B GRAVITY AND CONCEPTS OF RELATIVITY

B.1 Metric structure of spacetime

4 Spacetime is first of all a topological space, where the points are given coordinates
by a continuous coordinate mapping (the system of open sets allows specifically to
define continuity of a mapping), where the coordinates are arranged in a coordinate
tuple, for instance x* = (ct, x’)!. Unlike in vector spaces, differences between coordi-
nates as distances have no meaning, but one needs a metric tensor to compute the
line element ds? from an infinitesimal coordinate difference dx*: As the metric tensor
can change across the manifold, all definitions are only made in a local way.
Starting with a Euclidean manifold with a <4 metric Yij one would write down for
the line element
ds? = yijdxidxj =dx? + dy2 +dz? (B.31)

where the last equality is true for Cartesian coordinates as a particular coordinate
choice, where v;; = 9;;. Euclidian space is a flat space with no curvature, and there
is invariance of ds? under rotations. Generalising to Minkowskian space, we get the
line-element

ds® = Mndxtdx? = c?dt? — dx? — dy? — dz? (B.32)

again with the last equality being applicable if Cartesian coordinates have been
chosen. Minkowskian space is flat, too, there is no curvature and it is invariant under
Lorentz-transformations. In opposite to the Euclidian line-element, the line-element
is no longer positive definite, which means that there can be negative distances. In
practice, this is never an actual issue, as only events with positive distances ds? > 0
are causally related to each other. At the same time, ds?> = 0 defines a light cone
structure for the manifold. Both examples are (pseudo-)Riemannian manifolds where
the line element is given by a quadratic form

ds® = g dx"dx” (B.33)

with a general metric tensor g,,. In 4 dimensions there are 10 independent entries
of g,, due to the symmetry g,, = g,,: Any anti-symmetric part would not be able
to influence the value of ds? as dx*dx" is fully symmetric. On a manifold we will
establish invariance of line elements as general scalars under arbitrary coordinate
transforms, generalising the idea of the invariance of the Euclidean line element under
rotations and the invariance of the Minkowski-line element under Lorentz-transforms.
To make this specific, we have for an invertible and differentiable coordinate change (a
so-called 4 diffeomorphism):

Ix'P

0 — P(xH 0 — 27 _dxH
x?=xP(xt) — dx?= FP dx (B.34)
as well as the inverse
dxt
B o= M0 |- ’p
xt=xH(x?) - dxt= ax’(’dx (B.35)

If the line element is to be invariant as a scalar, the metric S needs to transform
inversely to dx*:
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Ixt IxY

ds? = g, dxtdx" = gwﬁ’ip Wx,gdx"’dx"’ = glodx"0dx", (B.36)

(B.37)

i.e.
axt Ix¥
gyv 8X’P ax;g - gpc'

and the general picture emerges that contravariant (superscript) indices transform
with Jacobians dx’?/dx# whereas covariant (subscript) indices transform with inverse

Jacobians dx"/dx’?.
B.2 Metric and inner products

Picking up this idea lets us write for a vector v with contravariant indices

dax’?
13 0 = 13
- Fr (B.38)
with a Jacobian dx?/dxt and for a linear form p, with covariant indices
,  oxt
Pu = Pp = 5 7pPu (B.39)
with an inverse Jacobian dx#/dx’?, such that inner products stay invariant:
dxP Ix't
_ v [ TV o _ o
puvt = guptv” = gt =g pt = oo pov® = pov (B.40)
NS
8

as Jacobian cancels with the inverse Jacobian and simply a renaming of the indices is

taking place.
The index shift carried out by the metric v, = g,,v° is undone by the inverse
metric v7 = g%y, = g¥g, VP = 57vP, such that the inverse metric fulfils
gy =3 (B.41)
Please keep in mind that
g =0=4 (B.42)

in 4 dimensions, and not equal to 2, as on might (naively) think (as the trace of 1,,, if
summing over the diagonal elements) — a common mistake among students.

B.3 Vectors and covariant derivatives
Considering a curve x*(\) with parameter A cutting through a field ¢(x"): How would

¢ change along the curve as A changes? The chain rule suggests that
de d dx* de 20
9P _ 94 oixb)) = X 9P _ w0
N S P (B.43)
~——

tangent
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8.3. VECTORS AND COVARIANT DERIVATIVES

with the tangent ut = dx!/d), such that the rate of change of ¢ along the curve
x#(X) is given as a projection of the gradient field d¢/dx" = d, ¢ onto the tangent u.
From this we recognise that u" as well as dx# are vectors, and d, ¢ is a linear form. It
is possible to run curves through a point A in all possible directions and construct
vectors dx! tangent to them, and the minimal collection of dx* would constitute the
basis of a tangent space ToM of the manifold M at A, relative to which all tensor of
vector fields can be expressed in components. Most sensibly, one would run these
curves through A by changing a single coordinate at a time: But this implies that
the construction of the basis for Ty M would depend on the coordinate choice and
could be different at another point B! That has in fact profound implications when
considering changes to a vector or tensor field across the manifold: The components
of the field can become different because the basis has changed going from Ty M to
TgM, or there could be a genuine change in the field, and the two cases would need to
be distinguished.

But before we investigate that in detail, we should try out a remapping of the
coordinates in equation B.43. Writing x*(x’®) we can introduce a "one” &) = dx"/dx*
in the form of two mutually annihilating Jacobians,

de dxtde dxt , do dx* dx'® dx¥ Jdo _dx'* do

dh ~ dA 9xF T dh Fox¥Y dh odxM 9x® 9x¥  d\ Jx™
-
oy

(B.44)

suggesting that vectors such as u! transform with the Jacobian dx’®/dx" while linear
forms like d,, @ transform with the inverse Jacobian dx"/dx"®.

