H WEAK FIELD GRAVITY AND GRAVITATIONAL WAVES

H.1 Weak field gravity and gravitational waves

The gravitational field equation is a nonlinear, hyperbolic, partial differential equation.
We have already encountered that the nonlinearity forbids the usage of a Green-
function method for finding constructing solutions for a given T,,,, so that we can
only hope to find solutions for very simple matter distributions such as the black hole
solutions or the FLRW-cosmologies. While the gravitational field equation is certainly
compatible with the Poisson-equation in the limit of small spacetime curvature for
static matter distributions, it is a sensible question whether (i) there are gravitational
effects that can be attributed to motion in the sourcing matter distribution, and (i7)
the gravitational field can show dynamical behaviour on its own, in the form of
wave-type propagating excitations: This would be natural for a hyperbolic PDE. If
one replaces the Laplace operator A = '/ 0;d; in the Poisson-equation A® = 4mGp
(setting A to zero for that instance) with the d’Alembert-operator O = ¥ d,,0d, as
the relativistic invariant constructed from d,,, one obtains a typical wave equation
O® = 92,® - A ® = -4nGp with excitations travelling at the speed c away from the
source p, irrespective of the frame: this is exactly the expression of hyperbolicity,
i.e. the notion of a relativistically invariant light cone with wave-type excitations
propagating along null-lines: Substitution of a plane wave ® o exp(+ik,x") shows
that y"Vktk* = 0 and that w = *ck.

Incidentally (and I thank T. Baumgarte for this argument), requiring the matter
distribution p to be homogeneous cancels the position-dependence of @, yielding
0%,® = —4wGp, reminiscent of the second Friedmann-equation! This underlines the
reasoning that depending on symmetry, black hole solutions, FLRW-solutions and
wave-type solutions should naturally come out of the gravitational field equation at
similar levels of symmetry (which deactivates certain derivatives), and that only in
the limit of weak gravity one can expect to recover a pure wave equation.

H.2 Nonlinearities in the field equation

The gravitational field equation is naturally nonlinear due to the construction of the
Ricci-curvature from the metric. This is pictorially summarised in the schematic

v I“"ylv - Regpw — Rpy — R (H.645)
gdg T’ ~(gdg)?  g%dg §dg

ol ~d(gdg)  gd(gdg)  g*d(gdg)

where clearly contractions between the metric and its derivatives are needed for
computing the curvature. If symmetries are present, the complexity is significantly
reduced because in a suitably aligned coordinate system, the partial derivative of the
metric with respect to the coordinate direction in which a symmetry is present, would
be zero: We have encountered this in the case of the Schwarzschild solution and the
FLRW-cosmologies. Additionally, both these solutions have defined natural scales,
the Schwarzschild radius r; = 2GM/c? and the Hubble distance ¢/Hp. In contrast,
classical gravity in three dimensions and more is scale free, as the potential follows
a power law, as long as effects of the cosmological constant are neglected on small
scales, < 1/VA, reiterating the argument that the cosmological constant is a perfectly
admissible feature of classical gravity.

127



H. WEAK FIELD GRAVITY AND GRAVITATIONAL WAVES

From a conceptual point of view, we will formally and not just by analogy join
weak perturbations h,,, of the otherwise Minkowskian metric #,,,

Suv = M + Iy with  |h, | <1 (H.646)

with the gravitational potential ®, the gravitomagnetic field A; and the gravitational
shear h;;. It should be emphasised that in this process one loses general covariance
as this decomposition with weak perturbations makes statements about individual
entries of hy,,, and their smallness compared to one can only be made in a preferred
coordinate system. There is, however, residual Lorentz-covariance pertaining to non-
accelerated frames of reference, i.e. a transformation law of the form

I = A A B (H.647)

with Lorentz-transforms AM"‘.

