ',

There is an alternative approach to deriving the field equation from a variational
principle where the metric and the <4 connection are interpreted as independent
fields: Then, the field equation and the Levi-Civita connection are simultaneous
results of the variational principle.

S:Jd4xﬁR:jd4xﬁgﬁvRaﬁav:

\Y% v

jd‘lx V=8 8P [0aT %, = 9\T%, +T%, T, =T, T | (1773)
\Y%

where there is no a-priori assumption about the relationship between the metric g,
and connection I'Yy, . The variation with the metric borrows from the derivation in
the previous section and gives directly the vacuum-field equation

58S = J-d‘lx 5(v=8 &%) Rpy =0 — R, =0 (1.774)
v
as the Ricci-tensor Ry, was taken to depend only on I',, and dgI'%,,, not on gy.
Then, the variation with respect to the connection coefficients I'Y,, as the second
independent field can be computed as follows. Firstly, on uses the Palatini-identity to
get

S = jd4xﬁ g oRp, = Jd‘*x\ﬁ—g g (v, or'y, - vy o'y, ) (1.775)
\Y% \%

and rewrites it with the Leibniz-rule: Please keep in mind that we did not yet make
any assumption about e.g. metric compatibility, so terms of the type V,g'" are not
automatically zero.

55 [ sy e 1% ) - () -
v

- J d*xy=g v, ¢V -orty, - v, gPY-orfy  (1776)
\Y%

The first two terms vanish as covariant divergences, as they can be rewritten as
boundary integrals, leaving

58 = —J‘d4x\/7—g [V, 8P = o v g7 oTy, =0 (1.777)
\%

Then, we realise that the Christoffel-symbol is symmetric in the lower two indices
%, =T?%, if the connection was torsion-free. The last equation has to be equal to
zero as required by Hamilton’s principle S = 0, which then implies that the term in
the square brackets, which does not have a perfect antisymmetry pertaining to the
index pair pv, has to vanish identically. From that one can conclude
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1
Vigh =3 [of Vo g + 0l Vo g] = 0 (1.778)

after symmetrisation, and from that metric compatibility V, g, = 0, with the argu-
ment that

Vi [8%gp] = Vi (85) = 0 = Vyig®P - g5y + 8PV, 85 (L.779)

implying that metric compatibility of the inverse metric is consistent with metric
compatibility of the metric (please see Appendix Z.4 for the detailed derivation).

These relations are sufficient to compute the Christoffel-symbol from the metric,
as Vy ggyv = 9y Gpy — I""WS Zav — % 8pa = 0 and the two cyclic permutations define
already

ap
re, = 37 [94 8+ v 8up — 9 & (1.780)

1.7 Coupling to matter through the energy momentum tensor

The field equation needs to be coupled to energy and momentum in the form of energy
momentum-tensor Ty, such that curvature is induced into spacetime. A combined
action including geometry and the material fields could be

s:_fd‘*xﬁ(lz—z/\mzm) (1.781)

A%

with an a-priori unknown coupling constant k put as a prefactor to the Lagrange
“density” L,, of the non-gravitational fields: Commonly, one calls this the matter-term,
but actually it refers to every field that is defined on spacetime. In the combined
action one carries out an integral with the invariant volume element d*x/=g over the
scalar quantities R, A and £,,.
Variation with respect to the (inverse) metric would recover the field equation

R 81G
Ryv— ng = _CTTVV - A gy (1.782)

but only if

i & i
8S,, = ojd‘*x\/% Lo = J-d‘lx o (V=8Lm) 0" =
\% \'

1 9 .

J_d4x g ——— (\/7g£m) oghY = jd‘lx\/fg T, (1.783)
—o dahv v

v £ v

by definition, with the energy momentum tensor T, and the coupling constant
« = 8G/c*. Then, the symmetry of T,y is implied by ¢"”, and the variation of S with
respect to the (inverse) metric yields the correct field equation. Vice versa, this can

only be consistent if
1 98

Ty = N= e (V=8Lm)- (1.784)
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Similar to the expression for the covariant divergence there is the covolume /=g
that converts the scalar £,, to a density as a coordinate expression, onto which
the variation with respect to g"” is applied. Subsequently, 1/4/=g dedensitises the
expression to yield an absolute tensor Tw as a result, consistent with the other terms
in the field equation.

As a simple consistency check one can derive the particular case of a constant

L,, = 2A, falling back onto the cosmological constant term. The variation is now just
the variation of the covolume carried out in eqn. 1.762,

13
V=g ot

2N ®
)_

(V=g24) = V=g 0g"

(v=3), (1.785)

using the variation of the covolume,

0—¢ 1
6\(;: = —E\/—i‘g * v (1.786)

recovering the term —Ag,,.

