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Preface

Probably as many reasons have been given for writing books on classical
mechanics as there are books on the subject. So perhaps we will be
forgiven for not adding to the list of reasons as we add to the already
excellent and extensive list of books devoted to this subject.

The present text is based in a large part on lectures given on the sub-
ject of classical mechanics to senior students. It represents a physicist’s
view of mechanics, presented to an audience of potential physicists (not
mathematicians) who would one day earn their keep in physics. With
these initial conditions it became clear that emphasizing the applica-
tion of the principles of mechanics to problems usually encountered
by the physicists is to be preferred over an exposition that stresses the
more mathematical aspects of mechanics in their own right. So, some
readers may well judge a given mathematical proof, let us say in the
calculus of variations, for example, as lacking rigor. That is fine we say.
Let that person dig deeper into books on that particular subject. But it
is well to remember that there are various levels of rigor in mathemati-
cal demonstrations (the last one being rigor mortis as was once pointed
out to us!) within a subject whose foundations rest in the final analy-
sis on experience and experiment. These remarks must in no way be
construed as condoning a careless attitude in using mathematics in the
process of reasoning in mechanics. We simply stress that mechanics is
not mathematics and one should not confuse the two.

It is also well to remark on the choice of material and the emphasis
within that choice, that is to be found here. Since this book is aimed
at senior students who have already had some substantial experience
in the methodology of mechanics, up to and including Lagrangian
mechanics, our attitude is one of leading the already converted into the
more elegant formulations of the subject, based on variational principles
of various kinds. This approach leads naturally to the introduction
of the Lagrange function and Lagrange’s equations again. Once the
Lagrange function, its properties, and the Lagrange equations have
been established, we take pains to tackle every new problem from this
vantage point. Thus, the build-up from point mechanics to rigid bodies
to small vibrations to fluids all happens from a unified point of view.
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Special Relativity is a traditional and essential part of mechanics today.
However, it is also a somewhat less familiar element, and consequently
the subject of a more elementary discussion. The same comment is true
for the discussion of fluid motion. We end the book with Hamiltonian
mechanics, including a discussion of perturbations and Hamilton-Jacobi
theory which is usual, as well as a demonstration of the introduction of
uncertainty in mechanics, due to Max Born, which is unusual.

Apart from Chapter 1, which is essential for understanding the rest
of the book, each succeeding chapter is more or less independent of its
predecessor.

A comment on problems in mechanics is also relevant. The text
contains a fair number of worked examples that usually serve as illustra-
tions of the principle on which the problem is based. A list of problems
will also be found at the end of each chapter. The purpose of most of
these problems is again to illustrate some aspect not fully discussed in
the text itself. It has not been our purpose to compile an exhaustive list
of problems, although we urge the reader to find and do as many as
they can lay their hands on. A very useful source of physical problems
in classical mechanics is G.L. Kotkin and V.G. Serbo, Exploring Classical
Mechanics, (Oxford University Press, Oxford, 2020).

In writing a book of this nature, one is inevitably influenced by teach-
ers of, and books on the same subject. As with most textbooks, this one
also grew out of coursework. All students in a course play a larger role
than they often think in influencing the purpose (and horizons) of that
course, and one of us (SPK) was in fact one of the subjects on which this
course was practised. This book has taken an extremely long time in its
production, due to our other obligations, with the unfortunate conse-
quence that RHL has in the meantime sadly passed away. Consequently,
I am hoping that, looking down from his place in physics heaven, he
approves of all the changes that have been made.

Finally a special word of thanks is due to all those student assistants
who have painstakingly helped put this manuscript together.

S.P. Klevansky

Heidelberg and Johannesburg

2025



Chapter 1 Principles of Dynamics

1-1 Preamble

Classical mechanics is a truly vast subject. That being so, the material
that appears in any text of this size and purpose has of necessity been
through a severe selection process. The choice of topics to be presented
here has been strongly influenced by a perceived relevance to modern
physics. This might sound unfair to our subject: The builders of classical
mechanics certainly never did intend their work to be seen only as
stepping stones on the way to quantum mechanics and field theory. Yet
much of it is.

We have also attempted to keep the discussion of mechanics as uni-
form as possible by using a Lagrangian formulation throughout. In
many instances this restricts one to considering only conservative sys-
tems, or at least systems for which a Lagrange function can be con-
structed. This is hardly a disadvantage. Most of the systems of interest
in physics are of this type; furthermore the generalizations to cover
particular non-conservative systems are usually straightforward.

1-2 The Ingredients of Mechanics

We start by considering the motion of a single particle under the action
of given forces, thereby introducing the two main ingredients of mechan-
ics, the concepts of particle and force. A qualitative idea of a force is quite
natural and instinctive, based on everyday experience. Gravitational
forces and their effects are certainly familiar to anyone who has ever
tried to defy them. But other forces also exist in nature that are not so
easily experienced; electromagnetic forces that are responsible for the
structure of matter in bulk, and forces which govern the dynamics inside
the atomic nucleus and its components itself. What we will have to say
in the rest of this book is generally applicable for any force system. In
practice, of course, the natural forces that occur in classical mechanics
are basically of two types: gravitational and electrical (even the action
of a spring, or the friction on a rough surface can in the last analysis be
traced back to the properties of the material involved, i.e. to the electrical
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forces between atoms). Examples of man-made forces in engineering
applications like steam pressure, hydraulic systems, etc. abound of
course.

Experience tells us that forces have both magnitude and direction:
they are to be represented as vector quantities. But how does one measure
a force, or compare the action of different forces? This is the quantitative
aspect of the problem. The answer is also obvious: we must do an experi-
ment. For this purpose we introduce the other ingredient mentioned at
the beginning of this section: the idea of a particle, or mass point *, whose
internal structure is characterized by a single parameter m called its mass.
The extent to which actual material bodies in the laboratory approximate
particles is determined by to what extent properties other than their
mass play a role in determining their motion.

To investigate the motion of a particle, we must measure its velocity v
and changes in its velocity as a function of time, v. In order to perform
such measurements the particle must be located in some frame of reference
by a position vector r. As the particle moves, r changes. The rates of
change of r(t) and v(t), given by

2
v= %r(t), V= ;?r(t),
represent the velocity and acceleration of the particle at time . However,
it is not the velocity v, but rather the product p = mv, called the linear
momentum, that plays a central role in determining the motion of the
particle. For experience shows that p stays constant if no forces act on
the particle, i.e. the motion is governed by the condition

p = constant. (1.1)

This is Newton’s first law of motion or law of inertia. The effect of an
applied force F acting on the particle is to change the momentum p. The
rate of change, p = dp/dt, is dictated by Newton’s second law of motion,

p=F (1.2)

This equation is the basic law governing the motion or dynamics of
material systems. It is often called the principle of linear momentum.

We saw that it was necessary to specify a frame of reference in which
to measure p and hence p. Are the laws of motion (1.1) and (1.2) valid
irrespective of what reference frame is used? Experience shows that
this is not the case. Newton’s first two laws of motion only assume the
simple forms given in special frames of reference, called inertial frames.
In fact, (1.1) can be turned around to provide a definition of an inertial
frame: a free particle moves with constant momentum in an inertial
frame. In particular, a free particle initially at rest remains at rest in such
a frame 2.

* Sometimes also
described as a
material point.

2 A better definition
of an inertial

frame of reference
can be given in
General Relativity:
The gravitational
field vanishes in
the immediate
neighborhood of
an inertial frame,
whether or not this
field is caused by
gravitating masses
or the non-uniform
motion of the
frame of reference.
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The next question is very important. How many inertial frames are
there? Suppose the point O is the origin of a set of rectangular axes Oy,

that form an inertial frame .. Now introduce a second frame made up of
/
x'y'z

with respect to 2. A particle at P which has position coordinate r = OP

rectangular axes O, , , moving in a straight line with constant velocity V

in ¥ has position coordinate t' = O’P in ¥/, see Fig. 1.1, where

Figure 1.1: The
particle at P moves
with velocity v
with respect to

¥ and velocity v/
with respect to .

r=r +Vt (1.3)
if ¥ and ¥’/ coincide at t = 0. Hence,
v=v +V (1.4)

where V' is the velocity of the particle as measured in ¥'. Since V is
constant in time, v = v/ or p = p’. Thus, Newton’s laws of motion
hold in ¥/ if they hold in %, if we assume that the force is the same in
Y and ¥/, ie. F = F. All frames ¥’ moving with constant velocity in

a straight line are inertial frames, i.e. there are infinitely many inertial
frames if there is one such frame, and Newton’s laws are valid in all
these frames. This is Galileo’s principle of relativity. Stated another way,
Galileo’s principle asserts that the laws of motion are invariant in form
under the transformation of coordinates (1.3). Equation (1.3) is called a
Galilean transformation. Notice the tacit assumption

t=1+ (1.5)

in (1.4): the passage of time in the two frames of reference is the same.
This is the classical point of view of the absolute nature of time in
Galilean relativity. It will undergo a profound modification when we
discuss the theory of relativity.

In the laboratory, the question of an inertial reference frame is easily
settled: for most practical purposes a reference frame attached rigidly
to the earth’s surface will suffice. The effects coming from the earth’s
rotation are small and can be corrected for when necessary.
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Laws 1 and 2 must be supplemented by two further statements. These
are contained in
Law 3: Action and reaction are equal, or the forces exerted by two bodies in
mutual interaction are equal and opposite, and
Law 4: The superposition principle for forces asserts that forces add like
vectors. The content of this statement is simply that when several forces
act simultaneously on a particle, each force causes changes in motion as
if it alone were present; the other forces do not interfere with its action.
It is a remarkable fact that these four laws of motion summarize the
whole body of experience of experimental mechanics.

1-3 Systems of Particles

So far, we have spoken of a single particle and its motion under the
action of an applied force. Now, consider what happens if the four laws
of motion are applied to a system of interacting particles. We fix our
attention on particle a of this system, moving with momentum p,. The
forces on a arise from

(i) the sum X, ,F;, of all internal forces acting on a due to its interaction
with all the other particles in the system. F;, is the force exerted by b
on a. By law 3, it is equal and opposite to the force exerted by a on b,
Egp = —Fy,.

(ii) the sum of all external forces FL(f) that are applied from outside the
system. The motion of particle a is thus determined by

po=F + Y Fy (1.6)
b
so that
Ypa=YE +1 ) Fu
a a a b#a
summing over all particles. Now, X,;p, = P is the total linear momentum

g

20Xp+.Fgp = 0 because the internal forces cancel in pairs. Hence, the

of the system, ,;F,’ = F the total external force on the system, and

principle of linear momentum for a composite system of particles reads
P=F. (1.7)

Notice that the internal forces cannot effect changes in the total momen-
tum; they simply drop out. In fact this equation has a simple meaning. If
we locate particle a2 with the position vector r,(t) in an inertial frame, the
center of mass of the system is located at R:

MR = Zmarﬂ(t), M= Zmﬂ (1.8)

so that
Zmufa — Zpg — MR — P. (1.9)
a a
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Thus, P is the total momentum of the system. If the external forces are
removed, the momentum P remains constant no matter what motions
the individual particles perform under their mutual interactions. Notice
in passing that the definition of total momentum in (1.9) holds whether
or not the particles are interacting.

Next, we derive the principle of angular momentum. The angular momen-
tum of particle a about the origin O of the coordinate system for r, is
defined by the vector product 3.

r; X pa = La. (1.10)
The time rate of change of L, is
Ly = (ta X pa) + (ta X Pa)- (1.11)

The first vector product vanishes since i, and p, are parallel. For the
second, we insert the dynamical information on p, from (1.6) and get

L, =N, +N, (1.12)

where

Ny = (1, xE) and N} = (rg X Zp2,Fqp) (1.13)

are the force moments or torques about 0 of the external and internal
forces acting on the ath particle. As in the case of linear momentum, we
can define the total angular momentum, ) , L, = L, the total external
torque ), N; = N and find from (1.12) that

L=N (1.14)
since ), N}, = 0 if F,; is directed along ab. This equation expresses the
principle of angular momentum for the composite system.

The angular momentum and torque vectors L and N refer to the same
fixed point in an inertial frame of reference X, and change in value if this
point is changed. However, according to Galileo’s principle of relativity,
the principle of angular momentum should hold in any inertial frame.
We express this analytically by saying that (1.14) is invariant in form
under the Galilean transformation. To verify this, note that, by (1.3) and
(1.4), the angular momentum L = X;r, X p, in X is related to the angular
momentum L’ in the moving frame ¥’ through

L=L"+ () mul) x V+Rx (}_py) +Rxm,V, (1.15)
a a

where L' = Y, v x p}, and R = Vt is the distance between the origins of

¥ and ¥/ after a time f. Since R and V are parallel, the last term in (1.15)

drops away. The time derivative of L' is simple to calculate:

=L-Rx) p,=) (.—R)xF, =N, (1.16)
a

a

3 The reader un-
familiar with
standard vec-

tor operations

may consult D.E.
Rutherford, Vector
Methods, Eighth
Edition, Oliver and
Boyd, Ltd., Edin-
burgh and London,
1954.
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where N’ = Y (r, — R) x F, = ¥, 1, X F; is the torque measured about
the origin in ¥’. Thus, the form L = N is valid in any inertial frame, even
though the values of L and N depend on the frame.

The principle of angular momentum is also valid relative to the center
of mass of the moving system (this is not necessarily an inertial frame:
the center of mass can accelerate). To prove this statement, simply rein-
terpret the coordinate R in (1.15) as the center of mass coordinate in X,
thereby attaching the frame ¥’ to the center of mass of the system. The
primed quantities are then measured relative to the center of mass which
moves with velocity V. Now both Y, m,r}, and }_, p, are zero. However,
the last term in (1.15) survives since R and V are not necessarily parallel
anymore. The time derivative of L' in the center of mass system becomes

i/ L—Rx Y mV=YrxE—RxY p,
a a

a
— Y, xEY =N, (1.17)
a

using (1.7) in reverse for P = Y, p,. The torque, or moment, N’ of

the external forces now refers to the center of mass. In applying the
principle of angular momentum, we may take moments about a fixed
point in space (in an inertial frame of course), or about the center of
mass. The principle does not hold in a frame of reference performing an
arbitrary motion in space.

If the external torque is removed, the total angular momentum L stays
constant. While superficially similar to the statement of constant linear
momentum P if F = 0, the conservation of angular momentum has
quite different consequences: If a system initially has zero total (linear)
momentum, it stays zero throughout the subsequent motion. Internal
forces cannot move the center of mass. If the angular momentum is
initially zero, this is maintained throughout the subsequent motion.
However, this does not say that the orientation of the system in space is
maintained; the internal components can vary their relative orientation
at will with the help of mutual interactions. A cat released from an
inverted position makes use of internal muscular couplings between its
posterior and anterior regions to drop feet first onto the floor! (See Prob.
1-2).

The principles of linear and angular momentum contain all the nec-
essary information to study the motion of particle systems under given
forces. We would only have to apply these principles to an endless
variety of special situations in order to build up a complete scene of me-
chanics. To be quite specific, let us look at the motion of a single particle
under a prescribed force F. The equation of motion is given by (1.2). This
single vector equation is short-hand for the three component equations

Px = Fx, ﬁy = Fyr p: = F, (1.18)
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if we choose a rectangular reference frame Oy, and identify the compo-
nents of p and F along the axes by subscripts. For m a constant, p, = m¥,
etc., where (x,y,z) are the coordinates of the particle at any time, and

mX =Fy, mj=F, mi=F. (1.19)

These three second order differential equations in time may be inte-
grated (numerically if need be) subject to known initial conditions of
position and velocity to find the position x(t), y(t), z(t) of the particle
at all times. This process is called solving for the motion. Such brute force
methods have their uses of course. However, we will show only passing
interest in them since it turns out that often a great deal can be learned
about the properties of a mechanical system without integrating the equa-
tions of motion directly. The latter point of view concerns itself in part
with various invariance properties under coordinate transformations the
system may possess and how these properties affect the dynamics. A
formulation of mechanics that makes such invariance properties particu-
larly transparent and moreover allows one to exploit them to advantage
is to be found in the principle of least action 4 or Hamilton’s principle.

We base the developments in these lectures on such a point of view.
One of the many advantages is a formulation of dynamics that discusses
with equal ease, and in a uniform fashion, the dynamics of such widely
distinct systems as the motion of a planet, the oscillations of electrons
in a solid, or the pattern of ripples around an insect swimming on the
surface of a pond. Furthermore, the tendency in modern physics has
been to assign the action principle a fundamental role in the dynamics of
systems that have no classical counterpart. Consequently, the methods
that have evolved by treating classical systems from this point of view
are useful in many unrelated fields of research in theoretical physics.

1-4 The Action Principle

Newton’s laws of motion are a differential formulation of mechanics.
They determine the change in momentum produced by forces acting on
a system for a time dt. Other formulations of mechanics are available
that concern themselves with the motion of a system throughout a
finite time interval from t; to t;. Such formulations are called integral
principles of mechanics. A particularly important principle of this type is
the principle of least action, or Hamilton’s principle. It simply states that
a mechanical system moves between ¢; and t; in such a way that the

)
S— / Ldt
5]

assumes a minimum 5 value. The function L in this integral is called

integral

(1.20)

the Lagrange function of the system, and depends on the coordinates

4 The name, princi-
ple of least action,
is often restricted to
refer to a principle
enunciated by Mau-
pertius in 1747, see
Sec 1-8. However,
we will use the
phrase generically to
refer to any of the
several extremum
principles that

are available in
mechanics.

5 More precisely, a
stationary value

S has a minimum
value only if t; and
t; are close together
(see, for example,
E.T. Whittaker,

A Treatise on

the Analytical
Dynamics of particles
and rigid bodies,

p- 250, fourth
edition, Cambridge
University Press,
London, digital
printing 1999).
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that describe the system as well as their time derivatives and on . We
will see later how L can be found when we derive this principle from
Newton’s laws.

The way the action principle has been stated above does not make
clear how the value of S is to be judged or on what it depends. A simple
example illustrates the basic idea. Consider the motion of a particle
in one dimension. Its position x = f(t) can be found at any time ¢ by
integrating Newton’s second law of motion twice with respect to time.
The value of the Lagrange function may thus be calculated as a function
of t too, giving L(x,%) = L[f(t), f(t)] from which we may calculate S.
Obviously, S depends on the functional relation between x and t, given
by x = f(t) in this case. We say S is a functional of f and write

t2 .
5=l = [ "LIF®, FD)ar
1
Therefore S changes if the functional relation between x and ¢ changes.

If we replace the function f(t) by another function f(t) that evolves

differently with time, and set x = f(t), we get a different value for
L = L[ f(t), f(1)] anc.1 consequently anothéer value for _S = S[f]- The ¢ Recall that strictly
principle of least action then asserts that ® S[f] < S[f]ifx = f(¢) speaking, it may be
describes the actual motion. The relation x = f(t), that could hold an extremum.
between the particle position and elapsed time if additional forces
were present, but does not under the actual forces present, is termed
a virtual motion. We may go from the actual to the virtual motion by
making a virtual displacement in the coordinates. This means adding an
arbitrary function of time, dx(t) to the actual position x = f(t), so that
F(£) = £(£) +0x(t) on
ox(t) = F(1) — (1). (1.21)

The functions 6x(t) are usefully regarded as small, i.e. f(t) and f(t) are 7 More precisely;
not to differ much in form 7. In comparing the values of S in actual and  sx(f) must be ni-

virtual motions, we must be careful to let the virtual displacements dx(t)  formly small, have
a uniformly small
first derivative, and
satisfy (1.22).

vanish at both ends of the time interval under consideration,
Sx(t1) = dx(tp) =0, (1.22)

that is, the actual and virtual motions must coincide at these two times.
The necessity of such boundary conditions in time on the virtual dis-
placements will be proven presently.

To get some feel for the action principle let us test it out on the follow-
ing simple problem, before starting into a general proof. A particle falls
from rest under gravity g. Its position is x = f(t) = % ¢t? after a time ¢
has elapsed. This is the actual motion. We compare it to a virtual motion
prescribed by

x=J() = 3850 >0,
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f(t) A Figure 1.2: The

family of curves
f() = 38655)P
for p=1,1,2,3,4.

as shown in Fig. 1.2.

The condition B > 0 ensures that f(t) and f(t) agree at t = t; = 0 and
t = ty, so that dx(t) vanishes at the endpoints of the motion. Since the
Lagrange function for free fall under gravity is [see (1.34) and Prob. 1-3]

L = %ma‘c2+mgx
= m(Lop2rigz b2 o tys

we have

- t2 2
S[f] = /0 Ldt = %mtz(gt2)2 [Zﬁﬁ_ T+ ﬁil}'

For various values of B, the functions f(t) form a family of curves that
intersect the path of the actual motion at f = t; = 0 and t = tp. We try
various forms of f by varying B. The resulting values of S are shown in
Fig. 1.3. The minimum value of S at = 2 confirms that f = % gt? is
indeed the actual motion. The other stationary point below § = —1is
excluded by the condition g > 0, i.e by the boundary conditions on dx(t).

8g°S Figure 1.3: The
function S (mul-
mt® tiplied by the
constant 8/mg>t3)
2 is shown as a

function of the
parameter .
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Now consider an arbitrary, interacting system of n particles, possibly
also subject to external forces. We wish to derive the principle of least
action for this system. To that end, introduce cartesian coordinates
(x1,x2, x3) for particle 1, (x4, x5, x¢) for particle 2, etc. and the force
components (Fy, F,, F3), acting on particle 1, (Fy, Fs, Fg) acting on particle
2, etc. This notation is not as clumsy as it looks, since we may write
Newton’s law of motion as

F—mi =0 (1.23)

for each particle in the system by simply letting k = 1,2,...,3n. The
masses my are equal in triplets, my = my = m3, my = ms = mg, etc,,
giving the masses of particles 1,2, ...,3n and so forth.

Now subject each coordinate x(t) to a virtual displacement, x;(t) —
x(t) + 0xx(t). By doing so, we force the system to perform a virtual
motion described by the functions

xp(t) +oxi(t), k=1,2,---,3n. (1.24)

Notice that the virtual displacements dx(t) are instantaneous. They
have nothing to do with the displacement dx; = %;dt occurring in time
dt during the actual motion. Corresponding positions during the actual
and virtual motions are tagged by the same value of t. However, the
virtual displacements are certainly functions of time. Therefore, not
only positions but also velocities change in a virtual displacement. The
change in velocity §x is found from the difference

b= () +om() ~ Sn) = Len).

t

Since 6x; = 6(dxy/dt), we see that the operations § and d/dt actually
commute for the virtual displacements we are considering. This fact will
be important in what follows.

We now form the expression

Z(Fk — mkjc'k)éxk, (1.26)
k

where the sum over k runs over all coordinates. This sum is actually
zero by Newton’s second law. Before using this fact let us perform a
mathematical transformation on the acceleration terms by writing down
the identity

3y d ) . d
kaxkéxk = a(z MEX0x;) — kaxkaka)-
k k

We interchange d/dt and ¢ in the last term in accordance with our
findings in (1.25) and get

N d ; 1
Y mygedxy = E(Z myxbxg) — 6() Emkxi).
k k
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The sum

1 .
T= ; Emkx,% (1.27)

is the total kinetic energy of the system and J() %mkx,%) = Y mpxpdxy its
change, or variation in a virtual displacement. Our expression (1.26) thus
reads

d
;dexk +0T — E(;mkxkéxk) =0 (1.28)

if we use Newton’s laws. We may also identify the first sum in this
equation. The expression

ZFk(Sxk =W (1.29)
k

is just the work done by the forces Fy in the virtual displacement. It is
called the virtual work. Notice that any forces which do no work drop out
at this stage. Such workless forces are present when a system is made
to move in a definite way by constraints on its motion. We postpone
discussion of such forces of constraint, except to note that they do not
contribute to the virtual work 6W. Forces which do contribute to §W are
termed applied forces.

Returning to (1.28) we now integrate over time from #; to t. Then

t t
/2 owdt+ [ 6T dt — [V mdn] =0,

ty

and if we only employ virtual displacements that vanish at both ends of
the time interval,

Oxi(t1) = dxp(t2) =0, forall k, (1.30)

then , t
/2 5Wdt+/2 STdt =0 (1.31)
h H

is seen to be a consequence of Newton'’s laws of motion plus the bound-
ary condition on the dxi(t).

We can transform this result somewhat further by observing that,
since time is not varied in calculating 4T, we can move ¢ outside the

ty ty
/ ST dt = 6 / T dt.
h t

Similarly, we might be tempted to write

integral sign and write

ty "ty
OWdt =6 W dt.
H b
However, this procedure is ambiguous since only éW is well-defined
and not the total work W. In general W depends on the path followed by

27
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the system between t; and t,. Only for systems in which the work is in-
dependent of the path can we use this transformation. Such systems are
called conservative, and possess potential energy V equal to the negative of
the work done in moving from t; to t;. They occur sufficiently often in
physics to merit rewriting (1.31) specially for them as

5 /:(T —V)dt =0, (1.32)

since

th ty ty
/ 5Wdt:—/ sVdt=—o [ var
t t

1 1 ty

The structure of (1.32) suggests that the function
L=T-V (1.33)

plays a fundamental role in dynamics. It does. This is the Lagrange
function introduced at the beginning of this section. The condition (1.32)

t
P Ldt = 0, where L=T-V (1.34)

f
S :/ Ldt
5]

is stationary for the actual motion of the system, subject to the boundary

)
Jh

asserts that the integral

conditions (1.30). The integral S itself is called the action. The conditions
(1.34), or 6S = 0 for short, emphasize that not S itself but its stationary
character is important, i.e. the value of S is unchanged to first order

if the coordinates x¢(t) describing the actual motion are replaced by
coordinates x(t) + dxi(t).

The derivation we have presented gives the impression that the vari-
ational principle (1.34) only holds when L = T — V. This is not so.
Equation (1.34) is true for the motion of any system for which a La-
grange function can be constructed, even if this is not equal to T — V.
For completeness, we also make the obvious remark that the more gen-
eral principle (1.31) is available whether a Lagrange function can be
constructed or not.

The condition S = 0 is called a variational principle for determining
the functions xi(t). This principle is a compact formulation of Newto-
nian dynamics that emphasizes a remarkable fact: a single scalar function
L completely determines the dynamics of a system. In fact, (1.34) em-
bodies an entirely new point of view of mechanics. A. Sommerfeld
summarizes its essence on p. 209 of his beautiful treatise on Mechanics®
find the Lagrange function! We here re-emphasize Sommerfeld’s admo-
nition by pointing out that (1.34) indicates that L is indeed the key that
unlocks the door to the dynamics of classical (and presumably also

8 A. Sommerfeld,
Lectures on Theo-
retical Physics, Vol.
I, Mechanics, Aca-
demic Press Inc.,
New York, 1952.
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quantum) systems. How unique is L? The variational principle answers
this question immediately. For example, the condition §S = 0 is unaf-
fected by (i) adding a constant to L, (ii) multiplying L by a constant, (iii)
adding the total time derivative of any function f(x1,x2,x3, ..., ) of the
coordinates and time to L. Changes (i) and (ii) merely affect the zero

of energy and units used in a particular problem. To appreciate (iii) we
write L’ = L +df/dt and find

ty , "ty ¢
5/ Ldt=6 [ Ldt+[5f]2,
b t !
where 4f is the variation of f in a virtual displacement. This must vanish
at t; and f; by the boundary conditions on dx(t), so L’ and L satisfy the
same variational principle.

1-5 Lagrange’s Equations

In the previous section, we showed that the variational principle 6S = 0
is a consequence of Newton’s equations of motion. Now we turn the
question around and ask what equations of motion are implied by this
principle. At first sight, this seems a silly thing to do because we should
surely just get back to the equations of motion we started out from!
In a sense this is true and in another sense it is not. The point is that,
while we derived the condition 6S = 0 from Newton’s laws of motion
expressed in cartesian coordinates, the result must be true in any set of
coordinates, since S only depends on the scalar function L and hence is a
scalar itself.

The advantage of starting out from the variational principle is
then that we may pick any system of coordinates that we fancy. Let
{91,92,---,qn} or gi for short, be such a set of n generalized coordinates.
We may pass to them via point transformations of the form

xk = fi(q1,92,- -, qn, t) (1.35)

for each x;. The time derivatives of the x; transform like X, = f;, or
v 9k, 9k
Xy = ;a—qlql + TR (1.36)

The last factor, dfy/dt, is only present if the transformation is time
dependent.

How does the Lagrange function respond to such a transformation?
Since L is a scalar, its value is unchanged of course. However, its func-

tional dependence on the coordinates and their time derivatives changes.

For example, the Lagrange function given in (1.33) reads

1
L= ;Emkxi —V(xq,x,...) (1.37)

29
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in cartesian coordinates, and changes into
1
L=) smfe=V(fufo--.)
k

under the tranformations (1.35) and (1.36). Thus, the potential energy
becomes a function of the g, the kinetic energy (through f;) a function
of the gy and the gi. If the transformation is time-dependent, both T and
V become a function of time also. We write

L:L(ql/‘h/---;‘h/‘b/'--rt)/ or L(q,q,f)

for short, thereby completing our definition of the variational princi-
ple in (1.34): L is to be considered a function of g, § and t. The time
derivatives gy are called the generalized velocities.

The actual motion of the system is given by knowing the coordinates
gk as functions of the time: g = gx(t). It is the functions g, (t) that we
now seek. The stationary character of S tells us how to find them. For
if we subject the gi () to virtual displacements the value of S should
not change to first order in these displacements. Changing g(t) to
g (t) + gy (t) induces a corresponding change in g (t) to §x(t) + d4x(t), so
that L varies by an amount

oL = (q+5q,67+5¢7/> L(q,4,t)

Consequently S changes by

oL
5L dt = / 5 + —
H Z aq qk

TH 84y ] dt.

31
This the final form for the condition 65 = 0. We can meet this condition
separately for each qy, provided that these coordinates are independent. For
if this is the case, we can choose all virtual displacements to be zero
barring the kth one, dqi(t). For it, we choose a function of time that
not only vanishes at 1 and f, but everywhere inbetween, except in a
small region At around some time ¢. The sum drops away in the above
equation, which now specializes to

t+At 9L d  dL

Since dg(t) can be an arbitrary function of time in ¢, we must con-

clude that
oL d oL

[f% - %(aqk)] 0. (1.39)
By choosing each dg; to be non-vanishing in turn, we find this equa-
tion holds for each independent coordinate. Thus, the action S is ren-

dered stationary if each gy (t) satisfies (1.39). These are the celebrated



CHAPTER 1 PRINCIPLES OF DYNAMICS

Lagrange equations of motion (1788) for systems possessing a Lagrange
function.

The extension to systems not possessing a Lagrange function is
straightforward. We merely adopt the general form of the variational
principle given in (1.31). We have already noted that the kinetic energy T
becomes a function of g and 4 in generalized coordinates. Therefore, the
contribution from 4T to its time integral is

aT d,aT
2 STt / 2 5o~ i g oa0 (1.40)

ty dk

using the properties and boundary conditions of the dgi(t) once more.
We have no information on JW in terms of the virtual displacements Jg,
so we simply write

W =Y Qibas, (1.41)
k

thereby defining new force components Q. The Qy are called generalized
forces. We add the time integral of W to (1.40) and set

b2 o d ,oT
/t1 ; [Qk + FYo E(T%)]5Qk(t)df =0 (1.42)

to find the actual motion.
As before, we can meet this condition separately for each gy, provided
they are independent, by putting

oT d oT
QkJrB*%—E(aqu)—O (1.43)

for all k. These are often called generalized Lagrange equations.
The forces Qj introduced above can be determined by inspection. We
write 6W in its alternative forms

Z Fk 53(]{ and Z Qkéqk
k k

and eliminate the virtual displacements Jx; in favor of the dgx. The
transformation is

Ifr
Sxp =) =96
k ; aa, q1
from (1.44) (notice there is no term (9 f;/0t)dt; the time does not vary!).
The two expressions for JW are identical if

@—ZB% (1.44)

Finally, if some of the forces contributing to §W are derivable from a
potential V,

W = Y Quba; — oV (1.45)
k
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The variational principle (1.42) is modified accordingly to read

t2 oL 4, oL
— — —(=—)|dgqk(t)dt =0,
/. 10+ g0 g alom(t)

implying that oL 4 oL
ag ~ dt\agy) "

for all k. Equation (1.46) is a hybrid Lagrange equation, where some

Qx + (1.46)

of the forces have been included through V in a Lagrange function
L =T — V. On comparing their contribution to éW in (1.42), we have

1%
g =0V =-Y "5
;Qk A ;aqk 0

or that 3V
Q= o (1.47)

A word on the dimensions of the g; and the Q; that have been intro-
duced: The g, need not have dimensions of length, but may individually
assume any convenient dimension. Hence Qy does not always have the
dimensions of force. In fact, its dimension is determined by the gy it
associates with, since each term Qg in the sum (1.41) must have the
dimensions of work, that is, energy.

The generality of the results found in this section cannot be overem-
phasized. The Lagrange equations we derived are true for any set of
generalized coordinates. There is one very important proviso: the gi
must all be independent of each other. Otherwise we cannot make the
essential step from the variational principle to the Lagrange equations
it implies for each coordinate. How then should the g; be chosen; how
many do we need? These questions are closely related to the number
of coordinates a system requires and the degrees of freedom that it has.
This relationship is discussed in the next section.

1-6 Constraints

A system has as many degrees of freedom as there are independent co-
ordinates required to specify its instantaneous state completely. For
example, a system of N particles moving arbitrarily in space has 3N
degrees of freedom, since three cartesian coordinates are required to
position each particle in space. However, if a system moves subject to
constraints, the number of degrees of freedom is reduced. A constraint is
simply some additional condition that is imposed on the way a system
shall move. A wheel rolling without slipping, a ride on a roller coaster,
or simply that N atoms move together as a rigid body, are examples of
motions performed under constraints. No slipping means the point on
the rim of the wheel in contact with the surface is momentarily at rest;
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the roller coaster forces the rider to follow a particular path in space; the
relative separation between atoms must stay constant during the motion
of a rigid body. Forces are needed to enforce these constraints. Friction
causes the wheel not to slip, guide rails (exerting reactions) define the
path of the roller coaster, while electrical forces between atoms give the
rigid body its rigidity. Such forces are called forces of constraint. As the
above examples show, we may always replace them by their effects on
the motion of a system in the form of constraints. One should realize,
however, that considering the constraints instead of the forces that en-
force them is an idealization of Nature. No rigid body is perfectly rigid.
The electrical forces between atoms can never exactly "freeze" them into
permanent positions in a solid. When a solid is subjected to stresses, the
relative positions of its constituent atoms do change (as when a sound
wave passes through it). If such changes are unimportant for our pur-
poses, we idealize the situation by considering the solid to be rigid. In
this way we circumvent the enormous, but for us irrelevant problem of
the internal motion of the constituent atoms making up a rigid body.
Forces of constraint have one very important property in common:

they do no work in a virtual displacement that is consistent with the

 Lagrange at-
tempts one in his
but our three examples of constrained motion illustrate the workless Mechanique Analy-
tique, Tome premier,
Quatrieme edition,
rolling on, the guide rail reaction is perpendicular to the direction of Librairie Scientifique

constraints on the system. A general proof of this assertion is difficult?,
nature of these forces: the wheel does not "scratch" the surface it is

motion of the roller coaster, the internal forces do no work when a rigid ¢ Technique, A.
Blanchard, Paris,

body is displaced as a whole. In this connection the role of frictional 1965.

forces should be noted with care. Static friction, as for the rolling wheel,
is a force of constraint; it makes rolling possible. However, sliding or
kinetic friction comes into play if the wheel slips on the surface. The
"rolling" constraint falls away and friction becomes an applied force.

It does work during a virtual displacement of the system and thus
contributes to JW.

Quite generally, then, the distinguishing feature about forces of con-
straint is that they have to drop out of the variational principle because
they do no work. We do not need to know them to calculate SW. How-
ever, their effects must show up somewhere, and they do, in that the
number of independent coordinates are reduced through the constraints
imposed by these forces. Thus, the 3N cartesian coordinates x; for an
N-particle system are not all independent if the system has constraints
on its motion: r constraint conditions leave it with only 3N — r degrees
of freedom and as many independent coordinates. The Lagrange equa-
tions of the previous section will therefore not hold for all the xj unless the
constraining forces are explicitly included among all the forces. There is
a simple way around this difficulty: express the x; in terms of a smaller
number of coordinates that are independent by introducing 3N transfor-
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mations

X = fie( Q.92 - /1) (1.48)

3N—r coordinates

to new coordinates g;. We might well ask: can these transformations to a
smaller number of independent coordinates always be constructed? The
answer depends on the type of constraint involved. If the constraints are
conditions among the coordinates themselves that do not involve their
time derivatives, such transformations are always possible. Constraints
of this type are termed holonomic (from the Greek word holos, or whole)
and can be displayed in the general form™
Fa(xll X2,y t) =0 (149)
where the label « = 1,2, ..., r distinguishes between r different functions
F. We are thus provided with r relations between 3N coordinates xj, so
only 3N — r of them are independent. If we now choose the 3N functions
fe(q1,92, - - ., ) in (1.48) such that the r relations (1.49) hold as identities,
ie. F(fler/ .

problem is complete. The Lagrange function can be expressed in terms

,1) = 0, the reduction of the number of coordinates in the

of the g; and the gy, and satisfies

oL _d oL
aqk dt E)qk

in these coordinates. We have succeeded in eliminating the constraints
entirely by means of a point transformation.

A simple example illustrates these ideas, see Fig. 1.4. A particle
of mass m moves in a circle in a vertical plane. Find its equations of
motion if gravity is the only applied force. The motion has one degree of
freedom, since the cartesian coordinates (x,y) of the particle must satisfy

Fix,y) =x*+y*—a*>=0

° In the literature
these constraints
are further classi-
fied as rheonomous
(fluid) or scle-
ronomous (fixed)
depending on
whether they con-
tain the time or
not.

Figure 1.4: A
particle of mass

m constrained to
move in a vertical
circular path in the
gravitational field
of the earth.
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choosing the center of the circle of radius a as the origin. Taking the y
axis vertical, the potential energy of the particle in any position is gy per
unit mass, so the Lagrange function is

L= Sm(2+12) - mgy.

2
The Lagrange equations
oL d oL s A
x atlor) T TMESO
oL d oL L
@_E(@) = —mg—mj =0

are incorrect; x and y are not independent. However, if we first eliminate
x and x by the relations

x = /a2 —yZ; x:_% (1.50)

following from the constraint condition, then

1 ll2 .2
L= Py

and
oL_d oL
dy dt oy’
that is 5 )
Y vy o
—8(1—a7)_‘a2_y2 —§=0 (1.51)

gives the correct equation of motion for y. The elimination of x and *
amounts to choosing a new variable ¢ = y in (1.48), where

x=fily) = \/ﬂ; y=fy) =y

so that f1 and f, automatically satisfy the constraint condition F(x,y) =
0.

We have purposely stuck to the rather clumsy choice of 4 = y as our
independent variable to emphasize that it is not necessary to introduce
the "obvious" angular variable 6 giving the angular position of the
particle from the vertical. But it is much more convenient to do so. The
choice g = 6, where

x = f1(0) =asinb; y = f2(0) =acosb

gives
L= %m(aé)z — mgacos®,
from which the much simpler equation of motion in 6,
oL d oL

e E(ﬁ) = ma(gsin® —af) =0
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follows.

Constraints that do not fall into the above category are termed rnon-
holonomic. Their elimination depends specifically on the form they take.
Non-holonomic constraints of special interest in mechanics are of the
differential type

ZFakdxk + Gudt =0, a=1,2,...,1, (1.52)
k
where the 3n x r functions F,; and the r functions G, can only depend on
the x; and the time. The trouble with such constraints is that we cannot
eliminate them from the problem as we could holonomic constraints.
Introducing new coordinates g by point transformations like (1.35) or
(1.48) merely turns (1.52) into similar differential constraints on the gy:

Y Fudxy 4 Gpdt =Y Frpdxy + Gpdt, (1.53)
k k

where the Fy; and G, in the second expression are new functions

9 Ifk
o . r_
BTl o-cignd

that depend on the g and the time. To see what constraints among the
coordinates themselves are implied by such differential relations, we
would first have to integrate the latter with respect to time. But because
differentials of the coordinates as well as the coordinates themselves
appear, we cannot do this until the coordinates are known functions of
time, i.e. until the dynamical problem has been solved.

Lagrange introduced a method for dealing with non-holonomic con-
straints like (1.52) or (1.53). The method depends on the stipulation that
in using the variational principle we must only allow virtual displace-
ments that are consistent with the constraints on the system. Suppose
that r conditions of the type (1.53) constrain the motion of a system that
is described by n generalized coordinates g. Since the time is not varied
during a virtual displacement, this means that the displacements in the
qx must obey (1.53) in the form (we drop the primes on the F;, and G,
from now on)

Y Fudqe =0; o5t =0. (1.54)
k

The gy are not independent any more; equations (1.48) provide r sub-
sidiary conditions they must satisfy. This is where the effects of con-
straints come in. We can no longer regard the Jg; as independent, and
the form of Lagrange equations derived in Sec. 1-5 will not follow from
the action principle. The method of Lagrange multipliers circumvents this
difficulty: multiply the r relations (1.54) by arbitrary functions A, (one
for each relation) and add. The result is still zero:

ZAaFak‘sqk =0. (1.55)
4



CHAPTER 1 PRINCIPLES OF DYNAMICS

We add this sum to the integrand of (1.47), which then reads

ty 0
LD S Akt g
bh ko«

The 7 relations in (1.54) leave us only n — r independent virtual dis-
placements to choose at will. Call these dq; withk =1,2,...,n —r. The
remaining virtual displacements gy fork=n—-r+1,n—r+2,...,n are

L d, oL

— 2oy okt =0 (1.56)

dependent on the values of the first n — r displacements. We eliminate the
dependent displacements from consideration in (1.56) by forcing their
cofactors to be zero, that is, by choosing

JL d oL
E AMFyp+=— — —(=—) =
o nhek aqk dt(an)

fork=n—r+1,n—r+2,...,n These r equations are to be regarded
as conditions on the functions A,. If these conditions are met, the sum
in (1.56) will only contain terms involving the independent virtual
displacements dgy for k < n —r, and may be written as

2 1] L d oL
J L Akt e = GGl =0 s)

This condition is satisfied by letting each g satisfy

oL d oL
EM wk + 35— Sax $(87q'k) =0 (1.58)

fork=1,2,...,n —r. Both sets of equations (1.56) and (1.58) are identical
in form but very different in origin. Together they provide n equations
for the n unknown coordinates gx and » unknown functions A,. There-
fore, we need further r equations to make the problem determinate.
These are supplied by (1.53). Notice that we must employ the constraint
conditions as they unfold with time, since we are interested in the ac-
tual motion. The virtual displacements have served their purpose; they
are out of the picture now. Equations (1.58) with k = 1,2, ..., n are the
Lagrange equations in the presence of non-holonomic constraints (1.53).
The same procedure adds the sum ), A,Fy to the two other versions of
the Lagrange equations that we derived in Sec. 1-5.

The functions A, are called undetermined or Lagrange multipliers.
They are introduced as a device to take care of the constraints on the
system while the n — r virtual displacements in (1.57) are allowed to vary
independently. What is their physical significance? Referring to (1.58),
we see that the motion is unchanged if the constraints are removed, but
additional forces

K=Y AaFu (1.59)
4

are introduced. The forces Q) are not included in the Lagrange function;
they must therefore represent the forces of constraint that enforce the

37
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constraints imposed by (1.53). If so, the Q) should do no work in a
virtual displacement. They don’t. Their contribution to the virtual work
is

Y Qioqr =Y AuFuid
k ok

which is zero by (1.55). However, time-dependent constraints do work on
the system in time dt during the actual motion. A proof of this statement
and its physical origin waits in the next section.

One remark remains to be made: holonomic constraints are a special
kind of constraint. For if we calculate the change of the holonomic
constraints (1.49) with time, there results

dF, = Y e gy O
l
_on

—dxy + —-dt =0 1.60

axe <t (1.60)
which is a special case of (1.52) with F; = o, and G = %‘" Thus, holo-
nomic constraints can also be treated with Lagrange multipliers; we do
not have to eliminate them. In fact, if the forces of constraint are sought
we must not eliminate them. Once the functions A, are determined, these

forces are given by
oF,
" o_ 4
Qk - ;/\a aixk . (1.61)

The example of a particle moving in a circle under gravity that we dis-
cussed is a case in point. If we want to calculate the forces of constraint
necessary to maintain the circular path we must keep both coordinates x
and y in the Lagrange function

L= %m(fcz +§?) —mgy

but restrict the virtual displacements in x and y. For circular motion this
restriction is
A(xdx +ydy) =0

after multiplying by the single Lagrange multiplier A required to enforce
it. The two modified Lagrange equations

oL d oL o
Ax—l—a—a(a) = Ax—mi=0 (1.62)
oL d oL L
Ay+@—ﬁ(afy.) = Ay—mg—mj=0 (1.63)
plus the constraint condition
xx+yy =0 (1.64)

are three equations that determine x, y and A according to the general
theory of this section. Multiply the Lagrange equations by x and y
respectively and add to determine A. We get

Aa? = mgy + m(xi + yij) = mgy — m(x* + %) (1.65)
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after using the condition x? + y?> = a? and its second time derivative
to obtain the result on the right. Since v> = %> + y? is just the velocity
squared of the particle, A is finally given by

y as

"no_ — (med _TVNX _ ¥
o= Ax= (mga 1 )u Ra (1.66)
2
mo

of magnitude R = Aa. Since QY and Q’y’ are in the same ratio as x to
y the direction of R is along the radius vector to the particle from the
center of the circle. These relations are also shown in Fig. 1.5.

Y Figure 1.5: The
particle of mass
m constrained to
a vertical circular
path and acted on

by gravity.

a

To find the motion of the particle, we either proceed as before and
eliminate the holonomic constraint, or we can eliminate A directly from
the equation of motion in x and y: Taking the latter course of action, we
multiply (1.62) by x, (1.63) by y, subtract the former equation from the
latter and express the derivatives as a total derivative. The result

S m(xy — 5y)] = —mga

is equivalent to the principle of angular momentum (1.14) applied to
the present problem. Now eliminating x and x by using the constraint
equations (1.50) gets us back to the equation of motion

42 2

vy y
P2 — 2 +el—13

g+ )=0
found previously for y and given in (1.51).