We need the concept of a parallel transport to quantify changes in a vector field
v# across the manifold M. The components of the vector are given in terms of a local
coordinate frame which is the basis of Ty M, and which might differ from the frame
at TgM, implying that the same abstract vector v could have different components at
A and B: We need to disentangle changes of the tangent space from genuine changes
in the vector field! For this purpose, one introduces parallel transport, which moves a
vector perfectly from A to B and tracks only the change in tangent space. If the two
points are separated by dx, the parallel-transported, perfect copy vl}ld at the point B
with coordinates x + dx of the original vector v* at point A with coordinates x is given
at linear order

U‘T(X +6x) = vM(x) = T(x)" ﬁv“(x)f)xﬁ +... (B.45)

«

where the minus-sign is chosen by convention. The coefficients I'Moq3 form the 4
Christoffel-symbol. A vector field would now change genuinely if it differs at position
x + dx from the parallel-transported vector field. We are now only comparing two
vector fields v*(x + dx) and vﬁ(x + 0x) at the same point within the same tangent space
TgM, as opposed to a direct comparison of v*(x + 6x) with v*(x) which is senseless
as the tangent spaces T\M and TgM are in general different and the component
expansion of v exists in two different bases.
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B. GRAVITY AND CONCEPTS OF RELATIVITY

In consequence, the derivative can only be sensibly defined as the infinitesimal
difference between v*(x + dx) and vﬁl(x + dx) both at x + dx,

UF(x + 5%) = ) (x + 0%)
lim - =
dxV—0 oxY

oxP

vH(x + 0x) — VH(x) P
oxy

13 o
950 ox7 I o)
Iy + T(x)'yv® = V07, (B.46)

with the Kronecker symbold 65, = 5xP/5xY. Here, we have identified a straightforward
index-by-index change of the vector field over the shift dx as the partial differentiation
dgvt, which gets corrected by the Christoffel-symbol tracking the change of the
tangent spaces.

It is important to realise that the covariant differentiation becomes only relevant
for fields that have internal degrees of freedom, whose decomposition in components
depend on the change in tangent space moving from ToM to TgM. Scalar fields are
oblivious to these changes, and therefore the covariant differentiation falls back on
the conventional partial differentiation:

Vﬁ(P = 95@ (B.47)

For higher-order tensorial fields one needs a Christoffel-symbol for each index: You
can imagine that the basis for such an object is the Cartesian product, and that the
differentiation fulfils a Leibniz-rule, such that we get

VpTH = ggTH + THy T 4+ T TH (B.48)

Let’s now have a look at the differentiation of a covariant vector or, equivalently, a
linear form. A contraction between the vector v* and the linear form Py is scalar, so
the covariant differentiation falls back onto the partial one:

Vﬁ(v”pu) = aﬁ(v“pM) = 8(51)” . pV + v”aﬁpp (B49)

If, on the other side, the covariant differentiation comes with a Leibniz-rule for
dealing with products we would write

Vg(vtpy) = Vgt - p, + 0'Vp, = (dpvt + I‘MO‘[5 v)pu+ot Vep, . (B.50)
[ — ~——
dgvt from above isolate this term

Isolating the covariant derivative Vyp, of the linear form p, we get:

qul;pp = v“[)ﬁp” - I‘Mtx[ﬁ anM = Uuaﬁp}‘ — I‘O‘M3 UMwa (BSI)

after renaming indices and finally

Vep, = QﬁpM - F“Vﬁ Pa (B.52)
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8.3. VECTORS AND COVARIANT DERIVATIVES

implying that a linear form needs a negative Christoffel-symbol, as opposed to a
vector with a positive Christoffel-term.

With this definition the 44 covariant derivative depends completely on the choice
of the connection coefficients I'Y), , but we should be guided by the idea that the
two structures that exist on the manifold, (i) the metric structure which allows the
measurements of angles between vectors and determinations of their lengths, and
(i7) the differential structure which quantifies rates of change of vectors, should be
compatible with each other. Specifically, if two vectors are parallel-transported, their
length and relative orientation should not change, and as a consequence their scalar
product should be unaffected. With the covariant derivative

v (x + 0x) — vﬁ(x + 0x)

Veut = 1i B.53
pY bx}‘IEO oxP ( )

based on the parallel transport
vl’l‘(x +6x) = vM(x) - F(x)”aﬁv"‘éxﬁ (B.54)

we can reformulate parallel transport in an operator notation: The vector v*(x + dx)
must be equal to vﬁ(x +0x) + 6x5V5v”. Perfect parallel transport means that the vector

vH(x + ox) at TgM and vl"L(x + 0x) transported from TyM to TgM by the shift dx are

now identical, and in this case 6x5Vﬁvl‘ must be zero. This shifting operator 6xf5Vr3
can be applied to scalar quantities as well, such as in particular the scalar product
guotw”:

6x5V5(ng”w") = 6x[3(V13gw~v“w"+gw Vot -w¥+ g, vF Vew) = 6x13V[5gw~v”w" =0

~—— ——
=0 =0
(B.55)
as a consequence of the Leibniz rule, with a single term remaining:
Veguw =0 (B.56)

which is referred to as the 44 metric compatibility condition: If it is true, the scalar
product over perfectly parallel transported vectors does not change across the mani-
fold. As the metric itself is a tensor with covariant indices, the covariant derivative is
computed as

VBg}w = a(%gy.v - raﬁy 8av — raﬁv 8pa (B.57)

If in addition we assume that the parallel transport is 44 torsion-free the Christoffel-
symbol is symmetric in the lower two indices,

re, =T¢%,. (B.58)
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B. GRAVITY AND CONCEPTS OF RELATIVITY

This implies that we write out the combination V,gg, + Vygu — Vpg&y = 0 (metric
compatibility ensures that the terms vanish already individually!) and solve for the
Christoffel-symbol I'%,, , which comes out as

ap
ra,,w = %(apg[ﬂv + avguﬁ - a;’:g;w) (B.59)

A connection 'Y, which is metric-compatible (V,g,, = 0) and torsion free (I'},, =
%, ) is called a 4 Levi-Civita connection; it is uniquely compatible with the metric
structure on the manifold, as the connection can be computed from the metric
and its derivatives alone. A metric manifold with a Levi-Civita connection and the
corresponding covariant derivative defines 44 Riemannian geometry.