H.3 Gauging of the metric
Transitions from one coordinate choice to another
xt — xM = xt 4+ EH(x) (H.648)
where the differential function £!(x) defines the transform. The corresponding

Jacobian is given by

ax't aEr

_ sH 2
S =5+ 0 (9%¢) (H.649)
with its inverse Jacobian
oxH et oEH 5
T 0(2%¢) (H.650)
so that
ax’* odxV _(H (98‘ v QEV o~ shsv an (9{,” va(t.,V G
S 9 = (a) axv)'(éﬁ_ ax'ﬁ)_ ol & “S 85 = % (H.651)
T —— —
3 ok o8t
ox'P axP

implying that we should not distinguish d&/0xP and 9&#/dx" at this order. With
this definition of a coordinate change, the metric transforms as

Ixe oxb V V
S = T o S = (85 = 9,E%) (80 = 0P e + frog] =

) B
T+ Ty = 88 0y € - o = Dy £ 85 1o = My + Py — 0y & = 9y &, (H.652)
This is the relation from which we can isolate the transformation rule of the

perturbation
hyy — h;w =hyy -0, & -9y & (H.653)
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H.4. LINEARISED GRAVITATIONAL FIELD EQUATION

The inverse metric obeys g"ﬁgﬁv = &), by definition, such that

M = — (H.654)

is a good enough approximation at that order and correct to O(h?), with the inverse
Minkowski-metric being h#V = oy’ hog.

g"ﬁggv = (}1}413 _ h”ﬁ)(ﬂﬁv + h[iv) = ﬂ"ﬁﬂﬁv + q”ﬁhﬁv _ huliyIfiv +O(h?) (H.655)

with nPrg, = &), WPhy, = 1, = 0 and h*ng, = K", = 0 at lowest order, h", =

g%y, = (r]”“ - h”‘") hoy = 1*%hy,. Effectively this implies that raising and lowering of
indices is done with 1}, instead of g, and that derivatives are replaced dq g,y = daltyy
as 1,y is constant in Cartesian coordinates.

H.4 Linearised gravitational field equation

So far we have set up the metric as weak perturbation of the Minkowski-metric
in Cartesian coordinates, determined the transformation properties and suitable
approximations for the inverse metric. In this preferred frame with a particular
coordinate choice we can continue to find a 44 linearisation for curvature tensors,
which are all ultimately computed from partial derivatives of the metric and by
contractions with the metric.

The first step would be the Christoffel-symbols, where the inverse metric is
replaced by the inverse Minkowski-metric,

re, - £ Dy 8up — Ip Gv) =
A ( w8pvt 9y 8up ﬁgw)—
”aﬁ 1 o (o4 o
7(914 hgy + Oy hyg — 0 Iy ) = E(éuh v Oy S =% hy,), (H.656)

renaming one of the indices, by writing 9, = 1 -

The Riemann-tensor is then derived in the limit that the dominating terms are
the derivatives of the Christoffel symbols (in turn with the inverse Minkowski metric
instead of the inverse actual metric), while the squared Christoffel-symbols are
discarded,

-

oo p B B )
R = 9y T =9 Ty + T T —T', T, (H.657)

B
Applying all simplifications then yields the final result for the Riemann-tensor,

1 1
W — [ ® W [
R4y = 59 (9a 1y + 9 ha" = 9% hap) = 5 95 (9a 1"y + 9y hal" = 0¥ hoy)  (HL658)

so that finally one arrives at

R gy = 5 (9970 'y = 0520 W'y 4 00" hoy = 03" hg] - (H.659)

The contraction of the Riemann-tensor with the metric yields in a first step the
Ricci-tensor, where we will use in this approximation the inverse Minkowski metric
1" as in the case of the Christoffel-symbols,
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1
Ray = 5 [dady 1+ Dty = 940" hoy = 9,90 1] (H.660)

where one can define the trace h = hMV and recovers the d’Alembert-operator OJ =
90"
Further contraction of the Ricci-tensor with 'V gives the Ricci-scalar,

1
R=> [0%00 1+ T he® = 9% hoy — %" hey| (H.661)

with a particular compact form using the trace h and the d’Alembert-operator [J,

R=0h-9%" hy, (H.662)

With these approximations, one can write down the field equation Ry, - R/2 gy, =
—8mG/ct T,y (setting A = 0 as it is not relevant on small scales) in the weak field
limit.