But working in x and y coordinates is just a difficult way to solve
a simple problem. We can always go to any other coordinates that
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are more convenient. So, if the polar coordinates (r, ) are introduced
instead, where

x = fi1(r,0) =rsinf, y= fo(r,0) =rcosb

things become much simpler. The Lagrange function transforms into

L= %m(fz + r26%) — mgr cos 0

and the constraint condition into
r—a=20

by direct substitution. Again, we must not eliminate the holonomic
constraint = from L if the force of constraint is desired. Instead, we
introduce a multiplier A’ to take care of the constraint on the variation of

r,
Aér=0.
Then,
pUs ?Ti - %(%) = AN —mgcosO+mrf®> —mi =0  (1.68)
oL d oL . Y
ﬁ_ﬁ(£) = mgrsm@—%(mr 0)=0 (1.69)
P~ o (170)

are the equations determining r, 6 and A’. But since 7 = 0, we get # = 0
by differentiation and v = a by integration. The equation in r, (1.68),
gives

A = mg cos — mab?

which, together with (1.59), identifies the constraint force for the rth
coordinate (i.e. in the radial direction) as

" = R = mgcos § — mab?. (1.71)

Since af = v and y = acos® this is the same result as obtained previ-
ously, cf. (1.66) and (1.67). The equation for 6 does not depend on R (or
A) and is identical with the equation maf = mg sin 6 found before.

Notice that the physical origin of R does not have to be specified in
the problem we have just discussed, only its effect.

1-7 Properties of L
We return to systems that have a Lagrange function and introduce the

quantity

Pr = qu (1.72)
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into the Lagrange equations (1.39). These equations then become

oL

= =_— 1.
T (1.73)

Pk

Th are called canonical momenta and the pair are referred to a
€ Pk_ ¢ . ¢ ¢p (qk' pk) creletredtoas ., The reason for
canonical variables'!. this terminology
The version (1.73) of the Lagrange equations is reminiscent of New-  will become clear
. . C . . in Chap. 7.
ton’s form of the equations of motion, to which it reduces in cartesian a7

coordinates. In that case

oL d  dJL oV , ,

Fro E(E)T'ck) = Tom M= Fie — my%) = 0,
using the Lagrange function given by (1.37) and the fact that }_ F.dx; =
—0V is the work done in a virtual displacement.

Equations (1.72) and (1.73) have further important consequences

that relate to the question of conservation laws. We explore these next.
As a system moves, the coordinates g and velocities 4§, change with
time. However, it often happens that one or more functions of these
quantities stay constant in time during motion. Such functions are said
to be conserved, or to obey conservation laws. It is of utmost importance
to discover such conservation laws because they can often provide a
complete picture of how a system moves. A powerful and systematic
way of doing so involves studying the invariance properties of the
Lagrange function under coordinate and time translations. For suppose
L does not depend on a particular coordinate gs. Then, changing g
infinitesimally to gs + Ags cannot induce any change in L, so that

oL
L(‘]s + AQS/ s, t) - L(l;]s/ s, t) = 7Aqs =0,

9gs
indicating that
oL
— =0. 1.
905 (1.74)
Therefore, the Lagrange equation for the coordinate g5 reads
oL
ps =0, ps = s— = constant. (1.75)
94

The canonical momentum associated with a missing coordinate g is
conserved. Observe carefully that this statement is only true if qs is an
independent coordinate, i.e. if all constraints have been eliminated from

L. Otherwise, constraint forces enter (1.75) and spoil the conservation
of ps. The canonical momentum that is conserved may either be a linear
or an angular momentum component, or some more complicated entity.
The dimension of ps depends on the dimension of gs. Most commonly g
is either a distance or an angle. Then, p; is either a linear or an angular
momentum. Notice in passing that the replacement g5 — g5 + Ags to
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probe L for its conserved momenta is not a virtual displacement; the
velocity §s is not allowed to change during this probe. Coordinates like
gs that do not appear in L are called cyclic or ignorable.

Another important conservation law is connected with the time-
dependence of L. During the motion of a system from time f to ¢ + dt
the value of L varies on two accounts: the change wrought by changes
in gx and gk, and the change due to an explicit dependence on time. In
symbols, ) 5 ]

L L L
dL = ; a—qkqu + ; a—qkqu +=dt
where the last term contributes only if L depends explicitly on time.
This equation is a mathematical statement for dL. We now put in the
dynamics by inserting the value of dL/dgy from the Lagrange equation
(1.73), and find the relation

. oL
d(Y_ prdr) = dL — dt=- (1.76)
%

for the total change dL in time dt. Equivalently,

oL
dH = —dtg, (1.77)

where H is the function
H =) pidx — L. (1.78)
k

If oL/9t = 0, i.e. if L does not contain the time explicitly, (1.77) shows
that H is conserved. In that case H is called Jacobi’s first integral of
motion (later on H, whether conserved or not, will have another, more
illustrious name).

The two relations, (1.77) and (1.78), have a familiar physical content
if: (i) L is given by T — V and does not depend explicitly on time, (ii) the
kinetic energy T is a homogeneous quadratic function of the 4, and (iii) the
potential V is only a function of the 4. Then

oL oT
Kk = 25—k = ) o4k = 2T (1.79)
;p 7 ; adi ! ; oqi”
by Euler’s theorem on homogeneous functions'?, so that (1.77) reduces  See for example
to R.P. Gillespie, Par-
dT+dV =0, or dT = —dV =dW. (1.80)  tial Differentiation,
Oliver and Boyd,
This is just the equation of differential energy balance in time dt: the Edir;burgh and
change in kinetic energy equals the work done —dV = dW by the 2; naon, 1951 b

applied forces. Equation (1.78) is the time-integrated version of this
statement, or the conservation of the total energy E,

H=2T—(T—-V)=T+V = E = constant. (1.81)
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We can thus establish whether the laws of momentum and energy con-
servation hold for any given system by simply examining the structure
of its Lagrange function! This fundamental feature of L will be used
repeatedly in our future discussions.

Two additional points deserve mention. If L is independent of time, V
must also be. Otherwise, an additional time derivative shows up on the
right hand side of (1.77) and upsets the conservation of H:

aV
dH = dtg

The other point concerns V being independent of time, but depending
on the g in addition to the gx. Such a dependence replaces ) pr4x in

(1.79) by Sy
Kk = 2T — ) =4k
;P 4k ;aq,ﬂ
so that, while
H—(T+V)—Za—vq' (1.82)
k aqk . .

is still conserved, it does not equal the total energy T + V anymore (which
is not conserved!). The conservation of H and conservation of energy
are two separate issues. Physically, the important quantity is H, since
like L it plays a fundamental role in dynamics, too. We explore this facet
of H in Chap. 7. The results we have just found also hold true, with
one important qualification, when the system is subject to constraints.
The qualification relates to time-dependent constraints. The effect of
constraints is to inject the additional forces of constraint Q' = Yy AxFyx
into the relation (1.76) for dL. That relation is changed to read

Zpqu Z/\ F kqu =dL — dtai

The second term on the left would be zero in a virtual displacement.
However, dgy is the actual displacement of g in time dt. Therefore,
Y Fudqr = —Ggdt from the constraint equations (1.53), and

dH + dtZ/\,XG,X = dt%—L (1.83)

replaces (1.77). If now H = T 4 V and L is independent of time, we get

dT = dW +dW', dW' = —dtY_ 1,G, (1.84)
[

in place of the usual law dT = dW or differential energy balance. Time-
dependent constraints do work on the system! The work dW of applied
forces only accounts for part of the change in kinetic energy. The rest

is supplied by the forces of constraint working at a rate dW'/dt =

- Za /\IX GIX

43
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We can visualize the physical origin of this additional energy by
means of our particle moving in a circle under gravity again. Imagine
the particle is a bead sliding on a hoop and rotate the hoop with a pre-
assigned angular velocity w about the vertical y axis. The motion then
takes place in three dimensions and we must supply the azimuthal angle
¢ to locate the bead in spherical polar coordinates (7,6, ¢), see Fig. 1.6.

Figure 1.6: Bead on
a rotating hoop.

The bead now has an additional velocity component r sin 6¢ perpen-
dicular to the plane of the hoop, so the Lagrange function reads

L= %m(f’2 + 1262 + r* sin? 0§?) — mgr cos 6

subject to the two constraints
r—a=0, ¢—-—wt=0,

ensuring that the bead stays on the hoop, and turns with it. To illustrate
the work done by the second constraint that is time-dependent, we must
not eliminate it. The first one, r = a4, may go however, so

L= %maZ(éz + ¢? sin? B) — mga cos 6 (1.85)

is the Lagrange function for a system with two coordinates 8 and ¢,
subject to the one time-dependent constraint

d¢p —wdt =0,
in order to identify with (1.53). The constraint
Adp =0

on virtual displacements of ¢ is taken care of by a single multiplier A in
the equation of motion for ¢, which then determines A. The work done
by the time-dependent constraint is

—dt) AaGy = wAdt
o
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according to (1.84). But we also know the hoop forces the bead to rotate
with it by pushing the bead with a reaction Qg = A. However, since ¢ is
an angle, Qg will be a moment of the reaction R, so

Qp = A = Rasin®
and the work done in time dt is
dt wRasin@ = R(asinfde),

which is just the work done by R in pushing the bead an angle d¢ = dtw
in the horizontal plane. The machine (or person!) cranking the hoop
around has to supply this energy. Therefore, the energy balance for the
motion of the bead is

dT = mgasin6d6 4 Rasin 0d¢,

where dW = mga sin 0d0 is the work done by gravity.
But suppose we also eliminated the second constraint ¢ — wt from L so
that it only contains the independent variable 6:

1 .
L1 = Emaz(()z + w?sin®0) — mga cos 6.

How does this Lagrange function know that it describes a system which
does not convert work into kinetic energy according to the equation
dT = dW? We notice that condition (ii) from (1.79) to hold is violated:
the kinetic energy in L’ is not a homogeneous function in 6 and ¢ as was
L. Therefore,

H = a—LQ -L = lmaz(é2 — w?sin®8) + mga cos 6

00 2

is not the total energy; the minus sign on the sin? @ prevents this from
happening. But H' is conserved. The equation dH = 0 still holds
since L’ is independent of time and shows that the kinetic energy T' =

Ima®(6% + w? sin® 0) obeys the relation

dT = mgasin 6d6 + dt‘%(mazcu2 sin?6).

But, from the equation of motion for ¢ as given by L, we have

oL d dL

- E(mazw sin?6) = 0,
which determines A. Thus dT is given by the same expression as before,
since the second term indeed equals dtwA, the work done by the time-
dependent constraint during the actual motion.

We have also remarked that the presence of constraints (time-dependent
or not) can upset the conservation of momentum laws. For instance,

45
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since L in (1.85) is independent of ¢, we might be tempted to conclude
that

Py = g(Lp = ma®sin® ¢p

is a constant of motion. This would be wrong: py actually changes at
arate pp = A according to the equation we found above for A. The
forces of constraint regulate how p, varies with time. The error in our
argument is again the fact that ¢ is not an independent variable for the
problem. The structure of the Lagrange function L’ from which we have
eliminated all constraints shows that the only constant of motion for the
problem is H'.

Our example illustrates a general property. If a system with a time-
independent Lagrange function L is subjected to time-dependent, holo-
nomic constraints F, = 0, then, from (1.83)

dH + dtZ)\a% =0 (1.86)

holds if these constraints are not eliminated, and from (1.87)

!
dH' + dtaait =0 (1.87)

holds if they are (we use primes as a reminder that H and L are now
functions of independent coordinates). The effect of the constraints in
the latter equation is made up for partly in the functional dependence of
H’ on the new coordinates and partly by the time-dependence induced
in L'. The difference between energy conservation and the conservation
of H is also brought out by (1.86) and (1.8y) if L’ happens to stay inde-
pendent of time when the constraints are eliminated, i.e. if oL’ /ot = 0. If
H is the total energy of the system, this changes at a rate —}_, Ay0F, /ot
according to (1.86). But dH' = 0if dL'/dt = 0 or H’ stays constant
during motion.

1-8 Other Variational Principles

The principle of least action that is discussed in Sec. 1-4. is but one of a
whole host of variational formulations that are available in mechanics,
that are grouped under the general title of least action principles. The
emphasis here on least is historical rather than factual. All such princi-
ples only require that the action in question attains a stationary value
for the actual motion. No statement about the value of the action itself
is involved. We have seen one example of this in Sec. 1-4. We will see
another one in the principle of Maupertuis that we are about to derive.
Maupertuis’ principle only concerns itself with systems that conserve
energy. The Lagrange function for such systems can be written as

L=) pxix—H, (1.88)
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where H = E is the total energy, and the action S then becomes
[2)
S= /t Y prdrdt — E(t, — t). (1.89)
1k

We can take advantage of this breakup of S into two parts by designing
another type of variation. As before, we induce variations in S by replac-
ing qx(t) by new functions si(t) + dqx(t), but now also allow the transit
time to vary during the virtual motion. However, we maintain the same total
energy for all virtual motions. Then,

5 =& / Zpqudt E(6ty — 6ty) (1.90)

follows from (1.89) where ét; and ét; are the variations in time at the
endpoints of the motion. This new type of variation, symbolized by &',
is clearly different from the J-variation visualized in Sec. 1-4. There, we
required that the transit time for all motions be the same (dt; = ét; = 0).
Now, we demand that the energy be the same (JE = 0).

To see what consequences this new variation has for S we also com-
pute 'S directly from (1.20). Then,

t2+5f2 t2+§t2 ty ¢
J's :/ L(q+6q,4+64,t) dt—/ L(g,4,t) dt:/ OLdt+[Lot] 2,

t1 46t t1+ot t 1
if all virtual displacements are considered small. Now, the time integral
of 5L has already been calculated in (1.38). We introduce that expression
in the evaluation of 'S and find that

J's —/ Z 5— — pe)oqdt + ZPk Sqr -+ qkdb)] 2 — [HOH2 (1.91)

after inserting py for 0L/dqgy and ) prgx — H for L. This expression is
true for any system, whether conservative or not. We now specialize

it as follows: first only the actual motion of the system is considered.
This drops out the first term on the right due to the validity of the
Lagrange equations. The second term drops out if we replace our former
boundary conditions, dqx(t1) = dqx(t2) = 0, by

0qi(t) +G(t)ot =0, for t; and t. (1.92)

This simply means that all virtual motions are made to pass through the
same endpoints, even if they do so at different times. Finally we assume
H is constant and equal to the total energy E. Then 6'S = E(Jt, — 6tq).
Inserting this result into (1.90) we learn

oty
&' [ L pudidt =0 (1.93)
Ji 2
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’

under the stated variations and boundary conditions. This is Maupertuis
principle. The action in this case is represented by

t
So = /t Y prdy dt (1.94)
1k

and is often called the reduced action to distinguish it from S.

The contents of this principle can be visualized as follows: represent
the system by plotting its coordinates as a point in the n-dimensional
space they define. As the system moves this point moves too, tracing out
a curve in n dimensions. To apply the variational principle we run the
representative point along all paths joining A and B in Fig. 1.7 for which
the energy of the system remains the same. Then, according to (1.93) and

(1.94) the system moves from A to B in such a way that the integral Sy is
a minimum™3 when integrated over whatever transit time that is required to go  >ctually an
extremum.

from A to B while keeping the energy constant.

Figure 1.7: Illustra-
tion of two possible
paths of the repre-
sentative point for
a system with three
degrees of freedom.

We have thus shown that (1.93) is true if the Lagrange equations
describe the motion. To complete the demonstration of Maupertius’
principle we must also show that it leads to the correct equation of
motion. Carrying out the variation of the action Sy we get a sum of three
terms:

-t ty
'Sy = /t Z5Pkf7kdf+/t Y pidiicdt + [} prdedt] 2. (1.95)
In T 17 T

We know from previous work that éq; = [(d/dt)(dqx)]. But what is dpy?
The condition that all virtual paths are to have the same energy enters at
this point. We always have

. oL, . AL
H = 5(} pdx) — 0L =} (pk — 5 )8k + Y _(Opkde — 5 —0qk)-
k k 9k 9k

But py = dL /94y by definition and dH = 0 by design. Therefore,

oL
Oprr =Y —06
; Pr4k ;a‘]k qk
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and one finds that
, ty aL . . ty
1

after interchanging 6 and % as before in the second term on the right
of (1.95) and integrating by parts. The boundary conditions at the end-
points get rid of the last term and

ty
I50= | ;<§;k — p)onidt =0
results, a condition determining the equations of motion. It obviously
leads to the Lagrange equations again! It also goes without saying that
the question of independence of the g, must be raised again if there are
constraints on the motion. The reader will have an opportunity to worry
about such matters in Probs. 1-4. and 1-5.

We realize from the preceding discussion that the only important
point about H is that it must be constant. It need not be the total energy.
However, if H is the total energy, one can cast (1.93) into a number of
equivalent forms, each having its own special significance. Thus, if
H =E =T+ YV, then T must be a homogeneous quadratic function of the
velocities and V independent of them. Therefore, } ; pigx = 2T and

t
(5’/t 2Tdt =0 (1.97)
1

is another rendering of (1.91) in terms of the total kinetic energy of the
system. In particular, if the motion takes place under no forces, then T is
also constant, and
'ty
& dt = 5(tp — t1) = 0.
P tl
This is the principle of least time for motion under no forces. It first gained
recognition as a principle governing the propagation of light (Fermat).
For such applications it is useful to introduce the optical path length n ds
(n = the index of refraction) of the light ray and write

! 2
5/ nds =0,

S1

since dt = ds/v, where v = c¢/n is the velocity of light in the medium,

c its velocity in vacuo. This transformation then gives a variational prin-

ciple for determining the path of a light ray from s; to s, in a refractive

medium. The time variable has disappeared from the scene completely.
A similar transformation is possible in dynamics. We go back to (1.97)

and apply it to the motion of a particle of mass m. Then

2T dt = ZT% = muvds

49
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where ds is the arc length travelled in time dt with speed v. Conse-
quently™4,

S
(5’/5 " mods = 0 (1.98)
1

determines how the particle moves from s; to sp. However, we still have
to express v in terms of the position of the particle in order to clear (1.98)
of all time variables. This is simple to do using the energy equation: if
the particle moves in a potential field V, then mv = \/2m(E — V), and

S:
(5'/3 *VE—Vds=0. (1.99)
1

This form is due to Jacobi (1842). It is in complete analogy with Fermat’s
principle. The potential field throughout which the particle moves

acts on the particle like a heterogeneous medium with refractive index
~ v E —V, and (1.99) is a variational principle for determining the path
of the particle. As a corollary, we see that a free particle moves along the
shortest path from s to sy,

5’/52 ds=06(sp—s1)=0
51
since mv is constant in this case and factors out of (1.98) or (1.99).

Let us apply Jacobi’s form to the simple case where a free particle
enters a region of space where the potential suddenly decreases from
zero to a constant value —V} (the particle is suddenly accelerated at O
as it crosses the boundary between the two regions, see Fig. 1.8).  The

A Figure 1.8: Appli-
a cation of Fermat’s
— ’ principle to the mo-
V=0 Y tion of a particle.
(0]
V = - VO ﬁ
B

particle starts at A with energy E and has to reach B. We try the path
AOB and calculate the reduced action:

So = V2mE(AO) + /2m(E + V)(OB).

Sp has to be stationary for the actual path. In order to minimize Sy we
try various paths by moving the point O where the particle strikes the
boundary, and so determine the relation between the angles « and

that holds for the actual motion. Moving O to O, i.e. going along the
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dotted path, changes AO and OB by OO’ sina and —OO’ sin . Hence, Sy
changes by
'Sy ~ (VEsina — \/E + Vysin B)0O/.

This is zero for arbitrary displacements OO’ if

s?noc _ 1+ E‘
sin 8 E

Thus, the particle is refracted at the interface between the two potential
regions: the actual path is not simply the straight line joining A and B. If

we call /1 + % the relative index of refraction of the region of negative
potential to free space, then this result is analogous to Snell’s law of light
refraction. Physically, the origin of this effect is obvious: the particle
receives an impulse normal to the interface that kinks its path.

It should be realized, however, that Jacobi’s form holds for a much
wider class of systems than that of a single particle moving in a potential
field. The only requirement is that the Lagrange function be expressible
in the form

1 .
L=3 Y awdrd — V(q1,q2,- .. ).
kl

The ay; only depend on the coordinates and not their time derivatives.
Then, the element of action 2T dt can be re-expressed as

2Tdt = V2T |Y awded dt = V2T ds
ki
to define the arc length
ds = /Zﬂklqudql dt (1.100)
Kkl

travelled by the system point in time df with "speed" v/2T. Using this
extended meaning of ds, (1.99) is unaltered in form, but its meaning

is different. It now gives the "path" of the representative point of the
system in n-dimensional space. This only coincides with the path of the
system in ordinary space if the degrees of freedom are 3 or less and refer
to the position of the system in space.

Differential equations determining this path may readily be derived
from (1.99). We carry out the derivation for the special, but most usual
case of a particle moving in a potential V in two dimensions. Let (x,y)
be the cartesian coordinates of the particle. Following the tradition for
curvilinear coordinates in two dimensions, we introduce new coordi-
nates q; = u and gp = v, where the grid of curves

u(x,y) = constant

v(x,y) = constant

51
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defines these coordinates. The line element ds is written as
(ds)? = Ey,(du)? + 2F,, du dv + G, (dv)?, (1.101)

where E,, F,, and G, are the first differential parameters introduced by
Gauss. They are functions of # and v in general.

Since the variation in (1.99) means considering different paths passing
through the same endpoints, the line element ds must also be varied. We
consider variations in # only and find

s So aV
5’/52\/13—1/(15:/5 (— )auzde/ VE— V(ds) =
1 1

Now,

oE,
Ju

The term multiplying (du) in this expression gives the contribution

/ {\/ (Eu +P,w )}(Su ds,

(du)2+28§””d do +aaG”(d ) }m.

dsd(ds) = (Eudut+ Fup do)é(du) + 5 [

after integrating by parts and enforcing the boundary conditions
du(sy) = ou(sy) = 0. Therefore (1.99) is satisfied in the present case
if
1 d du 1 1 9V
—{VE—-V(E F =—c——=
/E Vd{ V( ud +MU )} 2E_Vau
1 0E, du., oF,, du dv oGy dv .,
+2 Bu( y zau%%+8u( s

(1.102)

The equation for v follows by interchanging u and v, E, and G,. We have
thus obtained differential equations for the path, or orbit, of a particle
moving in two dimensions in an arbitrary potential field V(u,v). These
equations contain as a special case the differential equations for the orbit
of a particle in a central potential V(r), r = y/x% + y?, as will be shown
in Chap. 2. Finally, if the particle is moving under no forces, (1.102)
becomes

d du do 1 0E, du., oFwdudv 9G, ,dv.,
%(EugjLFuvds) 2{ ou (ds) 2 ou ds ds +87(%) -

This is one of the differential equations determining the shortest path

between s; and s;. Such a path is called a geodesic. A particle moving
freely in the u, v space thus follows one of the geodesics in that space.
1-9 Properties of the Action Functions

We remarked at the beginning of this section that the adjective least
attached to the various variational principles can be misleading; we
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could equally well have a greatest action as far as the equations of motion
are concerned. We did not ever have to raise the issue of whether S is a
maximum or a minimum in finding the equations of motion. Typically,
physical systems in motion are only prepared to admit to the stationary
character of the action. Just as typically, however, the various principles
of least action have been made the basis of many a philosophical foray
into the "deeper"” meaning of the laws of dynamics. The trouble always
seems to be the appearance of a finite time interval in the calculation

of say the action S. This gives the impression that the system already
"knows" at time t; where it is going to be at t,, i.e. it endows mechanics
with a teleological> character. Actually this impression is false. As we
have seen, only the stationary character of the action and not its value
determines the equations of motion.

This does not mean, however, that the action functions themselves
are devoid of meaning. For consider (1.91) and (1.96); up to now we
have always used these expressions to find the equations of motion
by stipulating boundary conditions such that the contribution at the
"boundaries” t; and t, vanishes. Now, we turn the procedure around
and evaluate the variations in S and Sy due to changes in the coordinates
and the time at these boundaries for the actual motion. We set dq(t1) and
0t1 equal to zero and call it the time at the other endpoint of the action.
Then,

8'S =) pr(oqx + gxot) — Hot (1.103)
k

expresses the variation in S as the coordinates and the time at the other
endpoint are allowed to vary. The circumstance of this variation should
be clearly distinguished from the variations employed so far. We are
now assuming that Lagrange equations hold along all paths that are
considered. Therefore, (1.103) shows how S depends on the coordinates
of the motion at time t. In fact, by setting 6t = 0, we obtain the partial
derivatives of S with respect to the g:

d
(S/S = 2 i&qk = Zpkéqk for ot = 0,
T Ok k
or
95 _
o
On the other hand, setting all the dg; equal to zero does not define the

Pr- (1.104)

partial derivative with respect to time. This requires in addition that the
position of the endpoint not vary when ¢ is varied. Therefore, not ég; but
oqx + Gxot must be set equal to zero at time ¢. Then

§'S = —Hot

defines the partial derivative

S

5 —H. (1.105)

'5 Teleology, n,
(from Greek

telos "end" and
logos "reason"),
explanation by
reference to some
purpose, end,
goal, or function.
Traditionally, it
was also described
as final causality,
in contrast with
explanation solely
in terms of efficient
causes (the origin
of a change or

a state of rest

in something).
Encyclopaedia
Britannica, 2023.
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Thus, the partial time derivative of S gives H; by contrast its total time

derivative gives L:
as
5=
The latter statement follows from (1.20) with f, = t.

L. (1.106)

The corresponding partial derivatives of Sy follow from (1.96) in a
similar fashion. From

&'So = ) p(8qx + gxot) (1.107)
k
we conclude that 25 3
0 95 _
ar Pk, and 5 0, (1.108)

provided of course that the energy is conserved (otherwise (1.107) is
not valid!). Because of this requirement Sy contains the energy E as a
parameter. The derivative 0S/0E has a surprising significance. We go
back to (1.90) and also vary the energy from path to path. Then,

8'S = 6'Sy — Est — SE(t — t1).
But, according to (1.106), §'S equals —Eét if H = E. Therefore,
8'Sg—SE(t—1t1) =0

defines the partial derivative we seek:

— =t—1. (1.109)

Thus, the change of Sy with energy gives the transit time from t; to ¢.
This result allows one to express the coordinates as a function of time by
inserting the value for Sy and differentiating:

0 Sy 52 d
ﬁ/s Z(E—V)dsz/s \/ﬁ:t—t] (1.110)

Here s — s, is the distance travelled in time t — ¢;. Together with the
equation of the path this relation completely determines the motion.

The relations (1.106) through (1.109) will appear again in Chap. 7
from a different point of view. However, it is useful and interesting to
indicate one basic feature of (1.106) at this point. From its definition H
on the right of that equation depends on ¢, § and ¢. On the other hand, 4
may be eliminated in favour of p by inverting the relations py = dL/9gy;
then p may be re-expressed as in (1.104) and we get

aa—f + H(g, gj,t) =0. (1.111)
This is the famous Hamilton-Jacobi partial differential equation for deter-
mining S. It will emerge again in Chap. 7 - ostensibly from an entirely
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different point of view. If H is conserved and also happens to be the
total energy, then the Hamilton-Jacobi equation turns into a partial
differential equation for Sy,

950

H 3,

)—E=0. (1.112)
The meaning and practical significance of both these equations are
discussed at length in Chap. 7.

1-10 D’Alembert’s Principle

The action principles we have discussed so far are integral principles of
mechanics in this respect as they concern themselves with properties

of the motion over a finite time interval ¢, — t1. Differential principles
are also available which concern themselves with the motion at a given
instant t and small variations about this motion. Perhaps the most
important principle of the latter type is due to d’Alembert (1758)16. His
principle simply states that the inertial forces are in equilibrium with
the applied forces on any system. To appreciate this statement we go
back to Newton I in (1.1) and notice that all bodies remain at rest or in
uniform rectilinear motion if no forces act. A measure of their resistance
to change, or inertia, therefore is p. D’Alembert calls F = —p the inertial
force. If k again labels a typical particle, then (1.23) gives the equation of
motion for this particle in the form

FE+F =o.

Multiplying both sides by the virtual displacements éx; and summing
on all k, one has

Y (Fe+ F)ox, = 0. (1.113)
k

This all seems rather trivial until we realize that the forces of constraint
drop out of the virtual work Y, Fdxy. Therefore, this equation only
contains the applied forces. It states that the applied forces are in equilib-
rium with the inertial forces (the total virtual work is zero).

Equation (1.113) is the mathematical realization of d’Alembert’s
principle. It is of course identical with our former equation, (1.28),

- d
Z(Fk + EF)oxy = ZFkéxk + 6T — E(Z myXdx;) =0 (1.114)
k k k

if we restore the definition of F;. We can also use this equation to de-
termine the equations of motion. Take the case first where there are no
constraints on the system. Then F, — py = 0 must follow if (1.114) is

to hold for arbitrary displacements dx;. But if constraints are present,
this result does not follow. A transformation to independent coordinates

16 Jean-le-Rond
d’Alembert (1717
- 1783), a famous
French mathe-
matician and
philosopher.
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is necessary before any conclusions can be drawn. But we can intro-
duce such transformations since (1.114) is a scalar relation and therefore
valid in any set of coordinates. Accordingly, we pass to new coordinates
Xr — fx(q1,92,...) and observe the various parts of (1.114) transform:

Y Feoxg =Y Qida
k k

from the two forms (1.29) and (1.41) for the virtual work,

5T:52 mf?) an qk+2 &lk
k

from the functional form of T in the new coordinates, and
Y myidxg = kafk 5171
k k1

from the definition of the virtual displacements dx. But

Ui _ M _ i
oqr 94 94,
from (1.36). Therefore,

Y myxpdxy = kafk 171 Za Z mfy) 5‘7k—275‘1k
o qx I

(1.115)
This is the crucial relation. Knowing it, we can write (1.114) as
oT d , oT
Qr+=——=—(=—)|dgqx = 0. (1.116)
; e ok dt(aqk)] Ak

Now, assume that there are no constraints on the motion, or if there are,
of the holonomic variety. Then, all the dg; can be chosen independently

so that
JaT d  oT

These are the, by now, familiar Lagrange equations for holonomic sys-

Qr + =0.

tems.

In the form (1.114) d’Alembert’s principle has an interesting conse-
quence. If a system is in equilibrium under applied forces, then T = 0 and
all X, = 0 so that

W =0. (1.117)

The virtual work of the applied forces must be zero for equilibrium. This
succinct statement summarizes the entire subject of statics (systems in
equilibrium).

Two further differential principles, Gauss’ principle of least constraint,
and Hertz’s principle of least curvature (which is a special case of Gauss’
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principle) are also available, but do not introduce any new insight that is
not already contained in d”Alembert’s principle. In summary, we remark:
the differential principles only require a knowledge of differentiation
to derive the equations of motion. On the other hand, the integral prin-
ciples (which require the calculus of variations) have perhaps a more
dependable "feel", since their implementation does not depend on spot-
ting relations like (1.116) and (1.113) ahead of time. Their dependence on
a single scalar function L makes it manifest that the equations they lead
to, must have the same form in all sets of coordinates. This is also true
of course for the differential principles, but perhaps less obvious to the
uninitiated (see Prob. 1-6).

These comments bring us to the end of our discussion of the general
principles of mechanics. Our next task (it will occupy the remainder
of the book!) is to apply these principles to the motion of particles and
systems of particles that are of interest in physics.

Problems

1-1. Find out how Newton’s law of motion, (1.2), is modified when
referred to a frame of reference that moves with constant acceleration.

1-2. Describe the sequence of events that allow a cat to reorient while
falling from an inverted position.

1-3. Verify the calculation of the action S[f] given in the text for a particle
falling under gravity. Guess at some other forms f(t) for the virtual

motion and verify that S[f] is stationary for the actual motion in each
case.

1-4 .Discuss the validity of Maupertuis’ principle in the presence of
holonomic constraints. Pay particular attention to the case where such
constraints may be time-dependent.

1-5. Discuss the validity of Maupertuis’ principle in the presence of non-
holonomic constraints of the type given in (1.52). Pay particular attention
to the case where such constraints may be time-dependent.

1-6. Show by a direct transformation of coordinates g, = fi(q},95,--.)
that the Lagrange equations are unaltered in form. This property is
referred to as the covariance of these equations.

1-7. Find the geodesics joining any two points of a sphere. Can you al-
ways find the shortest distance between the points in question? Explain.
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Chapter 2 Particle Dynamics

2-1 Introduction

This chapter is devoted to a discussion of the motion of a single particle
under specified forces. Its purpose is twofold. Firstly, the simplicity of
such problems will allow us to become acquainted with the methods of
chapter 1 in specific applications, without undue complication. Secondly,
the physical discussion of the two most important particle systems

in nature - the celestial system and the atomic system - require for

their building blocks an understanding of single particle motion in

a force field (the planets around the sun for the former, the electrons
around the nucleus in the latter). Also, most of the information on
atomic, nuclear and nucleon structure comes from devising scattering
experiments in which the system under study is bombarded with a probe
particle. The full interpretation of the results of such experiments lies
outside the capabilities of classical mechanics; one has to appeal to
quantum mechanics. However, most of the concepts and parameters of
the classical description appear unscathed in the quantum mechanical
version and it is therefore of utmost importance to study the classical
one-body scattering problem in detail. This is done in Sec. 2-6.

One of many practical aspects of applied classical mechanics appears
in everyday life in the form of satellite communications and weather
systems, which depend for their successful operation on knowing quite
precisely how such a satellite will orbit the earth. The actual calculation
of satellite orbits is much more complex than the standard orbit problem
we discuss in Sec. 2-4. But the complexity is in degree of sophistication
and not in the principles involved. References are provided there to
bring the curious reader up to date on what these complexities are. The
classic problem of planetary motion around the sun falls in this category
also and is of course indelibly woven into the historical development of
mechanics.

2-2 Systems with One Degree of Freedom

Consider the motion of a particle, mass m, in a conservative force field
V(x), where x measures the displacement from some standard position.
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The Lagrange function reads
L= -mx"—V(x). (2.1)

The equation of motion for x is

oL daL IV

ox “aax  ox MY
or
mi = F(x), (2.2)
where F(x) = —dV/dx is the force on the particle at position x. This

equation is special only to the extent that F(x) was derivable from a po-
tential. Otherwise, we would use the general Lagrange equations (1.43);
then F could have any form, e.g. F = F(x, %, t), that is not necessarily
derivable from a potential function. However, if F is derivable from a po-
tential as supposed above, we can integrate (2.2) immediately. Multiply
by x. Then,

. d
mxi = —

dt(imxz) = F(x)x,

or

[%mxz]io = /xx f(x)dx ==V (x)+ V(xo),

after integrating both sides from xg to x. The last statement says

1 1
Ema‘cz +V(x) = me(% + V(xp) = a constant E, (2.3)

which just reproduces the law of energy conservation. We could have
realized this directly from the form of L in (2.1): since L does not depend
on time, the quantity
oL 1 5 -
H—gx—L—imx +V(x)=E (2.4)
is conserved and equals the total energy, according to (1.77) and (1.81). A
second integration of the energy equation gives the position at time ¢:

=5 [ e =

where x( is the position of the particle at time ty. We have chosen the

positive square root, implying that the particle is moving from x( to x.
Notice that two boundary conditions are required before this solution
becomes unique: for example, the position and velocity at time t( are

required to determine E in (2.5).

If the force F in (2.2) depends on the velocity of the particle, or the
time, then the integral (2.5) is invalidated, and one has to seek other
methods of integration. The variety of such problems is endless, de-
pending on the form of F, and so the integration of various special cases
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seems pointless here. Rather we discuss some standard problems that
appear frequently in physical applications, and that will furthermore
serve as "guinea pigs" for the more exotic solution techniques that are
developed in subsequent chapters.

(i) Free fall under gravity

Here the accelerating force is the gravitational pull of the earth. Near
the earth’s surface this is a constant force mg. The potential is therefore
—mgx if we measure x from the point of release. Then, the time to fall a
distance x is given by (2.5):

m (X dx 1 2 2E
f—fo—ﬁém‘g[m>—ﬁ]' 0

The value of E reflects with what velocity the particle was released at
t = tp. In free fall from rest, E = 0, and
2x

t-to= /2, or x=gg(t-n)?

gives the distance fallen in time t — t,.

(i1) Harmonic oscillator in one dimension

A particle attracted to a fixed point by a force proportional to its dis-

placement from that point performs an oscillatory motion. For if

2x, calling the constant of proportionality mw?, then the

2

F = —mw
potential is V = %mw x? and the equation of motion and equation of
energy read

¥4+ w?x =0 (2.7)

and oF
4w ===, (2.8)
m

respectively.

Since ¥ must be real, we find from the second equation that the par-
ticle is not found further from the origin than +a = +v2E/mwZ; the
velocity vanishes at this value of x but not the force. The particle is
pulled back towards the origin, so that the sense of its motion reverses.
The positions x = +a are called turning points of the motion. Obviously,
the particle oscillates back and forth between a and —a an infinite num-
ber of times. The quantity a is called the amplitude of oscillation. It is
determined by the energy of the system, for a given force constant mw?.
Therefore, instead of specifying the energy at which the motion occurs,
we can prescribe its amplitude. The position at any time ¢ is then given
by

RE
sin 1(E),

; til/x dx -
"~ w Jo VaZ—x2 w
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or'7

x = asin(wt — wty) (2.9)

if the particle passes the origin at ¢ = ty. The constant wty is called the
phase®. The solution we have obtained for x confirms our picture of the
motion. The particle oscillates between +a and —a; the time taken for
one complete oscillation (called the period) is

o
o

T (2.10)

It is inversely proportional to w, i.e. to the square root of the coupling
strength per unit mass.

The problem we have just solved is an example of a bounded motion in
mechanics. The particle never gets further than +a from the origin. It is
possible to decide quite generally from the energy equation when such
motion occurs. Writing

Xx== E(E —V(x)), (2.11)
m
we see that X must vanish if V(x) equals E so that the particle is turned
back by the potential V(x) at values of x that are roots of
V(x) =E. (2.12)
If this equation has two adjacent roots at x = a and x = b respectively,
(it may have more than two roots of course), we can get an oscillatory
motion between a and b, the particle shuttling back and forth an infinite
number of times. The motion is therefore bounded by the turning points
a and b. Furthermore, (2.11) shows (the plus and minus sign) that the
velocity is the same whether the particle is "coming or going" at x. There-
fore, the transit time from a to b is the same as the transit time from b to
a and stays constant for every subsequent traversal (provided the system
does not lose energy). Hence, we can define a period T of the motion; T
is taken as twice the time required to go from a to b. Obviously, the latter
time equals the time taken for the particle to return to any position x on
its path.

On the other hand, a single root means the particle just turns around
once and proceeds back to infinity from whence it came. Hence, the
shape of the potential V(x) and the energy determine the type of motion.
In Fig. 2.1 oscillatory motion occurs for all positive values of the energy,
E > 0; in Fig. 2.2 oscillatory motion occurs for E; > E > 0, if the particle
is located on the left of the origin, unbounded motion if the particle is
located on the right. The "hump" in the potential in Fig. 2.2 is termed a
potential barrier. For E < E; the particle cannot' penetrate such a barrier
since that would require a negative kinetic energy. On the other hand, if

7Q0r x = acos(wt +
«), where « is some
other phase. Either
form is a linear
combination of

the fundamental
pair of solutions

x+ = exp(Liwt)
of (2.7) with a
different boundary
condition.

8 Sometimes the
negative of this
quantity is called
the phase.

9 This restriction is
lifted in quantum
mechanics.
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E > E; the particle passes over the hump, and the motion is no longer
oscillatory.

The period of the motion is easily determined in the general case. By
definition, the period T is the time taken to go "there and back", starting
at a particular turning point 4, going to a further one b and returning to

a. Thus,
T— /b dx B /“ dx
© JEE-V) T JaE-V)
using the minus sign on the second radical for the return journey. Math-

ematically speaking, both branches of the multivalued function E — V
appear in T, if V(x) is analytic in a suitable region in the complex plane,

this facet allows one to express T as a contour integral* around the
branch points (at 2 and b) of this function, in the complex plane z = x + iy,

dz 0
T:/Cm:al_j/cy/Zm(E—V)dz. (2.13)

The "dumbbell" contour C is shown in Fig. 2.3. We have to cut the
z—plane from a to b along the real axis to make the integrand in (2.13)
single-valued, after choosing the positive square root just below the
cut, the negative square root just above. A word of caution is in order:
since the turning points a and b are zeros of the integrand in (2.13), the
first integral for T is actually an improper one. Physically, we want
the oscillation to have a finite period. Therefore, we also stipulate that

Figure 2.1: The
potential V of a
harmonic oscillator.

Figure 2.2: The
potential V with a
barrier.

* A reader unfa-
miliar with the
elements of com-
plex integration
may consult H.
Margenau and G.M.
Murphy, The Math-
ematics of Physics
and Chemistry, D.
van Nostrand Com-
pany, Inc., New
York, 1943.
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y z — plane Figure 2.3: The con-

tour of integration
a b
X
+ + +

C.
the improper integral should converge. This is the case, provided the

singularities are not too severe (see Prob. 2-1). Incidentally, the second
form for T in (2.13) shows a premise of things to come.

/C,/zm(E —V)dx =S

is just the reduced action for one period of oscillation, one has T =

Since

950/ 0E as a special case of (1.109). If we can find the reduced action
function Sy over one period in a periodic motion by some means or
other, the period of this motion is just the energy derivative of that S.

As an example of the application of (2.13), take the harmonic oscilla-
tor problem. Then E = 1mw?a?, V(x) = Imw?x?, and

/ dz

wl = | ——.

C Va%—z2

We can deform the contour C into a large circle of radius R surrounding
the origin without crossing any singularities of the integrand. Therefore

. [ dz
T z

wTl = — = —i(2mi) =2m

by Cauchy’s theorem, in agreement with the result (2.10). Notice in pass-
ing that the period of oscillations in an oscillator potential is independent
of the amplitude of oscillation. This is not generally true. Any deviation
from the parabolic potential shape introduces an amplitude dependence
into T. However, many potential fields in physics can be usefully re-
placed by a quadratic approximation near the equilibrium position of the
system (x = 0 in Fig. 2.1) and therefore retain this simple property ap-
proximately. The entire subject of small oscillations that is fundamental
to the understanding of molecular and crystal lattice vibrations is based
on such a premise. We return to such matters in Chap. 4.

2-3 Systems with Two or More Degrees of Freedom

An important example of a system with two degrees of freedom consists
of a mass m moving in a potential field V. The Lagrange function in any
system of coordinates q; = u, g = v is

1 ds

L= Em(a)z —V(u,v) (2.14)
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where ds is the line element given by (1.101). The general problem posed
by (2.14) does not have either u or v as cyclic coordinates. Therefore
there are no conserved canonical momenta. However, the energy E is

conserved,
1 . ds.,
E= Em(ﬂ) +V(u,v), (2.15)
since L does not contain the time explicitly. We discuss two special cases

of (2.14):

(i) Projectile motion near the surface of the earth

We position the projectile in cartesian coordinates u = x,v = y

with respect to the point of projection. If the x—axis points vertically
downwards, the potential energy is just a function of x and is given by
V = —mgx, where as before g is the acceleration due to gravity. The line
element is, trivially,

(ds)* = (dx)* + (dy)*
making E, =1, F;, = 0 and Gy = 1. Therefore

L= %m(aa2 + %) + mgx.

Since the coordinate y is cyclic, the linear momentum

py= % = my
Y a]/

is conserved. This relation allows us to pass from derivatives in  to

derivatives in y:
d _.d _pyd

dt :ydy T omdy’

and, together with the energy equation,

2
1 1
E=-m(# +y?) — mgx = ~mx® + L

2 2 om  M8*

determines the motion completely. We write ¥ in the alternative forms

. 2 _P% 7pydx
x—i\/m(E ﬂ+mgx)—aﬁ

and find

= Vae-

if the projectile leaves the origin at t = 0. The integration is elementary

dx pydx
pZ

X
SR —
7+ mgx) 0 \/Zm(E— %+mgx)

and we find

g

x:vH—}tz' or x:% + S 2
b o8ty vyy 27]5}/
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for the motion in time, and the path (a parabola). Here, vy and vy, are the
velocity components at the projection point. The ambiguity in sign of the
radicals is settled by knowing the direction of vy. Alternatively we could
have found the path directly from the variational principle [(1.102) and
its sister equation for v].

(ii) Motion in a central field

A problem of particular physical interest arises in (2.14) when V is
spherically symmetric, i.e. a central potential.

This means that V only depends on the distance r = OP of the
particle P from some fixed point O (the force center, see Fig. 2.4). The
force F(r) that this potential gives rise to points along the radius vector
OP, i.e. it is a central force.

P Figulre 2.4: A
particle moving
in a trajectory
measured from the
fixed point O.

Polar coordinates are indicated: setting # = r and v = 6 the line element
becomes
(ds)? = (dr)* +r*(d6)?,

making E, =1, F,, =0and G, = r2. The Lagrange function is therefore

1 .
L= Em(f2 +126%) — V(). (2.16)
The angle 6 is cyclic. Therefore, the canonical momentum
ol ;
Po = 6 mr0 (2.17)

is constant in a central field. Physically, pg is the angular momentum of
the particle about 0. It is conserved because the radial force F(r) has no
moment about 0. As before, (2.17) allows us to pass from derivatives in ¢
to derivatives in 6: p p p
y 0
L=t =1 (2.18)
Taken together with the angular momentum equation, the equation of
energy

E— L2 + L e +V(r) = L + —pé +V(r)
2 2 2 2mr?
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provides us with a complete picture of the motion again. Introduce the
effective potential

u(r) = 2:1(;2 +V(r) (2.19)

consisting of the original potential V and the centrifugal potential**
p3/2mr?. A knowledge of U and E determines the motion completely.
To see this, write the energy equation as

r==£ %(E -Uu). (2.20)

This is now a one-dimensional problem as in Sec. 2-2. We ask: Where
does the radial motion cease? This is determined by the roots of

U(r) =E.