At this point, a beautiful conceptual picture emerges: Spacetime is a manifold
with, first of all, a topological structure, which allows a continuous mapping of coor-
dinates onto spacetime. Then, there is in addition a metric structure, which allows
measurements of lengths and angles in vector fields on the manifold: As other fields,
the metric tensor may vary across the manifold. We’ve introduced a differentiable
structure on the manifold, in addition, by defining parallel transport and the co-
variant derivative. This differentiable structure has to be compatible with the metric
structure, which is made sure by metric compatibility. Later in this course, we’ll see
that there is a second notion of derivation, called a Lie-derivative, which is needed to
describe symmetries: Those are made compatible with covariant derivative by the
requirement of torsion-free connections, giving further support to Levi-Civita connec-
tions. A physical motivation for choosing torsion-free connections is the compatibility
of covariant derivatives with Lie-derivatives which are used for characterising sym-
metries of spacetimes.

B.4 Geodesics and autoparallelity

A particle drifting through spacetime follows a trajectory x*() in a given coordinate
choice, parameterised by the affine parameter A. Then, the rate of change of the
coordinates with A would be the velocity ut,

n
- % = (B.60)

ut
or equivalently the tangent to the trajectory x#(X). The velocity u# and the coordinate
differential dx" are vectors, in contrast to the coordinate tuple x* itself. With the idea
the operator for parallel transport we might construct a curve whose tangent u* = x*
stays parallel to itself, exactly through the <4 autoparallelity condition

VA =0 (B.61)

i.e. ut = %" is always a parallel-transported version of itself. It is suggestive to imagine
that these curves describe inertial motion through spacetime, as no accelerations are
felt, because the velocity u as an abstract vector does not change, only its components
ut can be different as there can be different tangent spaces along the curve. Taking this
thought a little further leads us to the realisation that there is actually no difference
between inertial motion and freely falling motion, as both cases are characterised by
the absence of physical accelerations.
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B.4. GEODESICS AND AUTOPARALLELITY

Surely, du*/d X can be nonzero, but the abstract vector u = # is conserved,

BV, xY = 21987 + T % = #¥ 4+ T, 2150 = 0 (B.62)
using
dx?  dxt oJxV
¢V = = = xta %" B.63
dh T dnoxr O (B.63)

to obtain the second derivative V. The result is the 44 geodesic equation, reading

du® dZx

dxt dxY
5 +F°‘wu”u":0, or o« G CX

a2 TR aN dh

(B.64)

if formulated in terms of the tangent vector u!. It is a fun realisation that the tangent
vector of the Earth’s orbit in 4 dimensions is autoparallel, in a spacetime which is
non-Minkowskian with a very slight curvature introduced by the Sun.
It is possible to tease out the geodesic equation from Newton’s equation of motion.
In fact,
#+do=0 (B.65)

describes the freely falling motion of a test particle in the gravitational potential
. It follows a force-free trajectory, which is straight according to the inertial law
formulated by Newton. Surely, we don’t make a mistake by writing

;D
#+dS cc=0 (B.66)
Cc

where now ¢? provides a scale for the potential ®: Because ¢ has no particular
relevance for Galilean physics one would think that the division by ¢? just makes
the potential dimensionless. In the slow-motion limit of relativity particles follow
trajectories with %t = ¢, so the formula becomes

LD
i +0' x'xt =0 (B.67)
C

But the terms %! are just the t-components of the velocities, which in the slow-motion
limit x* = (¢, v*), where proper time and coordinate time are identical, t = tidentical
and consequently y = 1. Then,

t @

)
¥+ Q“C—Z#x =0, suggestingthat T%, ~ 9“6—2 (B.68)

by identifying the derivative of the potential with the Christoffel-symbol, consoli-
dating the idea that Newton’s equation of motion is the weak-field and slow-motion
limit of the geodesic equation,

£+ TS, 24V = 0 (B.69)
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If we try out an extremal principle for the trajectory as in classical mechanics and
impose Hamilton’s principle S = 0 on an action integral

B
S= Jdt L with L= %xlx] o) (B.70)
A

we end up with the Euler-Lagrange equation

i +979;0=0 (B.71)

from classical mechanics. In a similar calculation &s = 0 of the line-element
dxt dxV ;
i
ds? = g, dxdx” = gwd—x)‘d—);d)\z —ds = \Jguitid\ and s= jds (B.72)
A

provides the geodesic equation: Straight lines in the sense of autoparallelity are at
the same time extremal in their arc length.

The affine parameter A can be chosen arbitrarily as the geodesic equation is
invariant under affine transforms of A, A — a) + b, but there are two practical
choices: In the case of a massive particle which follows a time-like geodesic with
guyX"1Y > 0 one can choose proper time A = 1, such that the normalisation is given
by g, xFxY = c%. Photons, on the other hand, follow null-geodesics with guXtxY =0,
which is incompatible with proper time as an affine parameter. As parallel transport
is with Levi-Civita connection is constructed to conserve norms, we can conclude that
in both cases the normalisation of the tangent ut = x* for both t or A is conserved.

B.5 Spacetime curvature

The geodesic equation
B+ T, XY = 0 (B.73)

is unable to differentiate between inertial motion in the absence of gravity or freely-
falling motion in a gravitational field: This is absolutely sensible because in both cases
one would not feel or measure any acceleration, so the two situations are physically
equivalent. This has profound implications which we should clarify: The Christoffel-
symbol has 40 entries (For every choice of «, 4 in total, there are because of the
symmetry 10 different choices in the index pair p, v), which are all measurable
through the acceleration X* for a given choice of x#x", for both cases of massive
and massless particles. Acceleration in this context is a non-uniform passage of the
coordinates along the path of the particle, which should not be interpreted as a
physical acceleration. In this sense, the geodesic equation only takes care of the non-
uniformity of the coordinate choice and does not contain information about gravity
or curvature! A good example might be inertial motion through Euclidean space in
polar coordinates 7, ¢, and a situation where the particle moves off-centre relative
to origin of the coordinate frame. There, the velocities # and ¢ are not constant and
show accelerations # # 0 # ¢, but clearly, there are no physical accelerations present.
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B.5. SPACETIME CURVATURE

To summarise this important point: Neither the metric, nor the geodesic equation,
nor the covariant derivative and nor the Christoffel-symbols contain information
about gravity, I',, = 0 does not imply the absence of gravity, and neither does V,, = d,.
All these things are consequences of the coordinate choice. That is in fact sensible, as
there is always a coordinate choice that sets locally g, to 1, and aagw =0, i.e. the
metric becomes Minkowskian and the Christoffel-symbol vanishes.

