I OBSERVATIONS OF FLRW-DYNAMICS AND THE ACDM
COSMOLOGICAL MODEL

L1 FLRW-parameters and the background expansion

In this chapter we should have a look at possible observations in FLRW-Universes in
which the expansion velocity is proportional to the distance (v = H(t)r), specifically
how the Hubble-Lemaitre constant Hj can be determined, and how the dynamic
evolution of the Hubble-function due to the gravitational interaction can be observed.

I.1.1 Hubble-Lemaitre constant Hy

The Hubble-Lemaitre constant Hj can be determined in observations of Cepheid
variable stars: Those stars have (i) a known relation between their pulsation period
and their intrinsic brightness, and (i7) are bright enough to be seen in distant galax-
ies. Combining the estimate of the intrinsic brightness with the observed apparent
brightness one can estimate the distance, which scales with Hy, or equivalently, h.
The velocity can directly be related to redshift, as z =~ v/c Similar methods based on
luminosity estimates of galaxies with the 4 Tully-Fisher relation or 4 Faber-Jackson
relation are superseeded in their accuracy by Cepheids.

Alternatively, the age of very old objects, for instance white dwarfs, one can put
an lower bound on the age of the Universe,

1
ty = f - 4 (1.595)
0

which requires a period of decelerated expansion in the past to remain finite. Clearly,
the magnitude of the integral is set by the inverse Hubble-Lemaitre constant 1/H).

T/ &

I.1.2  Spatial curvature Qg

By using the angular diameter distance of an object with known physical size, we
can determine whether there is curvature in our universe, as this would influence
the observed angular diameter. From observations of CMB-fluctuations or <4 baryon
acoustic oscillation features in the distribution of galaxies, for which very precise
models exist and whose comoving distance is known, one can predict their angular
size and compare to the measured angular size. Measurements point towards very
small values for curvature, Q; < 0.01.

I.1.3 Cosmological constant Q5

By comparing the apparent luminosity with a prediction of the intrinsic luminosity
(supernovae of type Ia are very suitable for this purpose, as the released energy is
almost constant) and a measurement of redshift one can determine the evolution of
luminosity distance di with redshift z or scale factor a = 1/(1 + z):

1

da
dL = CQJ m (1.596)

a

for a spatially flat FLRW-cosmology. For a standard form of the Hubble-function
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Figure 37: Supernova data and three different theoretical models for the distance modulus,
specifically flat ACDM-models with Qp =1 —-Q),,.

3(1+w)

H=Hya 2 (1.597)

the above integral becomes divergent at the lower boundary if w < —%, correspond-
ing to acceleration, and a supernova appears systematically darker. Typically, one
would determine in for a model with two FLRW-fluids the matter density (,, and
the equation of state w of the remaining dark energy fluid with density 1 — Q,,,
assuming a critical universe. The fact that supernovae appear systematically darker
in accelerating universes is illustrated in Fig. 37, where models for the luminosity
distance (and therefore, the distance modulus) for different Q,, are compared to data.

The supernova data can be used to carry out a fit for ), in a ACDM-cosmology,
arriving at a value of Q,, = 0.2785 + 0.013, providing support for the existence of
acceleration and the cosmological constant. Fits that include an open parameterisation
for the dark energy equation of state lead to values close to —1, in particular in
combination with other data sets.

1.2 Cosmic structures and their parameterisation: og and n

Primordial cosmic structures have a near-Gaussian statistical distribution, which
implies that they’re entirely characterised by their spectra. Linear physical process,
for instance those giving rise to the temperature fluctuations of the CMB conserve
that Gaussianity and link the spectrum of the observable to the spectrum of the
underlying matter distribution P(k): Therefore, any cosmic large-scale structure
observable measures the normalisation of the spectrum,

X2 . 2
o3 = J k :f P(k) (M) . (1.598)
0

2 kR

The fluctuation strength is immediately reflected by og. On large scales, the spectrum
is approximated by a power law,
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P(k) oc k™, at k> 1 (Mpc/h)™! (1.599)

with a spectral index n4 very close to (but slightly smaller than) one: It would be
one if inflation was in a state of perfect slow roll, but deviations from the ideal slow
roll conditions lead to a decreased value of n;. At the same time, the deviation of
ns from one indicates the inverse number of e-folds of accelerated expansion that
inflation provides. In reality, though, one always deals with integrals over P(k) in a
measurement, so that the entire shape of the spectrum needs to be known (usually
computed numerically). Typically, these integrals are due to Limber-projection, or
due to perturbative methods of nonlinear structure formation.