A single root means that the motion is unbounded. The particle comes in
from infinity, is turned around at the closest distance of approach to 0 and
is pushed out to infinity again. On the other hand, two roots at r,;, and

Ymax,

u(rmin) = u(”max) =E

mean that 7 vanishes twice. If 7,,;, and ry,x are separated by a region of
potential that is energetically accessible to the particle, then the motion
can be bounded: r oscillates between circles of radii 7,,;,, and ;5. This
does not mean, however, that the motion ceases at these points or that
the particle returns to its original position when r returns to its original
value. To find out what angle OP swings through when r changes, i.e. to
find the orbit, we write (2.20) in the form

dr 2 _ pe dr
== E(E u) = po e (2.21)
and calculate the change in 6 from
do—+ L _Pedr
r=/2m(E —U)
A single integration gives
0—6)= dr (2.22)

rin \/2m(E — U) E u) 2’

if we set @ = 6y when r = r,,;,,. Since ¥ must increase with increasing 6
after this point the sign on the radical is determined. The time taken for
OP to reach the position 6 is given by the first form in (2.21):

(2’23)
rmm =

t—ty)=

21 See Sec. 2-9.
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where t is the time at 8 = 6y. As OP changes from 7, to #;ax and back,

 changes by
“T'max d}’ E)
A9:2/ Lf:——/\/sz—u iz (22
Jrmin \/2m(E — U) 12 dpg Jc ( ) (2.24)
in time

Tmax dr ]
At:2/r \/m:a]_:/(:\/Zm(E—U)dz (2.25)

min

if we use the same trick as before to express the integrals on r as contour
integrals in the complex plane z = r + i{. The contour C is the same

as that depicted in Fig. 2.3 after replacing a and b by 7,,;;, and ryax.

The surprising symmetry in the expressions for Af and At (and 6 and

t for that matter) as derivatives of the same integral with respect to

the constants of motion py and E is no accident. Its appreciation must,
however, wait for the developments of Chap. 6. Equation (2.25) is once
more a special case of (1.109) with the reduced action calculated over a
full period of the variable 7.

Equations (2.22) and (2.23) determine the motion completely. As far as
the orbit is concerned, we realize from the plus and minus signs on the
radial velocity in (2.21) that the turning points can be approached from
either side with the same radial velocity, i.e. the orbit is symmetric about
the line 6 = 6y. The same is true at the other turning point. Therefore,
the entire orbit can be constructed once the segment from 7,,;;, to ¥y is
known, by successively "folding over" this segment about the lines 6 = 6
and 0y + A6/2, respectively.

Figure 2.5: A
possible central

( orbit.

AO

A typical orbit is shown in Fig. 2.5. This figure illustrates an important
fact: the orbit will not be a closed one unless Af is some rational fraction
of 27t. Otherwise, the particle never returns to its original position for
any 0 and the orbit will eventually fill out the entire annulus between the
two circles ¥ = 1y, and ¥ = 74,4y in Fig. 2.5. It is also clear that the orbit
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in a central field always lies in a plane, the orientation of this plane being
determined by the direction of the angular momentum py. Vectorially,
we have

Po =1 XPp,

and since the field V(r) is independent of the orientation of r in space,
po will clearly maintain its original direction also (we have already seen
that its magnitude is constant). This means that the orbit lies in the plane
perpendicular to py, passing through the center of force.

We stress the fact: all the information gained up to this point (and it
is a great deal) has not required us to specify V(r). Of course the actual
shape of the orbit does depend on V(r) and we have to know it before
the orbit can be obtained. We will do such a calculation in the next
section for the important cases of inverse (~ 1/r) and quadratic (~ 2)
central fields. However, two general comments on the orbit problem are
in order here: often the problem is not to find the orbit but to find the
force (or potential) giving rise to a given orbit, i.e. to turn (2.22) "inside
out" for the function U. This is easily accomplished by obtaining instead
a differential equation for the orbit. Instead of integrating (2.21) to find the
orbit, we differentiate it to find the force (no, dU/d0 is not zero, because
a total derivative is being formed):

ppd(ldry W e meau
d0 " r2 do 2(E_U) pe Or
or
a2 1) _ mr2ou
g2 r’  pZ or’
Entering the value of U from (2.19), writing F = —dV /dr and setting

u = 1/r, we find the more usual form of this equation (see also Prob.

2-3), ,
d"u " F 1) (2.26)

T et
Knowing the orbits, the force can therefore be determined up to a con-
stant (m/p3). No further information is necessary.

The other comment concerns calculating the orbits for a given force
law. The construction of (2.22) has reduced this problem "to quadra-
tures"; mathematically the problem has been solved. The integral on the
right of this equation can often be expressed in terms of elementary func-
tions. More often not so elementary functions appear (elliptic integrals)
depending on the form of V(r). Whittaker ("Analytical Dynamics", p81,
fourth edition, Cambridge University Press, London, 1936) gives a rather
complete list of integrable potentials in this sense. Of course there is
nothing to prevent a numerical evaluation of the integral if it converges.
Furthermore, as we have seen, a knowledge of the segment of the path
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from #,,;;, to ¥yay determines the entire orbit, reducing such numerical
work considerably.

2-4 Kepler’s Problem

A problem of fundamental significance, both historically and scientifi-
cally*?, concerns the motion of a particle in an attractive inverse square
central force field®3. This force field is generated by the potential (« > 0)
v=-2,
T
which at the same time represents the potential energy of a planet

(2.27)

around the sun, or an electron around an atomic nucleus. The effective
potential for a particle of angular momentum py is

2

Py

T 2mr2

S| R

(2.28)

in this field. The function U is seen to approach +oo at the origin, and
zero from the negative side as r — oo. Therefore, two turning points
are possible if E < 0, but only one for E > 0. Hence the orbits in
the potential (2.27) are uniquely classified as bounded or unbounded
accordingly, as E < 0 or E > 0, see Figs. 2.6 and 2.7.

A
E>0
Tmin Tmax N
E \/”I r
m(/,\'{ E <O
We first assume E is negative, E = —|E|. The orbit is a bound one and

its shape is given by (2.22):

r
e = Po dr
9 90 B Tmin p2 r2
2m(—|E| - oy + )
i1 ,
—_ [Cosil[ me r }
2|E‘pg Vmin
1- ma?

or (if we measure 6 from the point of closest approach 7,,,),

; =1+ ecosf (2.29)

** The science of
mechanics may be
said to have begun
seriously with the
explanation of
Kepler’s laws of
planetary motion
by Newton (1687).

% For the reader
curious enough

to want to know
how planetary (or
satellite) orbits are
actually calculated
we recommend

D. Brouwer and
G.M. Clemence,
"Methods of Ce-
lestial Mechanics",
Academic Press
Inc., London and
New York, 1961.

Figure 2.6: The
potential U show-
ing positive and
negative energies.
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U/\

E>0

rmin

since the ratio in brackets of the cosine bracket is unity when r = 7.
The constants [ and e are

2 2
_P, %
l= o €= m“2|E|. (2.30)

The reader will recognise (2.29) as the equation for a conic section
with semi-latus rectum | and eccentricity e, referred to polar coordinates
with origin at one focus. The constants [ and e are called the geometrical
constants of the orbit as opposed to the dynamical constants E and py.
Clearly e < 1 from (2.30) so the bound orbit is an (ellipse 24). Its semi-
major and -minor axes are

! a h— ! _ Pe
2|E| V1—e2  \/2m|E|

hpa= ——7F =
1—e2

elliptic orbits.  (2.31)

The geometrical significance of these various constants is shown in Fig.

2.8. The force center is at S, the one focus of the ellipse (we use
P’/ o
P i \ T
a SO\ T
: N § T X 2bh
NV ey
1 2a |

S instead of 0 in Fig. 2.8 to recall the role of the sun as the center of
attraction for the planetary system). The orbit is a closed one, the angle
Af of (2.24) equalling 27 in this case. The least and greatest distances

Figure 2.7: A
potential U ~ 1/ 2
that allows for a
positive energy
only.

24 There are two
limiting cases:

if |E| attains its
largest physically
allowable value
Enax = P§/2mr2,
the radii 7,,;,, and
T'max coalesce into
a single radius g
and a circular orbit
of this radius is
performed. The
other limiting case,
|E| = 0 gives rise to
a parabola.

Figure 2.8: The
particle of mass m
moving in a vertical
circular path, and
acted on by gravity.
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from S are

l
Ymin = m = a(l - (3),‘ Ymax = m = a(l + (3). (2.32)

The time required to reach any point in the orbit is given by (2.23). In the

» 2|E rmm \/

present example

72

Tl + TH"
But
7
_2711|9E| + mr —2 = —lg+2ar—1*= (ae)2 —(a— r)z,

using the relations (2.30) and (2.31) to introduce the geometrical con-
stants of the elliptic orbit. The integral can be evaluated by introducing
the angular parameter ¢, where

a—71 =aecosg. (2.33)

[The value ¢ = 0 puts r at its minimum value r,,;, = a(1 —e)]. Then,

m (¢ m ,
t= 1/m/O a(l—ecosé)d¢ =a, /ﬁ(g—esmg)

if t is also measured from the closest distance of approach. Thus,

r=a(l—ecosg);, t=a, /%E'(Ej—esing)

provide parametric equations for the radial position at time f. Finally,

(2.34)

(2.29) gives the corresponding angular position and thus provides us
with a complete picture of the motion.

In astronomy, the angles ¢ and 6 denote the eccentric anomaly and true
anomaly of a planet when, as here, they are measured from the closest
point of approach (the perihelion) to the sun. The geometrical meaning of
6 is clear but what is ¢? > Its meaning can be ascertained by inspection
from Fig. 2.8. If we draw a circle of radius a centered at the center C of
the ellipse and extend the perpendicular PM through P on the major
axis to intersect this circle at P/, then the position (a,¢) of P’ is related to
the position (r,0) of P by

ae +acos(m — &) = rcos(rt —0).

This equation expresses the length SM in two ways. Substituting for
cos f from the orbit equation (2.29) one has

ae —acos¢ = —l

e

4 _2 T
+e— e(l e)—!—e (2.37)

25 The inverse
problem of finding
¢ at a given time is
interesting in that
it gave rise to the
development of
what we now know
as Bessel functions.
Since &(t) must be
an odd function of
nt in the interval
(—m, 7r) it will bear
expansion in a
Fourier sine series.
Consequently,

its derivative
dg/d(nt) has a
cosine expansion

1

d(n) ~ 27

+ Z by, cos mt,

m=1

(2.35)
with b, =

w L
rd(nt)
x cos mnt d(nt)
= ij(me)/

where [, (z) is a
Bessel function of
order m (see for ex-
ample W. Magnus
and F. Oberhet-
tinger, Functions
of Mathematical
Physics, Chelsea
Publishing Com-
pany, New York,
1949). Therefore,
upon integration,

&(nt) =nt
+2 Z ]m me
X sinmnt. (2.36)

This expression is
originally due to
Lagrange.
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orr = a(l — ecos ), which confirms the first member of (2.34). The
second member of (2.34) shows that the time taken to complete one orbit

ma’ _ o [
x 2|E3’

that is, the periodic time only depends on the major axis (equivalently,
3

is

T=2r (2.38)

total energy) of the orbit. The proportionality T?> ~ a3 is one of the
laws of planetary motion discovered empirically by Kepler. Actually
Kepler’s work went a lot further than just this statement. Since the ratio
27t/T = n is the mean angular velocity of the planet over one orbit, the
second member of (2.34) is equivalent to

nt =¢ —esing. (2.39)

This is Kepler’s equation expressing the mean anomaly nt in terms of the
eccentric anomaly. 2°. To express nt in terms of the true anomaly 6, we
multiply r as given by the first of equations (2.34) together with (2.29) to
find

sin 6

1 1+ecosf
(2.40)

or sing = V1

(1—ecosé)(1+ecosh) =1—¢?

Consequently, the mean anomaly is connected to the true anomaly
through

nt=sin /1 —-e2————1 —e\/1—¢2

This equation gives the time required to reach a specified angle 6 in

sin 0
14 ecosf’

sin 0

1+ecosb (2.41)

the elliptic orbit. Knowing ¢ and its relation to 6 also allows us to write
down the cartesian coordinates (x,y) of the particle with respect to the
center C of the orbit:

¥ —acost = gttt
N ~ 14ecosf
in 6
— 1—e2si - 1 — ¢? _ smou .
y=av1—e?sing a( e)1+ecose (2.42)
so that
22
a72+ﬁ:1f b=ay1—eé? (2.43)

as expected.

Now, suppose the energy is positive, E > 0. Then, the orbit becomes
unbounded. The shape is given by (2.29) but with E replacing —|E| in
the formula (2.30) for the eccentricity e. Thus e becomes greater than
unity: hyperbolic orbits are described for positive energies. The relation
between the semi-major axis, the semi-latus rectum [ and the energy E is
changed to

hyperbolic orbits (2-44)

2 Kepler published
his laws of plan-
etary motion in
1609.
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instead of the first member of (2.31); the minor axis b becomes imaginary
as it should and the closest distance of approach is

l

Vmin = e+1 =a(e—1). (2.45)
The relations (2.34) are also untenable. Instead, the time to reach a given
radial distance r is now given by exactly similar methods as

r=(ecoshi—1), t=a %(esinh{,‘—@‘), (2.46)
where the parameter { now varies from —co to +co. The orbit itself is
shown in Fig. 2.9.

Finally, we consider the repulsive potential V' = a/r. Then, the
effective potential U is always positive, and only positive values of E are
physically permissable: the motion is always unbounded, see Fig. 2.7.
The shape of the orbit is hyperbolic,

é = —1+4ecosb, (2.47)

where | and e are again given by (2.30) with E replacing —|E|. The time-
dependence is given by the parametric equations

r=a(acoshg +1), t:a\/g(esinhg—f—é) (2.48)

instead of (2.46).
From (2.47) we see that the closest distance of approach to the force
center is

Vmin = ﬁ =a(e+1), (2.49)
instead of the value (2.45). The orbit is a hyperbola with the force center

at the external focus, contrary to the case of an attractive field [(2.29) for
e > 1], where the force center lies at the internal focus, cf. Fig. 2.9.

| <« 20> |

Attractive field Repulsive field

Figure 2.9: Attrac-
tive and repulsive
motion.
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2-5 The Space Oscillator

A particle moving subject to the potential

V(r) = %merZ (2.50)

(w = a constant) is called an isotropic space oscillator. As before the poten-
tial is a central one, so the orbit always lies in a plane. But contrary to
our previous example, all orbits are bounded, the potential V increasing
without limit as r — oo.

The effective potential is sketched in Fig. 2.10. Any energy > E,;,
gives a bound orbit. Its shape can be computed from (2.22). However, it
is much easier to proceed as follows: since V(r) can be written as

V(r) = %mwz(xz + ) (2.51)

in terms of cartesian coordinates (x,y) through the center of force, we
simply obtain two one-dimensional oscillators along x and y

¥+ w?x =

j+wty = 0, (252)
that are not coupled to each other.

Figure 2.10: Bound
U state in the effective
potential.

Emin 'I-_ o

Therefore, the motion in time is given essentially by
x =acoswt, y="bsinwt, (2-53)

where a and b are the maximum amplitudes of oscillation in the x and y
directions. Consequently, the orbit is the ellipse

x
S+t =1 (2.54)

about the center of force which lies at the center of this ellipse (not
the focus). As in the case of the 1/r field, the orbit is also closed. The
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connection between the geometrical constants of this orbit and the
dynamical constants py and E follow from (2.52):
pg = m(xy—xy) = mw(ab)
1 1 1
E = Em(a’cz + %) + Emwz(x2 +y?) = imwz(az +b?).
Therefore, both axes determine the energy (or vice versa) in this case,
contrary to the situation in the 1/r field. However, the period of motion
in the oscillator potential only depends on the force constant T = 27/ w,
independent of the size of the orbit.

2-6 Scattering by a Central Force

We mentioned the importance of scattering experiments in physics at
the beginning of this chapter. Let us now study in detail what such an
experiment entails within the domain of classical mechanics.

kC
B
0 A
A/ o, b
0

A beam of particles is incident on a scattering center at O, which repels
each particle according to some force law F(r). A particular incident par-
ticle at A that is initially aimed to miss the scattering center by a distance
b will be deflected along the orbit ABC, and be turned through an angle
¢ from its initial direction (Fig. 2.11). This angle is called the scattering
angle. We know from our previous work that the orbit is symmetrical
about the closest distance of approach, line OB. Consequently, the scat-
tering angle is related to the total angle turned through by the radius
vector OP as the particle moves in from infinity to its closest distance of
approach. Calling this angle 6., we have

0 = |71 — 2000 ]. (255)

(The modulus sign is necessary since ¢ is considered to lie between 0
and 7 by convention). Now, 0 is given by (2.22) if we set the upper
limit » — co. Before using this equation, however, let us insert for py its
value in terms of the impact parameter b:

pe = V2mEDb,

Figure 2.11: The
geometry of a
scattering problem.
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for a particle of energy E.
The parameters E and b are the natural parameters for describing the
scattering of the particle. In terms of them we have

oo = .56
Tmin A / bZ (2 5 )
72

where V(r) is the potential energy. Equations (2.55) and (2.56) uniquely
determine the angle through which a particle of energy E and impact
parameter b is deflected. However, this is not what we want. Under
normal experimental conditions, a uniform beam of n particles per
unit area impinges on the scattering center with energy E, but with
different impact parameters b. Therefore, the interesting quantity is the
number of particles that are scattered per second into the solid angle
dQ) = sin 9ddd¢ subtended at (9, @) on a large sphere centered at the
scattering center O (see Fig. 2.12).

77

Figure 2.12: Geom-

etry of a scattering
de center.
dQ
)
dd
@

Incident beam

The number of particles dN passing into d() per second (the particle
flux) clearly equals the number passing through the area segment bdbde
between circles b and b + db on a plane held perpendicular to the incident
beam at infinity. Hence, dN = nbdbd¢ where n is the incident flux.
Since dN is proportional to the incident flux n, not dN but the ratio
do = dN/n gives a physically useful description of the effect of the
scattering center; this ratio is called the differential cross section. We have

dN b

db
dU—T—bdbdq)— (Pdﬂsmé‘dﬂdgo,
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or
do

dQ " sin 19 ‘
if we introduce the solid angle element dQ = sin®d?®d¢. The modulus

(2.57)

keeps the intrinsically positive quantity do/dQ) positive. The derivation
leading up to this formula has assumed a one-to-one correspondence
between a given impact parameter b and angle of scattering ¢. If this

is not so, i.e. if the function b = b(9) is multivalued, the formula (2.57)
must include a sum over all these values. Finally, if convergent, the
integral of (2.57) over all angles gives the total cross section

do '
_/ﬁ_ s1n19| |Q

The scattering cross section is thus determined classically by knowing

b as a function of ¢ (or fs). This information is supplied by (2.56) for
any central field V(r). We calculate do/dQ) for the important case that
V(r) = a/r. Then

1
V1 +4E2b2 /a2

by elementary integration (or simply setting r — o0 and pg = v/2mEb in

foo = cos {

}

(2.47)). Inverting, we find

- 4E22 1 8E2bdb cos(g)
o2 sin?(8) b sin?(3)
and
do _ o cos(3) 1 T CY™
dQ ~ 8E2sin?(?) 2sin S cos(Z)  4E’ sin®(8)’ 2
This is the famous Rutherford scattering law 7 obeyed by charged parti- 7 Phil. Mag,. bf 21,

cles scattered by a center of charge. This formula played a fundamental 669 (1911).

role in paving the way to what we now know about the structure of
atoms. Notice that this formula is insensitive to the sign of the interac-
tion. An attractive inverse field gives rise to exactly the same scattering
cross section. Notice also that the cross sections are infinite in this case
(why?).

A second example of scattering by a central force that is in many ways
the opposite of the Rutherford scattering law is provided by the square
well potential,

V=-V, r<a
=0, r>a
of range a and depth V4. This potential has a finite range and conse-

quently gives rise to a finite total cross section, contrary to the case of the
inverse field that has an infinite range.
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The particle receives an inward radial impulse as it crosses the spheri-
cal surface r = a; we saw in Chap.1, Sec. 1-8, that a particle of energy E
is refracted at such a potential discontinuity according to the relation

sina. Vo
sinﬁ_n_ l—i—E, (2.59)

where & and B are the angle of incidence and angle of refraction respec-
tively. Applying this relation at the spherical surface r = a where the
particle enters and leaves, we get

%19:04—/3

from the geometry of Fig. 2.13.

Figure 2.13: Geome-
try for scattering by
a square well.

More fomally, we can proceed from (2.56) after establishing that the
effective U/ E potential and distance of closest approach are given by

u v b?
E:r—z—nz—i—l for r<a, r—z—i-l for r>a
and 7., = b/n. Then, for b < a (the particle must hit the potential to
scatter),
o = [ bt b
T =222 e 1022 2
b T b
_ -1/ L -1/7
= cos (na)+2 cos (a)

G-P+5- (5w

(2.60)
using Fig. 2.13 again to identify the angles cos~!(b/na) and cos ' (b/a).
Finally, & = (71 — 26 ), sO we regain (2.59). Writing the refraction law as

sinf  sin(a —9/2)
sina sin &

4

1
n
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and noting that b/a = sina, one finds the impact parameter b as a
function of ¢. The differential cross-section follows immediately from

(2.57):

b? sin? 2

= = —5 5.1 (<9

a 1—-4cosy+ 3

do 2 (cos? —1)(1—1lcos? 1

dr @ leosimaizneoss) (o osg <
dQ) dcosy  (1—scosy+-3) n

The total cross-section is finite: ¢ = 7ra“.

2-7 The Two-Body Problem

So far, we have pretended that the center of force in both the bound and
scattering problems of the previous two sections was fixed. This is not
the case in the physical world. The naturally occurring central force
systems are interactions between two masses (the planet-sun system in
astronomy, the electron-proton system in atomic hydrogen, the neutron-
proton system in the deuteron). We are dealing with a two-body problem,
and, since the forces acting on each are equal and opposite by Newton’s
third law, the motion of one influences the motion of the other. We now
show how this problem can be solved exactly in terms of the theory of
central motion developed in Sec. 2-3.

m Figure 2.14: Rela-
tive and center-of-
mass coordinates
for the two-body
problem.

Suppose then that m’ and m” are two interacting particles. We locate
them at r' and r” with respect to their center of mass C which lies at R
say, see Fig. 2.14. Then, the Lagrange function is

1 ~ 1 1
L= §<ml +m")R? + Em’if’2 + Em”i’”z - V(Y —1")), (2.62)

since the interaction potential can only depend on the relative separation
of the two particles. We see immediately that R is cyclic so that the



CHAPTER 2 PARTICLE DYNAMICS 81

center of mass moves with a constant momentum
P= VgL = (m" +m")R.

This result is also obvious from (1.7), for our system has no external
forces acting on it. Our problem is therefore to determine the motion of
the two particles relative to their center of mass, i.e. in the center-of-mass
system. We can also do this from L in (2.62). But there is one difficulty:

the vectors r’ and r” are not independent and the system is overspecified.

Indeed,
m't +m'"Y" =0 (2.63)

just gives the center-of-mass position in the center-of-mass system and
is therefore identically zero. So we can use either ' or r’ as the other
vector to describe the motion. However, the form of the potential energy
in L suggests that neither ' nor r’, but rather their difference

I‘:I_l_r//

is the appropriate coordinate to use. We have

1 !/

, m o m
Y T T 264)
so that L reads
1, , sy Lom'm"

in the independent position coordinates R and r. The motion of the
center-of-mass is given by the first term as we have already seen. The
remaining part

1 dr m'm'"
L'= 5#(5)2 V() w=——1— (2.66)

T om +m!
governs the relative motion. It is identical with the problem of a particle
of reduced mass y moving around a fixed force center with velocity dr/dt,
as comparison with (2.14) will show. Thus, the two-body problem can be
solved completely by considering an appropriate one-body problem. [It
was one of the great regrets and headaches of the founders of analytic
mechanics?® that systems of three or more particles do not submit to
such simplification]. Once the solutions for r are known we can calculate
the motion of the individual masses from the relations (2.64). Notice that
the shapes of their orbits are identical (since r' and r”’ are proportional
to r) apart from a scaling factor due to the mass difference. Thus, if
the orbit for relative motion is an ellipse, the orbits of m’ and m” will
likewise be ellipses described about their common center of mass, and
these ellipses share a common focus (see Prob. 2-14).

# The history of the
Problem of Three
Bodies is given by
A. Gautier, Essai
historique sur le
probléme des trois
corps (Paris, 1817).
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The scattering problem of one particle to another is reduced in exactly
the same manner, if we introduce the reduced mass u and interpret E
in (2.56) (and that which follows) as the energy in the center-of-mass
system. With these modifications, (2.57) gives the scattering cross-section
in the center-of-mass system, the angle ¢ now measuring the scattering
angle in this system.

However, measurements are always done in the laboratory system.
The connection between the scattering angles and hence the cross-section
in the two systems can be established as follows: in the center-of-mass
system the momenta of the colliding particles are always equal and op-
posite [Differentiate (2.63) with respect to time]. Call this momentum p.
The magnitude of p is not changed after the collision, only its direction,
because of energy conservation®. Thus, all the collision does, is to swing
the direction of p through the angle ¢ without changing its magnitude.
When viewed in the laboratory system, this state of affairs appears as
follows: before or after the collision m’ and m” have momenta given by

the vectors

/ 1

m

Pt P

m
with only the direction of p changed; P is the momentum of the center-
of-mass. These vectors are displayed in Fig. 2.15. The vector P is fixed in
magnitude and direction throughout the collision by the conservation of
total momentum. The vector p is fixed in magnitude but not in direction
by the conservation of energy. Therefore, the two elements, length and
direction of AB and the radius OC of the circle, are determined. The
mass ratio m’/m" determines where the point O falls along AB. Thus,
all a scattering event accomplishes is to push the point C around the
circle to C’ through the center-of-mass scattering angle 9. The change in
direction of each particle in the laboratory is given by the angles x
and )/, Most commonly the particle with mass m” (the target) is at rest
initially (p” = 0), so that P equals the initial momentum p’ of m’ (the
projectile).

» Assuming that
the collision is
elastic, i.e. that no
energy is deposited
in the target or
projectile system as
internal energy

Figure 2.15: Vectors
in the center-of-
mass system.
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Then B moves onto the circle at C (Fig. 2.16), the length AB now equalling
|p’|. The scattering angle x of the projectile relative to its initial direction
p’ is evidently given by

M OC’'sind ~ sind
AM AO + OC’ cos ¥ o ;1”7,//+C0519,

tan y = (2.68)

since OA/OC’ = m’/m" in this case. This result goes over into tan y =
tan®, or x = 0, if the target is infinitely heavy (m” — o) as is to be ex-
pected. Since the target particle is at rest, the angle x’ is now undefined.
However, we can measure the direction of travel of this particle relative
to the direction of p/, i.e. by the angle ABC; this is given by (7t — 9)/2.

Figure 2.16: Vectors
in the center-of-
mass system: B
moves to C.

The scattering cross-section in the laboratory system can now be
calculated by using (2.68) to express the solid angle dw in the laboratory

system as
dw — sinydydp = (sindddde) S nX X
a XOxae = ?)5ino do
_ 40 |1+ 7 cos 9 .y
2/ ! =
[1+ 2% cos ® + (257)2]2
so that
do_dcde  Nighestl  ad

0 490 3
A dwdQ o o4 (2)2]3 T
where do’ /dw is the differential cross-section as measured in the labo-
ratory. This formula is rather complicated. On the other hand, the scat-
tering cross-section of the target particle that was initially at rest is espe-
cially simple. Its scattering angle in the laboratory is just X" = (7w — 9)/2,
as we have just seen. Therefore, the differential cross-section is

do”  do

dw! E(ﬁ =T — ZX”) ) (4COSXN)
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for scattering into the solid angle dw” = sin x” dx” d¢. For example, the
recoiling particle scatters according to the law

1
cos3 X//

do” ( o 2
dw” — “2E

for Rutherford scattering of the incident particle, (2.58). Here E is still
the total energy in the center-of-mass system.

2-8 Motion in an Electromagnetic Field

We have already discussed the Rutherford scattering law that has im-
portant applications in atomic and nuclear physics. Another important
example of single particle motion in physics is the motion of a charged
particle in an electromagnetic field. Incidentally, this problem will afford
us with our first example where the Lagrange function is not simply
T-V.

Consider then a particle of mass m and charge e moving in an electro-
magnetic field characterized by electric and magnetic vectors E and B.
The interaction of a point charge with such a field is given by the famous
Lorentz force law

F=—¢E+e(vxB), (2.70)

as determined by experiment; v is the velocity of the charge. How to

fit this into a Lagrangian formulation for the motion of e? We seek a
suitable Lagrange function, guided by the following observations: since
the action integral S in (1.20) is a scalar under point transformations

of coordinates, the only permissible forms of L in its integrand must
likewise be scalars. Furthermore, the part of L (call it L;;;;) which refers
to the interaction between the charge and the electromagnetic field must
have "one foot on the charge and the other in the electromagnetic field",
otherwise change in the latter could not affect the motion of the former.
We know that the electromagnetic field can be conveniently described3°®
in terms of its scalar and vector potentials ¢(x,t) and A(x, t), where

E:—V(P—aa—?; B=V xA. (2.71)
Therefore, at least two scalars are available that refer jointly to the charge

and the field. They are3’

ep(x,t) and eA(x,t)-v, (2.72)

where v is the velocity of the charge. Notice the fact that the particle

is charged must always appear through the coupling constant e in these
expressions, because this is how the electromagnetic field distinguishes
the attribute "charge" of the particle.

3 See, for example
L. Landau and E.
Lifshitz, The Classi-
cal Theory of Fields,
Adiison-Wesley
Press Inc., Cam-
bridge, Mass., 1951
(translated from
the Russian by M.
Hamermesh).

3 The reader may
well wonder why
one does not form
scalar products
directly from E and
B and some vector
associated with the
particle. The reason
for not doing so
will become clear
in Chap. 6.
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The other ingredient we need for our Lagrange function is Lo, describ-
ing the free motion of the charge under no forces (since it has mass).
This is just given by the kinetic energy

L o

Lo=T= .
0 21110

We now show that the combination (the units are all MKS)

L=Lo+ Liyt = ~mv* —ep+eA-v (2.73)

1
2
leads to the correct equation of motion, i.e. gives the Lorentz force (2.70)
correctly. We work in cartesian coordinates x; = (x,y,z) for the particle.

Then,

L = Z%mxlz—etp(x,t)—i—eZAl(x,t)xl

oL A 94,
L B o

oL )

Pl +eAr = pr, (2.74)

so that the Lagrange equation of motion for x is

. d 0A
Pe= 2 — (mxy + eAy) = fe— + Ze—lxl (2.75)

The canonical momentum py is not the mechanical momentum mx;

in this case; it is supplemented by a contribution eAj from the field.
However, Newton’s law of motion refers only to the rate of change of the
mechanical momentum. Therefore, we recast (2.75) as

d ¢ 0A; JA; aAk

E(mxk) = e + Ze(a—xk — a—xl)x = (2.76)

after evaluating the total time derivative of Ag(x,t) explicitly. Now

9A,  9A, 9Ay Ay . A, 9Ar . 9A. A
Diome "m0 G~ K Gy m o W G — g )2
=17(VxA),—z(V xA),
= [vxAl]y

for the x—component (k = 1) of this sum. By symmetry the y— and z—
components will lead to the corresponding components of v x (V x A).
Thus, we obtain the single vector equation

%(mv) (V(,b—i—aA)—i-evx (V x A),
or

%(mv) =¢E+e(v xB), (2.77)
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on account of (2.71). The force on the right side of this equation therefore
agrees with (2.70) with the choice (2.73) for L. Observe that for (2.77) to
be an acceptable vector equation, the quantity B must not change sign
under reflections of the coordinate directions (since v does), i.e. B must
be a pseudovector. It is. This can be seen directly from its construction in
terms of A in (2.71).

The details of the motion described by (2.77) of course depends on
how E and B behave. Nevertheless, we can obtain some general infor-
mation by going back to L and examining it for (i) cyclic coordinates,
(ii) time-dependence and (iii) uniqueness. Item (i) is a specific detail
influenced by how the electromagnetic fields vary in space. Without this
information, we cannot say anything more. For item (ii) we calculate

dH —dt——+z aA"k,
where
H= Z mxy + eAy)x Z mxz + e — ZeAkxk =T+ep  (2.78)

according to the instructions of (1.77) and (1.78). Therefore, the change in
kinetic energy, dT, is
op  dAx

; (aixk + W)dxk

dT = —dT = —d(e¢) +e— ZeaAkdx =

or
dT = ZeEk dxy = eE - dr. (2.79)
k

Change in particle energy is wrought by the electric field E only; the
magnetic vector B does no work on the charge in motion and conse-
quently does not contribute to dT. This can be seen directly from the
form of the Lorentz force (2.70): the magnetic interaction v x B is always
perpendicular to the displacement dr = vdt of the particle in time dt.
Therefore, this contribution to the Lorentz force is workless. (iii) It is
important to observe that only the field strengths E and B appear in
dynamical relations like (2.77) or (2.79). The scalar or vector potentials
¢ or A do not appear. Indeed, they cannot, since one knows that these
potentials are not unique. A transformation (called a gauge transformation
in electrodynamics),

47—>¢47f

A—A=A+V/f, (2.80)

where f is an arbitrary function of position and time, renders E and
B in (2.71) unchanged in value. The equation of motion (2.77), should
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likewise be immune to a gauge transformation on the Lagrange function.
This is indeed so, since L goes into

L—L = %mvz—e(¢—%)+e(A+Vf)-v

ot
L af
A-v
i ep+e +e ”

(2.81)

and therefore only differs from L in (2.73) by the total time derivative of
f. We saw in Chap. 1, Sec. 1-4, that the addition of such a term to the
Lagrange function does not alter the equations of motion. The relation
(2.79) is also left unchanged, but the value of the function H itself is
changed of course under a gauge transformation:

Hos H =Tte(p— )

instead of the value (2.78).
The Lagrange function (2.73) has many applications in pure and
applied physics, governing at the same time the motion of an electron in

an atom and the motion of a charged particle in a cyclotron32. Indeed, * A device for
. . . - . producing high
the motion of charged particles in electromagnetic fields constitute the energy beams of
only actual example of "particle” motion in Newtonian mechanics. We charged particles.
discuss two examples:
(i) Motion in a constant magnetic field. In this case
1
¢ =0, and AZE(er)'
so that
Lzlmvz—i—le(er)-v:lmvz—l—i(B-L) (2.82)
2 2 2 2m ) ’
L = r x p is the angular momentum of the particle. We see that the
charge in motion interacts with external field B as though it possesses
a magnetic moment33 y = eL/2m in its interaction with the magnetic 3 See, for example,

L. Landau and E.

field. The Lorentz force arising from a pure magnetic field is seen from - wandau a
Lifschitz, ibid.

(2.70) to be perpendicular to both B and the velocity v. Furthermore,
the kinetic energy %mvz of the motion is constant, since B does no work
while moving the charge [see (2.79)]. Therefore, only the direction of v
is changed by the magnetic field, resulting in a circular orbit about the
direction of B (counterclockwise if the charge is positive, clockwise if the
charge is negative).

The reaction force needed to keep a particle having speed v moving in
a circle of radius p was calculated in Chap. 1, Sec. 1-6, to be R = mv? /p.
In the present circumstance, R = eBv, (v, is the velocity component in
the plane perpendicular to B), so that

mo |
Bp = Pt
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The product Bp is sometimes called the magnetic rigidity of a charged
particle. It measures the mechanical momentum to charge ratio of the
particle.

The calculation of this orbit goes as follows: choose B along the z axis
of a cartesian coordinate system and locate the particle at (x,y,z). Then

L= %m(xZ +97 +2%) + ?(xy’—xy)

so that
) eB . | eB . |
Px=75Y Py=-75% p= 0,

with the canonical momenta themselves given by

eB eB
Py =MmX = =Y, Py =my+ X, pz=mz (2.83)

Since p, = 0 the motion along the direction of B is always uniform. The
projection of motion in a plane perpendicular to B (the x — y plane in our
example) is given by

c_¢B. . B
Y Y= "
or ¢B
{+i (=0, (2.84)

where { = x 4 iy. Trying an oscillatory solution of the form { ~ exp —iwt,
one finds that

B B
w(w—e—):O, or w=0, or wze—.
m m

Therefore,
-eB
{=A+Ae"nt (2.85)

is the general solution, where A and A’ are (complex) constants. They
are connected to the position {y = xp + iyp and velocity lo=vx+ ivy at
t =0by
A = — 11— A = 1—. .
Zo 5 i3 (2.86)
Consequently, the charge travels in a circle of radius

m |C | mo
A, = — = ,
| | eB eB

with angular frequency eB/m. The coordinates of the center of this
circle are given by the real and imaginary parts of A in (2.86). The speed
v, = |vy +ivy| in the x — y plane remains constant of course: from (2.85)

and (2.86)

(= —i%A’e*i%t = Foe it
or

|€| = ‘§0| =7v,, aconstant.
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Thus, we confirm our previous picture of the motion in a constant
magnetic field.

The Lagrange function (2.82) is of special interest in the case that it
contains in addition a restoring potential 1w?(|¢|? + z2) that binds the
charge to some center of force:

L= %va - %mw%(xZ + 2 +22) + ﬁB L
This is the Lorentz oscillator model of a light source in an external mag-
netic field. The equations of motion for a charge under such circum-
stances are
. 5 .eB . 5
¢+ wjl + IEC =0, Z+wpz=0. (2.87)

We insert { ~ e~'“’! once more and find the allowed frequencies in the

x — y plane to be

eB 5
0

w? — 2(%)w —wy =0, (2.88)

or

wy = Q+ /Wi + 0%~ O+ wp

wry =0 —\/ws+ 02 ~Q—wp (2.89)
where () = eB/2m. The approximate expressions of w; and wy are valid
if QO < wy (weak field case). The solutions of (2.87) are

X +iy == Ae 't L Alemi@2t; 7z — A" (coswpt + a), (2.90)

where the A’s and « are constants. Thus, the motion of the charge in
space can be broken down into a linear oscillation along z of angular
frequency wy, and a superposition of circular motions {; = Ae~*“1* and
{» = Ale7“2! with angular frequencies w; and w,. For weak fields

(2 < wp) the motion in the x — y plane is especially simple to describe.
We insert the approximate values of w; and w» in the equation for

¢ = x +iy and find

89

é’ ~ Ae*l’(WOJrQ)t + A/ei(wOfﬂ)t — g/efiﬂf, (2.91)

where
é’l — Ae—l(d(]t + A/elwot (2.92)
is the motion in the absence of the magnetic field. Thus, all a weak field % 1. Landau and
does is to rotate the pattern of motion (2.92) around the direction of B El LifShlitZil The
. . fye o Classical Tl

(in a negative sense for a positive charge, a positive sense for a nega- FZ-ZIZS;CLIA d diessjr/l_Of
tive charge) without changing the amplitudes A and A’. This is called Wesley Press Inc.,

Larmor’s theorem, () the Larmor (angular) frequency. We discuss this
1951 (tranlated

Cambridge, Mass.;

theorem generally in a moment. But before doing so, let us trespass into  from the Russian

the classical theory of radiation from moving charges34 and ask, with by M. Hamermesh.
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Lorentz, how the pattern of radiation from the oscillator (2.92) changes
in an external magnetic field (classical theory of the Zeeman effect).

Now, the motion (2.92) consists of a superposition of two circular
motions in the x — y plane with the same angular frequency wp. When
viewed along the z-axis (B points at us) these motions give rise to sep-
arate radiation components of angular frequency wy, but which are
circularly polarized in opposite senses and have different amplitudes.
These two components add coherently and the resultant radiation is el-
liptically polarized in general. Actually, the radiation from a collection of
such oscillators is unpolarized since there is no preferred direction. The
magnetic field changes this picture. From (2.91) we see that the positive
frequency component speeds up to (wp + |Q]) (O = —|Q]) in the mag-
netic field. Therefore, circularly polarized radiation of two frequencies is
now expected along the z-axis:

B

wp + \Ze—m\ left circular polarized along B
B

wp — \ze—m\ right circular polarized along B.

No radiation with frequency wy will be observed along the z axis since
the z motion is not "visible" in this direction. However, radiation in the
x — y plane perpendicular to B will contain three frequencies

eB

all linearly polarized (the first along B, the other two perpendicular to
B). These predictions are in full accord with experiment and constitute
the normal Zeeman effect in atomic spectra. Actually, the normal Zeeman
effect is less normal than the so-called anomalous Zeeman effect which
does not show the simple separation of a spectral line into only three
components. The explanation of the anomalous Zeeman effect lies
outside the domain of classical mechanics.

(ii) Larmor’s Theorem. We saw in the previous problem (2.91) in
particular, that a weak magnetic field simply rotates the unperturbed
pattern of motion around the direction of the field. One may obtain
this result directly from the Lagrange function as we now show for any
atomic system. Suppose an atom containing Z electrons is placed in an
external magnetic field B. Introduce cartesian coordinate axes with z
pointing along B and the origin at the atomic nucleus. Then, if (xx, y, zk)
locates the k' electron,

1 . 2
L= ;Em(x,% -‘r-y% +Z%) — V(xl,yl,zl;xz,yz,zz;...) — |Q| ;lk,

where
e = m(xx¥x — Yikx)
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is the angular momentum of the k' electron along B; V is the total
electrostatic interaction potential. Now, introduce the cylindrical polar
coordinates (ry, px, z;) for the k" electron [see Fig. 2.17].

z Figure 2.17: Cylin-
drical coordinate
system with exter-
nal magnetic field

B € B indicated.

| Q]

Then, the expression for ) I =} mr,%(pk, so that

1 . . .
L= Y m@ 4 Al Q)2 -4 -V o)
k
after regrouping the terms involving the ¢;. We now drop the term
~ 0? and introduce a moving coordinate system that rotates about z in
Fig. 2.17 in the positive sense with angular frequency |(Q)|, then

o = |Qt + ¢ (2.94)

while 7, and zj are not affected. Then, L reads (note that V does not
depend on ¢y)
1
L= Y ol 4 9P+ )~V
k
in the moving frame, which is identical with the Lagrange function in
the fixed frame before the magnetic field was turned on. Therefore, the
unperturbed pattern of motion of the electrons is rotated bodily by the
magnetic field, so that their total angular momentum vector

1= (1 x py) (2.95)

k

precesses about the direction of B with angular frequency |Q)| (see

Fig. 2.18).

It is clear that the result (2.91) is a special case of this theorem, since a
rotation of coordinates about the z axis through the angle |Q|t = —Qt is
expressed by

x +iy = (x' coswt +y sinwt) 4 i(y' cos Ot — x' sin Q) = (&' + iy )e .

(2.96)
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Figure 2.18: The an-
| Q ‘ gular momentum

vector 1 precesses

about the direction
B of the field B.

2-9 Non-Inertial Frames

We saw in the discussion of Larmor’s theorem that it can be advanta-
geous to introduce moving frames of reference for certain problems.
Such moving frames occur naturally in the description of the motion of
a particle near the earth’s surface (which is rotating) and for the motion
of rigid bodies (Chap. 3). We study their properties in this section. From
the discussion in Chap. 1, Sec. 1-2., we know that a frame ¥’ moving

in an arbitrary manner with respect to an inertial frame X. is not and
inertial frame. Suppose however, that we deem a description of the mo-
tion referred to ¥’ as convenient. Consider a particle P moving in ¥; its
position vector and velocity in X are r and v = dr/dt, so that

L= %mvz —V(r), (2.97)
where V is the potential energy. Now suppose ¥’ shares a common
origin with X but rotates with angular velocity Q(t) with respect to
Y. The position vector of P as seen from X’ and X is the same, ' = r;
however, the velocities differ. If P has no velocity in ¥/, then it is still
displaced to P’ in time dt, where (see Fig. 2.19)

PP' = (Qdt)(rsind) = |Q x r|dt

and therefore moves with velocity €2 x r in X. If P also has a velocity v/ in
Y/ the total velocity as seen from X is

v=v +(QxY). (2.98)

Now, the equations of motion in ¥/ are still given by the Lagrange
equations (1.39), since the action principle is independent of the frame of
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P/

reference. However, L is not given by (2.97); we have to find it. But the
value of L is known in the inertial frame from (2.97).

Therefore we only have to express this equation in the moving system:
using (2.98) and the fact that r = r’; we have

L' = %mv’z -vi)+a- 1+ %m(r’ x Q)2 (2.99)
in the moving frame, where I’ = r x mv’. This is our second example
of a Lagrange function that is not simply T — V. The modifications to L
in the moving frame are seen to depend both on the angular velocity of
the frame and the velocity (more precisely: angular momentum) of the
particle in that frame.

The construction of the Lagrange equations requires the derivatives
dL'/9x’, L' /9%’, etc. We can get these all at once by subjecting L’ to a
virtual displacement in the moving frame, x’ — x’' 4+ 6x/, &' — &' + 6%/,
etc. Then

SL' =VL -6t + VL -v
= (=VV+(Qxmv')+Qx (m'xQ))- o
+ (mv' + (Q x mr')) - or,
in an obvious notation. The partial derivatives VL' and VL’ can be

read off directly from this display, leading to the Lagrange equations of
motion

%(mv’) =F +2(mv' x Q)+ Q x (mr' x Q)+ (m x Q)  (2.100)

in the rotating frame; F' = —VV is the force on the particle in this frame.

Equation (2.100) shows how Newton’s second law of motion has to be
amended if we insist on retaining the form p = F in a non-inertial frame
also. We see that the actual force F' has to be supplemented by fictitious
forces

2(mv' x Q), Qx (mr x Q) and (mr' x Q). (2.101)

Figure 2.19: Coordi-
nate vectors.
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The first and second expressions are referred to as the Coriolis3> and
centrifugal forces respectively. The third one is only present if the rota-
tion is non-uniform, and is known as the Euler force.3¢ They are all
proportional to the mass of the particle and betray their origin in the
non-inertial nature of ¥’ by depending on Q. Much of the confusion
caused by naming the last three members in (2.100) forces (without the
qualifying term fictitious) can be avoided by recalling their origin and
consequently the fact that they can be transformed away by returning to
an inertial frame.

Returning to the Lagrange function L in the inertial frame, we know
that the total energy E = 3mv? + V is conserved. The corresponding con-
servation law in the rotating frame is found by calculating the function
H of (1.78):

H = (mvV+Qxmr) v —L

= Lo + V() - %m(r’ x Q)2 (2.102)

2
H' will be conserved if L’ does not have an explicit time-dependence,
which means the rotation must be uniform. The rotation thus adds a term
proportional to O to the "energy” $mv?> + V(r') in the rotating frame.
However, the latter quantity is not constant, only the sum H’. The term
—3m(r' x Q)2 is called the centrifugal potential, because it gives reise to the

centrifugal force term in (2.78). The value of the constant H' is
H=mv-vV-L=E-Q-1

(using (2.98) and (2.97)), where 1 = r X mv is the angular momentum of
the particle in either frame, since 1 = 1.