Information about the gravitational field is contained in curvature, which is in
Riemannian-geometry ultimately computed from the second derivatives of the metric
and which can not be set to zero by a suitable coordinate transform in the general
case. Curvature is present if covariant derivatives V, into different directions do not
commute, or equivalently, if shifts 5x"V,, into different directions carried out after
each other, affect the internal degrees of a vector or tensor. The non-commutativity of
covariant derivatives directly defines the Riemann-curvature,

[Vi Vo] = (V, ¥, = V, V0" = R, of (B.74)

It can be shown that the effect of parallel-transport around a loop would be a rotated
vector R%, P relative to v%, where parallel-transport conserves the norm of the
vector v* due to metric compatibility. This is in fact the best way to visualise the effect
of R"‘ﬁw as an operator and to memorise the index structure. By definition, R"‘ﬁw is
antisymmetric for every choice of y, v, and in the index pair a, p is is an antisymmetric
rotation matrix. In 4 dimensions, R“ﬁw has 20 entries, as opposed to the 40 entries of
%,

The “4 Riemann-curvature vanishes in flat spaces

R%,, =0 (B.75)

in every coordinate choice, even though the Christoffel-symbols I'?,, only vanish

in Cartesian coordinates. Following the formal definition of curvature as the non-
commutativity of shifts in different coordinate directions leads us to

vH(x + 8x) = vH(x) - F"aﬁ (x)v*oxP (B.76)

and in a second step to

VF((x + %) + 8x) = vF(x + %) — T, (x + %)v" (x + 5%)oxP =

V! (x) = T, v(x) v (x)0xF — (T%, (x) + ayr’”aﬁ 0xY)(v%(x) = T vYoxY)oxP  (B.77)

[N —
Taylor

and therefore the order of the shifts matters:

VH((x + 0x) + %) = V*((x + O%) + &%) (B.78)

Computing the difference shows that

VH((x + 8%) + 0x) — vH((x + dx) + 0%) = RF , v*oxPox (B.79)

B

with the Riemann-curvature-tensor Ruaﬁv
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RY gy = Opllay = AT + T Ty — T T (B.80)

which depends, as expected on the derivatives of the Christoffel-symbols as well as
their “squares”. But ultimately, due to the choice of a (pseudo-)Riemannian geometry,
the curvature tensor can be computed from the metric and its first and second
derivatives.

B.6 Covariant divergence

The idea of using the divergence for expressing conserved quantities like V7, = 0 for
the electric charge or g**V,T,, = 0 for the energy-momentum tensor is very central
to physics. Formulated in a covariant way, it behaves properly as a tensor under
coordinate transforms. The covariant divergence needs a pecular index-combination
in the Christoffel-symbol, where two of the indices become equal.

Vot = gyt + T v® (B.81)
In particular, a Levi-Civita connection would have
T Lionp p p
Mye = T[aug[ﬁa"'aa guﬁ_aﬁ g}ux] = E[gM 8}4 g[ﬂa+gu da guﬁ_gu aﬁ g}ux] (B.82)

i.e. essentially
1
r”p«a = Eguﬁ da 8up (B.83)

Curiously, there is a relation between the covariant divergence and the covolume
g = det(gy,). My third most favourite formula in theoretical physics says that

g = det(g,,) = expIn det(g,,) = exp tr In(g,,) (B.84)

relating the logarithm of the determinant with the trace of the matrix-valued loga-
rithm, which is easily checked in the principal axis frame. Then,

0o 8 =g Jatr In(gyy) = g tr do In(gyy) = g -tr (87" - 9o gv) = 8- 8"+ 9 guv (B.85)

using the linearity of the derivative as well as the inverse metric. With the derivative
of the square root one then obtains

1 1 1
8" 0o g = gaa g, and therefore Eg”" Fo Guv = fgaa V=g (B.86)
With this result one can write for the contracted Christoffel-symbol
1

T, = = RV (B.87)
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B.7. GEODESIC DEVIATION: EXPERIENCING CURVATURE

and finally for the covariant divergence

- LY LN i
\v, =d, VW + TV 0% = d, vt +

wv

1
=
v
}A(—) 1
= dt+ —

e T
using the Leibniz-rule. An interesting application of the covariant divergence is the
wave equation

dy"g vt = —3d, (V=g ") (B.88)

gV = —=0d,(v=g " §) =0 (B.89)

r 3
which is obviously not just g"d,d,¢ = 0; there is clearly an influence from the

background onto wave propagation. For our particular case of FLRW-cosmologies,
the covolume is quickly computed in comoving coordinates to be

J—detg = (B.90)
with physical time ¢, and as
\/—detg = ca* (B.91)

with conformal time #.

B.7 Geodesic deviation: experiencing curvature

A freely falling particle experiences perfect weightlessness and spacetime appears
to be locally Minkowskian, g,, = 1, with a vanishing first derivative d,g,, = 0,
which enables the local choice of Cartesian coordinates. But that does not imply that
a second particle, likewise in a state of perfect free fall, moves at constant velocities
relative to the first particle: This is exactly the idea of 44 geodesic deviation. The
relative distance &" of two freely falling particles, each one following its geodesic,
obeys

2ty

de?

axt gt
v dr dr

(B.92)

which follows from expanding I'(X) for the second particle in the geodesic equation in
terms of I'(x) for the first geodesic. Only if the manifold is flat, the Riemann curvature

R"‘(slW = 0 vanishes, resulting in
d? d S W S ® W
deb =0 - ab =a' — =alt+b (B.93)

with two integration constants a* and b#: The particles would drift apart at a constant
rate, and accelerations " only appear if there is curvature. Please keep in mind, that
this also applies for time component, as we use 4d coordinates. Classically we would
get an analogous statement
42

751—_

e 99 & =

—_——
tidal tensor

9'g; & (B.94)
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tracted with the second and third
index of the Riemann-curvature:
Any other index pair would force
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A Even though, we wrote down
geodesic equation for timelike
geodesics it would be valid for
null-geodesics as well: The rel-
ative acceleration between pho-
tons is determined by Riemann-
curvature.
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with no velocity dependence of the gravitational force and universal time instead
of proper time. This underlines the idea that the tidal field tensor 0'd;® is the
Newtonian analogue of the Riemann curvature.