By redefining the amplitude h,, one can reach a significant simpification: The
trace referse

. h
Ry = By = 5 (H.663)
has the properties
h= oy~ B, = B a oy H.664
=y = oy =h- o 4= (H.664)
as well as ~
= . h
hyy = hyy — ETIPW hyy - Eﬂw + ETI}W By (H.665)
such that hy,, is given by
_ h _ h
hMV = huv + E}’l}w = h}w - Eﬂuv (H666)
because i = —h.
Then, the linearise gravitational field equation becomes
- v - - 16mG
O hay + My 997 hyy = 90" By = 90" hgy = _TT‘W (H.667)

After linearising the field equation, introducing a Minkowskian background and
redefining the amplitudes there is still the freedom for picking a particular gauge,
where the choice of the Lorenz-gauge would naturally come to mind. The gauge
choice should be able to simplify the field equation further, discarding all terms apart
from O Bay.

Now introducing the Lorenz-gauge and replacing & by '

’

1.7 ’ h 11
By = My = = My = By = Oy = Iy = %(h - 21 9, &) (H.668)
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such that one arrives at:

y h
huv = h;w - aua - avap - Eﬂ}w + hpv *laﬁ aa‘i[& (H.669)

Applying 9" to the equation then gives:

0" Iy = 9" hyy = 9¥9,E, — 0Y9, &, — 00, + 1y IV 9, EP (H.670)

Using the definitions 90, = [J, as well as *r]wa"*q"‘ﬁ do &g = apaﬁ &p one arrives finally
at
hyy = "hyy —OE, (H.671)

such that, with the gauge choice O g, = 9" l_zw implying 9"}_1;“, = 0, the linearised
field equation in Lorenz-gauge reads
16mG

Oy = —227C

T (H.672)

which is is perfect agreement with the expectations: T, sources perturbations in fa{w
in a linear, Lorentz-covariant wave equation with propagation along the light cones:
4 gravitational waves!

H.5 Vacuum solutions of the linearised field equation

Vacuum solutions Ty, = 0 of the linearised field equation [J fzw = 0 with the Lorenz
gauge condition 9" }_L}w = 0 very naturally call for plane wave solutions, in complete
analogy to the vacuum Maxwell-equation d"F,, = 0. By substituting F,,, = d A, -
d,A, and assuming Lorenz gauge J*A,, = 0 one obtains d"d, A, = OA, = 0, which
is likewise solved by planed waves, where the gauge condition makes sure that the
vector potential A, is oriented perpendicular to the wave vector k¥, justifying the
expression transverse gauge.

Plane waves of the form ﬁw ~ exp(+in* kqxg) have to have a light-like wave
vector — 1), kk¥ = 0 such that the propagation in the gravitational field takes place
along the light cone without any dispersion at all. It should be emphasised that in the
limit of linearised gravity that we are dealing with there the light cone is defined by
the background alone, g, k"k” = 0 which becomes in the preferred coordinate system
1uyk"k? = 0 and that there is no effect of the gravitational field of the wave back onto
the propagation of the wave.

Given the implicitness of a particular coordinate choice in which the metric is
written as a perturbation to the flat, Minkowskian spacetime, one might be tempted
to search for a wave equation on the basis of differential geometric quantities. A
physically sensible starting point would be the differential Bianchi-identity

VaRpgp + VeRyapy + VyRog = 0, (H.673)

with a cyclic permutation in the first three indices.

Application of the operator g°*Vs would immediately yield the tensor d’Alembert-
operator in the first term, g?""VéVOLRMMV = DRﬁww but an incredibly complicated
structure in the second and third term. Even with all index exchange symmetries
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of the Riemann tensor, and by replacing the Riemann-tensor with the Weyl-tensor,
to which the same symmetries apply, these additional terms would not vanish. Re-
placement of the Ricci-tensor by the Weyl-tensor is a sensible physical assumption, as
gravitational waves are vacuum solutions devoid of Ricci-curvature: At least at first
order they are structures of pure Weyl-curvature; yet at higher order they do source
Ricci-curvature due to their own energy momentum content. This ultimately gives
rise to current research questions in relation to 44 gravitational wave memory and
gravitational wave dispersion.