(i) Again, let us look at the motion of a charged particle in a constant
magnetic field. Let us view the motion of the charge in a slowly rotating
reference frame. Then, this Lagrange function is given by

1
L= om? V() + (ﬁs +Q)-1
in this frame. The choice
Q= —iB
2m

eliminates the magnetic field and gives an almost trivial proof of Lar-
mor’s theorem. Alternatively, we may interpret Larmor’s theorem to be
the consequence of choosing the rotational angular velocity of the mov-
ing frame so that the Coriolis force just cancels the contribution from the
magnetic part of the Lorentz force (2.70).

(ii) Motion relative to a rotating earth. In Sec. 2.3 we considered
the motion of a projectile near the surface of the earth. Our treatment
involved the tacit assumption that axes attached to the earth form an
inertial frame. This is not exactly true of course, due to the rotation of

3 Introduced by

G. Coriolis, J. de
I'ecole Polytech-

nique, Cahier 24,
142 (1835).

3 For the purists,
we admit that for
forces proportional
to the mass of

the particle, one
cannot in fact
distinguish be-
tween the "actual"
and "fictitious"
attributes insofar as
the action of such
forces can always
be ascribed to the
non-inertial nature
of the coordinate
system of the ob-
server. In fact, this
is one of the theses
(the principle of
equivalence) upon
which Einstein’s
theory of gravita-
tional attraction

is based. Such
matters lie outside
the scope of these
notes. The inter-
ested reader should
consult L. Landau
and E. Lifshitz, The
Classical Theory of
Fields, Addison-
Wesley Press Inc.,
Cambridge, Mass.
1951, Chap. 11.
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the earth about its own axis and its motion around the sun. Let us study
the effect of this rotation.

Suppose Oy, s in (2.21) represents a rectangular frame of reference
rigidly attached to the surface of the earth at O, see Fig. 2.20. We choose
z/ "vertical" and x’ in the plane of the great circle passing through the
poles. The point O is located by its angle of latitude § relative to the equa-
torial plane that lies at { = 0. Strictly speaking, the theory developed
in this section does not apply to the O/, These axes have an addi-
tional acceleration due to the motion of the point O in space, and the
Lagrange function (2.99) should be modified accordingly (see Prob. 2-15).
However, this acceleration is proportional to 2, where Q) is the angular
velocity of rotation of the earth and, together with the centrifugal poten-
tial, will be neglected in this discussion. Then, the Lagrange function
describing the motion of a particle near the surface of a rotating earth is

given by (2.99).

L= %mv'z —-vi)+aQ-1,

where V(1) = V(x/,y/,2') is the potential energy of the particle of mass
m under study. Since ) lies along the North-South axis of the earth, we
have
!/ 1 -2 12 .12 I
L'= E(x +y+27) -V, )2 )+ Quly + Quil. (2.103)

The rotation of the earth about its own axis is revealed by the last two
terms; indeed, one can use this equation to demonstrate the earth’s rota-
tion. Consider a simple pendulum O’P of length I, suspended directly
above O from a point O’ on the 2 axis (Fig. 2.21). For small amplitude
oscillations the motion of the pendulum is effectively restricted to the

Figure 2.20: Coor-
dinate axes x',y’, 2’
for describing mo-
tion relative to the

earth’s surface.
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plane z/ = [ parallel to the x’ — y plane. The restoring force compo-
nents parallel to x’ and i’ are —mw3x’ and —mw3y’ respectively, where
wo = \/g/1 is the pendulum frequency relative to a fixed earth. There-
fore, the potential energy in (2.103)is V = Imw?(x? + y'?) and L'
becomes

1 1
L' = Em(x’2 + %) - Emwé(x’2 + %)+ Quly. (2.104)

Introducing polar coordinates 7/, ¢’ in the x” — ' plane, we find

1 . 1 .
L = Em(f’2 +720"%) — Emw%r’z + Qmr?¢,
L S . P 2 1 ”
~  —mf —mr'“(6" + Oy )* — zmwor
2 + 2 ( Z/> 2 0
to first order in (),;.  The situation is the reverse of the case of a
Figure 2.21: Fou-
cault’s pendulum.
Ol
Qr7

charge in a magnetic field: here the effect of the motion of the earth is
removed by going into an inertial frame: 6 = 6’ 4+ Q,/t. The analysis is
in all respects similar to that leading up to (2.90); we simply give the
answer
(' +iy') = e (x +iy),

where x + iy gives the motion of the pendulum with respect to a fixed
earth. Fig. 2.21 illustrates the motion.

The pendulum oscillates in the plane OPO’ that retains its orientation
in space, the "drift" of the pendulum away from a straight line in the
x" — v/ plane being due, quite literally, to the earth turning out from under
the pendulum. But, as observers on the earth, we turn with it and so
record the path in the x’ — i/ plane. Suppose then that the pendulum is
pulled aside a distance a along the x’ axis and released from rest. The
motion we see as earth-dwellers is

. g aQ .
X 4 iy’ = e % [a cos wot + —= sin wpt],
wo



CHAPTER 2 PARTICLE DYNAMICS 97

since the initial velocity %’ + iy’ is zero. The velocity at later times is

2
i

2
)

et geon(1 —

¥4y = — ) sin wyt.

The sine factor show that the bob repeatedly comes to rest at times
wot = 0,7,271, etc., and is at the same distance |x" + iy’| = a from the
origin as initially at these times. How then does the projection of the

/ _ / b} g . ./ sl
bob on the x" — i plane move? The positions at which x" + iy’ = 0 71t was fortunate

are clearly cusps of the path. The bob moves from one cusp to the next that Foucault lived
in a path that continually bends out of the Ox’z’ plane, the plane of geﬁf);g:g;irr‘lt‘;zy
oscillation rotating clockwise as seen from above (see Fig. 2.22). The such facts was not

cusp positions advance through an angle 27tQ),/ /wy = 2(Q2/ wp) cos & to be recommended

during the 17th

along the circumference of a circle radius a per oscillation period of Ay
century (Galileo’s

the pendulum. (The Kirchhoff Institute of Physics in Heidelberg has century), being
a beautiful example of such a pendulum on display). The device is contrary to the

, . theological beliefs
known as Foucault’s pendulum after G. Foucault, who used it in 1851 to of the time.

demonstrate the rotation of the earth37.

Figure 2.22: Pro-
jected path of the
bob of Foucault’s
pendulum.

\9 a

2-10 Systems of Interacting Particles

We finally consider a system consisting of N interacting particles. Such
a system constitutes the fundamental many-body problem that is of
primary interest in fields as far apart as celestial mechanics and atomic
physics. As before, we assign cartesian coordinates xj to each particle.
The Lagrange function is then given by (1.37), i.e.

1
L= ; Emkxi —V(xq,x2,...). (2.105)

We will be primarily interested in systems where the potential field
V(x1,x2,...) is due to mutual interactions between the particles only.
Such systems are termed closed systems. Notice in passing that the mere
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introduction of a potential function V(xy, xp, ... ) in the Lagrange func-
tion (2.105) implies that the change in position of any particle in the
system instantaneously affects the motion of all other particles, i.e. the
interaction between particles propagates with infinite velocity. Thus,
(2.105) violates one of the basic tenets of the Special Theory of Relativity
(see Chap. 6).

For N interacting particles, L in (2.105) leads to 3N coupled Lagrange
equations of motion. To progress anywhere beyond the formality of
just writing down this set of equations, one usually has to introduce
specific additional assumptions about the many-body system. Such
special many-body systems are the subject of the next two chapters.
Nevertheless, we can make some general statements about the system
described by (2.105) by examining the invariance properties of L itself.

We are assumuing the system is a closed one. Therefore, V(x1,xp,...)
is independent of the coordinate origin chosen for the xy, i.e. the system
is translationally invariant. In symbols, this means for example that

displacing the x coordinates of all particles by a common amount Ax
3 Observe again

along the x axis3® does not change V: that the transla-
tion Ax does not
oV oV . .
AV = (— C))Ax = s1 constitute a vir-
(ax + ox! + ) 0, (2.106) tual displacement,

see remarks after
[we have reverted to (x1,x2,x3) = (x,,2), (x4,%5,%5) = (X', 1/, 2), etc. (1.75).

for greater clarity]. On the other hand, the equations of motion satisfied
by the x, X/, etc. are

v oV

g_px:()/ a—xl—r')x/zo, (2.107)

Adding these equations together and using (2.106) we conclude that

d
(P tpet..) =0

or that the total linear momentum, Py = py + p} + ... in the x direction is
conserved. Likewise, the components P, and P, are conserved. Thus, the
conservation of the total linear momentum reflects the homogeneity of the
space in which the many-body system is moving.

If L is invariant under rotations we get another conservation law. A
rotation of the coordinate axes around the z direction by a small angle
Ag replaces the x and y coordinates of each particle by

x— x+yAp; y—y—xAg,

[see (3.31)]. The invariance of V(x1, X, ...) under such rotations means
that the change

AV = V(x+yAe,y—xA¢,z;x +y Ap,y —x'Np,Z';...)
~V(x,y,zx,y,2;...)
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is zero, or that

vV v vV oV

(ya—x@-f—y ax/ xw+)A¢:0 (2'108)

Substituting for the space derivatives of V from (2.107) in this equation,
we find that

d
g1 Lpy —ypa) + (Kpy —y'pe) +. 3 =0,

or that the total angular momentum along the z direction, L, = (xpy —
ypx) + (X'py —yY'pw) + ... is conserved. Invariance under rotations about
x and y likewise show that L, and Ly are conserved. Thus, the isotropy of
space and angular momentum conservation go together. Finally, the lack
of any explicit time dependence in L (homogeneity in time) shows that
the total energy of the system is conserved.

Two further remarks about (2.105) are important. First, the lack of
dependence of V on the coordinate origin can be made explicit by going
over into center of mass and relative coordinates for the system. Chang-
ing notation once more, we define the position vectors r; = (x1,x2,x3),
r, = (x4, x5,x¢) for each particle as well as their center of mass coordi-
nate

N N
MR =) myx;, M= Z m;. (2.109)
i=1 i=1
Now, the translational and rotational invariance of V(xq, xo, ... ) shows
it can only depend on the coordinate differences (r; — rj), or only on the
coordinate differences (r} — r;-), where the coordinate r} are measured
relative to the center-of-mass according to

r,=1—R (2.110)

Introduction of these coordinates into L in (2.105) leads to a Lagrange
function of the form

1 1. .
L= 2 Emlrlz + EMRZ - V(rllfrlzr' ) (2.111)
i

The center-of-mass coordinate R is explicitly cyclic; thus its canonical
momentum
P=ViL=MR

is conserved. This is exactly the conservation of total momentum again
as can be seen by differentiating the first member of (2.109) with respect
to time to identify MR.

The other remark concerns the structure of V(r|,1},...) itself. As it
stands in (2.111) V gives rise to many-body forces acting between par-
ticles (interaction between any pair of particles depends also on where
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all the other particles are). This is not the case if V can be displayed as a
sum of two-body potentials V;;(|r; — r;|)

Vij(|1'§—1';") ZZVz‘j(\I‘;—I‘ﬂ). (2.112)

i<i

Then, the interaction between the i, j* pair only depends on their relative
separation, and is quite independent of where the remaining particles
are. The forces acting in atomic systems are of this type for example.

The remaining task is to discuss the motion of a many-body system
described by the Lagrange function (2.105). The mathematical complex-
ities of such a program are enormous in general and one has to lean
heavily on specific properties of the system as an aid to its solution. For
example, in rigid bodies the interparticle forces are strong enough to effec-
tive "freeze" the constituent particles into a rigid lattice. The interparticle
spacing therefore does not change during the motion of such a system,
so the potential energy-term in (2.105) remains constant and we can
simply drop it. Thus

1 1. .
L= Z Emii'lz + EMRZ (2.113)
1

for a rigid body moving under no external forces. However, the condi-
tions of rigidity introduce constraints between the coordinates 7/, leaving
the system with only six degrees of freedom (3 translational plus 3 rota-
tional), instead of 3N. Such systems are discussed in detail in the next
chapter.

Relaxing the condition of perfect rigidity slightly allows the con-
stituent particles of the system to indulge in small displacements about
the equilibrium positions they held in the completely rigid body. Now,
the potential term in (2.105) enters once more, but this complication is
offset by the assumption of "small displacements". Perturbation meth-
ods can be applied to the system to study the oscillatory motion of all
the r} about their equilibrium values. A systematic study of such small
oscillations will be found in Chapter 4.

Finally we may relax the rigidity conditions completely and "let the
system take care of itself". This involves us in the full complications
of the many-body problem as it presents itself in atomic and nuclear
physics. Furthermore, the number of degrees of freedom become infinite
in the limit of a large number of interacting particles, N — oo. The
"particle character" of the system is effectively overwhelmed by their
mere number in this limit and we find ourselves discussing a "fluid",
i.e. the dynamics of a continuous (on a macroscopic) medium. The
dynamics of continuous media is taken up briefly in Chapter 5.
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Problems

2-1. Discuss the convergence of the integral expression given in (2.13) for
the period of a one-dimensional oscillation. Evaluate T for the periodic
time of a planet [see (2.25)] by the method of contour integration.

2-2 Obtain the path of a projectile moving in a constant gravitational
field directly from Jacobi’s principle, (1.99).

2-3 Obtain the differential equation (2.26) for the orbit in a central field
directly from Jacobi’s principle, (1.99).

2-4 Show that the true anomaly of a planet may be expressed as the
series 5
0 = nt 4 2esinnt + Zez sin2nt + ...

in terms of the mean anomaly nt (e is the eccentricity of the elliptic
orbit).

2-5 Find the equation expressing the time ¢ in terms of the angular
position 6 for hyperbolic motion of a planetary object under an inverse
square force law.
2-6 Show that

it = tang +1tan3€

23 T2 3 3
for parabolic motion in the potential field (2.27); p is the distance from
the focus to the vertex of the parabola.

2-7 Two space capsules are in common circular orbit of radius r¢ around
the earth, and have an angular separation . The rear space capsule

is desirous of transmitting a small metal object to the lead capsule. In
what direction and with what velocity must this object be ejected? In
particular, explain what sort of orbits the object follows when ejected (i)
tangentially forwards, (ii) tangentially backwards, to the circular orbit.

2-8 A space capsule is in a polar orbit around the earth that is a perfect
circle. Why are retro-rockets necessary to bring the capsule down again?
If the capsule has to be brought down so that it is moving tangential to
the earth’s surface at the equator, calculate the energy change, AE, that
the rockets have to cause. Assume that the rockets fire when the capsule
is a height i above one pole and that they fire instantaneously. Must

the capsule lose or gain energy in order to return to the earth? Is the
direction the rockets fire in important?

2-9 Investigate the motion of a satellite in the gravitational field of

a deformed earth. Assume that the earth has the shape of an oblate
spheroid, i.e. flattening at the poles and bulging at the equator. Calculate
the gravitational potential of such a mass distribution assuming the
deviation from a sphere to be small. Hence calculate approximately the
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main effects of such deviations in the gravitational potential away from
a central one on satellite motion. (A systematic way of handling such
problems is discussed in Chapter 7.)

2-10 Show that the radius vector r to the particle P in Fig. 2.4 sweeps out
equal areas in equal times in central motion.

2-11 Calculate the differential cross-section for the scattering of particles
by a repulsive square well potential [replace —Vj by +Vj in (2.58)].

2-12 Obtain the relation (2.59) of the text by making use of conservation
laws only.

2-13 Calculate the equation for the orbit and the differential scattering
cross-section for particle motion in the central field

«a P
V(ir)=-+5,
n=5+5
where « and j are constants. Do the relative and/or absolute signs of «

and g matter? Comment.

2-14 Verify the statements made below (2.66) in the text by calculating
explicitly the orbits in space for two particles m’ and m” interacting via
an attractive inverse square force.

2-15 Construct the Lagrange function for a free particle moving relative
to a frame of reference that performs an arbitrary motion.



Chapter 3 Rigid Body Dynamics

3-1 Introduction

We start our discussion of specialized many-body systems by consider-
ing the motion of a rigid body. By this term one understands a system of
N interacting particles in which the relative separations of all particles
remain constant even when the system is acted upon by external forces.
The use of N discrete particles is no restriction on the validity of the
results that we derive in the following sections. In the limit where the
mass distribution can be regarded as continuous rather than discrete

(N — oo in such a way that the mass density p at every point in the
body remains finite) we simply replace summations over all particles by
integrals over the mass density, i.e. };...m; — f ...d%r, where d%r is the
volume element at position r in the body.

Perfectly rigid bodies do not exist in nature. However, the idealization
we have just described is completely adequate for discussing the motion
of bodies that are rigid enough so that small distortions induced by ex-
ternal forces do not matter. In the questions that relate to the motion of a
body in space, the idealization of a perfectly rigid body will be adhered
to. It is well to realise, however, that situations can arise in the laboratory
in which the internal structure of the body becomes important. A simple
illustration is provided by a rapidly rotating flywheel, which behaves
like a perfectly rigid body until angular velocities are reached where the
accelerations that are required to force each element of the flywheel to
move in a circle cannot be provided by the internal interactions holding
the various parts of the flywheel together and it simply flies apart3°.

The subject of rigid body dynamics is an extensive one and it is not
the purpose of this chapter to provide a complete treatment of the
field. Rather the aim is to illustrate the methods and the difficulties
that arise where one uses Newton’s equations of motion to study the
motion of a rigid body. The reader who is interested in a much more
detailed treatment of the subject would find the classic, if somewhat old-
fashioned, treatment in Routh’s Rigid Body Dynamics#® delightful, and
well worth the time spent in sorting out a notation that was in vogue at
the turn of the century.

39 This phe-
nomenon actually
happens in high
speed centrifuges.

4 E.J. Routh,
Elementary Rigid
Dynamics, Seventh
Edition, Macmillan
and Co., Ltd.,
London, 1905;
Advanced Rigid
Dynamics, Sixth
Edition, MacMillan
and Co., Ltd.,
London, 1905.
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3-2 Frames of Reference

In order to describe the motion of a rigid body it is necessary to intro-
duce a suitable set of axes to serve as a frame of reference from which
to view the motion. Two systems of axes occur quite naturally in this
subject. The first system is the space-fixed or laboratory system of axes.
Call this set Oyy; it forms an inertial frame of reference. The directions

of x,y, z are fixed in space, as is the origin O. Newton’s laws apply in
;/ylz/
whose origin is attached to a fixed point in the body, and whose axes

this frame. The second system of axes is the body-fixed system O

x'y'z’ are frozen into the rigid body and rotate when the body rotates#*.
The body-fixed system is not an inertial system since when the body
accelerates it does also, and so Newton’s laws as written in an inertial
frame do not apply. Much of the complexity of describing the motion
of a rigid body in fact arises just because, while quantities like the total
angular momentum or kinetic energy of rotation of a rigid body assume
very simple forms in the body-fixed system of axes, the equations of
motion become much more complicated.

The origin O’ of the body-fixed system can be attached to any point
that moves with the rigid body. Most commonly however, O’ is either a
fixed point about which the rigid body is moving (hence O’ is also fixed
in space), or is taken at the center-of-mass of the rigid body. The two
systems of axes are displayed in Fig. 3.1.

Consider the particle P of mass mg located at r, with respect to O and
1, with respect to O'. The separation of O and O’ is R. Naturally, 1y, 1,
and R in general vary with time. An infinitesimal displacement of the
particle P at r, can be accomplished by displacing O’ by an amount éR
with respect to O and then displacing P relative to O’ by an amount ér;,
so that the displacement Jr, of the particle at P appears as

orp = OR + (5r;. (3.1)

The result (3.1) is obvious, but not particularly useful until we use the
fact that the particle at P forms part of a rigid body. For then it is clear

41 An olive with
three toothpicks
stuck into it to
form an orthogonal
set of axes, and
frozen into an ice
cube, brings this
situation to mind
very graphically.

Figure 3.1: Coordi-
nates of body-fixed
system relative

to the space-fixed
system.
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that the displacement dr;, of the particle at P located with respect to O’
can only come about from a change in orientation of rj, = O'P, since

|r,| =constant. Moreover, the distances between all particles are fixed.
If we rotate the body-fixed axes O/, Yz through an angle J¢ about a
direction n passing through O’ the displacement of any particle is dr), =
d¢n x 1, since all particles undergo a common angular displacement d¢n.
Then we have dr, = 6R + d¢n x r}, and if this displacement occurs in time

14
ot the velocity of the particle at P is given as

) (Srp ,
Vp:hm—:V—i—wxr

ot—0 Ot P 5-2)

where V = limg; ,o 6R/ 6t is the velocity of O’ as seen from O. The vector
w is called the angular velocity of the rigid body. Obviously,
.0

@ = fm e 63
If we consider the point O’ to be instantaneously at rest we see from
(3.2) that the velocity of all particles is perpendicular to w at this instant.
Furthermore, there exists a set of positions r, lying on a straight line
passing through O’ along which the particle velocities are zero at the
instant considered (see Prob. 3-1). This line is called the instantaneous
axis of rotation. We see then that the most general motion of a rigid
body moving about a fixed point can be described as a pure rotation
of the body about the instantaneous axis passing through that point
(Euler’s theorem). It is clear therefore that the most general displacement
of a rigid body can be reduced to a translation followed by a rotation
about some point.

We remark in passing that w in (3.3) is a vector by construction. Fur-
thermore, two simultaneous infinitesimal rotations, d¢py = d¢1n; and
6¢o = O¢ony say, behave like vectors in the sense that the quantity
6¢ = d¢1ng + d¢Pny, combined vectorially, represents the result of
carrying out the infinitesimal rotations d¢p; and é¢o. For if r;g posi-
tions the particle P with respect to O’, then the first rotation moves P to
r;, + op1ng X r;, ; the second rotation moves P to

1, +0¢1ny X 1, 4 Somy X (v, + yny X 1))
~ r;, + (81ny + d¢ony) x r;,,

since d¢1 and é¢, are infinitesimal, which proves the assertion. However,
the appearance of w in the combination w X ), in Eq. (3.2) demonstrates
that it is not an ordinary vector, but rather a pseudo- or axial-vector

that does not change sign under coordinate reflections as do "ordinary"
vectors. This property of w guarantees that the vector v, in (3.2) will
change sign properly under coordinate reflections.
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3-3 The Inertia Tensor

Our next task is to construct the kinetic energy and the angular momen-
tum of a moving rigid body and it is in so doing that the advantages of
the body-fixed frame of reference will become apparent. Let us there-
fore examine the form of the kinetic energy T when looked at from the
space- and body-fixed systems. In the space-fixed system we simply
have T = Z;Ll %mpvi ; if we substitute for v, its equivalent in terms of V
and w we have

1 1 1
T= Zimpv%, = E(Zmr,)vz + ZE’“P(“’ X r;)z[w X (Zmpr;,)] V.
p p p p

(3-4)
We have mentioned previously that O’ is most commonly taken to
be either a fixed point in space about which the body is rotating, or
the center of mass of the body. In the former case, both the first and
last terms in (3.4) are zero and we are left with the kinetic energy of
rotational motion about O”:

1

Trot = ; Emp(w X r;,)z. (3-5)
In the second case where O’ is at the center of mass of the moving body,
we have ), mpr;] = 0. Then, the last term in (3.4) still drops out while
the first term %(Zp mp)V2 = %MVZ, where M =}, m, is the total mass,
simply adds the kinetic energy of translational motion to T;st. In either
case the interesting quantity is T,;. Writing out the square of the vector
product in (3.5) we have

1
Trot = Z Emlﬂ[wz(r; : r;;) - (w : r;a)z}
p

3 N
1
= Y 1 5mpilrpdig = xp iy, ),
i,j=1p=1

if we introduce the components w; and Xp,is i = (1,2,3) of the vectors w
and rp, along the body-fixed system Oy, .. Since the w; are the same for
all particles they can be taken outside of the p summation in (3.63). Then,

the set of quantities
lij =Y mp(rpdij = xpixp,) (3-6)
p

can be calculated once and for all for a given rigid body, and the kinetic
energy of rotation becomes
1
Trot = Z Ewilijwf (3.7)
Z
The quantity I;; is called the inertia tensor. It is a quantity which charac-
terizes the distribution of mass of a rigid body about the point O’ rather
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than the mass itself. We see from (3.7) that rigid bodies of the same total
mass can possess quite different kinetic energies of rotational motion
depending on how the mass in the body is distributed. Thus, the I;;
play the role of a set of inertial parameters which determine the energy
content of the rotational motion in the same way that the total mass M
determines the energy of translational motion of the body as a whole.
From the definition (3.6) we see that [;; is real and symmetric, [;; = Ij;.
We may therefore display the inertia tensor as a real 3 x 3 symmetric
matrix (writing now x,y, z for x{, x5, x%),

Tpmp(yp+25)  —Lmpxpyy  — Lmpxpzy
I'=(Lj) = —Xmpxpyp  Lmp(z+x5)  — Lmpypzp
— Y mpXpzp — Y mpypzp Zmp(x%, + yf,)

It is customary to refer to the diagonal elements of this matrix as the
moments of inertia, and the off-diagonal elements as the products of
inertia of the system, all taken with respect to the prescribed set of axes
Olyz-
Like all real, symmetric matrices, I can be transformed into a diagonal

form
I 0 0
M=1|0 I, 0], (3-8)
0 0 Iy

where the I, I, I3 are called the principal moments of inertia. The
inertia tensor only assumes the simple form (3.8) with respect to a
special set of body-fixed axes, called the principal axes of the rigid body.
Clearly, it is to our advantage to exploit this simplicity by expressing the
kinetic energy T, in terms of the components of the angular velocity

w taken along the principal axes, rather than along an arbitrary set of
body-fixed axes. Then, (3.7) reduces to a sum of squares

1 2 1 2 1 2
Trot = 511w1 + 512602 + 513603/ (3.9)

where wq, wy, w3 are now the components of w taken along the principal
axes. The reduction of the expression for Ty, in (3.7) to a sum of squares
is a familiar procedure from our discussion of the theory of small oscilla-
tions. We need therefore only remark that if we were unlucky enough to
choose our original set of body-fixed axes not to be simultaneously also
principal axes, we would have to diagonalize the matrix I. This proce-
dure obviously also provides us with the necessary information of how
the principal axes are oriented with respect to the original body-fixed set
we started out with. For simple rigid bodies, one can usually determine
the principal axes by inspection, using the symmetries that the rigid
body exhibits. The general case, however, requires that we construct the
inertia tensor [;; in a particular frame of reference and then carry out the
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diagonalization to obtain the principal moments of inertia and principal
axes.

The angular momentum of the rigid body about the point O’ can also
be expressed in terms of the inertia tensor. Let us again regard O’ as
either a fixed point in space about which the rigid body rotates, or its
center-of-mass. The total angular momentum of the rigid body about O’
is

L= (r, x mpvy)
P
=) mpr, X (w X 1)

p
=) mpl(r,-1,)w — (w-r,)r,].
p

(3.10)
Therefore, the component of L along the body-fixed axis i is
Li =Y my[ryw; — (Zw]-xp,j)xp,i]
p ]
=2 mp(r8i) — xpip )
j P
= Z Il]w]/ (3'11)
j
or
Ly = hwy, Ly=hw, L3=hws (3-12)

if we project w along the principal axes of the rigid body.

Equations (3.9) and (3.12) provide us with simple expressions for the
kinetic energy and angular momentum of a rotating rigid body in terms
of its angular velocity components along the principal axes.

Our next task is to express w and L in terms of a suitable set of coor-
dinates (and their time derivatives) that describe the motion of the rigid
body. We restrict the discussion to a rigid body moving about a fixed
point in space. The first question that comes up is how many degrees
of freedom are there in this case? This number is simple to determine.
If we fix our attention on any point P of the rigid body moving about
O/, then P is constrained to move on the surface of a sphere centered at
O’ and thus has two degrees of freedom. A second point Q of the body
can then be uniquely located in terms of a rotation about the line O'P.
The three points O/, P, Q uniquely determine the position of the rigid
body as a whole which therefore possesses three degrees of freedom.
Therefore, three independent coordinates g (t) are necessary to describe
the motion. How shall we choose the g;(t)? For a body moving about a
fixed point O it is obviously convenient to choose O as a common origin
for the space-fixed and body-fixed systems of axes as in Fig. 3.2.
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Then, we see that by knowing the orientation of the axes O,/,s,/, which
move with the body, with respect to the space-fixed axes Oy, at each
instant of time, we are provided with a complete picture of the motion of
the rigid body itself.

Z ’ Figure 3.2: The

1 Z y’ origins of the
body-fixed and
space-fixed systems
coincide, O = O'.

We have also remarked that the rotational motion about O can be de-
scribed at each instant of time as the rotation of the body about some
axis passing through O. We may therefore regard the final position of
the axes O, at time t as having been reached via a succession of in-
finitesimal rotations of O,y about O’ that were dictated by Newton's
equations of motion and the forces acting on the system. The entire
problem of determining the motion of a rigid body moving about a fixed
point therefore reduces to finding the finite rotation of the axes O,/
that brings them from some initial position at t = 0 to occupy their
final position in the moving body at time ¢. Two important questions
immediately come up. How shall we parametrize the position of the
rotated set Ox/ylz/ with respect to the space-fixed set Oy, and how do
the components of vector quantities like the angular velocity and angular
momentum w and L relate to each other when viewed from the two sets
of axes? To answer such questions, we have to study the transformation
properties of the components of a vector when the coordinate axes, to
which these components refer, are rotated.

3-4 Coordinate Transformations

We begin our discussion of coordinate transformations with a simple
example. Suppose the body-fixed axes coincide with Oy, at t = 0. Now,
rotate them through an angle ¢ about the common z axis to take up the
position O,/,,» shown in Fig. 3.3. If Q is any vector lying in the x — y
plane we see geometrically that the components of Q along O,y can
be expressed as linear combinations of the components of Q along Oy,
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z (Z/) Figure 3.3: The
body-fixed and
space-fixed origins
coincide (O = O').
In addition, the z
axes are common
z=72".The xand y
axes are rotated by
¢ tox and y'.

according to

Qy = cosp Qx +sing Qy
Qy = —sing Qx + cosp Qy,

where Qy/, Q,/ are the components of the same vector Q in the rotated
coordinate system. A more elegant way of writing (??) is to use a matrix
notation and write

Qv | _ cos¢ sing Qx
Qy | | —sing cos¢ Qy |’

Q) = A(Q), (3-13)

where (Q’) is a column matrix of the components of Q along the new

or, more briefly,

axes Oy, (Q) is a column matrix of the components of Q along the
old axes Oyy.. A is a square matrix that depends upon the parameters
that described the rotation (in this case the angle ¢). We will speak of
A as a rotation matrix inducing a rotation of the axes Oy, to some final
position O,,r,.. The length of Q is unchanged by the rotation of axes
"under it". We verify immediately from (??) that this means that

AAT = ATA =1, and DetA = +1. (3.14)

We do not consider the inversion of coordinates and so discard Det

A = —1 where AT again denotes the transpose of A, Det A is the
determinant of the matrix A and I is the unit matrix. We now turn
this statement around and characterize all linear transformation of the
type (3.13) where A is a real matrix satisfying the conditions (3.14) as
a rotation of axes in the space of n dimensions, where 7 is the number
of linearly independent components of Q. For our purpose, n = 2

or 3. Such rotations are often also referred to as proper orthogonal
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transformations, and the rotation matrix A that satisfies AAT = ATA =]
is called an orthogonal matrix. We note that the inverse rotation, or
transformation, also exists because Det A # 0 so that A has an inverse
A1 = AT, The inverse rotation is therefore

(Q) =A"1Q) =AT(Q).

It will prove convenient to indicate the directions of the rotated and
unrotated sets of axes by introducing two sets of orthogonal unit vectors
at the origin O. These sets of unit vectors lie along the Oxy; and O,y
axes respectively. Let

€x, €y, €; (3.15)

be unit vectors lying along the coordinate axes of Oy, (the unprimed or
unrotated axes) and let
fx’/ fy/, fz/ (3.16)

be unit vectors lying along the coordinate axes of O, (the primed or
rotated axes). Then

€ € = 51‘]‘ and foc . f/g = 50cﬁr (3.17)

where i,j = (x,y,z) and &, B = (x',1/,2") express the orthogonaltiy and
normalization properties of the e’s and f’s. The e; and £, constitute a
complete set of unit vectors in three dimensions in the sense that an
arbitrary vector Q may be expressed in terms of either set, according to

Q= ZQiei =Y Qufa (3-18)

where the Q; or the Q) are the components of Q along the correspond-
ing axes. Equation (3.18) immediately allows us to relate the components
of the vector Q along the primed axes with its components along the
unprimed axes. Taking the scalar product of (3.18) with f, and using the
orthogonality relations (3.17) we get

Q= Z(f”‘ -ej)Q; = ZAin, (3-19)

if we call
(fa - €)) = Ay (3.20)

Equation (3.19) is identical with the matrix equation (3.13) written out in
detail. We also see from (3.20) that the matrix elements of A in (3.13) are
given by the direction cosines of the rotated unit vectors f, with respect
to the unrotated unit vectors e;. The unit vectors f, can therefore also be
expressed in terms of the unrotated basis according to the equation

f, = ZAaiei, (3.21)
i
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which follows directly from (3.20). We urge the reader to notice the suble
difference between this relation and (3.13). Equation (3.13) is a statement
about the components of the same vector on both sides of the equation
looked at from two different coordinate systems, whereas (3.21) merely
relates two different vectors to each other, i.e. f, with the set e;. This
difference is most easily appreciated if Q happens to be the vector f,.
Then, by contrast with (3.21), equation (3.13) reads

(fu) = A(fa) (3-22)

where (f},) contains the components of f, along the rotated axes and (f,)
contains the components of f, along the unrotated axes. Let us ask for
the latter components. We invert (3.22) to find

(f2) = AT(£)
or (writing f, ; for the component of f, along the e;, etc.)

fui= Z(AT>iﬁfp/¢,/3 = (AD)jy = Auis

since f;ﬁ = 4,up because the f, happen to be unit vectors along the
rotated axes. Thus, we have f, = }; f, ;e; = }_; A,;e;, which reconstructs
(3.21).

Equation (3.13) or, equivalently (3.19), gives the law of change for
the components of a vector under rotations of the coordinate system, or
basis set of unit vectors e; to which the vector was referred. The compo-
nents of a vector in a particular basis are said to form a representation of
the vector in that basis. A change of basis according to (3.21) therefore
produces a new representation of the same vector. In (3.18) the compo-
nents Q; and Q) provide an example of two representations of the vector
Q. Equation (3.21) is the connection between these two representations
for a given transformation matrix A.

So far, we have talked only about vectors and their representations,
a concept which distinguishes between the components of a vector and
the vector "itself" so to speak. However, the same concepts extend to
a wider class of entities which are called (linear) operators. Consider
for example (3.11) relating the angular momentum L and the angular
velocity w. Since L and w are vectors, it is a useful point of view to
regard the inertia tensor I as an operator which operates on w to produce
a new vector L,

Iw =L. (3.23)

In a representation with respect to a particular basis e;, say, L = } _; e;L;,
w =Y ejwj, (3.23) becomes

IZeja)j = Ze,‘L,‘,
j i
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or
Z(ei -lej)w; = L.
)
If we call
(e - Iej) = I, (3-24)

we regain (3.11). The quantity (e; - Ie;) does not depend on the vector w
but only on the operator I and the particular choice of basis vectors e;
that has been made. The collection of quantities I;; in (3.24) is called a
representation of the operator I in the basis defined by the e;. We now ask
how this representation changes when the basis is changed. From (3.21)
and the definition (3.24) the representation of I in a different basis set £,
is:

Lg = (fu - Ifp) ZAM -Iej) Ag;
*ZAMIZJ iB’ (3-25)

or
I'= AIAT = AIA™! (3.26)

in a matrix notation.

In line with the interpretation of I as an operator, another interpreta-
tion to (3.13) can be given by regarding the matrix A as an operator which
acts of Q and changes it into a new vector q,

Q—q=A4Q (3-27)

without changing the basis. This is called the active interpretation of
the operator A as opposed to the passive interpretation in (3.13) where
A changed the basis, but left the vector alone. Equation (3.27) is still a
rotation. The effect of A has simply been to point Q in a new direction
without changing its length.

We can also express (3.27) as a relation between components of the
vectors q and Q referred to the same basis, i.e.

Y giei =) Ae;Q;
i j

or
gi =Y _AiiQj, Ajj = (e;- Aej). (3-28)

For a given rotation matrix A (3.28) and (3.13) are the same, i.e. the
components g; of the vector q in the old basis are identical with the
components Q; of the vector Q in the new basis. The point is that the
components of Q in some basis only depend on the relative orientation
of Q to that basis. We are therefore at liberty to rotate either the basis
"under the vector”, or rotate the vector "over the basis" in the opposite
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sense and still end up with the same components of the vector that did
not move (that moved) with respect to the basis that moved (that did
not move). We will adopt either point of view according to our needs.
The important link to bear in mind is that A always rotates the vector in
the opposite sense to that in which it rotates the basis. Fig. 3.4 will be
helpful to the reader who is unaccustomed to the mental gymnastics that
are necessary to translate easily from the one point of view to the other.

Z Figure 3.4: Upper
panel: Active point
of view. A(¢)
rotates Q closer to
the x axis, Lower

o panel: Passive
/ 1) point of view. A(¢)
X Q rotates the x axis
closer to the vector
q Q.

(passive point of view)

One important property of rotations is their group property, i.e. the
combination of two successive rotations represented by matrices A and
B can be described as a single rotation represented by a matrix C = BA,
where the "law of combination" is matrix multiplication. The proof is
simple. If the matrix A rotates Oy, with unit vectors e;, to occupy the
orientation O,y with unit vectors f,, and B rotates O/, to occupy the
orientation O, »,» with unit vectors g, then we see that

Su = ZBylea = ZByaAaiei/
13 a,i

upon applying (3.21) twice, or that
gy =3 _Cuiei, Cui =) BuaAsi (3-29)
i o
so that the matrix C is just the matrix product of A and B in a specified

order. The rotational operation is in general a non-commutative one;
rotations induced by BA and AB are in general distinct from each other.
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3-5 The Euler Angles

We are now in a better position to answer the question of how to
parametrize the orientation of the body-fixed axes O,/,s,» with respect to
the space-fixed system Oyy, i.e. how to choose the coordinates g;(t) that
describe the motion.

Equation (3.21) connecting the unit vectors along Oxy; and O,y
suggests one possibility, that of using the matrix elements A,; as coor-
dinates specifying the orientation of the body-fixed axes. This simply
amounts to specifying the direction cosines of each of the f, with respect
to the fixed axes Oyy. But this gives us 9 parameters for a system having
only 3 degrees of freedom. The point is of course that the A,; are not
all linearly independent. The condition AAT = 1in (3.14) provides
for 6 linearly dependent relations between the A,;, effectively reduc-
ing the number of independent parameters to 3. It would obviously
be much simpler therefore to choose a set of independent parameters
that automatically satisfy these conditions. One such set of parameters
is provided by Euler’s three angles (¢, 6, ) which we now proceed to
define. The convention followed by Edmonds** will be used in defining
¢, 8 and . However, the reader should beware of the fact that there is
no general agreement in the literature of rigid body dynamics (or of
quantum mechanics!) on a "best" definition of these angles. In Edmonds’
convention the three angles ¢, 6, ¢ have the following significance: ini-
tially the body-fixed axes O, coincide with the space-fixed axes Oxyz.
Then the following rotations are performed on the body-fixed axes about
the indicated directions (see Fig. 3.5):

(z,2")
(z//’,z/)
o ,
y
Y ¢ 0,y
y
Y |y
X
,, / X'
X
V‘x///

(i) a rotation ¢ about the z axis, 0 < ¢ <27
(i) a rotation 6 about the new y axis (y”),0< 6 < 7

4 A R. Edmonds,
Angular Momentum
in Quantum Me-
chanics, Princeton
University Press,
Princeton, New
Jersey, 1957.

Figure 3.5: Euler
angles.
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(iii) a rotation ¢ about the new z axis ('), 0 < i < 2.

This set of rotations, performed in the indicated manner, brings the
body-fixed system to rest in the final orientation O,s,/, shown in Fig. 3.5.
The sense of rotation is such that the angles ¢, 6, ¢ are considered to be
positive when the rotation would cause a right handed screw to advance
along the axis of rotation.

Each rotation through an Euler angle has a rotation matrix A associ-
ated with it. We write

A (¢) for the rotation ¢ about z

Ay (8) for the rotation 6 about y”

A, () for the rotation i about z'.

From the group property of rotations displayed in (3.29) we know that
we can combine these three rotations into a single rotation induced by
the matrix

R(gp0y) = Az () Ay (6) Az (). (3:30)

R(¢ 0 1) is the matrix which will rotate the body-fixed axes directly
over to their final orientation shown in Fig. 3.5. The individual rotation
matrices in (3.30) are given by

cos¢p sing 0
A(¢p) = —sing cos¢ 0 | fora rotation ¢ about the z axis, (3.31)
0 0 1

cosf 0 —sinf
Ay = 0 1 0 for a rotation 0 about the y”axis, (3.32)
sinf 0 cosf

cosyp sinyp O
Ay =| —siny cosyp 0 | fora rotation ¢ about the z’ axis. (3.33)
0 0 1

The combined rotation matrix is obtained by multiplying these matrices
together in the specified order (3.30). The result is

cospcosfcosp —sinysing  cosPcosfsing +singpcos¢p — cosypsind
R(¢p0¢)=| —sinpcosfcos¢p —cosyPsing —singPcosfsing +cosyPcosd sinPsinb
sin 0 cos ¢ sin 0 sin ¢ cos @
(3:34)

3-6 Infinitesimal Rotations and Euler Angles

The three Euler angles 9, = (¢, 6, 1), considered as functions of time,
serve as a very convenient set of generalized cordinates g (t) to describe
the motion of a rigid body. We now ask for expressions for the angular
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velocity and angular momentum of a rigid body in these coordinates.
To find the angular velocity, consider an infinitesimal rotation d¢ of the
rigid body away from its position occupied at time t and given by Euler
angles 9" (t). Writing 50" = (3¢, 66, 6¢p) for the increments in the three
Euler angles, we can make up this rotation as follows:

op =Y 100", (3-35)
A

where the g ,\519’\, A =1,2,3 represent infinitesimal rotations about the
three axes of rotation for the Euler angles. From Fig. 3.5 the unit vectors
along these axes are

gy = ez, thezaxis,
_ 1 . 1
gy = (e; x le)sinG' the new y axis (y"),
gy = f,, the new z axis (2'). (3.36)

Notice that the unit vectors g, are not orthogonal. Correspondingly, we

must distinguish between contravariant and covariant components of a
# See for example

. e el . . . B. Spain, Tensor
components of ép. The magnitude of the infinitesimal rotation ¢ defines  cuiculus, Oliver and

vector43 along these unit vectors. We see that the 68" are contravariant

a metric tensor for the 69" "space” according to Boyd, Edinburgh,
1953.
(590)2 = 28A;15(PA519P, (3-37)
A

where g, is the metric tensor. From (3.35) and (3.36) we find that
(69)* = (6¢)° + (80)? + (9)* + 205 0 6 b,

since only g, and gy are not orthogonal. Therefore

1 0 cos@
(8ap) = 0 1 0 , Det (gr,) = sin? 6, (3.38)
cosf 0 1

where Det (g,,,) is the determinant of g, considered as a matrix. To
complete the picture we also construct the inverse of g,,. This is

1 1 0 —cosf
") = — 0 sin?0 0 , (3:39)
sin“ 0
—cosf 0 1

provided that Det (g),) = sin?@ # 0, and allows us to pass from

the covariant components J9, to the contravariant components 5§ =
Y g*'68,, in the usual manner. We note in passing that the singular-
ity in gM
everywhere unique.

at 0 = 0 is related to the fact that the Euler angles are not
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We may also project d along the space-fixed or body-fixed axes. We

Y eidp; =) 800" =Y f.dg),
A ®

where 6¢; = (8¢, 09y, 0¢,) and d¢) = (pr;,,é(p’y/,éqo;) are the compo-
nents of d¢ along the space-fixed and body-fixed axes respectively. The

have
(3-40)

transformation matrices from the set 68" to the sets 6¢; or ¢/, are given
by44

(Pir) = (ei-8r), (Qur) = (fa-80), (3.41)
so that we can write
Sp; =Y Pjpot (3-42)
Y
59y =Y Quadt™. (3-43)

It is clear that P and Q are not rotation matrices in the sense of (3.19),
since PT # P~1. However, the inverse transformations

598 =Y (P 1)idg; = Y (Q ) aadoh

i o

(3-44)

are still possible if the matrices P and Q are non-singular.

To construct the matrices P and Q we require the projections of the
g, along the space-fixed unit vectors e;, and the body-fixed unit vectors
f,. These projections are easy to compute. We observe from Fig. 3.5 that
(6, ¢) are the polar angles for the direction of f,/, with respect to the
space-fixed axes, while (6, T — ¢) are the polar angles for the direction of
e, with respect to the body-fixed axes. Therefore,

gp = e; = (—sinfcosy)fy + (sinOsiny)f,, + (cos0)f (3-45)
gy = £y = (sinfcos¢p)ey + (sinfsingp)e, + (cosb)e;, (3-46)
and, combining these,
1 .
80 = m(eZ x fy) = —singpey +cosgey,
=sinypfy +cospfy. (3-47)

We use the above relations to express the transformation matrices, (3.41),
in terms of Euler angles and find

0 —sin¢g cos¢sinf —sinfcosyp siny 0
P=1| 0 cos¢ singsind |;Q= sinfsiny cosyp O
1 0 cos 6 cos 6 0 1

(3.48)

Clearly, Det P = Det Q = —sin 6, so that the transformations (3.42) and
(3.43) are non-singular for sin 6 # 0.

4 The matrices

P and Q were
introduced by
H.B.G. Casimir in
his doctoral dis-
sertation, Rotation
of a Rigid body in
Quantum Mechanics,
Wolter’s Uitgevers-
Maatschappij,
Groningen, 1931.
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The components of the angular velocity vector w = limg;_,od¢p /5t
follow immediately from (3.42) and (3.43). We have

. o¢pi )

w; = hmm—m% =Y Pyé (3-49)
A

for the space-fixed components of w, and

/

: d ;
wp = limgy o L% = ¥ Q6 (350
A

for the body-fixed components of w. Written out as matrix equations,
(3-49) and (3.50) read

Wy 0 —sing cos¢sin® ¢
wy =| 0 cos¢p singsinf 0 (3-51)
Wz /) space 1 0 cos @ P
and
Wy —sinfcosyp —siny 0 ¢
Wy = sinfisingy  cosyp 0 6 |. (3-52)
W2/ body cos 0 1 P

We are now in a position to write down the angular velocity and
angular momentum of a rigid body in terms of the Euler angles and
their time derivatives. For convenience we choose the body-fixed axes
O,y as principal axes of the rigid body in question and revert to our
previous notation of w1, wy, w3, etc. for the components of a vector along
these axes.