1.3 Bayes-inference in cosmology

Science knows two types of truth: empirical truths correspond to reproducible, ob-
jective observations, and logical truths to statements that are derived from axioms
in a mathematically consistent way. The way in which science operates is by making
predictions for theories, and comparing them to observations, possibly discarding
the theories in the process: As such, science is a self-correcting process guided by
deduction and inference. Here, inference refers to deriving statistical statements
about model parameters from data, or about the validity of entire model classes. The
issue in this is that Nature provides data only with an added experimental error or
by providing only finite amounts of data with a restricted statistical power: After
all, the Hubble volume is finite. Therefore, an observation can not tell in an absolute
sense if a theory is true, rather, it provides confidence regions and statistical error
estimates, and only allows to differentiate theories that differ by significantly more
than the inherent error of the measurement.

1.3.1 Likelihood and probability

One might wonder how randomness in a measurement comes about: but after all,
it is simply the result of all variables in the measurement process that can not
be controlled in the experiment, because the experimental setup itself is perfectly
predictable by the laws of Nature, as it is clearly part of Nature and does not exist in
a transcendent way, and a better experiment will essentially allow a better control,
resulting in reduced errors. Recording a set of values y in a measurement that are
Gaussian distributed with error ¢’ allows to compute the likelihood £({y}|6"), here
with the simplifying assumption that all data points are statistically independent,

i o (v et [y (2 ve) )
LN e [ Jexp| -3 . =expl—5 ) = (1.600)

that one would make the measurement if the values result from a theoretical model
yo(x) with model parameters O". A likelihood is, for all intents and purposes, a
probability as it is a number obeying Kolmogorov’s axioms. But there is an important
difference in perspective: Usually, one imagines in a probability that there is a fixed
random experiment that is able to produce outcomes at different probability, but in a
likelihood there is a fixed outcome (the data values ') for which one considers now
variable models yg(x) (for instance, the prediction of the CMB-temperature correlation
as a function of separation for a given model, or the galaxy density correlation as
a function of distance for a choice the model parameters) that differ by the value
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of their model parameters O". For the Gaussian error process as in eqn. 1.600 it is
possible to work with the x?-functional instead, which is linked to the likelihood by

i_ iy\2
z:({y"nev)ocexp(-@) with xz(e):z(w) (L.601)

ol
i

Therefore, the likelihood is a function of the model parameters and depends of
course on the actual data set. Now, one suspects the true model parameters in the
value that maximises £ (or minimises x?), as the data that one has is most easily
generated by the true model: This is exactly the principle of 4 maximum likelihood.
At the same time, eqn. 1.601 shows that the origin of #4 least squares-rule originates
from the Gaussian error in the data.

Quite often it is the case that the data points are not uncorrelated, and as long as
the fluctuation statistics is Gaussian, this is easily amended by the replacement of x?
by

=) (v - o)) Cij (7 - pelx!)). (L602)
ij

Now, the inverse C;; of the covariance matrix Cii
= ') - ) (1.603)

enters the determination of x2. It is determined from the linear system of equations
ijCjk = 6;(. The case of uncorrelated data is recovered for diagonal covariance
matrices, with C'/ = (¢)? on the diagonal.