One can get a feeling for this complication by looking at the Bianchi-identity for
the electromagnetic field tensor F,,. Obtaining a wave equation on a flat, Minkowskian
background straightforward (c.f. eqn. A.101):

aaFﬁy + BBFW + ayFa[; = 0, (H674)

and computing the divergence qéaay,

DF‘gy + aﬁFw + ayFalg = 0, (H675)

with O = *rf""ayaa. As partial derivatives interchange, one can isolate the divergences
qéaag,Faﬁ in the second and third term, which correspond to the Maxwell equations
and are zero in vacuum, leaving the wave equation DF[;Y =0.

On a curved background, the Bianchi-identity would still apply,

VeoFsy + VgEyo + VyFep = 0, (H.676)

because Fyg is given by VoA — VA

VeFgy + VgEyq + VyFyp = (Vavﬁ ~VgVa) Ay + (VyVa - VaVy) Ag+(VpVy - Vy(zlﬁg %

suggesting substitution of the Riemann-tensor after reordering the terms,

= —(R7)op + R¥ya + RUgpy ) Ac = 0. (H.678)

This expression vanishes, as the term in the brackets is exactly the algebraic Bianchi-
identity.
Applying the the divergence g%V to Bianchi-identity on a curved background

VoEsy + VgEya + V, Eyp = 0, (H.679)

one obtains the tensor d’Alembert operator in the first term, ngévaFﬁy = UEy,
but the covariant derivatives in the second and third terms do not straightforwardly
interchange:

OFgy + %V VpEyq + g%V V, Fop = 0, (H.680)

but this stands in the way of substituting the vacuum Maxwell equations g“‘?’VbFalg =
0! Instead, substitution of the Riemann-tensor yields surplus terms:

O3, — R% ey + RY By = R% g FY + R F% = 0. (H.681)
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Even when the Ricci-curvature is set to zero due to the assumption of a vacuum
situation (and disallowing the energy momentum content of the electromagnetic field
to contribute to gravity), the first two terms would vanish, but the third and fourth
term would fall back onto the Weyl-curvature of spacetime,

OBy — C% o B% + € (P = 0. (H.682)

By

This derivation perhaps gives a flavour of the difficulties one faces in the search
of a wave equation for gravitational waves: While there is an analogous starting
point in the form of the differential Bianchi-identity, setting the Riemann curvature
RT(3Mv to the Weyl-curvature CTWV can only be true at first order, as the wave has its
own energy and momentum content and sources the Ricci-curvature at second order.
When neglecting those, the wave equation reads

DC[SWV - V[SQy}w + VyQ‘i}w =0, (H.683)

with Qy = g“éVbCawv, which still has some degree of similarity, but the internal
structure of the tensor d’Alembert-operator acting on the Weyl curvature is over-
whelming. But one already sees that the wave equation involves first derivatives of
curvature, which ultimately lead to a loss in ampltiiude, to a propagation away from
the light cone and to sourcing of Ricci-curvature.

H.6 Stationary sources and gravitomagnetism

Stationary sources are peculiar as there is no time dependence is the source and
hence none in the gravitational field. As a consequence, there is no corresponding
retardation in the Green-function and the perturbation to the metric fzw can be
computed from the source Ty,

_ T, (x
B = 3G gy Tl (H.684)
¥ ct |x — x|
\%

There is a tremendous simplification in the energy momentum tensor if taken in the
non-relativistic limit, where p <« pc2:

2
- p ~ _[pc”  pcu;
T = (P + Cz) Uty = PGy = P Uylly = (p cu; puiulj) (H.685)

Solving for the metric perturbations then suggests a sourcing of ® through pc?