The components of angular velocity along the principal axes are
obtained from (3.52). The components of angular momentum along the
principal axes are given by the relation (3.12), viz. L; = Liw;, i = 1,2,3.
We thus have

wy = —¢sinfcosy +0Osiny = L1/1;
wy = ¢sinfsinp +0cosp = Ly/Ip
w3 = ¢cosf+1p = L3/ I3. (3-53)

The kinetic energy is given by (3.7) with the angular velocity compo-
nents given by (3.53). We write out the answer for the particular case
where I} = I # I3: Such rigid bodies are called symmetric tops and will
be of interest to us later on. For them,

1. . 1. .
T = E11(<p2 sin? 0 4 62) + 513(¢c059+1[1)2. (3-54)

We also observe from (3.7) and (3.12) that the kinetic energy may be
written as the scalar product

2T = Zw,»L,» = (w-L). (3-55)
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Writing out this scalar product in terms of the components of w and L
along the triad of unit vectors g, produces

2T = ZQAL/\ = scalar. (3.56)
A

If we multiply both sides of this equation by an infinitesimal time inter-
val 6t we get

2Tt = Y_60ML,, (3-57)
A

where 56" are the increments in the Euler angles 7.

The L) are in fact the momentum variables canonical to the Euler
angles 0" in the sense described by (1.72) of Chapter 1. From (3.54) the
value of 2Tt is

2T6t = [y sin® O + I3(¢p cos 0 + ) cos 0]5¢
+ (110)360 + [I3(¢ cos 0 + )] 6. (3.58)

Comparison of the right-hand members of (3.57) and (3.58) yields the Lj:

Ly = L1¢sin® 0 + I (¢ cosf + ) cos 0
Lo = L6
Ly = I3(¢cos + ). (359)

Since the L) appear as the components of a covariant vector in (3.57) (as
they must), we know that the expressions (3.59) are also the physical
components of the angular momentum L along the unit vectors g,.

By contrast the covariant components of L along these directions are
L= L g'Ly, or

LY = Iip; L = 16; LY = I3p + (I3 — I; )4 cos 6 (3.60)

using an obvious notation. Equation (3.60) answers the question that
must have occurred to the reader by now, viz. what meaning can one
attach to a quantity moment of inertia X rate of change of an Euler angle?

We are now in possession of all of the ingredients to construct the
Lagrange function of a rigid body with I; = I, # Iz moving about a
fixed point. If the forces are derivable from a potential function V (6*),
we have

L = %11(47251n26+92)+%I3((PCOSG+1P)2_V(¢/6/¢)
(3.61)

as a standard form for the Lagrange function.
Let us first verify that L, in (3.59) are indeed the canonical momenta.
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We have
aL ) . .
EYa = Lipsin“0 + I3(¢cosb + ) cos b = Ly
oL :
56 1 0
oL ; ;
BT = I3(pcos+ ) = Ly, (3.62)

which proves the assertion. The Lagrange function L may be used to
study the motion of a rigid body about a fixed point once the form of
V(61) is known.

3.7 Applications

The applications of the Lagrange function in (3.61) to the motion of rigid
bodies with an axis of symmetry are manifold. However, we will restrict
the discussion to two specific examples. As a first application, look at
the motion of an ordinary top spinning on a rough surface so that the
peg of the top does not wander around. Alternatively, imagine the peg
of the top to be attached to a fixed point by a "universal joint", so that
the top can move freely about the point of attachment. In either event
we are dealing with the action of a rigid body about a fixed point, and
if the motion is due to conservative forces only, (3.61) for the Lagrange
function will suffice to study the motion.

Anyone who has watched an ordinary top in motion must have been
struck by how peacefully the top moves: spinning very rapidly around
its symmetry axis, while turning as a whole rather slowly about a ver-
tical axis with the symmetry axis held at an angle to the vertical. This
motion is referred to as a steady, or regular precession and is the easiest
type of motion to discuss analytically. Often such more complicated
motions occur. The most common of these is produced if the top is set
spinning rapidly about its symmetry axis and then set down gently on
its peg with this axis inclined to the vertical. Initially the top starts to
fall under the action of gravity but, remarkably, catches itself and climbs
back to (almost) its initial inclination to the vertical while performing a
precessional motion about the vertical at the same time. This is called
pseudo-regular precession since it differs from the pure precession by
the tops performing an additional nodding (nutational) motion during
precession. The ability of such spinning bodies to stabilize themselves
against the force of gravity has fascinated scientists and mystics alike
throughout the history of mechanics. It will be an interesting task to
understand the reasons behind these rather surprising motions in terms
of the dynamics governing the motion of a rigid body.

We take an ordinary top spinning on a horizontal surface as a pro-
totype example of a rigid body moving about a fixed point. Thus, we
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assume either that the surface is rough enough to prevent the peg of the
top from wandering around on it, or that the peg has been attached to
a fixed point by some device (like a universal joint) that does not inter-
fere with the orientation of the top in any way. We shall also assume
that the top is symmetric, i.e. it possesses an axis of symmetry which
passes through its center of gravity G and the point of support O. This
means that OG is a principal axis of inertia, that any pair of orthogonal
axes in the plane normal to OG will serve as principal axes, and that the
moments of inertia about these two axes are equal. Therefore, in treating
the motion of a symmetrical body we are at liberty to choose axes that
are only partially "frozen" into the body, without destroying the validity
of relations like (3.7) and (3.12). In particular, this means that the pair of
principal axes normal to OG need not rotate around OG with the top.
The top is positioned in space by rotating it through Euler angles
¢,0 and ¢ relative to the space-fixed axes O,y as prescribed by (3.30).
Fig. 3.6 shows the final position of the top after such a rotation has
been performed. In the present context the angles 0 and ¢ give the
polar angles of the symmetry axis OG, while i measures the amount
of rotation of the top around OG. The unit vectors gy, go and gy that
are associated with these angles are also shown. When the top moves
the unit vectors gy and g, move with it, while gy always maintains its
direction along O, which we choose as the vertical direction. Changes in
¢ describe the precession, 6 the nutation (or nodding) of the top, while ¢
measures the rotation about OG.

z
'4
G
o /]
| mg
1
ggﬁ g.,,:
O,/%g;I
1
: y
!

Now, we must choose our principal axes at O: gy = 0C is already a
principal axis. Also we have remarked earlier that any axis in the plane
normal to OG is a principal axis. Therefore, gy also lies along a principal
axis. The remaining unit vector

f = (gy cosf — gy) cosec

Figure 3.6: Rotation
of the top with
space-fixed axes.
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perpendicular to gg and gy and in the plane zOG is our other principal
axis. Notice that the triad of partially frozen unit vectors (f, gg, gy)
differs from the body-fixed triad (f;, f,, f3) in that it ignores the rotation
¢ about gy. Therefore, the components of the angular velocity and
angular momentum along these axes follow from (3.53) on setting i = 0
(but not ¢ = 0!) in those equations:

w; = —¢sinf =L;/A along f
wr=0=1L,/A along gy
w3 =¢cos+ ¢ =L3/C along gy, (3.63)

if we denote the equal moments of inertia at O by Iy = I, = A and the
unequal moment about OG by C.

Call OG = F&; then, if the top moves in a constant gravitational field
g that acts downward along —z, the potential energy is V = mgh cos 0,
m = mass of the top. Then, (3.61) reads

L= %A(gbz sin® 6 4 62) + %C(gb cos 6 + §)? — mgh cos 6. (3.64)

We observe immediately that both angles ¢ and i are absent from L
since the interaction energy with gravity is insensitive to changes in
these angles. Thus, ¢ and ¥ are cyclic and the corresponding canonical
momenta are constants of motion. These momenta are given in the
first and last lines of (3.62). Also, L does not depend on time explicitly.
Therefore, the total energy is conserved during the motion. Notice, that
by just examining the invariance properties of L we have discovered
three constants of motion. They are

A¢sin® 0 + C(¢cos + 1) cos§ = M (3.65)
C(¢pcosb+¢) =K (3.66)
%A(QI}Z sin? 0 + 62) + %C(gb cos 6 + )% + mghcos 6 = E, (3.67)

calling E the total energy and M and K the constant angular momentum
projections along space axis O, and symmetry axis OG respectively.

The above set of equations determines the top motion completely in
4 As an aside, no-
tice that precisely
Let us examine their contents. Equation (3.66) insists that the an- the same set of
constants E, M and

. . L. K would be subject
(¢ cos 0 + ¢) of the top along the symmetry axis is constant. Let us call to quantization con-

this constant #, so that ditions if the top
were considered
to be a quantum
mechanical system.

terms of these constants, which are fixed by the initial conditions*.

gular momentum L3 = Cws and therefore the angular velocity w3 =

n=¢cosf+1Pp=K/C (3.68)

can be used interchangeably with the constant angular momentum K
if desired. The quantity = is called the spin of the top. Notice that it
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has contributions from both ¢ and . Obviously, it will prove useful to
eliminate the combination ¢ cos 6 + ¢ in equations (3.65) through (3.67);

we find 46 M—Kcosh
— Kcos
Cn=K —=—-—F— 6
dt Asin? 9 (5:69)
which combines with the energy (3.67) to give
1,,.d0, K? 1 M—Kcosf,
EA(E) = (E—f—mghCOSG)—ﬂ(T) . (3.70)

The second of (3.69) and (3.70) express the precession ¢ and nutation

0 in terms of the angular inclination of the top’s symmetry axis; we
have written these angular velocities as d¢/dt and d6/dt respectively to
emphasize the fact that the problem of finding ¢(t) and 6(t) has been
"reduced to quadratures" which is a formal way of saying that you know
the answer if you can do the integrals. In fact (3.69) and (3.70) can be
integrated in terms of elliptic functions#®, but the answer one gets is
not particularly illuminating. Instead of carrying through the solution
in general let us examine these equations for the particular example
where the top starts off with an initial spin n about the symmetry axis
that is inclined at an angle & to the vertical. The initial conditions for this
motion are

=0, 6=0a =0

w1 =0, w2=0, wz=n (3-71)
at t = 0. The constants of motion therefore take on the values
1
K=Cn, M=Cncosa, E= Ean + mgh cos «.

Entering this information into (3.69) and (3.70) we find that

di) _ E cosa — cos

dt nA( 1—cos?6 ) (3.72)
and
(A siné)%)2 = (cosa — cos @)
x [2Amgh(1 — cos?8) — C*n?(cosa — cos )]
(3-73)

after a slight rearrangement of terms. Let us supplement these equations
with the Lagrange equation for 6; this is

Al = % = sin[Ad? cos § — Cn¢ + mgh], (3.74)

where we calculate dL/96 from (3.64). Alternatively, we could obtain
this relation by differentiating (3.73) with respect to time. We require

46 A, Sommerfeld,
Lectures on Theo-
retical Physics, Vol
1, Mechanics, Aca-
demic Bress Inc.,
New York, 1952.
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it to establish the initial motion of the top. Since ¢ = 0 at t = 0 when
0 = a we see that §(t = 0) = (mghsina)/A is positive (0 < & < 7),
i.e. initially the top begins to fall to the ground as one might intuitively
expect it to do. However, this downward motion of the symmetry axis
ceases when the nutational angular velocity 6 vanishes. Equation (3.73)
provides us with information on this aspect of the motion: § vanishes
when cos 8 = w reaches one of the roots of the cubic equation

(wo — w)[2Amgh(1 — w?) — C?n*(wy — w)] = 0

w =cosh, wy=cosa, |wy|<1.

The first factor (wp — w) = 0 just assures us that the axis will return to
its initial inclination wy = cos & during the subsequent motion. The other
orientation of the symmetry axis for which § = 0 is supplied by the real
roots of the quadratic

f(w) =2Amgh(1 — w?) — C?n®(wy —w) =0 (3.75)

that satisfy —1 < w < 1 (f must be real). We observe that f(—1) is
negative, while both f(wy) and f(+41) are positive. Hence, f(w) has
one real root between —1 and wy. Therefore, the symmetry axis of a top
started off with the initial conditions (3.71) will swing between the angle
« and the larger angle B that satisfies f(cos ) = 0. If the initial spin is
large we have

Amgh
(Cn)2

Thus, by making the initial spin n (more correctly the angular momen-

2

cos B —cosa ~ —2 sin” a. (3.76)

tum K = Cn) large enough we can effectively suppress the nutational
motion of the top. Thus, 6 is forced to vary over the small angular range
a < 6 < B and we can therefore replace 6 by its average value over this
interval. From (3.76) we find that this angular interval is

da = (B—w) EZflggilsinoc

approximately, so that we can replace 6 by the average value

(0) =a+ (da) ~a+ ?g:l‘g;l sinw (3.77)
in our equations. Thus, the average precession rate is given by (3.72)
with 0 replaced by (0). We get

gy = S 0n) _ mgh (3:78)

A sina Cn

if Cn is large. This equation shows that the precession about the vertical
axis is in a positive sense under these circumstances and independent of
the angle of inclination a.
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Our picture of the top motion is now complete: the top precesses
slowly around the vertical with an average precession given by (3.78)
while spinning around its symmetry axis which nods up and down
between the angles « and = a + da. The motion is perhaps best
visualized by following the path that the extremity of the symmetry
axis OG would trace out on a sphere centered at O. This path will be
bounded by two circles on the sphere corresponding to the limiting
orientations § = « and § = P at OG. The exact nature of this path
depends on the starting conditions. For the particular starting conditions
we have been discussing it is clear from (3.72) that the precession ¢
vanishes whenever the symmetry axis returns to its initial orientation
0 = a (where = 0 also). The symmetry axis therefore periodically
comes to rest momentarily in this position. The path that its extremity
traces out on a sphere centered at O is characterized by cusps at the
points 8 = a, ¢, 6 = 0 as shown in Fig. 3.7.

7

Y

We can probe the problem for more detail by asking for example what
the nature of the nutational motion is like. To investigate this point, we
appeal to the equation of motion (3.74) for 6, set 6 = a + ¢, and use the
unaveraged version of (3.78) with (da) replaced by ¢ for the precession,
ie.

b=y

Asina’

We substitute this value of ¢ in (3.74) and find to first order in the small
angle ¢ that

. C mgh .
P~ (An) ¢+ 4 sin,
which has the solution
_ Amgh . C
p(t) = (Cn)? sinafl — cos(znt)], (3.79)

Figure 3.7: Cus-
pidal motion of
top.
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if we incorporate the boundary conditions that ¢ must lie between O

2Amgh
Cznég

therefore a pure harmonic oscillation in the angle § about the average

and the maximum value da = | | sina. The nutation of the top is

orientation, (3.77), with the period

2w A
Ty = ——.
"TncC
If we compare this with the period of average precession,
T, = 2y
(@) mgh
we find T Ameh
n mg.
n AR .
T,  (CnZ SV (3.80)

which is a precise physical statement of when our approximate treat-
ment is valid: the precessional motion must be much slower than the
nutational motion. Equation (3.80) also identifies (Amgh)/(Cn)? as the
appropriate expansion parameter for this case. We note in passing that
the two periods in (3.80) are incommensurate in general.

Equation (3.79) also allows us to compute the instantaneous preces-
sion to the same order of approximation. We have

: : C
b == (91— cos( )]
from (3.72), and integration with respect to time gives us ¢:

$(0) = (@)t = 7o sin(Sont) (581)
showing typical "drift" and oscillatory terms. Equations (3.79) and (3.81)
specify the angles 6 and ¢ as a function of time; we can get 1(f) from
(3.68). Hence, our approximate solution is complete.

The motion we have just been discussing is called pseudoregular pre-
cession of a top because it differs from the true regular precession
(6 = a,6 = 0) by terms of order T,/ T, in the angular velocity of nu-
tation, 8. Consequently, these small nutations are not visible to the casual
observer and the top appears to perform a regular precession.

These observations naturally lead us to ask for the conditions under
which a true regular precession is possible. Again, the equation of
motion (3.74) provides the answer: for regular precession, both § and 6
must vanish. This means dL/96 = 0, or that

sina(Ap? cosa — Cnp + mgh) =0 (3.82)

for a regular precession with § = «. We use p to denote the constant
value of ¢ that is allowed. If we exclude the special case sina = 0, there
are two allowed values of ¢ = p in regular precession,

p= (Cn + \/(Cn)2 — 4Amgh cos zx) /2A cosa.
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We notice that regular precession is possible only if (Cn)? > 4Amgh cos &;
there is a minimum spin angular momentum required to stabilize the
top.

Let us suppose again that Cn is large. Then, we find two physically
distinct roots for p that can be classified as a fast and slow precession, i.e.

C .
s=—=1, fast precession
A 7
P~ m;gs“ ' (3-83)
T slow precession.

Notice that both these precessions are in the same direction, and that
the slow one coincides with the average precession of our first top, as
given by (3.78). So the top we started off with initial conditions (3.71)
nearly performs a regular precession. If we had provided for an initial
precessional velocity p = mgh/Cn, it would have done so exactly.
Clearly, other varieties of starting conditions that favor other types of
motion that can be analysed in the same way as the examples we have
discussed.

We have discussed the ordinary top in some detail because it forms
a prototype example of how the motion of a rigid body may be investi-
gated. We have also used Lagrange equations (and their consequences)
throughout the discussion in order to stress once more the power and
uniformity of such an approach. But having once obtained the answer it
is always essential to try to understand the reasons behind our results.
Perhaps, the most surprising aspect of the top motion is the way in
which it sidesteps gravity instead of falling down in both its regular and
pseudo-regular modes of precession. The reason for this lies rot in the
conservation of angular momentum (for there are torques present) but
rather in the law of its change, as the following simple argument shows.
We start by borrowing (1.14) from Chapter 1:

% =N; dL = Ndt, (3.84)

where N is the total torque that is responsible for changes in the angular
momentum vector L. From Fig. 3.6 we see that the torque N for our
ordinary top about the peg O is provided by the gravitational couple

N = mgh sin 0gy that is always normal to the plane OzG. Also, in steady
precession we have the condition that & = 0: hence the only change in
L that can be brought about by N is one of direction (the length of L
cannot change since it lies in the OzG plane and we know its projections
along Oz and OG must be constant). The state of affairs is depicted in
Fig. 3.8, which is the "skeleton" of Fig. 3.6. The angular momentum com-
ponents are drawn in to show how L is made up of the components Cn
and A¢sina along and perpendicular to the symmetry axis of the top;
« is the value of 8 in steady precession as before and « is the angle be-
tween the angular momentum L and the symmetry axis. Since this entire
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z
1 L
G
P 1
Cn !
Apsma ! y
O I
1

pattern precesses around the Oz axis with constant angular velocity p,

we have immediately that |dL| = |L|sin(a — )pdt and dL points along gg.

But

IL|sin(a —) = (|L|cos?y)sina — (|L|siny)coswa

= Cnsina — Apsinacosa
from the geometry of Fig. 3.8 so we have finally, using (3.84),
(Cn — Apcosa) sinapdt = mgh sin adt,

which is the same condition as (3.82).

The magnitude and sign (does the angular momentum axis lie above
or below the symmetry axis?) of the angle y can also be read off from
Fig. 3.8. Since |L|siny = Apsinw, |L| cosy = Cn, we have

tany = % sinw, (3.85)
which shows that Ap/Cn is the controlling ratio. Since we are dealing
with steady precession, p and 7 are connected by (3.82) with the limiting
values of p for fast and slow modes of precession given by (3.83). The
latter equation and (3.85) combine to show that 7 ~ « in fast precession,
while ¢ ~ 0 in slow precession, i.e. the angular momentum vector aligns
itself along the vertical axis in fast precession, and aligns itself along the
spin, or symmetry axis, in slow precession.

If we are dealing with non-steady motions of the top, the above
discussion is not complete. Changes in  away from zero introduce a
component A of L along the unit vector gy, so that both the direction
and magitude of L change, subject always of course to the conditions
that the projections M and K are constant. These restrictions mean that
L can at most "wave" back and forth through the plane OzG alternately
leading and lagging the spin axis while keeping M and K constant. If the
motion considered is pseudo-regular precession, (3.79) tells us that this

Figure 3.8: Direc-
tional change of
angular momen-
tum.
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fluctuation in length and direction (out of the OzG plane) of L is periodic
with period T,. Consequently tan y(t) will vary with time like

A{p) sina

tan y(t) ~ e

[1-— Cos(%nt)],
with an average value of (A(¢) sina)/Cn, i.e. just the value (3.85) with p
replaced by the average precession.

3-8 General Motion of a Rigid Body

So far we have restricted the discussion to the case of a rigid body mov-
ing about a fixed point, since this had the advantage of focussing our
attention on the pure rotational aspects of the motion and how these
may be handled within a Lagrange framework. With this experience
behind us, let us remove this restriction and consider the general case of
unrestricted motion of a rigid body. In order to get a different perspec-
tive of the problem let us develop the general case starting afresh from
first principles instead of using a Lagrange equation approach. At the
end of our discussion we can then investigate to what extent Lagrange
equations can be applied to the general problem of rigid body motion.

We have already set down the general equations of motion for any
many-body system in Chapter 1. We recall for convenience the principles
of linear and angular momentum:

dp dL

which relate the rates of change of total linear and angular momentum
to the total force (F) and the total moment or torque (N) that are respon-
sible for these changes. At first sight, (3.86) appear to be very innocent.
The trouble is of course that they only hold with respect to an inertial
frame of reference (for our purposes, one fixed in space), while, for ex-
ample, our expressions for the angular momentum were only simply
related to angular velocity in a body-fixed frame which is not an inertial
frame of reference. The calculation we must do is obvious: retain the
simple relations between L and w and modify (3.86) so that they hold in
the body-fixed frame. (Note in passing that we have to do this for both
equations, since they are coupled to each other by the condition that

F also provides the torque N and consequently it would be extremely
awkward to have the first equation expressed in an inertial frame and
the second in a moving, non-inertial frame). But this transformation is
simple to perform. We attach a set of axes to the center-of-mass G of
the body: call Q) the angular velocity of this set of axes. If the body has
an arbitrary shape, these axes will also only be principal axes if they

are rigidly "frozen" into the body; the angular velocity of the body will
then also be w = Q). However, if the rigid body has an axis of symmetry
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as our top had, we see that the principal axes need only be partially
"frozen" into the body, in which case w # Q.

Consider now, how the effect of moving axes enters into the expres-
sion for the rate of change of a vector like L. This has a time derivative
dL/dt with respect to fixed axes. Suppose now that L was rigidly at-
tached to the moving axes that are rotating with angular velocity €); its
rate of change would be zero in the moving system. In the fixed system,
however, L changes by 6L = §t(Q) x L) in time Jt, see (3.2). In general
L will also change with respect to the moving axes. Calling this rate of
change dL/dt we have

dL JL
ar (ﬁ)mov'mg +(QxL), (3-87)

where the differentiation on the right is now performed with respect to

the moving axes. Equation (3.87) holds the key to our problem. We can

now refer both sides of our basic equation (3.86) to moving axes. If these
axes are principal axes (as they will be from now on) we possess simple
expressions for the components of L. In moving axes then we have

oL
(E)moving +QxL=N
oP
(g)moving +QxP=F (3-88)

Let us break up each vector into its components along the principal
axes and draw on the expressions (3.12) for the components of angular
momentum. Then, we have

L + D lzws — Q3hwy; = Ny
hawy + Q3w — Q1 lzws = Ny
Lws + M hwy, — M ljwy = N3 (3-89)

for the motion about the center-of-mass, and

P+ OyP3 — (3P = F
Pz + Q3P — P35 =F
Ps+ P — WP =F (3-90)

for the motion of the center-of-mass. We are accordingly treated to the
full content of (3.88) which we see is not so simple after all. Equations
(3.88), or in their component form above, are called Euler’s equations.
They were first constructed by him in 1758. Apparently, Euler was the
first to recognize the importance of using moving axes in mechanics.
Before going on to consider applications of these equations to prob-
lems that merit them let us remark that we could discuss the ordinary
top starting from these equations just as well. However, in the case of

131



132 ANALYTICAL MECHANICS

the motion of a rigid body about a fixed point the reactions at that point
are unknown in general and therefore also some of the force and torque
components appearing on the right hand sides of (3.89) and (3.90) are
unknown. Thus, it is much more practical to take moments about the
fixed point. We introduce principal axes at this point (call it O as before)
that rotate with angular velocity (), the unknown reactions have zero
moments about O and we get

oL

(g)moving +QxL=N,

(3.91)
which is not the same as the first of (3.88) because L and N refer to the
fixed point O and not to the center-of-mass G.

3-9 The Tippe-top

If a top like the one in Fig. 3.9(a) is set spinning rapidly on its broad end,
it acts rather surprisingly. The thin peg describes a downward spiral
and when it touches the floor the top rises rapidly on the peg so that it is
spinning as in Fig. 3.9(b). Similarly if one takes an egg-shaped object as
in Fig. 3.9(c) one discovers that it will only spin stably on its thin end as
shown in Fig. 3.9(d). If set spinning as in Fig. 3.9(c) it also rapidly rises
on to its thin end.

(b)

(a)
A
(© (d)

Quite a literature has grown up around problems of this sort4” which
concerns itself with the problem of the inverting top. The tippe-top
provides us with an excellent system to study as an example of general
rigid body motion. Moreover, there is the interesting question of whether
we can understand the reasons for the peculiar behavior of the top, i.e.
we have an experimental result that requires an explanation (a rather

Figure 3.9: Rotating
top (@) and (b))
and rotating egg
((¢) and (d)).

# E.G. Gallop,
Cambridge Phil.
Soc. Transactions
19, 356 (1904);
M.M. Hugenholtz,
Physica 18, 515
(1952); D.G. Parkyn
Math. Gazette XL,
260 (1956); Physica
24, 313 (1958).
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rare bird in Classical Mechanics!). We will in fact find that the problem
of inverting tops yields to analysis in a straightforward manner.

Fig. 3.10 shows a tippe-top resting in an arbitrary orientation on a
horizontal surface (a table).

Figure 3.10: The
tippe top.

CP=a

CG=h

QG =a-hcos @
NP =a sin 0
QP=hsind
NG=h-acosd

We start the problem again by considering the degrees of freedom in-
volved. If the top is required to be in contact with the table at all times,
we introduce a constraint on the six degrees of freedom (three for trans-
lational motion plus three for rotational motion) that the rigid body has
in arbitrary motion. Hence, we have five degrees of freedom and must
therefore pick five independent coordinates. We do this in the following
manner. Assume that the lower end of the tippe-top is spherical with ra-
dius a. The center of this sphere is at C on the symmetry axis of the top
passing through its center-of-mass G and along the thin peg as shown.
C will always be vertically above the point P where the top touches the
table. We set up the usual unit vectors gy, gg gy attached to the center-of-
mass G in order to define the Euler angles ¢, 8, i, which orient the top
with respect to axes Gyy, that move with G but keep their orientation in
space. As in the case of the ordinary top g, is vertical, g, points along
the symmetry axis and gy = (g X gy)/ sinf is normal to the vertical
plane containing g, and the symmetry axis. Since the top is symmetric
about gy, the orthogonal triad (f, gy, gy) at G where

1
f= -— .
gypcot o - (3.92)

lies in the vertical plane containing the symmetry axis, again form a
set of principal axes. We call the two equal moments of inertia I; =
I, = A and I3 = C is the moment of inertia about the symmetry axis.
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Notice that A and C now refer to the center-of-mass and not the point
of support as was the case previously. The orientation of the tippe-top
with respect to axes Gyy; is thus fully specified. Finally, we locate G with
respect to the table top using axes Oxyz. However, the vertical distance
Z = QG of G is not independent of 6§ because of our constraint on the
top. Calling & = CG the center-of-mass - center-of-curvature separation,
we see from Fig. 3.10 that

Z=QG = (a—hcos®) (3.93)

which expresses our constraint equation on Z.

The system of forces acting on the top are, in addition to gravity at
G and the normal reaction R = Rgy at P, also forces of friction at P if
the table is not perfectly smooth. The direction of the friction force will
always oppose the motion of the contact point P on the spherical surface
of the top. Let us break up the displacement of P into components paral-
lel and perpendicular to the line QP. Then, to find these displacements
we recall that the triad (f, gy, gy) moves with the top but does not share
its rotation about g,. Hence, infinitesimal increments 56" in the Euler
angles (¢, 6, 1) will generate the infinitesimal rotations

(S(Pl — —sin 054}, (5([)2 =40, 5([)3 = 51/) + 54) cos 0

along this triad. This result is geometrically obvious; alternatively we
can use (3.43) with the Q-matrix given by (3.48) with ¢ set equal to
zero. The displacements of P along QP and normal to QP are thus, from
Fig. 3.10
§G|| — 5¢2(QG) = (5GH —660(a — hcosb)
0G| +6¢3(NP) — 61 (NG) 0G, + [ad¢p3 + 6p(h —acosB)]sinb,
(3.94)

where 0G| and 6G, symbolize the displacements of G itself along and
normal to QP (such displacements are not governed by changes in the
Euler angles). Dividing these expressions by the time interval §t during
which they occurred, we get the velocity components of P,

v = u—06(a—hcosb)
v+ [aws; + ¢(h — acosB)]sinb, (3.95)

(2

where w3 is the angular velocity of the top along g,. We have called the
velocity components of G along and normal to QP, u and v. The friction
force can now be displayed as the components

b= —mRp o

0
F, = —uR = (3.96)
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with y the coefficient of friction, R the normal reaction and |v,| =

A /v‘z‘ + v? the speed of P.

The next step is to fill in (3.88) for our particular problem. We take
moments about G. Then the force of gravity drops out, having no mo-
ment about G, and the total moment along gy and g, arise solely from
the frictional component F,, while R and F| provide for moments along
gs. We get from Fig. 3.10

Ny = F| (QP) = F  hsinf (a)
Np = —R(QP) — F|(QG) (b)
Ny = F| (NP) = F asinf (c)
(3-97)

for the moments along gy, g¢ and gy respectively.
Let us calculate the rate of change dL/dt along the axes gy, go and gy
also. The angular velocity of the principal axes (f, g, gy) is

Q = gy + gof,

written in terms of its contravariant components ¢ and 6. We write L the
same way, i.e.

L=Y gL' =gyL? + goL’ +gyL¥
A

and find
dL . _
DI VAR YA (398)
A )
The time derivatives of g, are easy to obtain. We observe that g, does

not rotate at all while gy and gy rotate with angular velocity Q. Noting
that

1
8p X 8o = gpcott — 8 5ng
1
g0 X 8y = —g(pm +g¢COt9
8y X gp = —gosinb (3.99)
we have immediately that
g =0
1
sin 6

)

. 1 . .
gy =Qxgy= —g¢(9m) + go(psinf) + gy (6 cot ).

80 = Q X gg = gp(Ppcoth) — gy(¢

(3.100)
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Upon substitution for g, in (3.98) and regrouping we find dL/dt to be
given by

dL
a 8o {

1 .d .
Z (LY si _QLY
sinﬂ[dt(L sinf) — OLY]}
rf
+g9{7+¢Lsm9}

1 .d . .
+ gy {515 (LY sin€) — ¢},

(3.101)
where the L* are given by (3.60) with [; = A and I3 = C, i.e.

LY =Ap, L= A8, LY=Cws— Adcosb, (3.102)

where wj is again the angular velocity component of the top along gy.
The expressions in curly brackets are of course contravariant compo-
nents. The covariant components along the g, follow with the help of
(3.38). We equate these covariant components to the corresponding mo-
ments N, given by (3.97). Our basic equations for the motion about G
then read

ddif = F hsinf (a)
;t (A) + ¢L¥sin = —Rhsind — F|(QG) (b)
%(Aag) = F,asinf, (o)
(3.103)
where
Ly = Ap+ LY cos® = Adsin® 0 + Cws cos
and

Ly =LY 4+ A¢cosf = Cws

are the covariant components of the angular momentum along the
vertical and along the symmetry axis as we already discovered in (3.59).

We supplement these with the equations of motion for the center-of-
mass G. Since the velocity components u, v of G that appear in (3.95) are
referred to the axis QP which is rotating with angular velocity ¢g, about
the vertical, we must use (3.90) with Q) = ¢g,. Then G moves according
to

m(i—op) = F| (a)

m(o+up) =F, (b)
2
m%(a—hcose) =R—-mg ()

(3.104)
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in terms of acceleration components along and normal to QP and the
vertical.

The equations (3.103) and (3.104) together with the information given
by (3.95) and (3.96) define our problem completely. We observe immedi-
ately that the "fly in the ointment" is the force of friction. Without it, we
would regain our two previous angular momentum constants Ly = M
and Ly = K. Moreover, the total energy would also be conserved (the top
would not scrape on the table) and our problem for the tippe-top would
reduce in all respects to that of the ordinary top. However, let us first
see how far we can go without making specific assumptions about the
nature of the motion. The first point to notice is, that while Ly and Cws
are no longer conserved quantities the linear combination (aLy — hCws3)
is. This follows from (3.103a) and (3.103¢c) upon multiplication by a and h
respectively and subtracting. We have

%[ach) sin? § + aCws cos  — hCws) = 0 (3.105)
or
aA¢sin® 6 + (acos® — h)Cws = constant (3.106)

after inserting the value of Ly given below (3.103). We have thus found
one integral of motion even in the presence of friction. The latter relation,
(3.106), is known as Jellett’s integral. It seems first to have been discov-
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ered by him and is quoted in his book on friction48. As far as is known, friction, Chap. viii,

this is the only first integral of motion that exists for a top spinning ona 1872
rough surface.
To make further progress we observe that (3.104) allow us to replace
the unknown friction forces and normal reaction on the right of (3.103)
by the accelerations they produce for G. In the case of R this is very
helpful for we have prescribed how G must move vertically through the
constraint equation (3.93). We eliminate R, F, and F| from (3.103) in this
way and find

dL .
d—f = m(0 + ug)hsinf (a)
a [(A 4 mh? sin? 0)6] — mh? sin 6 cos 06 + LY sin 6

dt
= —mghsinf — m(i — vp)(a —hcosf) (b)

%(ng;) = m(0 4 u¢)asinf. (c)

(3.107)

These equations still contain the unknown acceleration and velocity com-
ponents of the center-of-mass G and so are not too much help as they
stand. We have to provide information about the physical conditions at
the point of contact as the following limiting cases will illustrate.
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(a) Pure sliding. We assume the table is perfectly smooth so that the
top slides freely. Then, the contact point P slides without friction on
the table and the center-of-mass only has an acceleration in the vertical
direction. The horizontal motion of G is one of constant velocity in a
straight line. Steady precession in the pure sliding mode takes place
with G at rest and P moving in a circle. Since § = &, ¢ = p, w3 = n in
additiontou = 0,v = 0,4 = 0, 9 = 0 in steady precession, (3.107b)
becomes

pLY sina = —mghsina, (3.108)

which is just (3.82) again, but in a compact form. Except for one point:
the sign of h is different. Setting L¥ = Cn — Ap cosa, its steady precession
value, we find that (3.108) has the two roots for p(sina # 0),

Cn~ Apcosa, or Cno~———, (3.109)

connecting n and p in the fast and slow precession respectively, if Cn

is large. The sign for the slow precession is different, indicating that if
we started off the tippe-top like we did the ordinary top by spinning

it and setting it down gently it would choose the fast precession root

Cn ~ Apcosa, and the nutational motion consists of the top nodding
up and down while G moves up and down vertically. The rest of the
analysis proceeds as in the case of the ordinary top. As we have already
mentioned, the three first integrals of motion, conservation of angular
momentum along the vertical and symmetry axis, and conservation of
energy, exist and allow us to duplicate the ordinary top discussion.

(b) Pure rolling. The top is said to roll if the point of contact P is
always instantaneously at rest so that there is no relative motion between
the surface of the top and the table at their common point of contact.
The condition for pure rolling can be expressed as conditions on the
angular velocity and orientation of the top and the velocity of G. From
(3.95) the point P is instantaneously at rest if v and v, are zero, i.e.

u=(a—hcos0)f
v = —laws + (h —acosB)P|sinb, (3.110)

which tell us what the velocity components of G must be if the top rolls.
This in turn means that the table must be rough enough to sustain G in
a motion with u and v given by (3.110). Notice in passing that the pure

rolling conditions are non-holonomic. We cannot integrate (3.110) in time
until we know the motion of the top.

The usefulness of these constraints on the motion of G is that they
allow us to eliminate friction entirely in terms of the motion it causes,
i.e. tolling. The right sides of (3.107) then become prescribed functions
of the Euler angles and their time derivatives. Let us look at (3.107¢) in
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particular. We obtain the combination

(0 +u¢)asinf = —asin 0%(&@3 sin6)

— (h—acos 9)%(114'7 sin? f)

from (3.110) and insert it into the right side of (3.107c) after employ-
ing Jellett’s relation, (3.106), to find d/dt(a¢ sin? @). The result can be
expressed as

%%{w%[c + ma*sin® 0 + m%(h —acosf)?]} =0,
or that
wW3[C + ma*sin® 6 + m%(h — acos0)?] = constant (3.111)

is a constant of the motion. We have thus discovered another constant
of motion for pure rolling, in addition to the conservation of energy
(friction forces do no work in pure rolling motion) and Jellett’s integral
(which is always valid). Thus, we are once more armed with three first
integrals of motion and we can discuss precession, nutation and the
stability thereof as we did before for the ordinary top. We note one
difference from case (a): In pure rolling the steady precession motion has
both G and P going around in circles about each other while G still stays
at a fixed height about the table (P instantaneously at rest does not mean
P stays in the same spot!). The equation relating «, p, and 7 in steady
precession follows from (3.107b) with 1 set to zero, v given by (3.110):

pLYsina = —mghsina — m[an + (h — acosa)p] sina, (3.112)

which differs in detail from the condition when pure slipping is present,
but is still a quadratic equation for p and we expect slow and fast preces-
sion modes for large Cn as before.

(c) Quasi steady motion. If we assume that the friction forces and
moments are small the motion of the top will be a quasi steady version
of the precessional motion in pure sliding. For we may argue that, if the
friction is small it acts like a disturbance of the steady motion which, as
we know, produces a small oscillatory motion of the top about its steady
precession orientation f = a. (See problems). With one difference: The
"small disturbance" one always invokes to perturb a system in order
to ascertain its stability does just that and then goes away. This is not
true for friction, which of course continues to act so that we expect a
steady "drift" away from steady precession in addition to the oscillations
we just mentioned. Now, we argue that the oscillations in 6 around
f = a are very rapid for large spin and hence will average out over
times in excess of the nutation period T),. Therefore, if we look only
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at the time-averaged motion for times long compared with T,, but

short compared with the precession period T (so that the motion does
not depart substantially from steady precession), we should be able

to estimate the effects introduced by friction. However, we can see
intuitively from (3.107a) what is going to happen: the frictional moment
F) a tends to increase the projection of L along the z-axis if F, is positive,
and decrease it if F| is negative. A decreasing Ly means that the angular
momentum vector is falling and so too the symmetry axis, since from
(3-107¢) Cws = Ly must also decrease. The top therefore begins to fall if
F; < 0. But the direction of F, is determined by the velocity direction
v, of the contact point on the top (F, is always opposite to v ). Hence a
falling top is characterized by v; > 0, or

[an + (h —acosa)p]sina > 0, (3.113)

(the velocity v of G is near zero) which for the tippe-top, where Cn ~
Ap cos a, becomes*9

h+

acosa >0 (3.114)

a purely geometrical condition for a given top. So, when the tippe-top
spins on its thin peg we can again use (3.114) to ascertain whether the
top falls or rises. Assuming that the tip of the peg is spherical, radius a,
and setting i — —h (for the center-of-mass G now lies on the other side
of C) we note a4 < |h| so that (3.114) is violated: the top climbs up on its
peg instead of falling.

For the more curious reader we present a more motivated derivation of the
condition (3.113). The discussion starts with (3.103c); we assume that deviations
away from steady precession are small so the F| may be replaced by a con-
stant value FJ(_O) for quasi steady precession. The average change in the angular
mometum Cr is thus (bars denote a time average)

Céon ~ Fj_o)tasina (T <t Ty), (i)

where T, Ty are the nutation and precession periods. The change (i) induces a
corresponding change in p which, from Jellett’s relation is

aAsin® adp ~ (h —acosa)Con. (ii)

In the absence of friction, changes in 6 respond to an outside disturbance
according to
C+02¢=0, (i)
where Q2 = (271)2/T? = [(Cn — 2Apcosa)? + (Apsina)?]/(AA’) and A’ =
A + mh? sin® .
The result (iii) follows from (3.107b) of the text after setting 6 = a +  and
ignoring the forms of friction F| ~ (i — v¢$). The additional terms (i) and (ii)

appear on the right side when friction (the F(lo) dominantly) is present. Then, (iii)
is replaced by
AT+ AQA = —xCon  (iv)

4 This condition
was first given by
D.G. Parkyn, Math.
Gazette XL, p. 260

(1956).
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with k = [aApsin®a + (h — acosa)(Cn — 2Ap cosa)]cosec?a / (aA) if we continue

(0)

to omit F‘ ‘O . The particular integral of (iv) gives the forced motion:

_ xC _

H= - =
40 a2 T a0

Kkasin ocFﬁO) t. (v)

We readily verify that « is positive when Cn ~ Ap cosa; hence {(t) increases

(the top falls) when Fio) <0, or v(f> > 0, which is the condition stated in (3.113).

More generally, we point out that for an ordinary top where i — —h in (3.113)
and a < h we have the condition (an — hp) > 0 independent of the angle , giving
a critial precession beyond which the effect is reversed. D.G. Parkyn [Physica
XXIV, p. 313 (1958)] has analysed the motion of a top with a rounded peg both
theoretically and experimentally. He finds that an ordinary top in motion does
effectively remain in the rolling mode, but that the motion is not in general one
of pure rolling due to periodic sliding-rolling motions of the peg.

Recapitulation

If it seemed to the reader that the discussion of just two problems in
rigid body mechanics took up far too much space, let him be mindful
of the fact that (i) rigid body problems are difficult in general and (ii)
the two problems we have discussed in detail serve as prototypes to
illustrate the methods that one would employ in tackling any problem
involving rigid body motion under given forces. Such methods are
important and reach a high degree of sophistication in applied problems
such as rocket guidance systems, gyrocompass design, servomechanisms
etc. We do not discuss such applications here. On the more academic
side, we have also avoided discussing the "egg rolling on a rotating
paraboloid” types of problem, which tend to become rather devoid

of physical content. However, such "academic” rigid body systems

are indelibly woven into the historical fabric of mechanics and, like
chess, they have their fascination. The reader who wishes to explore
such topics further will do well to consult Routh’s>® Advanced Rigid
Dynamics, or in a more modern (1965) vein, the treatise of Pars>".

Problems

3-1. Consider a rigid body in general motion about a fixed point O.
Show that an instantaneous axis of rotation (i) exists and (ii) that this
axis passes through O.

3-2. Find the principal moments of inertia and principal axes for the
following rigid bodies at the points indicated. The mass of each body is
M.

(i) a square plate, side a, at one corner

(ii) a rectangular plate, sides a and b, at one corner

(iii) a semi-circular plate of radius a4, at one of the "corners"

(iv) a plate shaped like an equilateral triangle of side a, at any vertex
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(v) a cube, side a, at the center-of-mass

3-3. Discuss the motion of a rigid body having an axis of symmetry and
supported freely at its center-of-mass using the conservation laws only.
Indicate how the direction of the angular velocity vector w behaves with
respect to the direction of the angular momentum vector M.

3-4. A uniform solid circular cylinder of radius a rests on a horizontal
plane, and an identical cylinder rests on it, touching it along the highest
generator. If no slipping occurs, show that as long as the cylinders
remain in contact,

02— 12¢(1 — cos 0)
(17 +4cos — 4cos? )

where 6 is the angle which the plane containing the cylinder axes makes
with the vertical (see Fig. 3.11).

Figure 3.11: Sketch
of two cylinders
touching at a
tangent point.

Show that the path described by the axis of the upper cylinder is
1 .
x = ga(Q +4sinf), y=2a(1l—cosb)

relative to horizontal (x) and vertical (y) axes through the initial position
of this axis.

3-5. A uniform right circular cone of semivertical angle « rolls without
slipping (what is the condition for this?) on a plane inclined at an angle
B with the horizontal, and is released from rest with the line of contact
horizontal. Prove that the cone will remain in contact with the plane if

9tan f < cota +4tana.

3-6. An asymmetrical top rotates about its center of mass under no
forces. The principal moments of inertia at the center-of-mass are
L, I, I,(I; > I, > ). lf w = (w1, wy, ws3) give the angular velocity
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components along the principal axes, show that they have the form
wq(t) = —Asecht(t); wy(t) = Btanht(t); ws(t) = Csecht(f),

if M> = 2IL,T (M = angular momentum, T = kinetic energy) and
w3 > 0,w; <0att=0. Find A,B,C and 7(t). What happens as the time
t increases indefinitely?

3-7. A gyro is set spinning with angular momentum m along a direction
making an angle « with the symmetry axis. Show that the symmetry axis
precesses around the vector m with angular velocity |m|/ ;. Show that
this can also be written as Izws/ I cos «, where w3 is the angular velocity
along the symmetry axis.

3-8. A top is started spinning vertically so that 6 and 6 are zero initially.
Show that if w? > 4mgh(I;/I3), the angle 6 remains zero; if w3 is smaller
than this the symmetry axis of the top will oscillate between O and an
angle a. Find a.

3-9. Show that a steady precession of a top about the vertical is possible
with its symmetry axis horizontal and find the relation between the pre-
cessional angular velocity and the "spin" of the top about its symmetry

axis.
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Chapter 4 Small Oscillations

4-1 Introduction

The systems of interacting particles we studied in the previous chapter
in connection with the motion of rigid bodies were many-body systems
of a rather special type because of the assumed nature of the interactions
between particles (they were such as to render the system rigid). Here,
we discuss another many-body problem of a rather special type: small
oscillations of the constituent particles of the system about a stable
equilibrium configuration. Such systems are realized, by for example,
relaxing the condition of complete rigidity imposed in Chap. 3, but
considering only small displacements away from equilibrium of the
particles forming a rigid body. Notice that there is no guarantee that
displacing particles in a many-body system away from their equilibrium
positions in this manner always leads to oscillatory motion. For that to
happen, the equilibrium configuration must be a stable one. This in turn
is dictated by the nature of the potential energy function of the system in
the neighborhood of the equilibrium configuration.