Formally, the geodesic deviation equation could be derived as follows: Imagine a
patch of spacetime that is crossed by a bundle of geodesics, uf = dxP/d}, with the
affine parameter A. Perpendicular to those, there is a second set of curves v® = dx®/di,
used for interpolating between the geodesics. Then, the quantity

uﬁvﬁv“ - vﬁvﬁu“ (B.95)

can be shown to vanish: Replacing the covariant derivatives with partial derivatives
leads to
=uf (aﬁv“ +T%, v”) —of (aﬁu“ +T%, u") (B.96)

where the two terms involving Christoffel-symbols cancel. For the remaining partial
derivatives, we substitute the coordinates,
dxP  dx®  dxP_ dx® 9%x* 9%

F A T TRyl vl e

= uﬁa(;,v"‘ - vﬁaﬁu“ = 0, (B.97)

by absorbing the the derivative with respect to the coordinates into a derivative
with the affine parameter, and using the interchangeability of the second partial
derivatives. In summary,

uPVgo® = vPVyuc. (B.98)

With this in mind, the relative acceleration of two neighbouring geodesics sepa-
rated by v® can be computed to be

d2vy

daz

= 'V, (uPVo?) = w'V, (vPVgu) = uYVof - Vou® + uvfV, Vu®,  (B.99)

where we used the symmetry uﬁVﬁv"‘ = vﬁVﬁu“ as derived in eqn. B.98 in the first
step. The order of covariant derivatives in the second term can be interchanged by
introducing the Riemann curvature,

= uVV),v[5 . Vﬁu“ +uYoP (V‘gvyu“ - Ro‘uﬁyu”), (B.100)

and the nested structure can be resolved by using the Leibniz-rule,
= 1)[5V[5 (quyu“) - vﬁvﬁquyu“ —RY L utu¥oP + vyvyuf’vﬁu“ =R® . ubu¥ob

npy mpy
(B.101)

because the first term vanishes due to the autoparallelity condition and the second
and forth term cancel. Collecting these results yields the geodesic deviation,

d?vY _R®

I Mmu”uyvﬁ, (B.102)

for the relative acceleration between geodesics separated by vY. It shows as well that
gravity does not exist at a single point - locally the structure of spacetime is always
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Minkowskian, and there is a choice of normal coordinates. But in the curved case this
Cartesian coordinate frame can not be defined globally, so we see relative acceleration
effects between freely falling particles at two different points.

B.8 Curvature invariants and curvature tensors

The Riemann-curvature contains the complete information about curvature if the
connection is chosen to be torsion-free and metric compatible, otherwise one would
need the torsion tensor and the non-metricity scalar in addition. From the Riemann-
curvature, one can compute further measures of curvature, which are physically
relevant, such as the 44 Ricci-tensor Rﬁv

Rpy = R%,, = 8 Ragyy (B.103)

and curvature scalars by complete contraction, for instance the Ricci-scalar R

R =R", = gf"Rg, (B.104)

or the 44 Kretschmann-scalar K

K= RaﬁyéRaﬁyé = gaugﬁvgwgécRaﬁyéRuvpc (B.105)

which are both coordinate-invariant measures of curvature.
Let’s apply these ideas to a flat FLRW-cosmology, where the line element has the

form
ds? = c2dt? - a*(t)(dr? + r}(d6” + sin*(0)d¢?)) (B.106)

in terms of comoving coordinates and physical time. The trivial derivatives of the
metric are
0181=0, &a=8u=0 (B.107)

and the non-trivial derivatives can be summarised in the Christoffel-symbols

1
T = Eatga(5 - T =5 —a’ =da=a"H (B.108)

with H = 4/a, and
1

a
2512 23tg,-,- = a =H (B109)

. 1 ) .
r1a[5 = 242 (aﬁgia + aag[ii) i Flit = rlti =

For the Ricci-scalar of a flat FLRW-spacetime we get, by contracting g“"‘gﬁ"Raﬁw

2 ..
R = 6a(%) (1 -—q) with the deceleration g = —a_—z (B.110)
a

The metric usually has no units (since ds*> = gndxtdx” and coordinates are
usually chosen to have units of length. Consequently ds inherits units of length from
the coordinates with a metric that is dimensionless, but please keep in mind that this
is purely conventional), whereas curvature as composed of second derivatives (with
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A As coordinates are arbitrary,
so are their units: All that mat-
ters in the end is that ds has units
of length, as it is experienced as
proper time cdt by a particle.

B. GRAVITY AND CONCEPTS OF RELATIVITY

respect to x) have units of a inverse length squared, which results in the curvature

scale
1 c

Nl (B.111)

ignoring pre-factors of order one: The curvature scale of a FLRW-cosmology R~/ is
the Hubble-scale ¢/H,, implying that on scales larger than c/H one can see effects of
strong gravity, whereas on scales smaller than ¢/H spacetime can be approximated to
be Minkowksian. In fact, light propagation effects associated with horizons appear
on this scale, and the imagination that we are living in a bubble of size ¢/H, where
special relativity is valid, and that only outside that bubble we see effects of curvature,
is fine!

B.9 Raychaudhuri-equation

The Riemann-tensor as a complete characterisation of spacetime curvature decom-
poses into two distinct types of curvature: The Ricci-curvature contained in R,
and the Weyl-curvature C,g,,, both tensors having 10 entries in 4 dimensions. The
Ricci-tensor Ry, at one point in spacetime reflects the energy momentum tensor T,,,,
at the same point, as a consequence of the field equation, and is necessarily only a
function of time. As there are no spatial derivatives in a FLRW-geometry, we are not
concerned with propagation effects of gravity, so the Weyl-tensor Cgg,, is zero, and
we’re dealing in FLRW-cosmologies with a system of pure Ricci-curvature.