D(x) = -G J av’ ljf‘;:q (H.686)
\'

suggesting that i, = %D, as well as of a vectorial contribution A;

A = =25 [ av 208D (H.687)
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from pu;, appearing as ;; = h;; = A;/c. In order to construct the metric we need to
revert back to hy,,

h
w5 (H.688)

=
Il
=

wv

and discard contributions to fl,-]-, which is valid for small velocities p < 1. Then, the
trace is simply given by the Newtonian potential, h = h;; — hyy = i% and the full
line element reads

20 . 20 L
ds? = (1+ 6—2) c?de? +2A; drdx’ - (1 - Tz) yijdx'dad. (H.689)

When computing the Christoffel-symbols from this metric, which would be needed
for e.g. the geodesic equation
du®
dt

+I%, utu’ =0 (H.690)

describing the motion of a test particle, one realises that the scalar, Newtonian poten-
tial @ appears in I';; while the vectorial potential A; influences F’tj and rljk terms, i.e.

that one needs a nonzero velocity u' to notice them, and that those terms will be pro-
portional to the velocity at first and second power (and as inertial accelerations those
would be exactly the Coriolis acceleration and the centrifugal acceleration). Velocity-
dependent accelerations in relativistic motion are very typical, and in analogy to
the Lorentz-force in electrodynamics these accelerations are called gravitomagnetic
accelerations.

H.7 Wave equation and Lorenz-gauge condition

Gravitational waves are a typical consequence of the hyperbolic gravitational field
equation. After a suitable linearisation procedure and after writing the amplitudes
with the trace reverse, one obtains the wave equation

- 167G
Dhyy =~ ! Ty

(H.691)

in the Lorenz gauge, o* l_lw, = 0. The waves necessarily follow null-geodesics which
illustrates why in our consideration about the most general classical theory of gravity
the parameter m was set to zero: Otherwise, the wave equation would have read
O® = m?® such that for the wave vector NuktkY = m? > 0 and would therefore lie
inside the light cone. In addition, propagation of wave would not be dispersion-free.

The superposition principle applies to such a linear field equation and one can
introduce plane waves as fundamental Fourier-modes:

d3k

hy(x) = f P Au(k) exp (£ irqg k%xP) (H.692)

with amplitudes A, (k), and perhaps it’s worth pointing out that in the context of
a flat Minkowski-background with Cartesian coordinates the tuple x* is indeed a
vector. While the T-operator generates a perfectly normal 4 retardation,
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, T, et =[x = %))

Ty(x) = dv (H.693)

ct |x — x|

captured by the Green-function, it would be unnecessary to distinguish distances
from different points of the source to the observer, [x — x’| ~ r for all x’, defining the
compact source approximation:

(x) = 46 dV’ T, (x/, ct — 1) (H.694)
i A i

with a common retardation. It should be kept in mind that gravitational waves as

vacuum solutions to the field equation only exhibit Weyl-curvature and that the
Birkhoff-theorem forbids spherically symmetric gravitational waves, as spherically
symmetric vacuum solutions need to be static.

H.8 Plane gravitational waves in traceless transverse gauge

The wave equation fixes the wave vector k¥ to be lightlike, 1, kFk” = w?/c? - k? =0,
so for a propagation along the z-axis of a Cartesian coordinate frame one would write
k” = (k,0,0,-k)¢, so that the Lorenz-gauge condition o* flw = 0 makes sure that
the amplitudes obey A,k = 0 so that they are confined to the (x,y)-plane of the
coordinate system. Any further gauge transformation

hyy = hyy = 9, &, - 94 &, (H.695)

defined through the gauge function &, (x) does not interfere with the Lorenz-gauge if
it obeys J &, = 0, because due to the condition 0 §, = 0% Ijlav_ the gauging condition
is maintained.