4-2 A simple example: Coupled pendulums.

To begin the study of small oscillations we look at a typical problem
and try to guess a solution. Afterwards, we can proceed with the formal
theory that leads to the solution in an organized and rigorous fashion.
The rather innocent looking problem we discuss first is that of two sim-
ple pendulums each of length /, coupled to each other by a weightless
spring, see Fig. 4.1(a).

Figure 4.1: Coupled
F \ t pendulums.
(b) (©
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In terms of the angular displacements 6 and ¢ the Lagrange function
is readily found to be

L= %mZZQZ —mgl(1—cosb) + %mﬂ(pz —mgl(1—cos¢) — %mklz(G —9)?%,

if m is the mass of either bob, and « is the spring constant. The last
term in this expression provides a coupling between the free motion of
each pendulum separately. Call x1, x, the horizontal displacements of
each bob from the equilibrium positions. Then, for small displacements
(16, 1p < 1)

X1 = 16 , X2 = l(P,

and the Lagrange function becomes

Lo, 1 o 1. 55 1. 5, 1 2
L~ SMAT + Simky — Smwpxy — Smwpx — me(xl —x2)%,

where wy = \/g/! is the angular frequency of either pendulum oscillat-
ing freely. The equations of motion for x; and x; are

oL d dL

— — —(=—)=0, k=1,2,
axk df(axk>
or
¥+ wixy = —x(x1 — x2)
X 4 wixy = —x(x2 — x1).

These equations are not independent because of the foreign coordinate x;
or xp on the right hand sides of these equations respectively. If it were
not for such coupling terms each pendulum would oscillate with its own
frequency wy. We try a solution of the form

Ot Ot
’ ’

x1 = uqé Xo = Upe

(we later can take real or imaginary parts, see remarks below (2.9)),
where () is an unknown but common frequency and u1, u; arbitrary
amplitudes. This solution is compatible with the equations of motion if

(Wi +x—Ouy —xuy =0

—Kup + (Wi +x — O*)uy =0

w(z)—l—K—QZ —K Uy —0
—K w3 +x— 02 Uy ’

Thus, we obtain a pair of homogeneous algebraic equations for the am-
plitudes u; and u,. These are non-zero only if the determinant of their
coefficients vanishes, that is

wi+x—0? —K

2 2\2 2
= (wf+x—O0 )" —x“=0,
—x wi+1x— 02 (g + )
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which provides for a determination of the unknown Q). This is an alge-
braic equation of the second degree in Q2. Hence, there are two possible

O =wy, and Oy = \/w5+21c:wo+w£,
0

the last approximation holding if the coupling is weak, x/w} < 1, at

frequencies

which x; and x; can vibrate. The two values of () we have just found
are called eigenfrequencies of the coupled system. The amplitudes of x;
and x; in an eigenvibration, or normal mode, are found by returning to the

homogeneous equations for #1 and u; and substituting in the two values
of Q. Thus, for Q) = O we find

(1)
K K Uy _ 1 _ @
l e x ] l 1) ] =0, or u;’ =u,

Uy
and for Q) = )y
e Tr u%Z) =0, or u(z)——u(2>
% —x u§2) =Y 1 — “Has

now adding superscripts 1 and 2 to the u’s to distinguish between the
two normal modes. Thus, only the ratios of u; to up are determined. The
motion of the system in the normal mode (); = wy thus has («; is the
phase of the arbitrary complex amplitude A;)

X1 = xp = Re(A1e" M) = |Aq| cos(Qt + ay)

or the pendulums oscillating in phase without ever stretching the spring,

while the mode ), = /w? + 2« has the pendulums oscillating out of
phase,
X1 = —Xp = Re(AzeiQZt) = |A2| COS(ta + 0(2),

with Ay = |Ay|exp ay as before. The two normal modes are shown in
Fig. 4.1(b) and (c).

The solutions we have just found are clearly very special. They are
called the eigensolutions, or eigenvibrations, of the system. In terms of
them, we can write the general solutions as the superpositions

x1 = |A1| cos(Ot + a1) + |Az| cos(Qat + ay)
for x1, and
xp = |Aq|cos(Qqt + aq) — |Az| cos(Qnt + ay)

for x,. For instance, if the left hand pendulum is pulled aside a (small)
distance a and released, the initial conditions x; =a, x, =0, x;1 =%, =0
are met by the choice of constants

1
|A1] = |Az| = S0 == 0.
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The subsequent motion of each pendulum is then described by

1 0, —Q 01+ Q
xlzia[cosﬂlt—f—cosﬂzt}:acos( 22 L#) cos( 142— 2t)

2~y t) sin(Ql —;Qz f).

1
Xp = Ea[cos Oyt — cos Mpt] = asin(

In the latter form these expressions show the familiar phenomenon of
beats. This is most easily appreciated in the weak coupling limit when

1 K 1

Then

Kt L
X =~ acos(z—wo) coswot, X1 asm(m) sin wyt

showing that each pendulum oscillates with its natural frequency wy
but with an amplitude that varies slowly with time like a cos(xt/2wy)
or asin(kt/2wy). Thus, the amplitude of the right hand pendulum
increases at the expense of the amplitude of the left hand pendulum
and vice versa, each alternately coming to rest and reaching a maximum
oscillation amplitude.

This example teaches us one very important fact. If we call

Re(A1ei01t) = €1 and Re(Azeinzt) = Cz,

and note that
X1+ X2

1= > (o=

X1 — X2
2 7

then the equations of motion for x; and x; can be rewritten as

1, 1 .
E(xl + i) + Ew%(xl +2x) =0, or{;+wil1=0,

and

1 1 .
5(551 — i)+ E(w% +26)(x1 —x2) =0, or {4 (w3 +2x)0 =0,
that is, the equations of motion uncouple in the coordinate {. Correspond-

ingly the Lagrange function is reduced to a sum of squares,
L2 2y 1 o0 1 2 2
L =7m(Gi+83) — 5mewply — sm(wy + 26)83

when expressed in such coordinates, called the normal coordinates of the
problem. It is our intention in the following to seek such coordinates in
general for the solution of small oscillation problems. The eigenfrequen-
cies will again appear as a byproduct of this procedure.
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4-3 Statement of the Problem

Let us examine the motion of a many-body system consisting of N
interacting particles. The Lagrange function is given by (2.105), that is

L= Z%ka%—V(xl,JQ,...), (4.1)
k

where the sum on k runs from 1 to 3N as there are 3N degrees of free-
dom. The potential V is due to the mutual interaction between particles
only. We exclude for the time being the presence of an external field.

We are interested in the motion described by (4.1) in the neighbour-
hood of an equilibrium configuration (x9,x,...) in which all particles are
permanently at rest. This means that

v
axk

(57 )=t =0 (4-2)

at equilibrium, for all k. The set of 3N equations (4.2) define the equi-
librium coordinates x; = x]? of the system. Since we are interested
in small displacements of the system about the x?, we treat each dis-
placement x; — x? as small and expand L about its equilibrium value

Lo =—V(x9,x9,...). Then,

1 . 1
L:L0+2§mkx]%—ZEVkl(xk—xg)(xl—x?)—... (4-3)
k Kkl

The constants V}; are given by

2V

Vil
and are symmetrical in the indices k and I, Vj; = Vjx.

The further development of the theory of small oscillations now
proceeds on the assumption that higher order terms in (4.3) may be
neglected. Measuring each x; from its equilibrium value and dropping
the constant Ly our approximation to the full Lagrange function reads

L=Y" lmkx% -y lvklxkxl- (4.5)
k 2 kl 2

Clearly this Lagrangian describes a system with restoring forces between
particles proportional to particle displacements away from equilibrium.
One then speaks of a system of coupled linear oscillators.

The difficulty with (4.5) lies with the coupling between the different
xk. We therefore try to decouple these coordinates by introducing new
coordinates {; such that L assumes the form

L=V da Lo (4.6)
_1':1 2 1 2 19017/ 4-
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i.e. turns into a sum of 3N independent oscillators each having its own
frequency (); when expressed in the coordinates . This form of L is
often called its normal form.

4-4 Normal Modes of a System of Coupled Oscillators

The transformation leading to the normal form of L is usually accom-
plished in two steps: (i) introduction of mass weighted coordinates
X, = \/mixy instead of the x;. Then, L assumes the form

1 1
L=Y s%>=Y sWuxix],
k 2 kl 2

(4-7)

where Wy, = Vi //mm;. This is just a scale transformation. (ii) in-
troduction of the {; by means of a linear orthogonal transformation (a
rotation)

X =Y Ukl (4-8)
i

with constant coefficients Uy;. The velocities X then transform in the

same way,

X =Y Uil (4-9)
i

since the coefficiencts Uy, are independent of time. The orthogonality of

the transformation (4.8) is expressed, as in Chap. 3, by the conditions

Y Uy =) Uil = éy (4.10)
7 7
or

utu=uu’ =1 (4.11)

in matrix notation, where U is the array

Uy Up
Uy Upx
u =

As before UT denotes the transpose5? of the matrix U, and I the unit
matrix. In terms of the new coordinates, L reads

1. . 1
L=) Egiukiukjéj - Egiukiwkluljéj/
ik ikl
or

L= ¢ - ¢ (UTWu, (4.12)

52 The matrix
obtained by inter-
changing the rows
and columns of U.
The reader unfamil-
iar with elementary
matrix operations
is advised to con-
sult A.C. Aitken,
Determinants and
Matrices, Seventh
Edition, Oliver and
Boyd, Edinburgh
and London, 1951.
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using the more compact notation of matrix multiplication. Here, {7 and
 stand for the row and column vectors

&1
0
§T2(€11€2/"'); g: . :{gl,gz,...}.

In what follows we will often abbreviate the column vector by writing it
as a row vector in curly brackets as shown above. Finally the matrix W
stands for the symmetrical array

Wi Wi
Wi Wap
W =

Since U has been taken as an orthogonal matrix the kinetic energy term
in (4.12) already has the desired form. To obtain a diagonal form for the
potential energy term shown in (4.6), we also require that

o 0
0 O
urwu = Qi) = | .. , (4.13)

i.e. the matrix W is brought into a diagonal form by the orthogonal trans-
formation U. It is known from matrix theory that such transformation
matrices can always be found if, as here, the matrix to be diagonalized is
real and symmetric.

Once L is in the form (4.6) one easily calculates that the equation of
motion

i+ Qg =0 (4.14)
holds for each ;. Hence

Ci(t) = Re(CiexpiQt) = |Cif cos(Qyt +6;), (4.15)

where C; = |C;| exp ; is a complex integration constant. Knowing the {;
as a function of time, and the matrix U, one can determine the x,’( (and
hence the x;) as a function of time from (4.8).

As in the example of the coupled pendulums, the frequencies ();
of each (; are known as the eigenfrequencies of the system, the ; as its
normal coordinates. Thus, (4.8) simply says that the actual displacements
X are given as a linear superposition of the normal modes of the system.

151



152 ANALYTICAL MECHANICS

How to find the (; and the (;? Equation (4.13) provides the answer to
the first part of this query. We must diagonalize W. In the process one
also obtains the matrix U and hence the (;, as we now show.

To this end consider the operation of W on an arbitrary column vector
u. This is given by

Wu=v, (4.16)

with the interpretation: W operates on u and produces a new column
vector v. We saw in Chap. 3 (3.27), that such an operation corresponds
to a rotation of the vector u into a new vector v if the transformation

is length preserving. This latter property is not necessarily true for an
arbitrary matrix W, and v can differ from u in magnitude and direction.
However, there exists a certain class of vectors, called eigenvectors>3 on
which operation by W produces a change in magnitude only. Let u be
such a vector. Then

Wu = Au, (4.17)

where the factor A gives the change in length; A is called the eigenvalue
of W belonging to the eigenvector u. Clearly, u and A are special vectors
and numbers associated with the matrix W. Equation (4.17) represents

an eigenvalue problem for these quantities. We determine them as follows.

Write (4.17) in component form,

ZWklul = /'\uk. (4.18)
l

This form shows explicitly that the eigenvector components u; satisfy 3N
homogeneous equations with constant coefficients since W has dimensions

3N x 3N. Therefore, a non-trivial solution (u; # 0 for at least one value of
A) exists only if the determinant of these coefficients vanishes>*

Wi — A
Wio

Wi
Wp — A
Det(W — AI) =

=0. (4.19)

The determinantal condition is obviously equivalent to a 3N* order
polynomial in A whose 3N roots (not necessarily all different or all
real>5) determine the allowed values of A in (4.17). The relation (4.19) is
called the secular determinant>® for the eigenvalues of W. Let us assume
that these roots are all distinct for the moment. (Prob. 4-2 presents

an opportunity for worrying about the case where the roots are not

all distinct - the so-called degenerate case). Call these values A;,i =
1,2,...,3N. Then, substituting these values of A back into (4.18) provides

us with the ratios u1 : uy : ... of the components of the eigenvector u.

3 See for example
H. Margenau and
G.M. Murphy,
The Mathematics

of Physics and
Chemistry, O. van
Nostrand and
Company, Inc.,
New York 1947, p.
304.

5+ H. Margnau and
G.M. Murphy, ibid.

55 The roots are all
real if, as supposed
here, W is real and
symmetric, see
Prob. 4-1.

5 The name orig-
inated in the
perturbation meth-
ods of celestial
mechanics.
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There are thus 3N distinct eigenvectors (one for each A;) which we label
as u) as in the example of Sec. 4-2, equation (4.17) should thus read

wu) = rul®, i=1,2,...,3N, (4.20)

that is, this equation is satisfied by a whole set of eigenvectors u() belong-
ing to distinct eigenvalues A;.

Now construct the product WU where the matrix U has the 3N
(i),

eigenvectors u?) as columns, Uy; = U

ORI
NORMCIN
u= ) ) . (4.21)

Then, using (4.20) repeatedly, there results

W11 le e ugl) ugz) e )\11/[51) )\21/{%2)
Wip Wa ... ul) ulP Al Apul?
WU = =
ugl) Mgz) e A0
ul) ulP 0 A
= - UA,
(4.22)

where A is the diagonal matrix

A0
0 A
A =
Hence
U TWU=A, a diagonal matrix (4.23)

provided that U is non-singular, i.e. det U # 0, so that the inverse
U~! can be found. Thus, as a byproduct of the eigenvalue problem for
a square matrix W we have shown how to construct a matrix U that
diagonalizes W according to the tranformation (4.23). The diagonal
elements of the transformed matrix are then just the eigenvalues of W.
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The reduction to diagonal form of W given in (4.23) is unique except for
the order (your choice!) in which the eigenvalues A; appear along the
diagonal. Operations like U~'!WU on W (whether or not they produce a
diagonal matrix) are called similarity transformations.

Equation (4.23) almost solves our problem for a single square matrix.
Except that the operation in (4.13) is of the form UTWU, not U~ 'WU.
However, if W is a symmetric matrix, (its elements are symmetric about
the principal diagonal), then the transpose W equals W. In this case
U~' = U, as we now show. Multiply (4.20) on the left with ul)7, the
transpose of the eigenvector with eigenvalue /\j,

uDTWu = A,u) Ty, (4.24)
Interchanging i und j gives another relation

aOTwul) = /\ju(i)Tu(j). (4.25)
On the other hand the transpose of (4.24) is directly

uDTWT() = A,uDTy ), (4.26)

If W is symmetric as supposed, W = W, and the left hand sides of (4.25)
and (4.26) become identical. Therefore, it follows that

(A — )Lj)u(i)Tu(j) =0. (4-27)
If there is no degeneracy, (i.e. A; = A;jonly if i = j) then this relation
implies that
B3N .
uTyl) = Z ul(;)u,((]) =0, if A #A) (4.28)
k=1

This equation expresses the orthogonality of two eigenvectors belonging
to two different eigenvalues, i.e. they are perpendicular to each other in

a multidimensional sense.
The matrix product of U in (4.21) and its transpose U therefore has

the value
ugm ugl) ... ugl) u?) - uDTy) 0
ugz) uéz) ... uél) uéz) ... 0 u@Tyu?)
utu= , , . . =

using the result (4.28) repeatedly. The value of u()Tu(®) for each i is left
undetermined by (4.28). This is in accord with our previous information

@ . @

that only the ratios u;” : u,” : ... of the components of each eigenvector

are determined by the eigenvalue equation. Therefore u)Tu() =y, u]({i) 2
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is an arbitrary constant (its length) for each eigenvector that is not prede-
termined. If we normalize our eigenvectors so that each one has the same
length then U” U becomes proportional to the unit matrix. Obviously,
we can then go the whole way and choose this common length to be
unity. The eigenvectors are then said to be normalized to unity; they are
orthogonal by (4.28) in any event. Such a set of eigenvectors is termed
orthonormal, and is free of arbitrary constants. Hence, if

ulTul?) = g, (4-29)

the transformation matrix U built out of such eigenvectors is orthogonal,
uu' =utu=1I,or
u-t=ur, (4.30)

so that (4.11) can be met. Thus, (4.23) reads
urwu = A (4.31)

in this case. This transformation of W is called an orthogonal transforma-
tion. Hence: real, symmetric matrices may always be diagonalized by an
orthogonal transformation.

The importance of symmetry in determining the transformation
matrix U is illustrated by comparing the diagonalization of

W= 16 and W/ = Lo .
6 1 4 1

Both have the same characteristic equation for their eigenvalues, viz.
A?—21-35=0, orA=7and—-5

and hence the same diagonal form

(5 %)

The two unnormalized eigenvectors for W are

u(l):<1>for)\:7,u(2):< 11>fOI'A:5, (1)

and for W’

u(l)/ — < ; ) for A = 7, u(z)/ = ( 32 )for A= -5, (11)

respectively. Notice that u® and u® are orthogonal,

W@ = (1) ( L ) 0
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but that
uDTy@ Z (32) ( 32 ) —540.

The eigenvectors of W’ are not orthogonal to each other.

The eigenvectors of W and W’ in (i) and (ii) can still have arbitrary
length. We noted the advantage of normalizing them in the case of
orthogonal eigenvectors. Doing so for the set (i) we obtain the transfor-
mation matrix

11 11
Vz2oooV2 VZooV2

so that

uwu = utwu—~>( 1 Le t
21 41 6 1 1 -1

111 7 5\ (7 0
o201 -1 7 5 )] \0 -5 )

as expected. Since the eigenvectors of W’ set (ii) are not orthogonal there

is really no point in normalizing them. We construct the transformation
matrix U’ directly from (ii) as

U — 3 3 ; -y l 2 3 ’
2 =2 12\ 2 -3
so that

U-WY — 1(2 3 1 9 3 3
12\ 2 -3 4 1 2 -2
1 (2 3 21 =15\ (7 0
12\ 2 -3 14 10 Vo -5/

We also take this opportunity to point out that interchanging the
columns of U or U’ merely reorders the appearance of the roots 7 and

-5 0 7 0
instead of
( 0 7 ) instead o ( 0 _5 >

for the diagonal form of W or W'. (Can the rows of U or U’ also be

—5 to give

interchanged?)

We see that a knowledge of the eigenvalues and eigenvectors of the
matrix W solves the problem of bringing the Lagrangian (4.12) into
normal form (4.6), with eigenfrequencies ();

0;=+A;, i=12,...,3N, (4-32)
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where A; are the roots of the secular determinant, (4.19).
The normal coordinates themselves are given by (4.15) as a function of
time. Introducing these solutions into (4.8) one finds

3N .
X = mexe =Y u,((l)Ci cos(v/Ait + 6;) (4-33)
i=1

in terms of the eigenvectors u()) of W, for the mass scaled x; and ac-
tual x; displacements of the system. Here, u,(ci) is the k" component of
the i*" eigenvector of the matrix U as constructed in (4.21). In words:
each coordinate x; is a linear superposition of normal coordinates with
relative amplitudes determined by the eigenvector components u](f).
Thus, each x; does not oscillate with a definite frequency. Rather their
time-dependence depends in a complicated way on how many normal
coordinates have been excited and with what amplitudes and phases.
Often only a single normal mode is excited. Then all the x; oscillate

with the common frequency \/Xi of this normal mode, viz.

Vi (t) = uy i cos(V/Ait + 6;) (4-34)

if only ; is excited. The system is then said to be vibrating in its i*"
normal mode. Notice that in any normal mode vibration all particles pass
through their equilibrium positions simultaneously.

4-5 Applications I

Free oscillations

Consider the longitudinal oscillations of a system of two particles, each
mass m, joined to a center particle of mass M by identical springs (a
mechanical model for a linear XY, molecule, e.g. CO,). The system is
shown in Fig. 4.2.
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Figure 4.2: A linear

1 2 3
A Q—W—me_—o B XY, molecule.
Y X Y

Suppose that the spring constant for each spring is x. The restoring
forces for displacements of the particles along AB is taken to be propor-
tional to the extensions in the springs. Hence, particles 1, 2 and 3 are
subjected to forces

F = —K(XZ — X1), F = K(X1 —2xy + X3), FE = —K(X3 — XZ),
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where x1, xo and x3 are the displacements away from equilibrium of
these particles. These forces are derivable from the potential function

1
V= E%(xiz + 2x5 4+ ¥ — 2x]xh — 2xhxh),
using the scaled coordinates x] = /mxy, etc. of the problem. Thus, the

W matrix reads

x __x 0
m vmM
wW=| -2 s X
- vVmM M vVmM
K K
0 7\/mM m

for this potential. Its eigenvalue problem
Wu = Au

leads to the secular determinant

K K
ﬁ_)\ _\/mM 0
__x 2y __k =0
vVmM M vmM ’
0 £ E£_)
vmM m
or 2
K K K
A= =N (=4+Z N =
(2= W)=+ 22 =)

The roots are thus Ay = 0; Ay = x/m, A3 = x/m + 2x/ M. The associated
normalized eigenvectors are obtained from the eigenvalue equation in
the manner shown by the following calculations.

For /\1 = O,
K K
m _\2/mM 0 \/ﬁ 1
K K K 1
Y M v VM | =0, orull = T
0 K K \/ﬁ (2m+M)2
vmM m
For A, = x/m,
K
° Tom O 1 o 1]
__x 2% _ Kk __K _ 2) _
vmM M m vmM 0 =0, oruti= E 0 ’
K _ _
0 N 1 !
and for A3 = x/m+2x/ M
2
_MK _1/:;1\4 0 \/M 1
— —x . —2y/m | =0, or ="
omM I o VM (2M + 4m)?
vmM M

The eigenfrequencies of the system are thus

K

=0, Y=vr/m, Q3= %+2

EEE
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The normal modes can be read off from the eigenvectors according to
(4-34):

(1) Q1 =0, Vmx;~vVml, VMxy~VMZ, mxz~/ml,

or
X1 = Xp = X3.

Therefore, all three particles suffer the same displacement. This mode
corresponds to the displacement of the center-of-mass of the system as a
whole without a change in the interparticle equilibrium distances. This
cannot be a vibrational mode since the springs are not called into play.
Indeed the equation of motion for {; confirms this:

(1=0, L 1=a, (1=a+bt

(a and b are constants). Therefore the center-of-mass moves with a
constant velocity as it should.

K
(2) D=4/ poet Vmxy ~ 0, VMxy ~0, mxs~ —{,

or
x1 = —x3, xp=0.

The outer particles move out of phase with equal displacements and the
center particle is undisplaced.

K K
(3) Q3 = - +2M’ vmxy ~ VM3, VMxy ~ —=2v/ml3, +/mxz~ VM3,
or
X1 =x Xp = —ZKx
1 3, 2 M 1.

The outer particles move in phase with equal displacements while the
center particle moves the fraction 2m /M of x; in the opposite direction,
thus keeping the center-of-mass at rest. Notice that as M/m — oo this
mode describes two particles attached to an infinitely heavy center
particle and vibrating in phase with frequency v/x/m as one expects
physically. The three normal modes are illustrated in Fig. 4.3.

Actually, we could have decided from the beginning that a linear XY,
molecule has one zero frequency and two non-zero frequencies for lon-
gitudinal vibrations. We have just seen that the zero frequency motion
pattern corresponds to the motion of the center-of-mass only. But (4.6)
showed that there are as many frequencies (); as there are degrees of
freedom. Therefore one degree of freedom for XY, must correspond
to a translation of the center-of-mass and this must be described by a
normal coordinate of zero frequency since this normal coordinate cannot
appear in L (otherwise it would spoil the momentum conservation). The
remaining two degrees of freedom then possess normal coordinates
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o—> —> o—>
o> ° <o
> < —>

with non-zero frequencies. In general then, an interacting system of N
particles possesses 3N — 6 non-zero eigenfrequencies and 6 zero eigenfrequen-
cies corresponding to three coordinates describing the translation of the
center-of-mass of the system in three dimensions and three corrdinates
describing the rotation of the system as a whole about its center-of-mass.
None of these motions require the interparticle spacing to change but are
possible motions, and hence must belong to zero eigenfrequencies of the
system. The normal coordinates describing such motions must therefore
reside completely in the kinetic energy of the system. The expression for
L in (4.6) is thus more correctly written as L;,;; + Lo, where

3N—6 1 ) 3N—-6 1 —
Lipg =) EC{ - ) EQiéw (4-35)
i=1 i=1

describes the intrinsic vibration of the system, Ly its translational and
rotational energy.

4-6 Applications I1

Forced oscillations

Let us briefly consider the situation where an external field Vet (x1,x2, ..., )
is admitted to the problem. The Lagrange function (4.1) then becomes

1
L= ;Emkx,% —V(x1,x2,...) = Vext(x1,x2,...,1).

Expanding this entire expression about the equilibrium configuration of
the system again leads to

LeT—V+ Y Fx -0,
k

where T — V is the free oscillation Lagrangian of (4.5) and

dvext

(0) _
Fk — _( ka >xk:x2

Figure 4.3: Normal
modes of a linear
XY, molecule.
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the external force component on the motion described by coordinate x;
at equilibrium. Transforming to normal coordinates we find immediately
that

L= Y8 - ekt + A%

where

() _ v plo) Ui
f i ; k \/Ter
is identified by the following equation of motion as the external force
component on the i normal coordinate:

Gi+witi = £,

Thus, the normal coordinates obey the equation of motion of a driven
(e)

oscillator if external forces are present. To illustrate the effect of the f;
suppose that they are periodic, with a common frequency w. Then,

f‘(e) — f(e) (O)efiwtl

where the fl.(e) (0) are constants. (Again the real or imaginary part of this
expression may be used by those unwilling to accept the advantages

of the complex notation!) With this force component acting, {; has the
special solution that oscillates with the frequency of the applied field:

) _ fi(e)(o)efiwt
S R

w? — w?

Notice that the i normal mode can only be excited in this fashion if Fk(e)
has a component "along" it, i.e. fi(e) # 0. The complete solution of the
motion is obtained by adding to @Z«(S) any solution of the homogeneous
equation (4.14) that results by setting all f; equal to zero. If, as is usually
the case, the homogeneous equation contains a damping term this

part of the solution dies out in time and only ¢ Z(S) remains. For this

reason @i(s) is called the steady-state solution (hence the superscript) in the
presence of an external driving force.

Thus the steady-state solution tells us how the system responds to
an external field. In fact this "response” is very useful in studying the
eigenfrequencies of a system. Suppose for simplicity we have a linear
array of N particles subjected to a common force FI(<€) exp (—iwt) =
Fyexp(—iwt) for all k (such as an electric field acting on a system of
identially charged particles) and we determine its response to this field
by measuring the average displacement of the system,

1 1 Ui (s
<x>:N2xk:NZ\/’%§f).

k k
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Filling in the value of ¢ fs) we find

2
a;

—F —iwt ,
where a; = (1/v/N) ¥ Uy;/ /M. The ratio (x)/Fy of the maximum
amplitude induced in (x) by a force strength Fy is called a response
function x(w), or

Xw) =) —"—

2
T Wi w

We notice that x(w) refers to properties of the free system only; it is inde-
pendent of the exciting force. The important feature about x(w) is that it
has poles as a function of the applied frequency at the eigenfrequencies
of the system under study (unless the corresponding a; is zero of course).
The measurement of x(w) is thus one experimental way of probing the
eigenfrequencies of an oscillatory system.

4-7 Applications 111

Vibrations of non-linear molecules

Consider the "vibrating triangle" molecule X3 as pictured in Fig. 4.4,
consisting of three identical atoms situated at the vertices of an equilat-
eral triangle. Label each vertex as 1,2 or 3 and set up parallel x, — y,
coordinate axes as shown where p = 1,2, 3. The displacements of the
atom in position p (note: the position not the atom is labelled) are then
(xp,yp) or x, for short.

Figure 4.4: The
molecule X3.

Assuming that the potential energy of the system depends quadrati-
cally on the extensions 61, of the sides of the triangle (linear restoring
forces), one has

V= %K[((szu)z 4 (8123)% + (8131)?]



CHAPTER 4 SMALL OSCILLATIONS

with
1 V3
Olp = E(xl —X3) — 7(% )
1 V3
Oz = E(xz —x3) + 7(]/2 —y3)
Ol31 = x1 — x3. (4-36)

x is the coupling constant. We can now substitute these expressions into
the potential energy V, but the calculation requires courage. Instead, let
us introduce new coordinates Q; via the transformation

{xll yl/ X2, ]/2/ X3, y3} = U{QA]/ QAZ/ QEl/ QEZ/ Q/El/ Q/EZ}/ (437)

where
V3 1 2 0 20
-1 3 0 -2 0 2
1 0 -2 -1 =3 2 0
U=%1 2 o —va 1 02| @3
-3 1 -1 V3 20
-1 —V3 3 1 0 2

which is readily demonstrated to be orthogonal, U~! = UT. Performing
the transformation to the Q, we find that the Lagrange function for the
X3 molecule reads

1,3
5 (5{2Q% +Qh + Qb
(4-39)

if m is the mass of any atom. Thus, L is already in normal form. Only

1 . . . . . )
L= Em{Q%u + Q%+ 05 + 05 + QA + 05} —

Qa1, Qp1 and Qp» appear in the potential energy. They must therefore
be normal coordinates for vibrations. The frequencies are seen to be

3k
Oy =4/— f
1=1\/, for Qa1

[ 3x
0O =03 = 2 for Qg1 and Qpy.

Notice that the coordinates Qg1 and Qg vibrate with the same fre-
quency, i.e. they are degenerate. The normal mode patterns are shown in

(4-40)

Fig. 4.5(a), (b), and (c) as deduced from (4.3). The arrows indicate the
amount and direction of displacement of each atom. The remaining coor-
dinates Q 1, Qf,, and Qf, have zero frequency and thus correspond to
translations and rotations of the molecular framework as a whole. This
expectation is borne out in Fig. 4.5(d), (e) and (f).

Thus, the problem is solved. We have given the solution in the above
form, depending as it does on the pivotal transformation matrix U of
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VAN

Qa1 20 Qg #0 Qp#0 ‘I’
(a) (b) (©)

EQ\7¢O Qi #0 Q=0
(d) (e) (f)

(4.38), in order to encourage the ambitious reader to tackle the next
section with some sense of purpose. The point is: coordinates like the Q;
(even the curious subscripts used in the above problem has good reason)
can often be determined from the symmetry that the molecule possesses
in its undisturbed state. For instance, the X3 molecule is unaffected by
(a) rotating it through £120(= +271/3) about an axis perpendicular

to the molecular plane and passing through the center-of-mass, or (b)
reflecting the structure in plane mirrors bisecting the three vertices of
the triangle. The full set of such operations the symmetry of a molecule
allows forms a group, the so-called symmetry group of the molecule. To
benefit from this fact requires some of the machinery of a branch of
mathematics called group theory. We consider some salient points of this
subject in the following sections.

4-8 Point Groups and their Representations

It is not our intention in this short synopsis of the theory of point groups
to give anything like a complete discussion of this important subject,
but rather to provide a sufficient background for the more ambitious
reader to appreciate the elegance of this powerful tool in the analysis
of molecular vibrations. Most of the important theorems will simply be
stated without proof. A rigorous discussion of all such theorems may, for
example, be found in E.P. Wigner, Group Theory (Academic Press, 1959,
translated from the German by J.J. Griffin).

A few definitions are in order: (i) A collection of objects A, B, C, ...
called elements form a group if the following four conditions are obeyed
by every element of the group:

1) a law of combination called the product, is prescribed such that the
product of any two elements produces a third element that also falls in

Figure 4.5: Normal
modes of an X3
molecule.
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the group. We write the combination of A and B as AB = C and call AB
the product of A and B. Note carefully that ordinary multiplication is
not implied (or excluded) by this definition of product.

2) the set of elements includes a unit element E such that EA = AE = A
holds for every element A of the group.

3) every element A of the group has an inverse element A = A~!, also in
the group, such that XA = AX = E.

4) the associative law holds for group multiplication: A(BC) = (AB)C =
ABC.
Notice that the group multiplication need not (but can be) commuta-
tive, i.e.
AB # BA (4.41)

in general. If an equality sign holds in (4.41) for every pair of elements of
the group, it is called an abelian group.

The number of elements g in a group is called its order. It is possible
to have groups with a finite or an infinite number of elements.

Exercise. Examine (i) the set of positive integers 1,2, ..., and (ii) the set of
elements E = 1,B = —1,C = i,D = —i for group properties, choosing ordinary

multiplication for the group multiplication in both instances.

The group multiplication among the elements of a group is best
displayed by means of a group multiplication table like that shown in
Table 4.1.

The table is constructed (and used) by reading off the intersection of
the row and column identified by the two elements whose product is
sought, e.g.

BC=D

from the intersection of row B and column C. Notice that each element
appears once and only once in each row or column. This is a general
group property (see Prob. 4-3).

The concept of conjugate elements and class

Two elements A and B are said to be conjugate if they are connected by a
relation
A=CT'BC,

where C is some element of the group. Collecting all conjugate elements
together, we form a class of the group. We state without proof that the
elements of a group can be segregated into various classes by pre- and
postmultiplying each element with every element of the group such that
no element appears in more than one class (see Prob. 4-4). Taking, for
example, the group whose multiplication table is displayed in Table 4-1,
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Table 4.1: A group
multiplication table
for example (ii) of
the text.

U0 W

O N o

N Yo w

m® g 00N

@ m O g g
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one finds each element is in a class by itself since the group is abelian
(Prob. 4-5.) The number of classes a group possesses will be important in
our applications later on.

(iii) Group representations. A very useful concept in group theory is
that of a representation of the elements of a group by means of a group
of square matrices that have the same matrix multiplication table as the
multiplication table of the group they represent.

Thus, if I'(A) and I'(B) are matrices that are to represent the elements
A and B of a group and AB = C, where C is another element in the
group, then

[(A)I(B) = I(C) (4.42)

must hold, where I'(C) is a matrix representing the element C. The law
of combination in (4.42) is ordinary matrix multiplication.

The use of matrices to represent non-abelian groups is of course
essential in order to mirror the non-commutative nature of the former.
We make three further remarks about the matrices T'(A),T'(B),.... First,
it is entirely possible for one matrix to represent more than one element
of the group. Secondly the matrices I'(A),I'(B),... are by no means
unique. For if they form a representation then so do

u-‘riayu, u-‘r(eyu, ... (4-43)

where U is any square, invertible matrix. The matrices in (4.43) (call
them I'(A),T(B),...) form an equivalent representation. Equivalent
representations are not counted as different representations of a group.
The third point concerns the dimension of the matrices I'. If I"(A) and
I"(A) are representations of a group element A (equivalent or not) then

I'(A) = ( FI(OA) F//(()A) )' (4-44)

as follows immediately from the rules of matrix multiplication. A repre-

SO is

sentation like (4.44) that breaks down into matrices of smaller dimension
is termed reducible. A similar property may hold for the constituent
matrices in I'(A). The matrix I'(A) is reducible by construction. But a
similarity transformation on T'(A) would generally destroy its "block” form
by scrambling its rows and columns without, however, upsetting its re-
ducibility. The property of being reducible is then by no means obvious
and has to be tested for by group theoretic procedures that we indicate
presently.

The dimension of the matrices providing a representation of a group
is called the dimension of the representation. Clearly all the matrices form-
ing a particular representation of a group must share this dimension. We
denote the collection of such matrices by the single symbol I', and refer to
this collection as the representation I'.
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Let us return to the property of reducibility. Given a representation I
we say this representation is reducible if all these matrices can be brought
into a block diagonal form of (4.44):

DM(R)

[(R) = , (4.45)

with the same similarity transformation for every element R in the group.
If this cannot be done, the representation is irreducible. Irreducible repre-
sentations will play a special role in our further considerations.

The submatrices D(*) (R) along the diagonal of T'(A) in (4.45) are all
group representations of smaller dimension than I'(A). If they are in
turn reducible a further similarity transformation is carried out reducing
the matrix I'(A) still further. If no further such transformations are
possible the representation I' is said to be fully reduced. Suppose this
is the case in (4.45). Then, the D(")(A), D(®)(B),... are termed the
irreducible representations of the group.

From now on we reserve the symbol D(*)(R), with the superscript y
for the yth irreducible representation of the element R, where R stands
for an arbitrary element of the group, and refer to the collection of
such matrices as the representation T'*) of the group. The index y thus
distinguishes between different irreducible representations of the group.
But what does "different" mean when applied to a representation?

The set of matrices T'*) are clearly determined only up to a similarity
transformation so that equivalent representations cannot be considered
different. The remaining possibilities are (i) that the dimensions of the
various representations T differ, or (ii) if the dimensions are the same,
that such representations are inequivalent. Thus, for two representations
T (1), ' to differ they must either differ in dimension, or be inequivalent
if they have the same dimension.

In the process of reducing I' it is entirely possible that the same irre-
ducible representation appears more than once in the reduced form; nor
need all the possible irreducible representations of the group be present.
To emphasize these points the reduction process is usually displayed by
writing T'(R) as

I(R) = DY(R) @ DP(R) @ - =Y a,DW(R) (4-46)
K
for each group element R separately, or collectively as
r=Ya,rm,
H

where 4, is an integer giving the number of times the representation
') appears in the reduction of T. Neither of these equalities should be
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interpreted as sums in an arithmetic sense. They are simply a symbolic
notation for how the representation of I' is composed of other representa-
tions.

Next follow, without complete proofs, some theorems for the irre-
ducible representations of finite groups:

Theorem I: a representation with square matrices having non-zero
determinants is always equivalent to a representation with unitary
matrices>”.

Theorem II: (the Great Orthogonality Theorem): the set of inequivalent,
unitary, irreducible matrices D) (R) of dimension ny that represent a
group of order g, satisfy the relation

R 1

where the sum is over all the elements of the group. Here D(*) (R) ap
is the B! element of the matrix D(")(R), and the asterisk (*) denotes
complex conjugation.

The matrix elements D) (R)ag, for fixed p,ap can be viewed as the g
components of a "vector"

{DW)(A)up, DV (B)yp, ... }

in the space of the group elements, as R runs through all the elements
of the group. Then, (4.47) says that these vectors form an orthogonal set.
Since the triad y, af distinguishes the different vectors, there are n’% of
them per representation (i.e. for given y) or

P
2
u=1

in all, if the group possesses p distinct irreducible representations. But
we cannot have more orthogonal vectors than the dimension of the space

Y <8
H

Additional arguments have to be invoked (see, for example, E.P. Wigner,

they span. Hence,

ibid., p.115) to show that the equality sign holds, leading to Theorem III,
ni+ms 4, =g (4-48)

as a fundamental relation between the order of a group and the dimen-
sions of its various irreducible representations. This remarkable theorem
often allows one to determine these dimensions (i.e. the numbers 1)
uniquely if the number p of different irreducible representations is
known. However, this latter number can be found as follows: The proce-
dure makes use of the concept of the character x(R) of the representation

57 A unitary matrix
U has its inverse
equal to its her-
mitian conjugate
of the complex
conjugate U* of U.
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of a group element R. This is simply defined as the trace of the matrix
that represents R:

X(R) =} T(R)un,

the sum extending over all diagonal elements of the matrix I'(R). If the
representation is an irreducible one, we indicate this by appending y to
X(R) thus: x*)(R) = £D")(R)aa-

Since the trace of any square matrix is unaffected by a similarity
transformation of that matrix, it is clear that group elements in the same
class have the same character.

Now, we get a theorem about the character of a group by specializing
Theorem II as follows: set & = 8,y = J and sum on « and <. Then,

Y Y DW*(R)ouD™ (R),y = 5%2%
a7y R ny (%%

or

);x(”)*(R)X(V) (R) = gy, (4-49)
since } 4 o 0uy = Yu 1 = ny. Thus, the characters x" (R) for various u are
also "orthogonal vectors" in group-element space. However, these vectors
are not all different since we saw above that elements in the same class
have the same character. If, however, we sum over all classes in (4.49) (Ci
is any element of the k" class containing Nj elements), then

Y Nex M (Co)x ™ (Cr) = - (4-50)
k=1

Thus, the characters x(*) also form an orthogonal set of vectors in class-
space. There must be p such vectors (one for each irreducible representa-
tion) so that

p < number of classes

The equality sign is found to hold again, and so Theorem IV: the number
of distinct irreducible representations

p = number of classes in the group. (4.51)

No less remarkable than (4.48), this relation determines the number
of irreducible representations of a group as the number of classes it
contains. Armed with (4.48) and (4.51) it is usually possible to determine
the dimensions 1, of these irreducible representations uniquely5®.

We have just seen how the number of irreducible representations
of a group and their dimensions may be found. A related question is
how many times a given irreducible representation I'*) appears in the
reduction of an arbitrary reducible representation I' or the group, i.e. the
determination of the integers a, in (4.46). The a, can be found once the

58 This statement

is true for all the
groups of interest
in molecular
vibration problems.
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characters of the representation I' are known. We see from (4.45) that the
character of a typical element R is given by

P
X(R) =Y auxM (R)
u=1

(p is as before the number of different irreducible representations) in
terms of the characters () (R) of the irreducible representations. Multi-
ply this equation on the left with a particular x(*)*(R) and sum over all
elements R of the group. Then,

g1 =Y x"*(R)x(R)
R

on using the orthogonality of the x(*). Since the characters of all ele-
ments in a class are the same we can sum over classes instead and obtain

1 & s
ay =~ 3 X" (COX(Co)NK, (452)
8=
using the same notation as in (4.50).

‘ N1Cq NGy N3C3

@ X(l)(cl) x(l)(Cz) X(l)(CS)
r@ | x@(c) xP(c) x?(cs)
r® | X&) x¥(C) x®(Gs)

(iv) The character table. From the foregoing it is clear that the charac-
ters x(")(R) play an important role in characterizing a group represen-
tation (hence their name!). Furthermore, the x(*)(R) are insensitive to
similarity transformations that produce equivalent representations, so
that this non-uniqueness is not present in the characters. The characters
of the various irreducible representations T'*) of a group are usually
displayed in the form of a character table like that shown in Table ??.

The left hand column lists the different irreducible representations,
the top row a typical element of each class, preceeded by the number of
elements Ny in that class. The characters x()(C;) are then distinguished
according to representation () and class (k) within that representation.

4-9 Symmetry Operations

In this Section we examine more closely the concept symmetry opera-
tion that was mentioned at the end of Sec. 4-7. Consider an arbitrary
polyatomic molecule in its equilibrium state. Let us be interested in the
displacement 59 of this structure as a whole about a fixed point O in

Table 4.2: A charac-
ter table.

% The word "dis-
placement" is used
here in a purely
geometrical sense
of moving the
molecule as a rigid
structure about its
center-of-mass.
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space (usually the center-of-mass), the atoms remaining in their equilib-
rium positions. The orientation in space of the molecular framework is
fixed by fixing the positions of any three non-collinear atoms. The only
geometrical displacements that are possible are therefore rotations of this
structure about an axis passing through the fixed point and reflections of
this structure in a plane containing the fixed point. Let us consider these
two operations in more detail.

(i) Rotations. Denote the operation of rotating the molecular frame-
work through an angle a about a direction e3 (usually the z direction)
by C(«). The effect of C(«) on a point P attached to the framework is
shown in Fig. 4.6.

e,
N3
7 P’

Q—o{

The combination (product) of two rotations about the same axis is again
a rotation by the sum of the angles. Furthermore, such operations com-
mute:

C(@)C(B) = C(B)C(a) = C(a+ p). (4-53)

A particular case of this relation arises if § = —a. Then,

where E is the identity operation (the process of doing nothing). Thus,
C(—w) is the inverse of the operation C(«),

C'(a) = C(-w), (4.54)

a result that is geometrically obvious.
Often the rotation angle of interest is a rational fraction of 27r, & =

2n/n,n =1,2,.... Then it is more convenient to write
27T
C(=-) =Cn (4-55)

and specify n instead of a. We notice that performing the operation C,, n

Figure 4.6: A
rotation about ej3
through an angle a.
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times is equivalent to the identity operation:

2
CuCr... = Cy" = C(n 1) = C(2nm) = E,
| S — n

n factors

that is, the operations (including the identity!)
Cp,C2,...,C 1 c = E (4.56)
are simply repeated in the set of operations
crtt et el

In addition each operation in (4.56) has an inverse, and the triple product
of any three operations obeys the associative law. Hence, the set of
operations Cy, C%,. .., Cﬂ_l, C; = E forms a group of order n in the sense
of Sec. 4-6. This group of rotation elements about a common axis is
usually denoted by Cj,. It is an abelian group.

(ii) Reflections. Consider next the geometrical operation of a reflection
of the molecular framework in a plane passing through O. Denote the
plane and the operation of reflection in it by the symbol ¢. The effect of
o on a point P is shown in Fig. 4.7. This figure shows two planes that
are of particular interest: (a) a "vertical" plane ¢, passing through O that
contains the rotation axis e3; (b) the "horizontal" plane ¢;, that also passes
through O and is perpendicular to .

.

o <7

p

p*

The repetition of any reflection restores a structure to its original
position. Therefore, a reflection is also its own inverse, so that

> =E ol=0. (4.57)

So far the geometrical operations we have discussed in no way re-
late to the specific geometric shape of a particular molecule. However,

Figure 4.7: Reflec-
tions. P is taken
into P’ by 0}, into
P" by 0.
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among all these operations of rotations, reflections, etc. one might find
certain special ones that have the property of bringing the equilibrium
framework of a specific molecule into coincidence with itself, that is, one is
unable to tell whether these operations have been performed or not by
just examining the molecular framework before and after the operation.
Such operations are called symmetry operations and the corresponding
symmetry in the molecule that admits them a symmetry element of the
molecule. One thus has symmetry elements consisting of axes of rota-
tion, planes of reflection, etc., depending on the equilibrium structure of
the molecule being examined.