The effects of Ricci- and Weyl-curvature on test particles can be understood in
an extension to geodesic equation, which is known as the 44 Raychaudhuri-equation.
Here, one considers not a pair, but an entire cloud of freely falling test particles and
monitors the change of volume or the change in shape of that cloud. Ricci-curvature,
which FLRW-spacetimes carry exclusively, induce a pure change in volume while
conserving shape, while Weyl-curvature does the opposite: It causes a cloud of test
particles to change its shape while conserving the volume.

The idea of the Raychaudhuri-equation is to have a look at the time evolution
of the area enclosed by a bundle of geodesics. The Riemann-curvature splits in two
different parts:

1. The Ricci-curvature changes the volume enclosed by a bundle of geodesics but
keeps the shape (typical for FLRW-cosmologies)

2. The Weyl-curvature changes shape but conserves the volume (typical for gravi-
tational waves, or the famous /4 spaghettification close to a black hole)

Let’s try a classical approach: Two test particles at coordinates x” and x' have a
relative motion at velocity v’ ‘ o
X =x+ VAL (B.112)

The relative coordinate mapping is encapsulated in the Jacobian

. vt
— S5
= 6]- + i At. (B.113)

o
dxi
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We could think of as the first-order Taylor expansion of of a matrix-valued expo-
nential,

ox't o'
i = exp ( E% At) (B.114)

The coordinate mapping would introduce a change in volume elements given by the
functional determinant

ax’

3y = ’ B.11

d’x det(ax)dx ( 5)

where we can write for the logarithmic change
’ i i
Ind3x’ = Indet o +Ind3x = trlnexp a—v,At +Ind3x = Attra—v. +Ind3x

dx dxl dxJ

(B.116)

In this relation, one can identify tr(dv’/dx/) with the divergence of the velocity field:
Intuitively, if this divergence is nonzero, the volume should change.
The Newton equation of motion for small time differences At is

vl = —9 DAt (B.117)

which suggests for the velocity divergence

9;v' = 0,0 DAt = —~ADAt (B.118)

with the Laplace-operator A = 9;0", and therefore

(At)?
2

Ind®x’ - Ind®x = ~AD(At)* ~ 81Gp (B.119)

Therefore, the logarithmic volume change is proportional to the density inside the
volume and A® o p from Poisson’s equation. The volume change measures effectively
the enclosed mass, and suggests that Riemann curvature and tidal field are analogous
quantities, as well as the Ricci-curvature (as the trace of the Riemann curvature) and
the Laplacian of the potential, and that both are coupled to the matter density as the
source of the gravitational field.

From the point of view of relativity, one could monitor the evolution of the tensor
Bﬁ“ = Vgu® along a geodesic. The trace of Bﬁ"‘ would be the divergence ©

© = 0B = Vou. (B.120)

If all geodesics pass through a single point, such a bundle is referred to as a <4
congruence: For FLRW-spacetimes in their entirety, this would be the Big Bang, or a
possible future Big Crunch, but it could as well refer to the bundle of null-geodesics
that arrive at an observer’s telescope from an extended object, or the geodesics of all
particles that form a dust cloud that collapses under its own gravity.
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Now, along a geodesic, the divergence © has a natural evolution with proper time

i—? = uhv,o, (B.121)

using the operator u"V,, for autoparallel transport along the geodesic. For the more
general tensor Bg® this would be analogously

d
JoBp" = MV Vput =t (VY R u). (B.122)

The first term becomes by virtue of the Leibniz rule:

uM'VpV,u® = Vg (uhV,u®) - Vout - V,uf, (B.123)

where the first expression vanishes due to the autoparallelity condition u*V u® =0
assumed for geodesic motion, and the second expression is the 4 Frobenius norm of
VMuﬁ.
Taking the trace by setting o = p leads
do

— =-Vpu"-V,uf - R*

I uwYul = -Vauh - VyluB -Ryutut = (B.124)

yop

where we identify the Ricci-tensor in the second step. The Ricci-curvature, due its
proportionality to the energy-momentum tensor, forces the geodesics towards each
other such that the velocity divergence and therefore the enclosed volume becomes
smaller compared to straightforward linear extrapolation with proper time t. The
Frobenius norm Vgut - Vylur3 is a relic of the nonlinearity of the geodesic equation.

The terms that appear in the Frobenius-expression Vﬁ,uWVMur3 in the Raychaudhuri-
equation are the shear,

1 . .
Oy = Vyiy + Vyuy, — gepw = (vyuy + uyiiy) (B.125)

and the vorticity
Wyy = Vytty = Vi, (B.126)

FLRW-spacetimes have no preferred axis due to the isotropy postulate, resulting

in vanishing vorticity w = 0 and vanishing shear ¢ = 0 and therefore

doe 0?2

— =——+ R utu’ B.127
for the evolution of the velocity divergence. By using comoving FLRW-coordinates
we see no expansion as all, all galaxies stay in their spatial coordinate and only move
in the time-direction. Consequently we choose u# = (¢, 0)! and can now compute the
covariant divergence as

©=V,ut= Iy (w/— det gu”) ~ d;In(volume). (B.128)

1
y—detg
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Specifically, with the FLRW-metric in physical time and comoving spatial coordi-
nates

5 (B.129)

suggesting for the velocity divergence, or equivalently, the volume evolution
\—detg = ca’ (B.130)

and finally , '
o= %at(a3):3—:3E:3H(t) (B.131)
a a

such when replacing proper time by coordinate or cosmic time (¢ = 1) as specifically
allowed by FLRW-cosmologies one obtains:

doe 2
—_— = —— HyY
i 3 + Ryutu (B.132)
with g q 5
(G a a a
a T da T 3(;‘(;) ) (B-133)

in essence one of the Friedmann-equations.

In summary, the volume evolution of a FLRW universe is expressed in terms of
the scale factor a4 and its derivatives, and depends on the term Rwu”u", which we
can provide through the field equation of gravity and which depends on the energy-
momentum content of spacetime: It acts as the source of the gravitational field and
introduces curvature, the Ricci-part of which affects the evolution of ©. It is amazing
to see how volume evolution of the FLRW-spacetime works in Newtonian gravity
and relativity alike, and that the Raychaudhuri-equation makes a sensible statement
about the evolution of the velocity divergence of comoving velocity (which one would
naively visualise as a perfectly parallel vector field in comoving coordinates). Progress
beyond this result is only possible if we assume a specific form of the field equation,
in order to relate the Ricci-tensor to the energy momentum-tensor. Surprising as
it may seem, the Raychaudhuri-equation is a purely geometric statement about
the divergence of a vector field, and does not assume anything specific about the
gravitational theory.