A specific choice for the gauge function would be &, = €, exp(ik,x®) with constant
€ which would obviously fulfil O EM = 0 as a wave, and it would have the effect to
change the gravitational wave amplitude to

Al = Ay — ek, —ieky, +iegk® 1y, (H.696)

Effectively, the new gauge introduces coordinates that oscillate along with the grav-
itational wave, and the best way to visualise this would be to draw the analogy to
comoving coordinates. Specifically, the amplitudes in this coordinate frame with the
null-vector k' become

Al = Ay —ik (e +€;) Af = Ay —ike, (H.697)
Al = Agc—ik (e —€)) Af, = Ay —ikey (H.698)
AZ’JV = Ay}’ —ik (er — ;) A;y = Axy (H.699)

While transversality A, k¥ = 0 fixes the relation

An k' =k-Ay—k-Ap=k(Ay—AL) =0 (H.700)

to A Ay;. Then, the particular choice of the constants €, : A}, = A}, = A}, =0,

pt =
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Al = —Aj, implies

00 0 O
00 a b O

A=lo b s 0 (H.701)
00 0 O

which is referred to as the traceless transverse gauge, because of n*'A,, = 0 and
ktA,y = 0. The shape of the central section of_the matrix pertaining to the (x, y)-plane
suggests the ansatz a(t, z) o1 + b(t, z) o3 ~ hy, illustrating that there should be two
polarisation modes, with oscillatory functions a(t) and b(t), such that the line element
assumes the form

ds? = c?df? - dx? - dy? - dz? - a(t, z) [dx? —dy?| -2 b(, 2) dxdy  (H.702)

i.e. effectively a Minkowski line element with periodic deformations in the plane
transverse to the propagation direction. In comparison, the FLRW-line element for a
flat Universe is given by

ds? = ¢ df? - a?(1)[dx’ + dy? + d2’| (H.703)

which suggests that the two functions a(t) and b(t) should be thought of as scale
factors, relating the comoving coordinates in the (x, y)-plane (which is actually the
role of the traceless transverse gauge) to physical distances. Of course, the analogy
does not go further than that as the two solutions could not be more different: FLRW-
universes are systems of pure Ricci curvature and the effects of A are important,
while gravitational waves are vacuum solutions with pure Weyl-curvature.

The motion of test particles is given by the geodesic equation du®/dt+I'%,, utu” =
0, and if the particle is initially at rest, u* = (c, 0)' one would obtain:

d d
au“ = Eu“ =-T%, utu’ = 219, = —%11"“5 [at gy + 0y g = dp h”] =0 (H.704)

confirming that the test particles are indeed at rest in the traceless transverse (co-
moving) coordinate frame. That of course does not mean that the physical distance
between the particles does not change! Physical distances, as measured for instance
at dt = 0 (i.e. instantaneously) or along the light cone ds = 0 oscillate as given by
a(t) and b(t). This is illustrated in Fig. 10 for the two polarisation states of a plane
gravitational wave, for a set of test particles arranged on a circle. The transition
over time from a circle to an ellipse conserves to first order the enclosed area, as an
expression of the pure Weyl-curvature of the gravitational wave.

Just as in the case of circularly polarised light, one can introduce a phase shift of
+1/4 between the two linear polarisation states, and the result is illustrated in Fig. 11.

H.9 Huygens’ principle and elementary waves
There is a fundamental difference in the propagation of (spherical) waves in space-

times with different dimensionalities. A plane wave obviously obeys the %4 wave
equation, for instance for a scalar field ¢ one gets
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Figure 10: Amplitudes for a plane, linearly polarised gravitational wave as a function of
time for the two polarisation states o'!) and o'3). The shading indicates the passage of time.
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Figure 11: Amplitudes for a plane, linearly polarised gravitational wave as a function
of time for a phase shift between the two polarisation states o\') and o3, resulting in a
circularly polarised wave. The shading indicates the passage of time.
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1 9,9y ¢ = Oy = [92, - ia?]cp =0 (H.705)
i=1

with a light cone condition 1"k, k, = 0, obtained by substitution of ¢ oc exp(+ik,x¥).
If one now asks whether a spherical wave obeys a light cone condition, too, i.e.
whether the radius r of a spherical wave front is given by r = ct, the answer would
depend on the number of dimensions that spacetime has. This is in contrast to plane
waves, because in fact eqn. H.705 always reduces to a wave equation in one temporal
and one spatial dimension by orienting the coordinate system in the direction of k;.