Take, for example, the X3 molecule of Sec. 4-5. Considered as a plane
structure in two dimensions its structure admits as symmetry operations
(Fig. 4.8) (i) rotations by +27t/3 (symbols C3 and C; 1y about an axis e
perpendicular to the molecular plane and passing through the center-
of-mass and (ii) reflections in three "vertical” planes (symbols oy, 03, 03)
intersecting along e and bisecting the bond angles at each X atom. The
set of symmetry operations

E,C3,Ct,01,00,03 (4-58)

that includes the identity operation E = C3 form a group, the so-called
symmetry group of the molecule X3 (Prob. 4-6). We will see that this sym-
metry group already predetermines to a large extent how a molecule can
vibrate.

Returning to the symmetry group of X3 in (4.58), (usually denoted
by Cs, in the literature) we record in Table 4.3 its character table from
D. Schonland®, p.281. According to Table 4.3 the group C3, has three
classes consisting of the identity operation E, the two rotations C3 and

Figure 4.8: Symme-
try operations for
the X3 molecule.

% D. Schonland
Molecular Symmetry,
D. can Nostrand
Company Ltd.,
London and New
York, 1965.
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Cy !, and the three reflections 07, 0,, and 03 respectively. Therefore this
group has three irreducible representations (theorem IV). Calling their
dimensions 11, 1y and nz we know that

ng+n3+nj3 =6,

since the group has six elements (theorem III). This relation can be
satisfied in only one way, viz.

n1:n2:1, Tl3:2.

E 2C3 30y

Al |1 1 1
Ay |1 1 -1
E 2 -1

r 6 o o]
T 2 -1 0]
I, 1 -1
Tip | 3 0 1

Therefore, two of the irreducible representations of C3,, are one di-
mensional (called A; and Aj; in Table 4.3), the third one has dimension
two (called E in Table 4.3 and not to be confused with the identity opera-
tion!).

The knowledge that X3 has the symmetry group Cz, and that this
group has three irreducible representations plays an important role in
the analysis of the normal modes of X3. But to appreciate the procedure
we need to know more about group representations and how they are
found.

4-10 Group Representations.

We pointed out in Chap. 3 that the rotation of any vector Q into a new
vector q by an operator A could be written

qi = Y_AijQj, (4-59)
j
where the matrix array
An A A
Aj=1| An Axn Anx
Az Az Az

was called a representation of A in the basis vectors used as coordinate
directions for the components of Q and q. A second rotation B carries q
into q’, or

q; = ) Bijgj = ) BijAjxQx-
j ik

Table 4.3: Character
table for Cs,.
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Thus the single rotation that carries Q directly over into q’ is represented
by the matrix product

Cik = ZBijAjk
j

in terms of the individual representations of A and B. This relation
shows that matrix arrays like (4.59) qualify as matrix representations for
the group of operators A, B,C, ... in the sense of Sec. 4-6 (iii).

The representations of rotations are now very easily found by choos-
ing for Q the position vector r = (x,y,z) of a point P in space and
observing how P moves under a rotation. In fact we unwittingly found a
representation of the rotation described by the three Euler angles (¢, 6, )
by this method in (3.34) of Chap. 3. With one important difference. Here
we are moving the vector, not the coordinate system so that the angles
in (3.31) et seq. must be replaced by their negatives for use in the present
chapter. Let us find two important representations by considering the
displacement of a point P in two dimensions.

(a) Representation of a rotation through an angle a« about the z axis
(the e3 direction). This operation is shown in Fig. 4.9.

y Figure 4.9: A
i P/( ' \,/) rotation of the

% . PaY) plane.

S3

The operation C;(«) carries the point P(x,y) into the point P'(x/,y’)
where
x' = OPcos(a+p), y =OPsin(a+p),

B being the angle OP makes with the x axis, or
! . /! .
X =xcosx —ysing, Y = xsina 4+ ycos«.
Writing these equations in matrix form,
x'\ [ cosa —sina x
y sine cosw y
one finds a two-dimensional representation of C;(«), viz.

Cla) = ( cosa —sina ) (4.60)

sinae  cosw

175

point P through an
angle a in the x —y
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(b) Representation of a reflection in a plane ¢ passing through e3 and
making an angle « with the x axis. The operation is shown in Fig. 4.10.

Figure 4.10: Reflec-
tion of the point

P through a plane
passing through es.

Defining the angle § as before one finds
x' = OPcos(2a — B), y' = OPsin(2a — B),

or
x' = xcos2a +ysin2x, y' = xsin2a —ycos2a,

x' '\ [ cos2x  sin2w x
y |\ sin2a —cos2a y )’

leading to the representation

ola) = ( cos2a  sin2« ) (4.61)

sin2a¢  — cos 2«

so that

for the reflection in the plane o.

Instead of considering the transformation of the coordinates of a
single point in two dimensions we may consider the transformation
of all the displacement coordinates of an N-particle molecule. These
coordinates generate a 3N X 3N representation of the symmetry group
of the molecule, the so-called configuration space representation. Because
of its size, this representation is almost always reducible. Its reduction
into the irreducible representations of the molecular symmetry group
reveals important information about the nature of the normal modes of
the molecule.

The preceding sentence is an important general statement that pro-
vides the link between abstract group theory and the small oscillations
problem for molecules. While exploring its consequences, we carry along
X3 as an illustrative example. The symmetry group for X3 is C3;, (consid-
ered as a plane molecule in two dimensional space). Let us develop the
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configuration space representation I' for C3, in the configuration space
of X3. Looking back at Fig. 4.3 where we assigned the positions 1,2 and
3 to the three X atoms and described the displacements of the atom in
each of these positions by (x1,y1), (x2,y2) and (x3,y3), we now consider
an arbitrary displacement of X3 as in Fig. 4.11(a) (the arrows denote the
extent and direction of displacement suffered by each X atom). "Freeze"
the molecule in this displaced position and apply the operators of the
group Cs,. Fig. 4.11(b) shows what the rotation C3 about a z axis point
out of the page does. After rotation, the atom in position 1 is endowed
with the displacement that atom 3 had, 2 with the displacement 1 had,
and 3 with the displacement 2 had, before rotation. Notice that the
labelling of the three vertices is not altered by the symmetry operation.

177

2 2 Figure 4.11: Ac-
tion of C3 on X
C2 3 3

: in a displaced
_> configuration.

(a) (b)

The effect of the rotation C3 on the coordinates of each atom can be
expressed analytically by means of the matrix (4.60) with « = 271/3. For
instance if x}, ) are the coordinates of the atom in position 1 after C3 has
acted, then

xx\ () (-} -iv3 X3
“(0)=(0) = 7))

Similar relations hold for the atoms in positions 2 and 3 before and after
rotation so we can write

X x} 0 0 0 0 _\f% - @ X
3 1
i i o 0 0 0 5 -3 Y1
cl=|_|=|_| 3 - 0 0 0 0 %o
N w | || | 2 -1 0o o o o0

2 2 2 y2

X3 Xé 0 0 —% — g 0 0 X3

Y3 v o 0o ¥ I 0 0 Y3
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Looking back at (4.59), we see this means that the matrix

=

-,

0
0

‘500

—
~—
@
w
N~—
I
WIN|—=
= N

o o o ON‘&Nl

OOOOI
NI

V3
2
0
0

o o N'
N‘&N}»—' c o o o
N|— Ni& o O O O

gives a 6 X 6 representation of the rotation C3. The two things that are
striking about I'(C3) are its "block" form, and the inordinate number of

> (4.62)

in terms of 2 X 2 submatrices 0 and C3, where 0 is a 2 x 2 null matrix

zeros that appear. In fact one can write

| NI

Nl— S
w

0 0 Cs 1
IG)=|¢C 0 0 |, C3= ( .

=3

0 C3 0 2V3

and C3 the a = 271/3 version of (4.60). In a similar vein, we obtain the
representations for the remaining operators of the group Cs,:

0 C' oo 1 13
- - - -5 5V3
rct) = 0o o '], G'= ( _135 2 )
C?jl 0 0 2 2
01 0 0 1 1
5 —5V3
I(01) = 0 0 o1 |, o1= ( _f\@ i\[ )
0 o7 O 2 2
0 0
72 ~1 0
I[(cn) = 0 oo 0 |, o2=
0 1
(%) 0 0
0 03 0 1 1
I(o3) = o3 0 0 |, 03—( 1\2/3 2@)
0 0 o3 2 2
I 0 0
1
rE) = [ o1 0], _< 0).
01
0 0 I
(4.63)
The matrices for 1, 02 and o3 follow on setting « = —71/6,7/2 and
71/ 6 respectively in (4.61), and the matrix C; ! on setting « = —27/3

in (4.60). The representation I'(E) for the identity operation is quite
obvious, but also formally follows on setting a« = 0 (or 277) in (4.60).

The collection of matrices I' = {I'(E),I'(C3),... } is clearly reducible
since C3, only has one and two dimensional irreducible representations.
Let us examine this reduction in some detail. First, we know that I must
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be reducible into translational, rotational and vibrational representations
I't,Ty and I'y;, generated by the translational, rotational and vibrational
coordinates of the molecule. This is so because any one of these motions
can be performed without exciting the others. We can thus write

=T+ T+ Ty (4-64)

as a first step in the reduction of I'. The representations on the right
hand side of this equation are usually still further reducible. Of these,
the reduction of I',;;, is the important one since here we find information
relating to the vibrational modes of the molecule.

To effect the reduction of T';;, we need to know the characters xi,(R)
of this representation, see (4.46). But these are most easily found by
subtraction, knowing the characters of I, I’y and I,

Xoin(R) = x(R) — x+(R) — x+(R) (4.65)

in an obvious notation.
The characters x(R) of the total representation I are read off directly
from (4.62) and (4.63):

X(E)=6, x(C3)=0, x(o1)=0,

taking a typical element of each class. These numbers are appended to
Table 4.3 next to the representation I'.

The characters of I'y and I'; are also simple to calculate. Consider
translations first. We take the center-of-mass coordinates of the molecule

X = 1 Zmpxp (4.66)
%

(xp is the displacement of the atom in the p'" position, my its mass and
u = Y, mp the total molecular mass) and subject it to any symmetry
operation R. Then, since R does not act on the symbol P,

1 1y
RX; = =) mp(Rxp) = — Y ) TH(R)jjxy;
U ] K p j=1

Xj,

I
™

T+(R) i=1,2,3.

ij

.
Il
—

Thus, X transforms like the three dimensional vector that it is and the

matrices I'¢(R), with matrix elements I';(R);;, constitute a matrix repre-

ijs
sentation of R. Its trace is

3
xt(R) = Y Ti(R)j;. (4.67)
i-1

For X3 there are six matrices I't(R) given by C3,C5 Loy, 09,05 and 1
in (4.62) through (4.63). The traces x:(R) of typical elements from each
class are

Xt(E) =2, xi(C3)=-1, xs(oq)=0

179
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for X3. These numbers appear in Table 4.3 next to the representation I’;.

The representation I', generated by the rotational coordinates is
more tricky. Here, one must first decide how such a "coordinate" is
defined. We know from our discussions of rigid body rotations that it
is not generally possible to find coordinates such that their vanishing
time derivatives implies that the body does not rotate. However, we
can characterize a lack of rotation of the molecular framework by the
vanishing of the angular momentum

L= Z:mp(rp X Xp)
p

about its center-of-mass. Here r, measures the instantaneous position
of the atom in position p from the center-of-mass and the x;, have the
same meaning as in (4.67). But r, = r,, + x, in terms of the equilibrium
positions r,, of each atom, so that one has

L~ Zmp Top X Xp) = Zmp Top X Xp)

to first order in the displacements x;. In this order, a vanishing L means
that the time derivative of

R =) mp(rop x xp) (4.68)
P

vanishes, thus placing R on the same footing as X, but for rotational in-
stead of translational motion. We take R as our "rotational" coordinate. It
is an ordinary vector under rotation, but a pseudovector under reflections.
In the present instance the single rotational coordinate R; is found by
direct calculation to be proportional to

(y1 —y3 — V3x3),

which changes sign under ¢y but is left unaffected by Cz and E.
Hence

xr(E)=1, x/(C)=-1, xilo1)=-1

These numbers also appear in Table 4.3. The characters for the represen-
tation I'y;, are now found by subtraction as

Xoib =2, Xoib(C3) =2, Xoip(01) = 1. (4.69)
According to (4.46) the reduction of I'y;;, thus proceeds as follows:
Toin(X3) = (3+0+3)A1+ (3+0 3)Ay+ = (6+0+0)

= A1 +E, (4.70)

if we use the relation (4.52) repeatedly.
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Of what avail is this knowledge? We return to the dynamical de-
scription of a vibrating system to find out. The link to group theory is
provided by the fact that the Lagrange function (see (4.7))

= ; 5%~ ; %szxixf

(notice the use of mass-scaled coordinates) is invariant under the symme-
try operations of the molecular symmetry group. (This statement is of
course equally true for the original Lagrangian given in the displacement
coordinates but the theory is simpler to implement in the mass-scaled
set as given above). To take our standard example of X3 again, it is clear
that the potential energy in the displacements pictured in Fig. 4.11 (a)
and (b) is the same: all that has happened is that the physically equiv-
alent X-atoms have changed places. Similarly, the kinetic energy term
stays invariant under all symmetry operations of the group and therefore
also L.

The same remarks are true if L is expressed in normal coordinates
instead: L must be an invariant under all group operations. This require-
ment places certain restrictions on the way normal coordinates must
transform under group operations and this in turn leads us directly to
the information on the number and types of vibrational modes that a
molecule has.

There are two cases:

(i) The system has no degenerate eigenfrequencies. This means that V
has the form (the sum only includes vibrational normal coordinates, see
(4-35))

V= O3+ 033

when expressed in normal coordinates. The numbers ()1, ()y,... are
supposed to be all different. To maintain the same form for V under any
symmetry operation R means that each normal coordinate must behave
like

REi = %; (4.71)
under a symmetry operation, i.e. they must be either symmetric (+1) or
antisymmetric (-1). Thus, non-degenerate normal coordinates generate
one-dimensional representations of the symmetry group. Such representa-
tions are obviously irreducible.

(ii) Some of the eigenfrequencies of the system may be degenerate.
This means that some normal coordinates share a common frequency.
The potential in this case looks like (again only vibrational coordinates
are present)

Wil + T+ +3,)

N~

1 1
VZEQ%C%"‘EQ%@%JF"""

1 1
+ 5@ G+t G oSG+ Gt Q)
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where 11 coordinates share the frequency wj, 1, coordinates the fre-
quency w», etc. The non-degenerate coordinates still transform according
to (4.71). But for a set of 1, degenerate coordinates, {y1,ly2, - - -, Guny,, all
we can say is that

My
Rya = Z D(V)(R)aﬁgyﬁr (4.72)
p=1

where D) (R) is an orthogonal matrix, in order to preserve the form of
V. For (4.72) simply represents a rotation in the n, dimensional space of
the normal coordinates {{,}, leaving the sum of squares

2 2 2
€1y+€2y+"'+€n#y

invariant. Clearly, the matrices with the D(*)(R), p as matrix elements
form an n,-dimensional representation of the molecular symmetry
group. A little reflection shows that this must indeed be an irreducible
representation for the potential energy has been reduced to a sum of
squares.

Coordinates like the ;, which obey (4.72) are said to transform like
(or belong to) the " irreducible representation of the symmetry group.
We have then that normal coordinates belonging to non-degenerate
frequencies transform like the one dimensional representations of the
group, those sharing a common eigenfrequency like multidimensional
irreducible representations of the group, the dimension equalling the
multiplicity f, of that degenerate eigenfrequency,

fy =ny.

We stress that these degeneracies are an inherent property of the
molecule®® that cannot be destroyed without also destroying the symme-
try of the molecule (by for example placing it in an external field with
which it interacts).

Turning all this around now, we can say (i) that since the Lagrange
function is brought into normal form by a linear orthogonal transfor-
mation (this is where the use of the mass-scaled coordinates is advanta-
geous) X' = U{, the matrix U will likewise serve to reduce the configuration
space representation Iy, (for the vibrational motion of the molecule) into what-
ever irreducible representations it contains, and (ii) that the dimensions of
these irreducible representations tell us immediately how many non-
degenerate and degenerate eigenfrequencies the molecule has, together
with their multiplicities f,.

These remarks, and especially the reduction process, can be illustrated
by looking back at (4.39) and (4.40) which show that one vibrational
coordinate Q 4, belongs to the frequency /3x/m, and two vibrational
coordinates Qf, and Qp, to the frequency +/3x/2m. This is in accord
with the information contained in the reduction of I',;, for X3 in (4.70).

6t As opposed

to accidental
degeneracies that
can occur for
special values

of the coupling
constants.
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The transformation matrix U in (4.37) should reduce the configuration
representation I' of X3 accordingly. This is indeed the case. Taking the
representation matrix I'(C3) for the rotation C3 from (4.62) we find that

10 0 0 0 0

01 0 0 0 0
ureu=| o 0 }% “F 00 (4.73)

00 % -1 0 o

00 0 o0 -1 -

oo o0 o ¥ -}

fully reduces I'(C3) into one dimensional and two dimensional irre-
ducible representations of C3,. This reduced form agrees with the reduc-
tion

I'=A;+ Ay +2E (4.74)

of I (see Prob. 4-8) and shows that the irreducible representation of C3
are

~1 _3
D(Cs) =1, DU(G3) =1, and D'F)(C3) = ( VA ) . (475)
The irreducible representations for the remaining operators in Cs;, can be
found in the same way. (Prob. 4-9).

4-11 Symmetry-Adapted Coordinates (SACs)

The appearance of two separate species of coordinates in the Lagrangian
(4.29) for the X3 molecule that are not coupled to each other suggests
that coordinates belonging to different species of representation of the
symmetry group never couple. This is indeed so. A term

(Qa,QF1)

in the Lagrange function (4.39) would be inadmissable since according to
(4.72) with D) (C3) given by the last entry in (4.75) it would change into

QAl(_%QEl - %\/gQEZ)

under action of the rotation C3, thereby changing the value of L. In fact,
this simple remark leads to a very general discussion of the structure of
the potential energy matrix U.

We introduce some terminology first. Coordinates like the Q 41, Qf1,
etc., that transform like the irreducible representations of the molecular
symmetry group we choose to call symmetry-adapted coordinates (or
SACs for short). They are not necessarily but can be normal coordinates
of the system because of the non-uniqueness of the representation
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matrices themselves. We restrict our attention for the moment to SACs
not involving any linear or angular momentum of the molecule, since
coordinates corresponding to such motions cannot occur in the potential
function anyway. The symbol Q, suitably attired, is used to denote these
coordinates. The SACs belonging to the u!" irreducible representation
respond to a symmetry operation R as in the equation

Vl}l

RQ[J,(X = Z D(y) (R)zx‘BQy,‘Br (476)
B=1

where n,, is the dimension of the representation matrices D (R). These
coordinates themselves are said to define an invariant subspace of di-
mension 7. But we saw in the previous section that a given irreducible
representation can occur more than once in I',. This means there can

be more than one set of coordinates Q, . that transform as in (4.76) and
hence more than one invariant subspace of dimension 7. Two such
subspaces are called equivalent. We need a notation to express this fact.
Attach a subscript i to the representation index p on Qy  thusly: Qy, . If
the representation y is repeated a, times then

i=12,...,a

identifies the different sets of SAC’s transforming according to the

representation p. Thus, different values of y mean distinct subspaces,

different values of i on the y; equivalent subspaces in this notation.
Now, to express the potential energy in terms of the set of SAC’s

Q]/li,l/ Qy,',ZI ey Q}li,i’l/

wherei = 1,2,...,a, runs through all equivalent subspaces y, and
u runs through all the distinct invariant subspaces admitted by the
problem. We have

1
V= Z Z Z 2 W}liw;wﬂ Quia QVj,ﬁr (4.77)
WY i B

where the coefficients Wiiiaz0,p0 like the Wy, of (4.5), form a symmetric ma-
trix, but with rows and columns double-indexed by {y;, a}. A symmetry
operation of V leads to

1
RV = Ewﬂia;wﬁD(H)(R)tx’aD(v)(R)ﬁ’ﬁQVi""QV/"fB

1
Z 5 W‘ll,'lX;V]'ﬁ Q‘Hj,lX Qv]v,ﬁ/

since V is supposed to be invariant under all group operations. There-

fore it follows that the relation

Z D(y)(R)a/acD(V)(R)ﬁ’ﬁwyizx’;v]ﬂ’ = Wyl-zx;vjﬁ
“/ﬁ/
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must be satisfied by the coefficients Uyl.a;vl. p- This result holds for any
symmetry operation R; in particular it holds for the sum of all such
operations. Summing both sides of this equation in R introduces the
orthogonality properties of the D(")(R) via the great orthogonality the-
orem, (4.43), (we only deal in real coordinates, therefore the matrices
D) (R) are real and the complex conjugation () in (4.43) is superflu-
ous) and we find

1y

1
g%ﬂwa E Wyia;vjvc = gwyizx;vjﬁ-
a=1

This remarkable result says, first of all, that Wyia;vj p is zero unless y; and
vj are equivalent representations (4 = v), and « = . Furthermore, if
these two conditions are satisfied then

1 &

a Z Wy,-lx;yjlx = Wy,-zx;yjzxr
a=1

which can only be satisfied if both sides are independent of . Thus,

Wﬂia;yja = Wyiyjdwéaﬁ, (4.78)

that is, the matrix elements Uy, 4,1, (a) only couple SACs lying in equiva-
lent subspaces and (b) the coefficients of the cross products of all SACs
in such a pair of equivalent subspaces are the same!

The final appearance of the potential in SACs is thus

ny 1
V= ZZ Ewyiijy,-szyja- (4-79)
Hoij
A similar reduction occurs for the kinetic energy. Furthermore, since the
transformation from the configuration space coordinates to SACs is an
orthogonal one if mass-scaled displacement coordinates are employed,
the kinetic energy must appear as

1 .
T= 3 Z leli,,x +.... (4.80)

i

The ellipsis refers to SACs that describe the translation and rotation of
the molecule that do appear in the kinetic energy but not in the potential
energy (see (4.35))-

Putting (4.79) and (4.80) together we see that the determinantal equa-
tion (4.32) for the vibrational eigenfrequencies factors into subdetermi-
nants of dimension equal to the number of equivalent irreducible representations
that are present in I'y;,. Furthermore there are as many degenerate eigen-
frequencies as the dimension of any one of these equivalent representa-
tions, so that a given submatrix must be repeated in W as often as the
dimension of the irreducible representation its SACs belong to.
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The generality of these statements obscure their simplicity. An exam-
ple will suffice as an illustration.

Consider the ammonia molecule N Hj, the three H atoms forming
an equilateral base triangle for a pyramid with the N atom at its apex.
The symmetry group of NHj is clearly C3, also, but the configuration
representation I' is now twelve dimensional (three degrees of freedom
per atom). The characters of the total representation I' as well as the
characters of the translational and rotational representations are shown
in Table 4.4 which repeats the character table of C3, again.

E 2C; 30y Table 4.4: Character
A1 R
Ay 1 1 -1 NH; molecule.

E 2 -1
r 12 0
I 3 0
I, 3 0 -1
I'vw |6 O 2

The reduction of I';; is easily found to be
1 1 1
Taip = ¢ (6+6) A1+ 2(6 —6) Ay + -(12)E = 241 + 2E.

Therefore, NHjz possesses two SAC’s transforming like A; and two
pairs of SAC’s transforming like E. The corresponding structure of the
W-matrix of (4.78) is shown in Fig. 4.12, the second and third 2 x 2
submatices being identical.

A4, E E Figure 4.12: Struc-

(—}‘—\ (—‘\—\ (—}\—\ t f the W
r;lziri(;( fo: NHs.
/ 2x2 \

2x2

2x2

N /

Obviously, SACs are appropriate coordinates to employ in compli-
cated vibrational problems. But how does one find them? A systematic
application of group theoretic techniques provides a powerful method
for doing so. We discuss the elements of this method next.
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4-12 Projection Operators

One method of obtaining coordinates that belong to a prescribed irre-
ducible representation of the molecular symmetry group is to try to
construct them by inspection. But such an approach is obviously of lim-
ited value, depending as it does on the ingenuity of the user. We now
show how a systematic procedure for finding SAC’s can be developed,
using some further results of group theory.

Consider again (4.76). Multiply both sides of this equation by D(*) (R); 5
and then sum on all group operators R:

ZD WRQPW - 3 5;41/5%@1/,5/
1/

after invoking the great orthogonality theorem once more. Now set
6 = 7 on both sides of this expression and sum on vy =1,2,...,n,. Then

ZZD(V )5 RQun = Z A (R)*RQyp = n%(sWQW,

or, writing y for v and v for ,

(V)Qv,a =0, |2 7é v
= Q}l,a/ ;’l =V,

where the combination of operations
n
=LY xM(R)*R (4-81)
&R

defines P(*). Thus, P(*) has the value one when operating on a coor-
dinate Q. that belongs to the irreducible representation y and zero
otherwise, i.e. P(") is a projection operator onto the coordinates Qua-

We make use of this property as follows. The displacements x; of
each atom must be linear combinations of the symmetry-adapted coor-
dinates Qu;«'- Moreover, if mass-scaled displacements /mx; = f]/( are
used, it suffices to consider orthogonal transformations only:

X =UQ, or Q=UT, (4.82)

since UUT = I. Operating on the k' component of x’ with the projection
operator P(1) gives
H) xk Z uk Ui Qy,,m (4'83)

containing (10 summation on p); the operator P(*) selects out of all

the SAC’s Q in (4.82) those sets which belong to the u'! irreducible
representation only. On the other hand the left hand side of (4.83) can be
calculated explicitly. It equals

n
p(V M X(V R)Rx, = £
‘y =

Y Y xWH(R)T(R)yx),  (484)
R 1

187



188 ANALYTICAL MECHANICS

where the I'(R) are the matrix representation of the group generated
by the complete configuration space of the molecule. Consequently the
"coordinates" P(*) (x}) that are linear combinations of the x; may be used
to construct a suitable set of Q’s. However, since each projection operator
P(") generates 3N linear combinations of coordinates that belong to ,
that are candidates for Q’s, and there are certainly less independent com-
binations than this per representation, there is considerable redundancy
in the procedure. The problem (and its solution) is best illustrated by
way of an example.

The projection operators for the irreducible representations A;, A and
Eq of C3, are

1

pA) = 8{E+C3+C3—1 + 0140+ 03}
1

P(AZ) = 8{E—|—C3+C3_1—0'1—0'2—0'3}

1 _
pAs) = AE-G -G 1, (4.85)

using (4.81) and the character table for C3,. Applying these operations
in turn to the coordinates (x1,y1), (x2,y2), (x3,y3) of the X3 molecule
shown in Fig. 4.4 we obtain linear combinations of these coordinates
that transform like A, A; and E. We choose the following combinations
(going over into mass-scaled coordinates):

P () = Y2 (VA —4) — (0 — 205+ 1)} ~ Q. (1)

1 .

P (xf) = L (VA(YE — ¥8) + (5~ 22 + )} ~ Quy (i)
PE) (x] + xy + x4
PE (1 +vh + b

=x1+x+x3=Qp (i)
=yi+y+y;=Qr (v

1
PE) (x]) = g{4x/1 +xy+x5—V3(yh —v3)} ~ Q. (v)

1 .
PE) = {4i +p+¥5+V3(x, =25} ~ Qe (v0)
(4.86)

From (4.86) (i) we can construct the first row of U in the inverse
transformation

Qyi,zx = Z U;;’a;kx,/c (4.87)
k

by writing
1

2V/3

(the factor 1/ 2+/3 normalizes this vector to unity). The second row of U

Qa, = (V3 =102 —V3 —1){x},vh,...} (4.88)

is obtained from (4.86) (ii) as

1
Qa, =

2\/5(1 V3 =201 —V3){x|,1h,... }. (4-89)
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The row vectors appearing in Q 4, and Q 4, are automatically orthogonal
to each other and to the row vectors Qg1 and Qp», etc. But the coor-
dinates transforming like E have row vectors that are not necessarily
orthogonal. Starting with

1
Qp1 = ﬁ(z 02020){xy,y3,--.} (4-90)

and 1
Qpy = m(o 20202){x}, 15 ...} (4.91)

that are orthogonal to each other, we orthogonalize Qf; and Qp; (they
are orthogonal to each other) to Q}; and Qf,. The result is

Q51—2\1/§(20 —1 —V3 —1V3){x|,vh,...}
QEZ_Z\l/g(O —2 —V31V31){x},vh...}
so that
Qa, V3 -1 0 2 =3 -1 X\
Qa, 1 V3 =2 0 1 —V3 v
Qm | 1 2 0 -1 -3 -1 3 xh
Qe | 2v3| 0 -2 -3 1 V3 1 V)
- 2 0 2 0 2 0 X}
- 0 2 0 2 0 2 A
(4.92)
and
X} V3 1 2 0 20 Qua,
i -1 V3 0 -2 0 2 Qa,
% |1 0 -2 -1 =3 20 Qr
v, | 2v3 2 0 -3 1 0 2 Or
x4 -3 1 -1 V3 20 L
v 13 Va1 o0 2)\ ap
(4.93)

give the relations between the configuration and symmetry-adapted
coordinates, the latter relation serving to identify the origin of the matrix
U in (4.38). We have succeeded in constructing the transformation
matrix for the X3 molecular vibration problem on the basis of symmetry
arguments alone.

In terms of the SAC’s Q4,, Q4, etc., the kinetic energy of X3 assumes
the form advertised in (4.80). In this case the potential energy also be-
comes diagonal, see (4.39), but this is an exception rather than a rule due
to the high degree of symmetry X3 exhibits. Usually some diagonaliza-
tion among SAC’s that belong to the same irreducible representation of
the symmetry group of the molecule is necessary (Prob. 4-11).
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4-13 Vibrations of Continuous Systems

We now inquire what happens to the vibrational modes of a system
when the number of particles in it becomes infinite, that is, when it is
no longer sensible (or desirable) to describe the motion of individual
particles in the system. We restrict for the moment our considerations
to linear systems in one dimension for simplicity. As a preamble to
taking the limit N — oo, consider the transverse vibrations of a linear
array of N identical, equally spaced particles that are joined together by
identical springs. Particles 1 and N are attached to fixed points A and
B by similar springs, Fig. 4.13. We use this system as a model for the
vibrations of a continuous string tied down at A and B. We will clearly
have to be careful about how the limit N — oo obtains since this will
determine the mass density distribution along the length of the string.

Looking at Fig. 4.13, we label the transverse displacement of particle k
by yi (we want to reserve x for measuring the distance along the string)
and call their spacing a.

A N

k-1 k k+l N B

The points A and B are advantageously included in this scheme by
calling their displacements x¢ and xy1 and setting yo = yn+1 = 0. With
this convention, the potential energy in an arbitrary displacement of
the particle array is easily found. It is first of all clear that the potential
energy associated with the k™ spring connecting particles k — 1 and k is

Vik—1 = Folx (4-94)

if F is the tension in the spring and 4l its extension. But from Fig. 4.14

Ol = a(sech —1) (4.95)
> 1 a.Ye—Y
~a(202) ~ LIk Jk=1y2
Ol ~ a(29 ) =~ 2( p ) (4.96)

if we make the small angle approximation for sec6.
The potential energy of the entire system is thus

N+1

V=ELV= L3 Lra(Y AJy, (497)
k
so that the Lagrange function is given by

1. 1Fa Y, —V,_
L=) 5V~ Zz - (ZkZkoly2 (4.98)

a

Figure 4.13: Linear
chain of vibrating
particles.
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Figure 4.14: Ge-
ometry connecting
two neighbouring
particles.

a
after reverting to mass-scaled coordinates, \/my, = y;. Hence, the eigen-

value problem (4.17) that is at the heart of the normal mode analysis
reads (measure A in units F/ma)

2-A -1 0 0 .. N
1 2-A -1 0 .. Z;
0 -1 2-2 -1 2
=0 (4-99)
or
(2-— A)uw — uéA) =0
—ugA) +(2 /\)uy) - ué)‘) =0
—u%\zl +(2- /\)ul(\?) =0. (4.100)

This set of equations can be summarized by the single recursion relation

_”1(1/\_)1 +(2- )\)u,(f‘) — ”;(1)21 =0, n=1,...,N (4.101)

if the boundary conditions

u(()A) =0, u%‘il =0 (4.102)

are obeyed for every A. The relation (4.101) is obeyed by the set of func-
tions
Uy = sinng (4.103)

where # is an integer, provided that
(2—A)=2cos¢p, or A=2(1-cosg). (4.104)

The functions sin n¢ automatically obey the first boundary condition in
(4.102); the second one determines the allowed values of the angle ¢ and
hence the eigenvalues through (4.104):

(1) mrit

”1\/]\+1 =sin[([N+1)p] =0 if ¢= N1 (4.105)
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where m is integral. Furthermore, m < N since values of m equal to
N,N +1,... just repeat the set of functions (4.103) form = 0,1,....
Finally, m = 0 is excluded since this gives the trivial solution u, = 0 for
all n. Hence the eigenvalues are

Am:2(1—cost1), m=1,2,...,N, (4.106)
leading to the eigenfrequencies
2F
Wy = W 1—cos(Nm_|7_Tl), m=12,...,N (4.107)

for a string carrying a mass ¢ = m/a per unit length. We notice from
this expression that the w;, bunch together as m increases until a maxi-
mum allowable frequency wm.x = wy is reached at m = N. Frequencies
higher than this cannot be propagated by the string.

The components of the m™ eigenvector are easily obtained from
(4.103). They are

), n=12,...,N, (4.108)

where A is a normalizing constant. Its value follows from the condition

N
(m 2 mﬂ.’n
Z Uy, ~=A 2 sin =1. (4.109)
= N + 1

According to (4.108) the particles lie on a sine curve of wave length
2L /m in the mh normal mode of vibration if the string has length L. The
case for three particles, N = 3, is illustrated in Fig. 4.15.

m=2
/-T\ o~
\V
m=3

Consider now what happens as the number of particles increases with-
out limit while the density, or mass per unit length, and the length L of
the string are constant. This limiting procedure is characterized by the
limits

a—0, N—oco, but Na—L, % — U, (4.110)

Figure 4.15: Trans-
verse normal
modes of three
particles in a linear
chain.
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where i is the mass per unit length of a continuous string. The eigenval-
ues of the latter system are

F 2F mrt
2 .
=—Ay= 1 —|1—
Wi ma " a—>0g\ln—>oo ma[ o8 N + 1]

= lim z—Fz[l mmz}

a—0 ua L
2F 1 mma.,
—il_r{(l)ﬁ[l—(l E(T) +...)]
= ;lj(mLﬂ)z' (4.111)

or

F mm
Wy = \/;(L), m=1,2,...,00. (4.112)

Notice that the frequency w;, increases linearly with the mode number
m without limit in contrast with (4.107) for the weighted string. The
normal modes of this system are

., mkrt . kamrt
yk ~ SIH(N + 1) ~ Sln( L ) (4113)
But ka = x is just the distance of the k" particle from the point A.
Hence,
. X7Tm
Llim oy y(x) =sin(T7) (4114)

is the normal mode displacement of the string at each point x along the
length in the limit N — oo. This is a sine curve of wave length 2L/m.
These normal modes resemble the ones found for N finite in all respects
except that there are an infinite number of them.

The result (4.114) is important from another entirely different point
of view in that it shows that the displacement y(x) of the string at x is
the appropriate "coordinate" to use if we want to describe the dynamics
of a continuous system directly without the intermediary procedure of
passing through the discrete system first.

To see what changes in the Lagrange formalism are implied let us
calculate (4.98) for the N — oo case. Then,

1 o, [1F 9y,
L= /Zﬂ(at)dx Zy(ax)dx
= /de, (4.115)
where _r 5
_ 1 0¥\ 9Y\2

plays the obvious role of a linear den51ty. It is called the Lagrange density
of the system. Notice that £ depends on the derivatives dy/dt and
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dy/dx of the "coordinate " y with respect to the parameters x and t. We
therefore expect a Lagrange density of the form

dy d
L=~L[y, az B]Z t] (4.117)

for a one dimensional system.

Such a system is called a field, described by the field amplitude y(x, t).

To find the equations of motion we return to (1.20) and write down the
action S as

S = //dedt. (4.118)

Variations in the value of S are now brought about by varying the field
coordinates y(x, t) at particular values of x and t. Calling dy the variation
in y we get

8£ dy oL Iy
55_//{ ay/ax)‘s( 2+ Saysan o it @)

since variations in y also induce variations in dy/dx and dy/ot. In fact,

5(5) ax(éy) and 5(§)_8t(5y)' (4.120)

Therefore
//a ay/ax ax //axa ay/ax dxdt+/ 3y 70w ¥
Y
//a (ay/an° Vot //ata @y/an™ dt+/ 5@y a2V

(4.121)

The "surface terms" in both these expressions can be made to vanish by
placing suitable boundary conditions on the variations Jy as a function
of x and t. In the former expression the time integral vanishes if either
y(x,t) vanishes as x; or x, approach oo or if y(x, ) obeys "periodic
boundary conditions" at x; or x, 2; the space integral in the latter
expression vanishes if we impose the boundary condition

dy(x,ty) = dy(x, ) =0 (4.122)
for all x, cf. (1.30). In view of these conditions the variation in the action
now reads

5S = //{ O_9L s dvdt, (4.123)
- ax 3 ay/ax) “ata(ay/an’Y 4123

which vanishes for an arbitrary variation dy if

L 9oL 9 L 124)
dy  oxa(ay/ox) otd(dy/ar) 4124

62 See, for example,
L.I. Schiff, Quantum
Mechanics, Mc-
Graw-Hill Book
Company, Inc.,
New York, 1955,
P43-
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This is the Lagrange equation of motion for a one dimensional field
y(x,t). Notice that it is a partial differential equation, reflecting thereby an
infinite number of degrees of freedom possessed by such a field.

If £ is given by (4.116), we get

oL oLy oLy
3 =% 3y - TG a@ysan MG (4-125)
> 9 . 9.9
_ 0 g%y 9%
ax i Faxt gt =0 (4.126)
or
%y 1% F
o~ oo =\ (4127)

is the equation of motion of a string under a constant tension F. Equa-
tion (4.126) is the one-dimensional "wave equation” for the propagation
of waves along such a string with velocity v = /F/p.

4-14 The Oscillating String

As a first illustration of the application of (4.127) let us take a horizontal
string under tension F that is tied down at both ends. The solution to
this problem is actually contained in the expressions (4.112) and (4.114)
but let us rederive these results directly. Equation (4.127) is a partial
differential equation and as such admits solution by the separation of
variables technique. Set

y(x 1) = u(x)f(t) (4.128)

where u and f are functions of the variables shown in their arguments.
Substituting back into (4.127) leads to

1d?u 1 1d%f
wde o fan’ (4-129)

a relation that can only be satisfied if both sides equal a common con-
stant (the separation constant) since the variables x and t have been
segregated from each other. Calling the separation constant —k?, one is
lead to solve two ordinary differential equations

2
% +Ku=0
42
dTJZC + (kv)2f = 0. (4.130)

Assuming k? is positive, we find that y = uf oscillates in both space
and time according to
e tikx eiiwt,

y(x, t) = w = ko. (4.131)
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The constant w = kv is the frequency in time of the oscillation, k its wave
number.

Any linear combination of the solutions (4.134) with specific choices
of sign before k and w are of course also solutions and we will make
free use of this latitude. However, physical requirements, known as
boundary conditions, on the system under discussion usually limit one
to a particular combination. For example, in the case of the string tied
down at both ends, we must require that

y(0,8) = y(L,t) =0 (4-132)

for all t, if L is the length of the string. This stipulation is said to give
rise to a standing wave solution of the wave equation. The first boundary
condition means that only the linear combination

1

2i

is permissable for the space part of y(x,t). The second condition then

(¥ — e=*%) = sinkx (4-133)

fixes the value of the wave number k to be such that

mrt

sinkL =0, or k:km:T' m=12,.... (4.134)

Notice that m = 0 is excluded from this set as it gives a trivial solution to
the problem (no displacement). Negative values of m are also excluded
by the positive nature of the wave number k;,. Condition (4.134) thus
gives us the eigenvalues of the vibrating string:

F F mm
Wy = 4| —kyy =4/ —(—), m=12,... (4.1
1/ﬂ \/y( ) 4.135)

in agreement with (4.112). The associated eigenvectors are
Uy (x) = sink;,x (4.136)

apart from a normalizing constant. The function u,(x) is called an
eigenfunction of the vibrating string. It is the obvious analog of u,&’") in
(4.108), with the index n replaced by the continuous index x, and the m
moved down to agree with common usage. Multiplying u,,(x) by the

appropriate time factor, we get a normal mode of the string:

eiiwmt'

Ym(x, 1) = tm(x) (4.137)

We see then that there are an infinite number of such normal modes,
so that the most general motion of the string tied down at both ends is
given by the linear superposition

y(x t) = Cinyym(x, 1)
m=1
= |Cpn| sin kyy,x cos(wpmt + ), (4.138)

m=1
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containing an infinite number of adjustable complex constants C;; =
|Cin| exp iy, Clearly, the values of these constants are related to the
initial conditions on the motion of the string. As usual, we are at liberty
to specify its initial shape y(x,0) (the displacement of its constituent
particles) and velocity (dy/dt);—¢ (the velocity of its consitutent particles)
at t = 0. These functions are then expressed, according to (4.138) and its
time derivative, by the Fourier sine series

. MITX
V(5,0) = X [Culcosdiy - sin (") 4139)
m=1
and
d . ., mmx
(a]:) =Y wm|Cu|sindy, ~sm(T) (4.140)
m

in the interval (0, L). The coefficients |Cy, | cos d,, and |Cyy,| sin 6y, are
found by the usual inversion formulas

L
|Con| 08 G = %/ y(x,0)sin("7) dx
Culsingn = —— ["( ) gsin(™E)ar (g
SIH m — wm L/ t 0811‘1 T X 4.141

that depend for their validity on the orthogonal nature

2 L
Z/O sin(

of the set of eigenfunctions sin(mmx/L).

nrx

SENE

) dx = b (4.142)

As a simple illustration, suppose the string is pulled aside a distance &
at its center and released. The initial shape is thus

2h L
y(x,0) = X 0<x< o)
2h L
= (L—x)f, 5 <x<L.
We calculate |Cy,| cos &y, from (4.141) as
2 2h L/2 mrx
|Cm|cos5m—z-f-{/0 xsin(——) dx +/ ) sin( i ——)dx},
(4-143)
to find
L/2
|Cn| cos by = i—Z(l + (—1)’”“)/ xsin 22 gy
0
8h (—1)(m=1)/2
:?%, m:1,3,5,... (4144)

and zero for even m. There is no initial velocity distribution along the
string, so |Cy,| sind,, = 0. The motion at subsequent times is therefore
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given by the series

(x,t) = 8h {sin X oswit — lsin?)ﬂcosi’)w t+
W= L ! 320 1
1 5
+ 5—zsin—7zx cosbwit —...},

(4-145)

containing no even modes.

4-15 Forced motion of a String

Up to now we have only considered the free oscillations of a string - we
give the system some initial displacement and / or velocity and watch
what it does. The next problem is to have some force (varying in space
and time) act on the string. In what follows we shall always suppose that
such forces are periodic in time, i.e. carry a time factor exp(iwt). The
most important physical distinction between free and forced oscillations
is then that the system oscillates with the frequency of the applied force
rather than with any of its eigenfrequencies. A mathematical difference
is that forced motion is described by an inhomogeneous differential equa-
tion. For suppose the string of Sec. 4-14 is subjected to forces distributed
along its length according to f(¢)(x) exp(iwt) per unit length that act
transversely. Their effect is included in (4.126) by simply adding this
force to the left hand side of that equation. Hence,

2 (%) 1 fod (et = u2Y (4146

describes the forced motion of a string of mass density y under tension
F. Assuming that F is constant throughout the length of the string, we
try a solution

y(x, 1) = u(x)e ", (4-147)
and find that u(x) satisfies

2 (e)
(ddz kz) (x ):_f F(X)' k:w\/g. (4.148)

Notice that the dimension of f(¢)/F is that of an inverse length, which

agrees with the dimensions on the left.
It turns out that this equation is easily solved if we know the solutions
of the special differential equation

d2
(@ +K2)Gy(x, x') = 6(x — x'), (4-149)

where the forcing term is a delta function® §(x — x) and is located at one
point x’ along the string. Its solution Gi(x, x’) is called a Green function.