B.10 Energy-momentum tensor

The energy and momentum content of spacetime sources the gravitational field: Very
similar to the case of Maxwell-electrodynamics which is the theory of electric and
magnetic fields for charge-conserving systems, general relativity is the theory of
gravity for energy and momentum conserving systems (although that can be only
formulated locally in the form of g**V, T, = 0 with the 4 energy-momentum tensor
T,w)- In a fluid picture, energy and momentum conservation would characterise the
dynamics of an ideal (i.e. inviscid) fluid, which can only have three properties: velocity
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ul, density p and pressure p, assembled into the energy momentum-tensor Ty,
T = (p+ C%)uuuv—pgw (B.134)

In a frame where the fluid is at rest, u* = (¢, 0)f and adopting locally flat, Cartesian
coordinates one falls back on a diagonal form,

T, = p (B.135)

p

Ideal fluids are characterised by the conservation law

MV, T, =0 (B.136)

which is not straightforward to interpret, as it is a vectorial statement (in the index v):
This is in contrast to e.g. the law of charge conservation V,,j# = 0 in electrodynamics,
which is scalar.

It might be intuitive to project the linear form (in v) g**V,T,, onto the velocity
u” and to a plane perpendicular to it, as u" is defining naturally a direction. Keeping
in mind that the covariant derivative fulfils a Leibniz-rule one gets:

gV Ty = Vg (p + :%) g M uyuy + (9 + C%)g“"Va(u,mv) -8""Vap - g (B.137)

with

gV (uyuy) = gMVouy - uy + gu, Vouy = Vyut - uy + ubvu¥ = u,V,ult
—_—
=0, autoparallelity

(B.138)

while any covariant derivative of the metric (and its inverse) vanishes due to metric
compatibility. Carrying out the projection

uvg“"VaTw =0 (B.139)
we end up at
— v E ap v E v V B _ Dql.v v _ O
. =Vale+ 5| g uy uyu” +lp+ | uyu’ Vyu gWVap - gy u’ =
c —_— )
e e :g“”l’pvvapzéevap:vvp
(B.140)

which can be further simplified to

u'g™V,T,, = V”pu"c2 + pV”u*‘c2 +pV,ult = VM(pLﬂ‘)c2 +pV,ut=0.  (B.141)
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The projection of gV, T, = 0 onto a plane perpendicular to u" yields the Euler-
equation

% utu¥
(p+c—2)vuuvu”:(g}”— = )Vup (B.142)

B.11 Equation of state for ideal fluids

Ideal fluids are characterised by just two quantities (apart from their velocity field
ut): Density p and pressure p, and often it is the case that the two are related by an
4 equation of state which reflects internal properties of the substance. Like in the
case of an ideal classical or relativistic gas there could be a proportionality

p= wpc2 (B.143)

with the equation of state parameter w, which in relativity is often assumed to be
constant (Please remember that energy density and pressure have identical units!).
In a frame where the fluid is at rest we would write u* = (c, 0)! and covariant
energy momentum conservation g**V,T,, = 0 becomes in the choice of comoving
coordinates,

V,(put) + %vuuv =0 (B.144)

The first term V,,(pu#) can be taken apart with the 4 Leibniz-rule

Vu(put) =Vyp-ut +pV,ut = dyp- ut + oV, ut (B.145)

resulting in
p
8Vp+(p+ Cz)VM”M =0 (B.146)

by substituting the equation of state p = wpc?. The covariant divergence of the
velocity ut is

Vout = dut 4Tl u® = T ul =32 = 3H() (B.147)
~—— S~—— a
=0 =H/c

and using the fact that p is homogeneous and only a function of time, there is just a
single derivative left, d,p = d;p = . With the argument we arrive at the continuity
equation

p+3§(1 +w)p=0 (B.148)

which reflects covariant energy momentum-conservation g**V, T, = 0 in a FLRW-
spacetime.
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Separation of the variables and assuming a constant equation of state parameter
w results in

% :dlnp:—3(1+w)% = -3(1+w)dlna (B.149)

which can be solved by
p oc a=31+w) (B.150)

In fact, non-relativistic matter with w = 0 would dilute p o a7 as it is simply

dispersed over a larger volume a3, but for relativistic matter with w = 1/3 there

would be an additional redshifting effect leading to p « a4,

Sometimes you find a reformulation of continuity in this way: Multiplying eqn. B.148
with the volume 4 yields
dp d d
3 2 2.3 3
- = |= -— =-p— B.151
ada+3a (p+c) 0 - Cla(pca) pda(a) (B.151)
with the interpretation that the energy density pc? of the fluid changes if the volume
changes, performing work against pressure p, reminiscent of the first law of thermo-
dynamics, dU = —pdV: This is why the relation is sometimes called the adiabatic
law.

General relativity is prepared to provide gravity for both fields and fluids, as both
fields and fluids obey covariant conservation of energy and momentum, V, TH" =0
or g"*V, Ty, = 0. But comparing the two cases fluids and fields, in the first case one
would speak of the Poynting-law, and in the second case about the fluid mechanical
equations: It is actually amazing that general relativity can provide gravity for such
different concepts of matter.

A related calculation concerning the number density of particles uses the diver-
gence formula as an interesting application. The number density n of particles is the
t-component of the particle flux density, which is a vector j* as opposed to the energy
density pc? that corresponds to the tt-component of the energy-momentum tensor

A A convenient way to visualise  Ty,,,. One should now be able to show that n scales o a~3 even though the particles are
;};’fti’gé"s‘fs&fzt C]h}frf‘fc;‘:nzez at rest within the comoving frame. Yet, the conservation of particle number density

fact the relativistic electric current  in the form of a continuity equation
density.