A classic example are measurements of spectra C({), for instance of the cosmic
microwave background fluctuations, in terms of the multipole moments a,,,. Here,
one constructs an estimator

+{

. 1 .
¢(0) Z Aoy, (1.604)

T2+
m=—{

of the spectrum, as there are 2¢ + 1 multipole moments for a given ¢. By construction,
their expectation value is zero and they all carry the same statistical information if
the CMB is isotropic. In fact, the estimator is unbiased,

+( +(
A 1 1
(€0 = 577 ;w,,,az,,» =T ;cw) = C(0) (1.605)

as one recovers the spectrum in an average over a hypothetical ensemble of statisti-
cally equivalent universes with the definition of the spectrum as an ensemble average,

<a[ma€’m’> = C(g)ééf’émm" (L.606)

The covariance of the measurement can be constructed analogously:

1 1

(COCEN O = S5 5T D D (GemBpbemap,y). (1607)
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The expectation value over four powers of the field can be decomposed with the <4
Wick-theorem, assuming Gaussian fluctuations,
<a€ma2ma€'m'a}/m'> =
<a€ma}m><aﬂ”m’a2'ﬂ,'> + <a€ma€’m’><u}ma2'm'> + (ﬂé'm'ﬂ},,)(aemﬂ}/m/)- (I~608)
Substitution of the spectra leads to the final result

2

(COCE) = (CEONCL) = T

C(O)C(C)dg, (1.609)

so that the covariance will be diagonal in multipole order ¢ which implies that
the measurements are statistically equivalent. There is an interesting prefactor of
2/(2¢ + 1) which originates from the fact that there is only a finite number 2¢ + 1 of
m-modes at a given ¢, giving rise to an 44 associated statistical uncertainty. This <4
cosmic variance is a fundamental statistical limitation of observations at low ¢, or
large angular scales.

1.3.2 Bayes’ theorem

But there is a very important catch: The likelihood £({y'}|0") is able to quantify how
probable it would have been to observe the data set {y’} for a given choice of O,
but what one actually would like to know is the distribution p(9”|{yi}) of the model
parameters given the observation of the data points. For interchanging the random
variable and the condition one needs to use the 44 Bayes-theorem:

p(0*{p’) = £lly')1on) (OF) (1.610)

p({y'})

In Bayes’ reasoning, the posterior distribution p(6#|{y’}), i.e. the distribution of the
model parameters taking the data into account is given by the likelihood L({y'}|6"),
for which one needs the model to predict the data and the knowledge on the error
process, and the prior distribution 1t(6"), which reflects the uncertainty in the model
parameters before one has carried out the experiment. It is normalised by the evidence

p({y'}),
p(ly')) = fd"ea{yfne**) (6%) (L611)

which is the probability to obtain the data in the first place given the prior infor-
mation. If a new experiment is carried out, the posterior distribution from the last
experiment would serve as a prior for the next experiment.

As one essentially multiplies peaked distributions in this process, the resulting
distribution will be more peaked as the original ones, indicating that the uncertainty
on a model parameter has been reduced by including more data.

The likelihood £({y'}|6") combines the prediction of the data from a choice of
model parameters 0%, which not only needs a physical model pg(x'), but also an
understanding of the errors o' that arise in the measurement. If the data is distributed
in a Gaussian way about the model prediction of the true model,
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i 1 vo(x') - ¥’ 1 (ye(x’) -y )
L({p'}|6") = _ 2= 2 ) [~ _Z EAAME A B
(1y'}1o") U \Wexp[ ( - expl—5 ) |7
from which we identify the x2(6) of the fit,

iy _i\2 . ) ) .
x2<e>:Z(W) and x(0) = ) _(volx) = ¥)Cijlyole) ~ 1) (L613)
i ij

for uncorrelated data in the first, and correlated data in the second case, such that
the relation between likelihood and X is given as

L({y'}6") o eXP(—%XZ(e))' (L614)

which is sensible, as the best-fitting model with the smallest x?(0) serves as an
explanation of the data with the highest likelihood; it could have brought about the
data with the highest probability.

1.3.3 Sampling from the posterior distribution

Even though the posterior or the likelihood are computable for a given model y(x)
parameterised by 6F and for a given data set {y}, this is in practise numerically
very challenging for highly-dimensional parameter spaces. Instead, one uses the
Metropolis-Hastings algorithm (or more efficient variants of it) to generate samples
OF that are distributed according to the posterior distribution p(0H|{p}).