1.8 Dynamics of the energy-momentum tensor

General relativity is the theory for the dynamics of spacetime for energy-momentum
conserving fields, which is formulated in terms of the covariant divergence of the
energy-momentum tensor TPW’

g Vo Ty =0 (1.787)

The variation in Hamilton’s principle can be generated by an infinitesimal coordi-
nate shift, which can have two important consequences: It should, applied to the
matter-part of the action, reproduce covariant energy momentum conservation, as the
working principle of the fields does not change across the manifold. Alternatively, it
would as well generate a variation in the inverse metric, on which the Einstein-Hilbert-
Lagrange density is built: Varying the gravitational part with respect to the inverse
metric should yield the field equation, and varying the matter part the corresponding
source of the gravitational field.

Infinitesimal coordinate shifts x* — x* = x* + C*(x) induce a change in the metric
8uv — &y following

, Ix® dxP
g},w(x ) = D 9 Sap (1.788)
based on the Jacobians
9x® - d 71 a) _ X« ac* _ s« a
ox'h T oxm (X -C )_ ox'¥ - ox’t bp - ay C (1789)
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Therefore, the metric changes according to

(') = (8-, T0)(80 -9y TP)- o = ) gap— 03 9, TP gap— 059, T8 gap + O(T?) (1.790)

such that at order {? the changed metric is given by

g}’w(x’) =8y~ av Cﬁ 8up — ap (G 8av (1.791)
The induced variation in g, due to the coordinate change is given by
8w = &l X) = &%) + Ziu(¥) = gy (x) = [1n(¥') = gu()] = [870(*) — g(x)] (1.792)

Subsituting eqn. 1.791 and the Taylor expansion g;.,(x") = g(x) = dq g, C*

6g}w =—&up - dy cﬁ — 8av ap "~ d, uv * " (1.793)

if the approximation dg g,y = d4 g, is done

Replacing the partial derivatives d,, with covariant ones V,, according to

Vi = 3}4(,"‘ + Faw [ (I.794)

as (% is a vector yields
gu[iav(»‘s + gavapcﬁ + aag'w(f‘ =

B
g}ﬂ.ﬁvvcﬁ - gy.ﬁrﬁv'[ CT + guvvpca - gavrlwt CT + Vagy.vca + (rTa}A Swt rTav gw[)ca
(1.795)

where the metric compatibility condition Vg, = 0 has been substituted. Two pairs
of Christoffel-symbols drop out, leaving

084y = ~(8an VT + gup Vo TP) = =(V,iCy + V,0,.) (1.796)

with an interesting relation to Lie-derivatives and Killing-fields: The variation of the
metric vanishes if C, corresponds to an isometry!

This result can be substituted into the variation 6S,, of the part of the action S,
describing the material fields,

_ 1 _ 1
88 =~ f d*xy=g T0g,, = +5 f dhay=g T (V,Cy + V4, (1.797)

A% v

and using the Leibniz-rule to orient the Vp—differentiations to T}W rather than (,M,

_ 1
08 = —5 j dfay=g (V, TH - G+ V, TH - () = J‘d4x\ﬁ—g V,TH.C,  (1798)

A% v

by exploiting the symmetry of the expression, and if the variation on the boundary
vanishes, to be assumed when the Gauf3-theorem is applied,
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jd4x\/§ V[T = j s,y T ¢, = 0, (1.799)
A%

\%

in summary, energy momentum-conservation in the form of a covariant divergence
V, T =0 or g**V,T,, = 0 is recovered.

Let’s try out this relation for a straightforward scalar field ¢ with a self-interaction
or a coupling V(¢), as the easiest example of a non-gravitational field serving as a
model for the matter content of the theory. Variation of the action

= fd%ﬁ(%g“ﬁvawﬁq)—wq))) (1.800)

A%

with respect to g*” should recover the energy momentum tensor T,,,. In fact, there are
two dependences on the metric, the covolume /=g and the contraction g“lfvacpvﬁcp
in the kinetic term, such that the variation becomes

8y = Jd‘*x ﬁ[%angpq;vvq)] +0yg - [%g“ﬁvaq)vw -V(p)g"  (L801)

\%

using the relation

1

1
_ wao L o
“2vg o8 = r 88" Oy =~ V=8 g 08 (1.802)

5(V=3) =
for the variation of the covolume. Rewriting the variation yields

654) = J.d4x‘/§[ M(T)Vvq) Zg}w( ﬁVaq)VﬁCI) M ))]6g’” (1.803)

A%

Naturally, we obtain the energy momentum tensor

Ty = V0 Vo0~ o (58 Voo Vi~ V() (1804)

for a scalar field, by comparing eqn. 1.803 with

_ 1. .
88y = jd4x V=85 T 08" (1.805)

v

which is the correct form, that could otherwise be obtained by Legendre-transform
or by taking the Lie-derivative of the Lagrange-function.
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