V=0, (B.152)

can be reformulated using the covariant divergence formula,

1
Vot = \/TTgﬁu(\/—detg]“), (B.153)

which replaces the covariant derivative with a partial one. Applying this idea to a
FLRW-spacetime yields a covolume +/~detg = ca® and the condition d;;' = 0, as there
are no spatial derivatives due to the FLRW-symmetries. Then,

1.5 i U d
VM]"=;8f(a n):3;n+a:0 - =3 (B.154)

leading to the expected dilution 7 oc a=3 of the number density.
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B.12 Relativistic fluid mechanics

Let’s start again at the expression for the energy-momentum tensor of an ideal fluid,

Ty = (p + c%) Uty = &P (B.155)

of which one can directly compute the trace,

T=g"T,, = (p + %)g""uluu\,—gi‘“’glvW =pc* - 3p (B.156)
—_—— ——
=c? =8)=4

keeping in mind that g"u,u, = c? for material particles. The equation of state
becomes w = p/(pc?) = 1/3 in the limit of relativistic, massless particles, for which
T = g,y = 0, as a lower boundary.

The projection T, utu” of the energy-momentum tensor onto u* is given by

- p _ P\ 2_ 4
Tutu® = (p+ ?) uuutu’ - pgutu’ = (p+ C—z)c —pc”=pc*>0. (B.157)

This, in fact, is an expression of the A4 weak energy condition, which stipulates that
the energy-momentum tensor projected onto a timelike vector field like u! appears
always positive.

With such an expression for the energy-momentum tensor and the field equation

R
Ry - 38w = KTy — Aguy (B.158)

one can address the term R,,utu"” that appears in the Raychaudhuri-equation and
give it physical meaning. Building the trace of the field equation (ignoring A for
simplicity) by contraction with g"¥ leads to

R
g'”RIWfE §"gw = 2R = —xg"'T,, = —«T, (B.159)
~— ~— —
=R =8)=4 =T

in summary R = «/2T. Positive Ricci-curvature R requires positive traces of T, which
is in fact bounded by the value 0 that is realised for relativistic particles.
The term R,,utu” can be evaluated by taking a detour through the field equation:

R
Ry = 5 v = ~< Ty (B.160)
contracted with utu”, leading to the sought term:
R}”—B HyY T””—Bz T, utu” (B.161
Mvuu72g}wuu—1<}wuu726—1<wuu. .161)

Substitution of R = x/2T together with T = pc? - 3p and Tutu? = pc* then leads to
the surprising result
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Ry utu’ = g(pc2 - 3p)c? —xpct = —?’ZK(QC2 +p)c? <0 (B.162)

such that volumes would contract under the action of a negative R, u"u" in the
Raychaudhuri-equation, which corresponds to positive pc? + p.

Let’s restart at the expression for the covariant derivative g*'V,T,, as derived in
eqn. (B.137):

§MV T = VM(pc2 +p)-utu’ + (pc* + p)Vu(utu®) - V,p-g" (B.163)

We pursue this divergence further and make a deliberate mistake by assuming that
the fluid elements follow geodesics, i.e. that an autoparallelity condition applies to
the velocities uM:
Vi(utu®) =Vut - u’ + utv,u® (B.164)
N
=0

such that the divergence of the velocity field is the only contributing term, which
we’ve already encountered in the discussion of the Raychaudhuri-equation. Then,

VT = V}A(pc2 +p)-ubu¥ + (pc* + p)Vuut - u¥ = Vyp- g, (B.165)

Now we are projecting (as mentioned above) on the observer’s world line with
u, = dx,/dt, and by contraction

u,V, T = V}A(pc2 +p)-ut uyu” +(pc? + p)Vy uyu’ =Vyp-g"'u, (B.166)
—_—— —— ——
=1 =1 =uh

and arrive the relativistic continuity equation

u,V, T =V, (pc?ul) + pV,ut = 0 (B.167)

in which we used the covariant conservation in the last step. In the non-relativistic
limit with p < pc? this leaves us with only the first summand Vu(pczu") = 0 left.
Furthermore, u! is given by u* = (1, /)T with p’ = ‘7” and of course |f| < 1 in the
slow motion limit. Lastly, V,, becomes d,, by adopting locally Cartesian coordinates,
s0:

w,V, T = 0 =V (pc”ut) = 9 4(pc?) + 9;(pc*p’) (B.168)

i.e. the classical continuity equation,
drp+ di(pv') = 0. (B.169)
In the real world it turns out that there are incompressible fluids which are char-
acterised by d;v' = 0 (Please watch out: Incompressibility is a statement about the
velocity field and has little to do with pressure!) and therefore the continuity equation

becomes 4
dip+dip-v' =0. (B.170)
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We can substitute the relativistic continuity equation back into the conservation
law V, T = 0 to arrive at

VuTH = (Vy(pc?ut) + pVyut) u + Vyputu? = V,pgh” = Vyp(u'u¥ - g") = 0 (B.171)

=0 continuity

which states that there are no pressure gradients perpendicular to u* as ul is tangent
to a geodesic (or otherwise the fluid doesn’t follow a geodesic in equivalence to the
previous expression). This is particularly relevant for FLRW-cosmologies, as it implies
that there can not be any spatial gradients in pressure, V;p = d;p = 0, in accordance to
the Copernican-principle. If those gradient would exist, the motion of fluid elements
can not be inertial.

Let’s restart by imposing no condition on geodesic motion of fluid elements. Then,

Vi TH = Vi (pc® + p) - ulu” + (pc® + p)Vy(u'u”) = Vyp - g = 0 (B.172)

A useful auxiliary statement can be obtained from the normalisation of u,, where
0=Vu(u'u,)=u"Vyu,+Vyu" u,=2uV,u’ (B.173)

——
=1

If one contracts the conservation law with u,, the second term u”VMu" becomes
utu,V,u¥ = 0. We therefore end up at

u, TH = V}A(pc2 +p)-ut+ (pc2 +p)Vut =V, put = VM(pczu”) +pV,ut =0 (B.174)

even if the fluid follows non-geodesic motion. If we resubstitute back into the full,
non-geodesic conservation equation we obtain

VMTuv = (ufu" - gVV)VMp + (pCz + p)uMV}AMV =0 (B.175)

with an additional term being present for non-geodesic motion caused by gradients
in pressure.

31