Spherical symmetry reduces the Laplace-operator to contain only derivatives

. n
along the r-direction, such that y"/ d;d;y = A, ¢ = Z d?¢ = 0, with the definition

r? = =vijx ixi = xixt = Z x typical for Euclidean space. A spherically symmetry blast

wave would then i 1ncrease its radius r as a function of time ¢, such that the system is
effectively 2-dimensional. But even though it would be reasonable to assume that r
and ¢ fulfil a light cone condition ct — r = 0 we shall see that this is only the case in
1+ 1 and 3 + 1 dimensions!

From the derivatives

1

2
. X°
dir = % and J?r= o r—; =—F2= (H.706)

we can derive that

Z(ar) 1 Zx -1 and Zazr_ Zl——z :”—;1 (H.707)

i

such that the double derivatives 8? in the wave equation can be written as

2 b=0,;(d; 19, §) = I?r- 9, o+ (9; r)*- 2P (H.708)

Summing over i gives the Laplace-operator needed for the wave equation, then
reformulated in radial derivatives,

n
Ap=) =) = 20 (H.709)
i i
so that the wave equation for a spherical wave reads
Od=0%p-0? (H.710)

with an additional term d, ¢/r containing a first derivative. If it was not for that term,
spherical waves in any number of dimensions would behave like plane waves, which
is the case n = 1.

The asymptotic behaviour of the wave can be isolated by setting {(r) = rk - ¢(r)
with a negative exponent k, as the amplitude is expected to decrease with increasing
distance. Reformulating the wave equation in terms of 1 instead of ¢ gives
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H. WEAK FIELD GRAVITY AND GRAVITATIONAL WAVES

A v=r"0,0+k-r*1¢ and 2P =rk?dp+2-kr* 19, p+k(k-1)-rF2d (H.711)

arriving by division with r at

k(k - 1)
1’2

ikafq):aimz—rk.a,m ¢ (H.712)
T

If the energy flux is proportional to the squared amplitudes ¢? and if it is conserved
when integrated over shells of radius r which in turn have an area oc 7”1 in 1 spatial
dimensions, the amplitudes need to scale as

Y(r) = r'e “¢(r) (H.713)

suggesting that k = (n — 1)/2. Substitution of that particular scaling then

,,1;1'334):93(1”n;19r¢+(n_li(rn_3)¢ (H.714)
r 2
and finally
P2 = agq)_wq, (H.715)

which is a truly surprising result: One recovers the archetypical wave equation in
1 and 3 spatial dimensions as the last term vanishes, but there will be in general
additional effects from that term in propagation problems. Spherical waves in 3 + 1
dimensions behave in every aspect as plane waves as their radius obeys a light cone
condition ¢t — r = 0 as as their propagation is therefore dispersionless. In spacetimes
with other dimensionality one would see through numerical computation that there
is no infinitesimally thin wave front, instead the entire bubble with radius r = ct is
filled with nonzero amplitudes, as not all partial waves propagate at the same speed.
Formally, solutions to the spherical wave can be constructed with a power series
ansatz, as eqn. H.714 is a differential equation of the Bessel-type.

Fig. 12 shows the dispersion relation of a spherical wave in n dimensions: While
inn =1 or in n = 3 one would always obtain a linear relation w « k, the angular
frequency can become imaginary at small r in n > 4. At large r, though, a spherical
wave approximates a plane wave, so that a linear, real-valued relation w « k is
recovered at large radii. At small radii, though, there is dispersion and damping of
the spherical caused by an imaginary w(k).
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1.9. HUYGENS PRINCIPLE AND ELEMENTARY WAVES
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Figure 12: Dispersion relation w(k, r) for a spherical wave in n dimensions, as a function of
wave number k, for the value r = 1. The cyan-coloured brances indicate real values, while
the blue-coloured branches indicate imaginary values.
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