In the 4 Metropolis-Rosenbluth-Hastings algorithm one performs a random walk
in parameter space on a potential given by the logarithmic likelihood (or the sum of
logarithmic likelihood and logarithmic prior, those quantities exist for distributions
from the exponential family). For evaluating the random walk, one takes a step from
O to 0" + 5, where 9, is a random vector from the so-called proposal distribution.
Comparing L(0") with L(O" + o) with the logarithmic likelihood ratio

L(0F + oH)

r=1In Z(on)

(1.615)

gives two possible options: Either r > 0, in which case one allows the process to jump
OF — O} + oF, as the new point is a better explanation for the data. Or, r < 0, in which
one accepts the step to a point with lower likelihood only in exp(r) of all cases. In this
way, the samples 6" will follow the distribution £(6").

The comparison between the gridded evaluation of a supernova likelihood with
the MCMC-evaluated result in Fig. 38 at a fraction of the computational cost is
striking.
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Figure 38: Direct evaluation of the supernova likelihood on a grid in the parameters (),
and the dark energy equation of state w, where the dark energy density is fixed by the
flatness condition O, =1 — Q.
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A Effectively, setting the temper-
ature T to a value unequal to
one pretends to have a better or a
worse experiment with other sta-
tistical errors. And like in thermo-
dynamics, T = 0 does not make
sense as xz(e)/T would be unde-
fined.
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The working principles of the Metropolis-Rosenbluth-Hastings algorithm can be
explained with a detour to classical statistical physics. By simulating a random walk
through parameter space in the way outlined above, one generates a distribution of
particles, where x?(0)/2 acts as a potential, and the density of particles is proportional
to exp(—x(0)2/2), which is the Boltzmann-factor at unit temperature — and at the same
time a quantity proportional to the likelihood! Thinking in this mechanical way about
Bayesian inference leads to the definition of a 4 canonical partition function Z(T, ]M)

2
Z(T,J,) = jd”e exp(—% ( X 2(9)

+1In n(@)—]ue”)). (I1.616)

The partition function falls back onto the Bayesian evidence 1.611 for the particular
case T = 1 and J, = 0. The temperature parameter controls effectively how the
inference process would change if the measurement errors were different,

1 1 Y = po(x)\’ Y - polx)\’
o _ B _
reo-r L () S L () e

i.e. a non-unit temperature T rescales the errors o' to VTo'. The term J, 0" serves a
very interesting purpose. When defining the 44 Helmholtz free energy F(T, J,) as the
logarithmic partition function,

F(T' ]p) =-TIn Z(T' I}A)I (1618)

one can derive the 44 cumulants of the posterior distribution p(6|{y’}) by differentia-
tion. In particular, the two lowest-order cumulants are just

<9">=:9ip and  (6"0") - (6")(0") = o°F

1.619
T 71,97, (1.619)

taken at T = 1 and J, = 0 after completing the derivatives. Higher-order cumu-
lants encode information about potentially non-Gaussian posteriors of the posterior
distribution.

The derivative with respect to T is the 44 Shannon-entropy of the posterior distri-
bution,

a . )
5= —% = fd”emeuy’})lnp(eny’}) (1.620)

again takenat T =1 and J, = 0.

It is a general result that any x?(6) that depends linearly on the parameters OF
will give rise to a Gaussian likelihood, any by extension to a Gaussian posterior, if
the prior does not vary a lot over the region of parameter space constrained by the
likelihood. This is true at least approximatively if the nonlinearities is the model
are weak and it can be linearised. Then, a local approximation of the likelihood by
a Gaussian is applicable, and the relevant quantity describing its shape is the 4
Fisher-matrix, , , .

B, = %%, sothat % = %Fweve% (L.621)
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The Fisher-matrix provides a lower bound on the uncertainty of the measurement by
means of the 44 Cramér-Rao inequality,

(6*0Y) — (O')(0Y) > F*Y, (I.622)
with the inverse Fisher-matrix F*V, FUE,, = &k. The lowest possible bound is realised

in a Gaussian likelihood. This will then take on the form (when assuming a uniform
prior for simplicity)

det(F)
(2m)"

POy = exp (3 Fal 0~ (@O (@) (1623)

It is often used as an approximation and for forecasting bounds on model parameters,
for a given choice of a fiducial reference cosmology (6").
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