6 The symbol
S(x—x')isa
mathematical
artifice called the
Dirac delta function.
It is defined in such
a fashion that

[ $ote—x)ax = ),
(4 150)

wherea < x’ < b,

and provided that

f(x') is finite.
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From (4.149) we see that a Green function is nothing but the amplitude
of displacement of the string under the action of the singular driving
force f(x) ~ 6(x — «’). To find Gi(x, x’), we note that as long as x # x’
the equation is homogeneous with the usual variety of solutions

sinkx, coskx, (4.151)

or any combination of two of these. On the other hand, the presence of
the delta function divides the x-axis into two regions, 0 < x < x’ and
x' < x < L. This is so because the singularity on the right hand side
introduces a discontinuity of slope into the function G (x, x’) at x = x’. We
see this by integrating both sides of (4.149) over the interval x’ — ¢ to x’ + ¢
around x’. Then, taking the limit,

x'+e x'+e
lim KGi(x,x')dx =0, lim S(x—x")dx =1, (4.152)
e—0 Jx!—¢ e—0 Jx!—¢
but
. X' +te dZGk(x, X/) de de
llg% e de = (W)x:x’-&-s - (ﬁ)x:x’—w (4-153)
so that 4G ic
(Txk)x:x’—&-s - (Txk)x:x’—s =1 (4.154)

is the "kink" or discontinuity, inflicted by the singular "function" §(x — x’)
on Gy at x = x’. We now find the function Gy by patching together
solutions of the homogeneous part of (4.149) in the two regions of space
mentioned above. For 0 < x < x" we take

Gr(x,x') = Asink(x’ — L)sinkx for x </, (4.155)

since Gy must vanish at end x = 0. Notice that the factor Asink(x’ — L)
is a constant as far as x is concerned. Its presence simplifies the joining
problem at x = x/, for this is automatic if we now interchange x and x’
and take

Gi(x,x") = Asink(x — L) sinkx’ for x > x'. (4.156)

This also satisfied (4.149) for x # x’ and vanishes at the other end of the
string x = L, as it should. The constant A is now found by requiring that
Gi(x,x") have a unit discontinuity in derivative at x = x’. The result is
A =1/(ksinkL), so that

1
Gk(x,x,) - m Sinkxsink(x/ - L), 0 <x< xl
1 . ! - /
= — —-L L. .
oin kL sinkx'sink(x — L) x' <x< (4.157)

The steady state displacement of the string under the influence of a
general driving force can then be obtained by superposition:

. L (@) (x .
y(x,t) = u(x)e ' = —/0 dx’ f I_Ex )Gk(x, x)e ', (4.158)
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a form reminiscent of {(®) in Sec. 4-5. Note in particular that, considered
as a function of the wave number k, the function Gi(x, x") has poles at
the allowed wave numbers k;, for the eigenvibrations of the free system
(k = 0 s not a pole):

mr

sinkL=0, or k=k,= . (4.159)

There is another form for G (x, x’) that is much more illuminating in de-
termining the response y(x,t) to the external field f(¢)(x) exp(iwt). This
is the bilinear expansion of G into eigenfunctions of the homogeneous
problem represented by the left hand side of (4.149). We write these
eigenfunctions as

2
U (x) = \/Zsinkmx, ky = %, m=1,2,... (4.160)

in the present case so that they obey the normalization condition (4.146)
automatically,

/OL U (X)) (x)dx =0 (4.161)

and suppose that, as a function of x, G(x, x’) has the expansion

Gr(x,x") = (X )t (). (4.162)

e

m=1

The expansion coefficients a,,(x") depend on the parameter x’ as indi-
cated. Inserting this expansion into the differential equation (4.149) for
Gy there results

[ee)

Z (=K%, + K2 ap (X um (x) = 8(x — &), (4.163)

which can be solved for a,(x") by multiplying by u,(x) and integrating
over x. The result

n=12,... (4.164)
provides us with the symmetrical expression
[e0]
U (X) Uy
Gi(x,x') = 2
m=1 -

for Gi. This expression is important because it shows immediately that

&) (4.165)

only force distributions having a non-zero overlap with mode m can
excite this mode:

L
RHS of (4.158) ~ /o (X)) O (x") dx’ # 0, (4.166)

if the m™ mode is to be excited.
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The pole structure of Gy mentioned in connection with (4.159) is
now self-evident of course and (4.165) is a very convenient formula for
obtaining an approximation to Gy if k lies near one of the eigenvalues k.

Then,

Uy (2) iy (2

7’",52 )_ ’Z%i ) (4.167)
gives the dominant contribution to G;. As an aside remark note that
this expression has as residue at k = k,, the product of the normalized

eigenfunctions
1

2k

of the homogeneous problem. Therefore, if we know Gi(x,x’) from some

U (X))t (x/) (4.168)

other calculation as in (4.157), we can determine these eigenfunctions as
the residues of Gy at the poles k = k;,. For instance this residue is

. B n_ sinkpx sink,x’
B

U ()t (X)) = \/gsinkmx- \/%sinkmx’, (4.170)

confirming the result (4.160).

(4.169)

or

A more detailed discussion of the application of Green functions to
calculate the response of continuous systems would take us too far afield.
The interested reader is referred to PM. Morse and H. Feshbach, Methods
of Theoretical Physics, Mc-Graw-Hill Book Company, Inc., New York, 1951,
Vol. I, for further details of this method.

Problems

4-1. Show that the eigenvalues of a real, symmetric matrix are all real.

4-2. Reappraise (4.20) through (4.23) in the event that the matrix W has
two equal roots, say A; = Aj. Test out your considerations on the matrix

7 -2 1
-2 10 -2 (4.171)
1 -2 7

by explicitly constructing the matrix U that diagonalizes it.

4-3. Show that each element of a group appears once and once only in
any row or column of the group multiplication table. (Hint: assume the
converse and show that a violation of the group postulates arises).

4-4. Show that no element of a group can appear in more than one class
of the group.
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4-5. Show that for an abelian group the number of classes equals the
order of the group.

4-6. Prove that operations E, C3, C5 1,(71, 07,03 listed in (4.54) form a
group by showing that all the group postulates of Sec. 4-6 are satisfied.

4-7. Verify (4.73).

4-8. Verify that (4.74) gives the correct reduction of the configuration
space representation of the X3 molecule.

4-9. Find the irreducible matrix representation for all the operators of the
group Cz, following along the lines leading up to (4.75).

4-10. Verify Table 4.4 in the text as the correct character table for the NH3
molecule.

4-11. Set up and analyze the eigenvibration problem of a water molecule
(H20) using the methods of group theory. Show that the secular de-
terminant can be broken up in one 2 X 2 determinant and one 1 x 1
determinant. Construct the symmetry adapted coordinates for H,O and
solve explicitly for the vibrational frequencies under the assumption
that the potential energy depends quadratically on both the OH bond
extensions and the HOH bond angle increment.

The H,O molecule is a prototype of non-linear XY, molecules. The
symmetry group you will come up with is called Cy,. It is an abelian
group of order 4.

4-12. Consider, as a working hypothesis, that when the hammer of a
piano hits a piano string it creates a "velocity profile"

oL x—
v e_ ( Td )2

T (4.172)

v(x) =

of extent a about the point of impact d from one end of the string. Here
L is the length of the string and 7 its average initial velocity. Assume
further that the string is negligibly displaced in the process. Calculate
the motion of the string in the limit that 2 < 1 and show that even or
odd modes can be suppressed by choosing the ratio d/L appropriately.
Take this opportunity to discuss the energy distribution of the excited
modes of the vibrating string. Show that low frequency modes contain
most of the energy initially supplied to the string in the present example.

4-13. Consider a horizontal string of length L and mass density pg
tied down at both ends. In addition, the string carries N point masses
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m equally spaced along the string. Present an analysis of the eigen-
vibrations of this system. (Hint: write the mass density as p(x) =
po +mYN | 5(x — x;) in the wave equation for a continuous string
and construct suitable solutions).
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Chapter 5 Fluid Motion

5-1 Introduction

In this Chapter we consider the dynamics of a fluid. By this concept we
mean an interacting many-particle system containing a large number of
particles per unit volume so that even a macroscopically small volume
element in space contains a large number of particles. We may then
examine the motion of such a system by considering the motion of a
representative "fluid particle", i.e. a volume element in space containing
many particles but macroscopically "small". We characterize the motion
of such a fluid particle by the velocity of the fluid u(r, f) at the position
r of the fluid particle and the density of the fluid at this point. Strictly
speaking the "position" referred to by r is fuzzy up to the size of the
volume element delineating our fluid particle. Likewise, the velocity

u at the point r is to be thought of as an average velocity throughout
this volume element. One should carefully bear in mind these physical
idealizations of the system in order to appreciate what is to follow.

A complete treatment of fluid motion within the confines of a single
chapter is not practical. This extensive field deserves a text book for
itself. Our purpose here is rather a much more modest one: to introduce
the reader to the basic ideas and equations, with some applications of
the laws of motion governing perfect fluids. A perfect fluid is one devoid
of viscosity and hence also of most physical interest. Nevertheless, a
study of such systems is essential as a first step to understanding the
incredibly complicated field of real fluids.

Some kinematical concepts are in order first. We consider a finite
volume AV in a fluid. It contains an amount of mass

AVPdV (5.1)

if p = p(r, t) designates the fluid density at r at time t and dV = dxdydz
the volume element at position r. If the fluid is in motion a net amount
of fluid

%pun da (5.2)

will pass out of AV in unit time. In this expression u, is the fluid veloc-
ity normal to the surface element da pointing out of the volume AV and
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the integral goes over the entire bounding surface of AV. This result
follows from the observation that pu, is the mass of fluid transported
per unit time across unit area perpendicular to u#,. A net outflow means
mass is being lost from AV. This can only occur at the expense of a de-
crease in mass in AV since mass is conserved in a fluid. The decrease in
mass per unit time is

d _ ap
—3 Avpdv = /Avgdv, (5.3)

since AV is fixed. Equating this to the mass outflow, we obtain the
conservation law

9
/ £ do + fpun da=0. (5.4)

The second member of this equation can be transformed into a volume
integral using Gauss’ theorem in reverse,

% puy da = ./AV div(pu) dv (5.5)

so that
o9 | . _
‘/Av{g + dlv(pu)} dv=0. (56)

But the volume AV is arbitrary. Therefore, if we assume it is small
enough so that p and u can be replaced by their values "at the center" of
AV (but still large enough to contain many particles), this equation reads

dp .. _
{5 +divipw} [ do=0, 57)
or, equivalently,
3
a—‘t’ + div(pu) = 0. (5.8)

This is the equation of continuity expressing the conservation of mass in
fluid flow in differential form.

5-2 Euler’s Equations for Fluid Motion

So much for kinematical preliminaries. We now go over to the task of
examining the dynamics of fluid flow. The action principle of Chapter 1
will again be our guide. We take up this principle in the form of (1.31),

t
/ (5T + 6W) dt = 0, (5.9)
ty

and tailor it to suit our problem. We straightaway state that we are

only going to study incompressible fluids (in practice ordinary liquids
like water or alcohol) that are characterized by exhibiting no noticeable
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change in their density in space or time when subjected to external
stresses. This means

0 =po a constant, 3—6 =0, gradp =0, (5.10)

and so
divu =0, (5.11)

from the equation of continuity. Equation (5.9) is a condition the flow
velocity must obey at each point in a fluid if the fluid is incompressible.

We can now fill in (5.9). The kinetic energy density of fluid contained
in a volume element dv is obviously

1 5

S0 (5.12)

so that 1
T = / Epouz dyl T = /po(u . 511) d'(), (513)

if fu is the variation induced in u by the virtual displacement ér of the
fluid particle at r. The virtual work is simply calculated as

W = /(F - 0r) dv (5.14)

at any internal point in the fluid if F is the applied force (per unit vol-
ume) at this point. Thus (5.9) reads

t
/2/{p0u~5u+F-5r}dvdt:0 (5.15)
ty

for an incompressible fluid subjected to a force distribution F per unit
volume throughout its volume. Equation (5.15) does not account for the
internal stresses in a fluid that render it incompressible. Microscopically
these are due to the strong interparticle forces that act at liquid densities.
Macroscopically we replace these forces of constraint (for that is what
they are) by a condition of constraint of the fluid motion. This condition
is just (5.11). This equation must be obeyed by all virtual motions of our
fluid. Thus, divu = 0 implies also

div(du) =0, or %[div(dr)] =0, (5.16)
since P
bu = 2(0n), (517)

according to a by now familiar argument. We would like (5.16) to be
obeyed for all times. This is certainly the case if we restrict ourselves to
virtual displacements that are subject to the constraint

div(ér) = 0. (5.18)
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A Lagrange multiplier A is necessary to include this constraint in
(5.15), which then becomes

t
/2/{pou-(5u+F~5r+/\diV(5r)}dvdt —0. (5.19)
fy

Two transformations are now necessary. First we make use of the
relation (5.17) to rewrite the first term as

o o du
/ /pou “oudvdt = — / /po— -ordvdt, (5.20)
h Jy . dt

after imposing the usual boundary conditions dr(t;) = 0, dr(t) = 0,
at the endpoints of the time integration. The second transformation
involves the last integral whose integrand may be written as

Adiv(ér) = div(Adr) — grad A - or. (5.21)

Carrying out a spatial integration and using Gauss’ theorem once
more, one obtains (67, is the component of ér normal to the surface
element da)

/‘ Adiv(dr) do = j{)uSrn da — / grad A - drdv. (5.22)

Reserving remarks on the effect of the surface integral in this expression
for later, we temporarily ignore it and obtain

b2 du
/ /{_POE +F—gradA} - drdodt =0 (5.23)
ty

for the final form of the action principle. As before, we consider the time
interval t, — t; = At to be vanishingly small and conclude that

[/(—PO%J +F —grad A) - rdv] -/A dt =0 (5-24)
t

where the variables in the round brackets () now refer to a particular
instant of time t. But dr can now be chosen arbitrarily. We assume it
vanishes everywhere but in a small volume AV surrounding the point r.
Then,

Ju . .
[(—pOE +F —gradA) - dr] - /Av dv Atdt =0, (5-25)

showing that the relation
du
—poa +F—gradA =0 (5.26)

holds at each point r in the fluid at time t. The components of this
equation are easily identified physically. The term —pgdu/dt is the
negative of the rate of change of momentum (per unit volume) of a fluid
moving with velocity u, and F is the force on this unit volume. But what
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is —gradA? This clearly must be a force of constraint that arises in order to
accomodate the condition (5.11) of incompressible flow. In this context A
can be identified with the pressure p at a point in the fluid since

—gradp (5.27)

represents a pressure gradient or force per unit volume a fluid particle at
r will experience. This interpretation of pressure gives it the physically
understandable meaning of an internal reaction in the fluid in order to
obey the constraint of incompressibility. We note that p is an unknown
that has to be determined along with u from the equations of motion.
Equation (5.26), with the interpretation (5.27) of A constitute the

equations of motion we seek. They were first obtained by Leonhard
Euler in 1755. To give Euler’s form of these equations, some further
transformations are necessary. We first carefully note the meaning of the

differential quotient
du

ar (5-28)
in (5.26). Since u = u(r, t), changes in u will occur through its explicit
dependence on time at a fixed point in space and due to the fact that the
position r of the fluid element we are examining changes with time. For

example,

duy  Jduy July Oy July
W = o + Uy 0 +1/ly a]/ =+ u, 92 (5‘29)

where u = {uy, Uy, u;}. Similar equations are found for uy and uz. One
may write the summarizing vector expression as

du oJu

7 =g TV (5.30)
where V = (9/0x,0/0dy,0/0z), but this is only true if the cartesian
components of u are used. Now, the vector operation can be applied in
the sense of the following formula

(u-Viu= grad(%uz) —u x curlu. (5.31)

Therefore, we can write Euler’s equation (5.26) in the symbolic form

) 1
po(a—l; —u X curlu) + (.g’rc’zld(ipou2 +p)=F (5:32)

that is valid in any system of coordinates for u. This has to be supple-
mented by the incompressible flow condition divu = 0 in all our applica-
tions of course, giving us two equations for finding the unknowns u and
p.

We yet have to account for the role placed by the ignored surface
integral

7{/\&” da = ?{pdrn da (5-33)
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in (5.22). Its role can be elucidated by the following considerations. First,
suppose the fluid surface is in contact with a rigid bounding wall. Then
ory, = 0 at every point on such a rigid surface and the integral must
vanish. This cannot be the case, however, if the fluid has a free surface.
For then, there is certainly no reason to maintain Jr, = 0. However, a
second contribution to the virtual work comes into play at a free surface:
One has to invoke a microscopic picture of the fluid to realize that an
additional force —F}, per unit area pointing along the inward normal
arises at a free surface due to the unbalanced internal forces on particles
"at" the surface coming from particles below them. Consequently, 6W
has to be supplemented by

~ [ Eiorida (5.34)

at a free surface. Inclusion of this term in the action principle, together
with (5.37), leads to a contribution

ty
| [o—Esradadt, (535)
1

that vanishes provided
p=F (5.36)

Thus, the action principle also provides us with a surface boundary condi-
tion on the pressure at a free surface.

Before discussing specific applications of (5.32), some general remarks
are in order. The first thing that strikes one about Euler’s equation
is its non-linear character. This fact alone accounts for the immense
complexity of fluid flow problems, for it negates entirely the principle
of superposing simple solutions of a problem to build up a general
solution. One’s natural inclination is to try to restore this principle by
linearizing (5.32), that is, by dropping terms quadratic in the velocity
u. This underscores the problem of slowly-moving fluids and is the
subject of subsequent sections. However, there is a particular case of
(5.32) for which a first integral may readily be found. This is the case of
irrotational flow:

curlu =0, (5.37)

which is also steady (?Tltl = 0). Then that equation reduces to

1
grad(ipou2 +p)=F=—grad U, (5.38)

if we assume in addition that F is derivable from a potential field U per
unit volume. Then space integration results in

1
Epouz + p + U = constant, (5.39)
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a relation first obtained by Bernoulli in 1728. (Note the date! It was ob-
tained before the work of Euler). Bernoulli’s equation is perhaps the most
fundamental relation in elementary fluid mechanics. In this equation
pou?/2 is the kinetic energy per unit volume of fluid, U the external
potential, and the pressure p a kind of potential energy per unit volume
arising from internal forces. One surprising consequence of (5.39) is the
drop in pressure it dictates with increasing velocity of fluid flow, a well-
known (but often not appreciated) fact to most students of elementary
physics.

5-3 Potential Flow

We showed in the previous section that Bernoulli’s equation was the
result of integrating Euler’s equation under the condition (5.37) corre-
sponding to irrotational flow. But we know from vector analysis that it is
always possible to construct an irrotational vector by taking the gradient
of any scalar function ¢. Thus, curlu = 0 identically if

u=—gradg (5.40)

(the minus sign is by convention only). Since the flow we consider is also
incompressible we can superpose this condition on (5.39) to obtain

Vi =0 (5.41)

that is Laplace’s equation for ¢. The function ¢ is called the velocity
potential by analogy with potential theory of conservative force fields and
flow governed by (5.40) and (5.41) is called potential flow. It is important
to notice that (5.41) does not yet contain any dynamics. To obtain this we
need to substitute (5.40) into Bernoulli’s equation,

1
§Po(grad (P)2 + p + U = constant, (5.42)

an equation which now determines the pressure field p of a given veloc-
ity potential.

A more general version of (5.42) is obtained if we keep the irrotation-
ality condition (5.37) but allow the flow to be non-steady (ol /9t # 0).
Then we find that

0 1
grad(—po5r + po(grad ¢)? + p+ U) =0, (5.43)

after using (5.40) for the first term in (5.32) and interchanging the order
of differentiation d/0dt with grad. It therefore follows that

dp 1
—poai: + 5p0(grad ¢)* + p + U = constant (5:44)

once more, but where the "constant" can now be a function of time.

211
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5-4 Water Waves

Let us apply (5.44) to the phenomenon of surface waves on an open
sea. The coordinate system Oy, we use is situated on the surface of the
sea as illustrated in Fig. 5.1. The first step is to find a suitable velocity
potential ¢. We assume that all quantities associated with surface waves
are periodic in time, with period 27/ w.

) X
z v y
seabed
This means ¢ has the form
g(x,y)e " (545)

if we restrict the discussion to waves propagating in the x direction.
Thus, we must find the function ¢(x,y) that satisfies

02 02

(@+872)(p:0. (5-46)
Assuming separability, ¢ = f(x)g(y), one finds that
1d%f 1d%g
7 e g@ =0, (5-47)
or that ) )
Tf ep—o, T8 40—
dxz +k f - 0/ dyz k g - 0/ (548)

where k? is a separation constant. These two equations admit a variety
of solutions. The ones we require are determined by boundary conditions
at the sea bed and water surface. Suppose for simplicity that the sea is
very deep. The ¢ should certainly vanish at the sea bed, y — oo, since
the velocity u, must vanish there. This dictates the choice

gly) =eM (5-49)

for the function g(y). The solutions for f are oscillatory in space as a
function of x. We want here to study travelling waves on the surface of
the sea, and so take

flx) =€, (5.50)

Figure 5.1: Coor-
dinate system for
discussing water
waves on an open
sea.
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Our final solution for the velocity potential thus becomes
(P(x’y)efiwt _ Aefkyei(kxfa)t)’ (5.51)

where A is an arbitrary amplitude. We now have to ensure that the veloc-
ity of flow given by this potential is consistent with Bernoulli’s equation
at the surface of the water. By doing so, we introduce a dynamic element
into the calculation. This compatibility problem is only tractable in the
event that we consider small deviations of the surface of the water from
horizontal. Call this displacement 77 and count the downward direction
as positive, see Fig. 5.2.

Figure 5.2: De-
. ) viations from
surface /\ n / ¢ the surface are

>
/ W - designated by 7.

Specifically we then assume that (i) this displacement is so small that all
terms quadratic in # can be ignored, (ii) that the only restoring force is
due to gravity so that U = —pgg# and (iii) the atmospheric pressure at
the surface can be ignored so that ps ~ 0. These assumptions, together
with the assumed form (5.51) of the velocity potential yield

iwper*kWei(kx*‘*’t) —pogn =0 (5.52)

for (5.44), after setting the constant on the right hand side equal to zero.
This is the only choice that does not interfere with the propagation of a
travelling wave on the surface. But

kn <1, (5.53)
so exp(—k#n) can be replaced by unity in (5.52) and we get

iw

n(xt) = gAE"(""""”- (5.54)

This relation provides an alternative way of calculating the velocity of
the water at the surface, in particular the "sinking speed"

M w? i
9T _ % 4 i(kx—wt) ]
= g A¢ (5:55)
in the y direction. But this must also be given by

uy = —grad, pe Wt = kAW gty =0, (5.56)

Consequently, these two expressions are compatible only if w depends
on the wave number k like

w = \/gk. (5.57)
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In turn this means that the phase velocity (the velocity with which planes
of equal phase propagate)

up_‘lj_\/%—@ﬁ (5.58)

is dependent on the wave length A = 27 /k of the oscillation. Dispersion
is present; long wave lengths travel faster than short ones.

Since the restoring force causing this wave motion is gravity, the
phenomenon we have just discussed is usually called a gravity wave.
Waves encountered on the open sea are of this type.

Actually, the dispersion relation w = /gk is only valid if the wave
number k is not too high (the wave length not too short). At short wave
lengths a new type of wave, called a capillary wave, can exist. This circum-
stance comes about because the hitherto neglected effect of the surface
tension of the water enters the picture. The pressure at the surface due
to surface tension is proportional to the curvature of the water surface
(just like the restoring force on a string under tension):

2
P=%%§- (5-59)
Here, Tj is a constant of proportionality called the surface tension (units:
dynes/cm or Newtons/meter). For short wave lengths 8217 /0x2 is large
and this term can no longer be neglected. Supplementing (5.52) on the
left by this additional pressure term one has

2

?
“*“”+R§£—pwﬂ=0 (5.60)

iwpg Ae'
for 7. Assuming a travelling plane wave profile
7 = 1oe’ =D, (5.61)
for # once more, one finds that
. > Tp
iwA —k“—mno —gno = 0. (5.62)
£0o
The condition of matched sinking speeds becomes
kA = —iwno (5.63)

that provides a second relation between the unknown amplitudes A and
#0- The two equations for A and #g are compatible only if

o
k iw

w-ﬂ%+@2. (5.65)

(5-64)

iw —k2h _
iw I's ‘ o,

or
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If the wave length is short enough, the last term under the radical
dominates, and we obtain the dispersion relation for pure capillary

w = /To/po k*'?, (5.66)

moving with a phase velocity

T() 27'[T0 1
wy =/ =Vk= — 6
P\ eo o VA 567

that increases with decreasing wave length. The phase velocity for a
combined gravity-capillary wave motion can consequently be given by

the curious form
u=/uf+up. (5.68)

The wave length dependence of (5.68) as well as its gravity and

waves

Figure 5.3: Phase
velocity - wave-
length relations for
water waves.

M Eq. (5-35)

capillary contributions are shown in Fig. 5.3. Notice that a minimum
phase velocity occurs at the wave length

To

(5-69)
P08 >

)\min =2r
that serves as a rough dividing line between the wave lengths of capil-
lary dominated (A < Anin) and gravity dominated (A > Apnin) waves.
For water (Ty = 73.05 dynes/cm, pg = 1 gm/cc, ¢ = 980 cm/sec?) this
wave length is

Amin = 1,72 cm, (5.70)

giving a minimum phase velocity
Umin = 23,13 cm/sec. (5.71)

Waves of a smaller velocity than this cannot propagate in water!
In the other limit where the wave number in (5.51) becomes very
small (long wave lengths) we again get into trouble, but from a different
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source; the sea bed. For if A ~ d, the depth of the water, the boundary
condition at the sea bed on the velocity potential has to be considered.
We leave it to the reader to find the appropriate velocity potential and to
show that there is no dispersion of water waves in the shallow water limit
A > d (see Fig. 5.1 and Prob. 5-3).

5-5 Circular Waves on a Pond

Up to this point we have inquired into the manner of propagation of
waves on the surface of a liquid without asking how the wave was
generated in the first place. However, anyone who has ever thrown
stones into a quiet pond or watched an insect swimming on its surface
must have wondered about the beautiful wave patterns that develop on
the surface of the water. As an interesting conclusion to our discussion
of wave motion, we give a short mathematical analysis of the former
problem.

Consider then, a small stone dropped into a pond, or a small insect
settling on it. We assume that either event causes a small depression in
the surface without imparting appreciable velocity to the water. Set up
polar coordinates x = r cos ¢, z = rsin¢ for a point P on the surface of
the pond, see Fig. 5.4.

r\¢ X

z

Y

Now consider an initial disturbance

n(r,t=0) = %e_ﬂ/“, r=+vux2+a?, (5.72)
vp being the volume of water displaced and a the "size" of the stone
(or insect). The problem is then to determine how this disturbance
propagates on the surface of the pond. Obviously such a disturbance is
going to cause a wave pattern having a cylindrical symmetry about the
vertical y axis, i.e. we are now dealing with a cylindrical rather than a
plane wave propagation pattern.

We confine the discussion to a deep pond and consider a periodic
disturbance first. If the wave pattern is to have a cylindrical symmetry
instead of a plane one, we can expect the velocity potential to be given

Figure 5.4: Initial
disturbance of
pond.
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by the expression (5.51) but with exp(ikx) replaced by a radial function
£(r): | |
ge ' = AT M f(r)e . (573)

Substituting this expression into Laplace’s equation one readily finds
that f(r) must satisfy

d2f 1df
STt o, ThF=0, (5.74)

that is Bessel’s equation in the variable kr. Thus f(r) is proportional to
the Bessel function

f(r) = Jo(kr) (5.75)

of order zero since ¢ must be regular at the origin.

The rest of the calculation for deep water plane waves transfers over
to the present case with Jy(kr) replacing exp(ikx) everywhere. Thus, the
depression of the surface is now

§rt) = ?A]o(kr)ei@t, (5.76)

instead of (5.54), while the disperson law (5.57) for deep water waves
remains unchanged: w = /gk.

The problem is now to find a solution like #(r,t) in (5.76) that satisfies
Bernoulli’s equation and in addition coincides with the prescribed shape
(5.72) of 7 at t = 0. The solution to this problem can be solved by using
the superposition principle. We only have to realize that the linear
superposition

| /O " AR Jo(kr)e V3 gk (5.77)

of the solutions (5.76) for arbitrary amplitudes A(k) is also a solution of
Laplace’s equation. Replacing A exp(i(kx — wt)) in (5.52) by this form of
solution leads to the expression

) = [ A e Vi 679

for . Equation (5.78) solves our problem. We only have to determine
A(k) such that (r,t = 0) assumes the form (5.72) at t = 0:

&_rz/#:/w.\/gk
— ¢ 0 g A(k)Jo(kr)k dk. (5.79)

The value of the coefficient i\/gk/gA(k) is given by the standard Fourier-
Bessel inversion formula®

i rdr

A/ gk v 100 22 vy _ 2
?g Alk) = =05 [ Jolkr)e /P rdr = Zem b2 (5.80)

P. M. Morse and
H. Feshbach, Meth-
ods of Theoretical
Physics, McGraw-
Hill Book Company
Inc., New York,
1953, Vol. I, p 766.
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Hence,

Mnﬂ:%fffwm%wm*ﬁwﬂ. (581)

This equation gives # for all » and ¢ but does not yet tell us how the
surface moves. We can obtain a qualitative idea of this by performing
the integral of k approximately. Consider the case of a disturbance with
a very small spatial extent (@ — 0) but keep the volume v of water
displaced constant. This is called a point disturbance. Also recede to a
distance r from the point disturbance such that

kr>1 (5-82)

for all wave numbers k that count (this procedure will be justified a
posteriori). Then Jo(kr) in (5.81) can be replaced by its asymptotic form®5

fothr) = 2ot /), -:5)

for large kr,

This turns the expression for # into

n(r,t) ~ \/7 /WCOS (kr = /%) i/t g
Vkr
_ \/7 53 / cos(u — m/4)e 2V fudu,  (5.84)

where the last form follows on a change of variable from k to kr = u, and
upon collecting the » and t dependence of the integrand into the single
parameter
gt

c=% (5:85)
If this parameter is large, the integral in (5.84) can be evaluated approx-
imately by the method of saddle point integration. To appreciate this
procedure we first write the cosine as a sum of exponentials, so that

/ cos(u — g)e_%\/g‘/ﬂ\/ﬂdu =L+ D, (5.86)
0
where i

=5 / =2VevVi=1) \/u du (5.87)
and

=5 / i 2VEVI= 1) fi du. (5.88)
Take I; first. If ¢ is large then the phase of the exponential

0, fu)=u-2/GVi- (5.80)

changes rapidly with u giving rise to strong cancellations in the inte-
grand. Thus the main contribution to the integral I; must come from a

% See for example
W. Magnus and F.
Oberhettinger, For-
mulas and Theorems
for the Functions

of Mathematical
Physics, Chelsea
Publishing Com-
pany, New York,
1949-
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region around a value for u = u( that makes the phase f(u) stationary
(if there is such a value). This value of u is determined by the condition

f'(u) =0, 0r
1—+/¢/u=0. (5.90)

Thus uy = ¢ in the case of [;. Expanding f(u) about this point we find

(u—2)?

i +... (5.91)

fu) =@+ )+

Consequently
. - e} i(uféj)z
Ilzée*’(ﬁi)\/g/ e % du. (5.92)
0

VA

S

To evaluate this integral, we deform the path of integration along the
real axis into the contour C shown in Fig. 5.5. This is legitimate since
we have crossed no singularities of the integrand in the process. Thus,
setting z = u + iv, we calculate

i(z-¢)?
[ e (5.93)
C

But the point z = ¢ is a saddle point for the integrand in (5.93) (a
minimum or a maximum depending on how you approach it), which
therefore grows or receeds as we move away from ¢, depending on the
path followed. Now, since

(=8P =@-C+iw)?=[u-0?-*|+2i0(u—2),  (594)
it is clear that along the path
v=u—¢, dv=du, (5.95)

the oscillatory part of (5.93) is removed and the value of the integrand
receeds. Consequently, we may extend the limits of integration to £co
along this path with impunity to obtain the approximate evaluation

i(27§)2 +oo ,ﬁ in
/ e € dz~(1 —I—i)/ e Zdo=2\/Cmet. (5.96)
C —o0

Figure 5.5: Contour
C for the integral.
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Putting all this together, we find that

I ~ /mée 6. (5.97)

Turning now to I, we find its phase is stationary at the root of

1+ \/g =0, (5.98)

which does not lie in the region of integration u > 0. Consequently,

L ~0 (5-99)

to the same order of approximation as our expression for I;. Thus

/0 cos(u — g)e*%\/gﬁ\/ﬂdu ~ \/mée ¥, (5.100)

and the value of the depression 7 is

2 0o

) > —-
n(r.t) T 2mr?

_j 0o s
Vrge 't = Taate X, (5.101)

or, taking the real part,

00

) ~
n(r,t) Tomr?

gt>
gcosg, ¢ = ™ > 1. (5.102)

Thus 7(r, t) represents a circular wave pattern moving away from the
center of disturbance with a wave length that increases with increasing r
at fixed time, but with an amplitude that decreases like 3. The steady
build-up without limit of the amplitude like > at a fixed point on the
surface of the pond is of course unphysical; it arises from the use of
a point disturbance with infinite amplitude [(5.72) becomes infinite at
r =0 as a — 0] and the neglect of all dissipative processes.

Because the wave length of 77 decreases as we approach the source
of the disturbance, one may well wonder what role the surface tension
of the water plays; for we saw in Sec. 5-3 that the propagation of wave
lengths below 1,72 cm (wave numbers above 3,7 cm ™) in water are
controlled more by surface tension effects than by gravity. We leave it to
the reader to show that for capillary waves on the surface of a pond, the
controlling parameter is

2
!/
=-——>1 .
=1 P > (5.103)
instead of ¢, where Tj is the surface tension and p( the density of the
water. Surface tension effects dominate gravity effects if ¢’ > ¢ and vice
versa if I < ¢ (both factors of course remaining >> 1). The dividing line
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separating the regions of capillary and gravity dominated wave motion
occurs at roughly ¢ = ¢’, or a distance

9T,

Terit = 729 ~ 1 cm for water (5.104)

po8
from the source of the disturbance. This value of r is independent of
t. At distances further away from the source of disturbance than 7t
gravity effects rapidly dominate the motion, in agreement with what
is seen when a quiet pond is disturbed by a small stone or an insect
alighting on it.

Problems

5-1. Obtain Euler’s equations for fluid motion by applying Newton'’s
laws to the motion of a small volume of fluid.

5-2. Construct the streamlines for the velocity potential (5.51) given in
the text. (A streamline is a line that has the fluid velocity tangent to it at
every point in space). Hint: the streamlines are determined by the set of

equations
dx _dy _ dz

= (5.105)

where u = (uy, uy, u) is the fluid velocity at (x,y, z).

5-3. Show that w = ,/gdk for waves on a shallow (kd < 1) pond of
depth 4.

5-4. Determine the wave form on the surface of a pond initiated by the
disturbance (5.72) if the pond is very shallow. (See previous problem).

5-5. Worry about the convergence of the integral appearing in (5.84).

5-6. Verify the statements made in the text in connection with (5.103).
Investigate the role of surface tension by calculating #(r,t) on the as-
sumption that surface tension alone is responsible for the wave motion.
Indicate any modifications of Fig. 5.5 that your results suggest to be
important.

5-7. Develop equations describing a sound wave in a gas. Obtain an
expression for the velocity of sound in the gas paying particular atten-
tion to the condition under which you derive your result. Consider
further the propagation of a periodic sound wave past a sharp edge,
like a vertical wall. Indicate what one might expect as to the distribu-
tion of sound energy on the other side of the wall. (Hint: look up some
characteristics of sound waves in, for example P.M. Morse, Vibration and
Sound, McGraw-Hill Book Company, Inc., New York, 1948, and develop
methods to treat this particular problem).
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Chapter 6 Relativistic Mechanics

6-1 Introduction

In Chapter 1 we pointed out the necessity of a frame of reference for
describing dynamical processes, and noted that Newton’s law of motion
assumes the simple form p = F in an inertial frame of reference. We
saw further that an arbitrary number of such inertial frames exist if
one does, and that the laws of motion are identical in form in all such
frames. The invariance of form of the laws of motion under change of
inertial reference frame constitutes Galileo’s principle of relativity. However,
for this principle to be strictly valid it is necessary that interactions
between the constituents of a dynamical system be instantaneous, that
is to say any change of the state of motion in one of the constituents
must immediately be sensed by all the other constituents in interaction
with it. Now, experiment shows that instantaneous interactions do not
in fact exist in nature. Instead, there is a finite time lag between the
"emitting" and "sensing" of the interaction between two electric charges,
for example, and thus a finite velocity of propagation of interaction. We
call this velocity of propagation ¢ and identify its physical significance in
a moment.

Given that all interactions propagate with a universal velocity c it
is easy to see that Galileo’s principle of relativity breaks down. For
according to the Galilean transformation of velocities given by (1.4) of
Chapter 1, the velocity ¢ will clearly depend on the frame of reference in
which the interaction is viewed. Thus, the corresponding laws of motion
will become inertial frame-dependent, in violation of Galileo’s relativity
principle.

We must now consider the significance of the velocity of propagation
c. It is known experimentally that electromagnetic waves (light) propa-
gate in vacuo with a velocity that is independent of the frame of reference
in which this velocity is measured (the famous Michelson-Morley exper-
iment). Therefore, the velocity of light is certainly a candidate for ¢ as
the universal velocity. The thoughtful reader may wonder about other
candidates for c, like the velocity of neutrinos or gravitons, for example.
However, the important point here is that there can be only one univer-
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sal velocity if all the tenets of the special theory of relativity are to be
satisfied. In what follows we will identify ¢ with the velocity of light in
vacuo, ¢ ~ 3 x 1010 ¢m/sec. However, its real significance for relativity
theory as a universal velocity must always be borne in mind.

6-2 Einstein’s Principle of Relativity

After the violation of Galileo’s principle of relativity for light waves
became apparent from Michelson’s experiments in the 1880’s, there
were numerous attempts to modify the (then) current "aether" theory of
light to account for this apparent violation. None of these attempts were
fully successful, although some were extremely ingenious. There simply
seemed to be no way of reconciling Galileo’s principle with Michelson’s
measurements.

The way out of this dilemma was resolved by Einstein in 1905. Ein-
stein’s special theory of relativity, or the relativity theory of inertial
frames, rests on two postulates: (a) The universal velocity c is the same
in all directions for all observers moving uniformly with respect to each
other, and (b) all laws of nature are identical in all inertial frames of
reference. Postulate (b) sounds like Galileo’s relativity principle again.
However, we will see that postulate (a) compels us to rethink our (some-
what intuitive) concept of the absolute nature of time. We introduce an
inertial frame X and a second one ¥’ moving with a uniform velocity V
relative to X (see Fig. 6.1).

3 Figure 6.1: The
B A inertial frames X
: and X'

|

[

|

7

(XZa 72)

> X

We attach observers rigidly to ¥ and ¥’ and supply them with identical
devices for measuring distances and quantity of elapsed time in the
respective frames. Both observers record the emission and absorption of
a light ray travelling from A to B. The observer in X assigns coordinates
(Xa,Ya,za) and a time ¢, to the event of emission at A, and coordinates
(xp, Yp, 2p) and a time ¢, to the event of absorption at B. Knowing the
velocity of light to be ¢, he concludes that

Cz(tb - ta)z = (xp — xa)2 + (yp — }/a)2 + (zp — Zc)zz (6.1)

since both sides of this equation express the distance AB. The observer
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in ¥’ observes the same two events, assigns coordinates (x},y,, z,, t,) and
(x},, Y}, 2y, t,) to them, and concludes that

Aty —th)? = (xp — x0)2 + (y, —ya)* + (2, — 20)% (6.2)

since by postulate (a) the velocity c is the same in ¥ and ¥/

The appearance in these relations of time intervals t, — t, and t, —t
that depend on the reference frame to which the time measuring device (a
"clock") measuring them, is attached, is something completely alien to the
Newtonian idea of absolute time. Instead, we are forced to assert that
there is no such thing as absolute time. The quantity of elapsed time
depends on which observer makes the measurement.

We thus see that it becomes a natural idea to associate the four coordi-
nates (x,y,z,t) with a "happening" like the emission or absorption of a
light ray. The coordinates (x,y,z,t) are said to label an event in a given
reference frame. An event can therefore be represented as a point, called
a world point in a fictitious four-dimensional space, or space-time, with
axes labelled by x,y,z and t. The motion of a particle is then represented
by the curve (called a world line) traced out by a succession of world
points in this four-dimensional space.

So far (6.1) and (6.2) refer to the motion of light rays. We now general-
ize the points A and B to refer to any two events and define the interval
between these two events as

sty =0ty —ta)” — (xp—xa)* — (Yo — ¥a)* — (zp — 20)*.  (6.3)

If A and B are infinitesimally separated events at (x,y,z,t) and (x +
dx,y +dy,z +dz, t + dt), then s,, = ds, where

ds? = 2dt? — dx? — dy2 —dz?. (6.4)

We now assert that the infinitesimal interval ds between any two events
is the same in all inertial frames. There are several ways of demon-
strating this assertion. We follow the elegant argument of Landau and
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% 1. Landau and E.

Lifshitz®. Consider again the two frames X and X'. According to (6.1) Lifshitz, The Classi-

and (6.2) ds = 0in X and ds’ in ¥/ also vanishes, ds’ = 0, for light ray cal Theory of Fields,

propagation from A to B, the latter now being infinitesimally separated

Addison-Wesley
Inc., Cambridge,

from A. Hence ds and ds’ must be infinitesimals of the same order, or Mass., 1951), p.6.

ds’ = nds, where 7 is a factor of proportionality. A little reflection shows
that 7 can at most depend on the magnitude of the relative velocity V of
Y/ relative to X, i.e. 7 = 5(|V|). Any spatial or temporal dependence in
1 would violate the homogeneity of space and time, while a directional
dependence on V would violate the isotropy of space. But if = 5(|V]),
we may equally well view ¥ from ¥/ and conclude that ds = 5ds’, or
that 7> = 1. However, the result must hold for any velocity, so that we
cannot choose 17 = 41 for some velocities and # = —1 for others. Also
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ds = nds’ must include the identity ds = ds’ when V = 0. Hence, 7 = 1
and ds = ds’ has the same value in all inertial frames. Since ds = ds’ it
follows directly that any finite interval has the same value, s = s’ in all
inertial frames.

6-3 Proper time

We have seen that the time lapse between two events depends upon the
frame of reference from which the events are viewed. So let us consider
the special event of a clock fixed rigidly to ¥’ and therefore moving

with velocity V. The moving clock is at rest in ¥/, so that dx’ = dy’ =
dz' = 0 and it registers a time lapse dt’ (say) in the same period that it is
observed to move from (xyz) to (x +dx,y +dy,z + dz) in X in a time dt
as measured by a clock attached to Y. The invariance of intervals lets us
write

ds* = 2dt”? = *dt? — dx® — dy* — dz?, (6.5)

2
at —dnf1- o =% (6.6)
C Cc

or

since [(dx/dt)? + (dy/dt)* + (dz/dt)?]'/? is just the speed v = |V| of the
clock attached to ¥/ as seen from X. The interval dt’ is called the proper
time. It is the time recorded by a clock moving with a material particle.
The proper time lapse for events recorded between t; and #; in X is given

ty 2
tg—t;:/t dt\/l—:—z. (6.7)
1

We comment that the speed v in (6.6) and (6.7) need not be uniform, i.e.

by integration as

v may vary with time. The point is simply that a clock performing an
arbitrary motion can be considered as moving uniformly with whatever
speed it has at each moment of time. We may therefore introduce a
different inertial frame at each moment of time, and the argument
leading to (6.6) goes through as before.

The relation (6.7) shows that the proper time interval t, — #] is always
less than the time interval f; — t, as measured in . The moving clock
runs slower than the clock at rest relative to the observer. Results of this
nature lead to several apparent "paradoxes” in the theory of relativity.
However, since we intend to present only as much background of the
special theory as is required for discussing relativistic mechanics in a
coherent way, we resist the temptation of too much disgression into
those fascinating aspects of the special theory and refer the reader to the
literature instead®”.

7 A good reference
for further reading
is C. Moller, The
Theory of Relativity,
Oxford University
Press, 1952.
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6-4 The Lorentz Transformation

We now establish how the two sets of coordinates (x,v,z,t) and (x',y/,2/,t)
of the same event in ¥ and ¥’ are related. To do so we introduce an
imaginary time coordinate x4 = ict in place of ¢, and locate an event by
(x,y,2,t) — (x1,x2,x3,x4) in X. The link between these coordinates and
the corresponding coordinates (x}, x5, x5, x}) of the same event in ¥’ then
follows from the invariance property s = s’. Written out in terms of the
coordinates of two events A and B, the invariance of s reads

—s% = (10 — X1p)* + (X20 — X2)* + (X34 — X3)* + (¥X4q — X4)*> = invariant

(6.8)
if the imaginary-time coordinate x4 is used. Equation (6.8) is just a
statement of the invariance of "distance" between any two world points
in the fictitious four-dimensional space, or Euclidean space, characterized
by orthogonal axes Oy, x, x; x,- (Alternatively, we could have introduced
the notation (xg = ct, xq, x2, x3), which forms the basis of Minkowski
space, but we will not use that here). Consequently, the transformation
(x1,x2,x3,%x4) — (x}, x5, x%, x}) must leave all distances in this four-
dimensional space unchanged. If we disregard parallel displacement of
axes, which merely relabels the coordinate origin, then the coordinates
of the same event seen in ¥ and >’ must be connected by a rotation of
coordinates in four dimensions,

x' = Ax. (6.9)

Here, A is formally the same as the rotation matrix in (3.13), ATA =
AAT = T and DetA = +1, while x’ and x are column vectors of the
coordinates of the same event in ¥ and ¥'.

We now determine the elements of A under the assumption that the
axes defining ¥ and ¥’ are parallel and that the origin of &’ proceeds
along the positive x—axis of X with velocity V. Then the coordinates
x2 = y and x3 = z remain unchanged, while x; = x and x4 = ict must

x! cos¢ sing x (6.10)
X} —sing cos¢ x4 ’

in accordance with (??). The analogy here with a rotation in ordinary

transform like

space is purely formal, however. The angle ¢ is merely a parameter in
(6.10) (it will turn out to be pure imaginary) that has nothing to do with
rotations in real space. However, the representation of the operator A by
the 2 x 2 matrix on the right-hand side of (6.10) is very convenient, since
the conditions on A given below (6.9) are now automatically satisfied.
To determine A, we measure time from the moment that the reference
frames ¥ and ¥’ are coincident. We follow the motion of the origin of ¥’
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from X and deduce from the inverse transformation to (6.10) that

X c?sgb —sing¢ O/ , (6.11)
Xy sing  cos¢ Xy
since now x’ = 0. This gives the ratio x /x4 = — tan¢. However, x/t = v
is the speed of ¥’ relative to X. Hence, tan¢$ = iv/c, so that
cos¢p = sing =i v/c (6.12)

1 .
2/
Vi-s

Inserting these expressions into (6.10), one obtains the Lorentz transforma-
tion
’ x — ot / ’

X = ——— = [ —
2’ Y Yr 0?2
V c2 2

after reverting to real time coordinates again. The inverse transformation

(6.13)

follows upon reversing the sign of V. (X has the velocity —V relative to
=
x' + ot , , Y +ox'/c

xX=——= y=y, —_—
/1 _ 22 _ 2
c2 2

One notices that the transformation becomes singular for a reference

(6.14)

frame moving with velocity ¢, and also that x and ¢ both become imagi-
nary for frames moving with v > ¢, corresponding to the impossibility of
such motion for material particles®®.

The particular feature of the transformation (6.13) or its inverse (6.14)
is that space and time coordinates get mixed up with each other. A
knowledge of both x and t is necessary to compute x’ and ' from (6.13).

We will see in the following examples of the use of the Lorentz trans-
formation how essential this feature is if observers in ¥ and ¥’ are to
arrive at consistent conclusions about the outcome of experiments per-
formed in their respective frames.

(i) Time-dilation: Let us re-examine the phenomenon of time-dilation
given by (6.6) or (6.7) from the point of view of the Lorentz transforma-
tion. A clock attached to the origin of X' records a time difference t, — #]
in the time t, — 1 (as seen by an observer in ¥) that the origin of £’ moves
from x; to x; as measured in %, see Fig. 6.1. Since the clock in ¥’ is at
the origin, the same two events (x1,t) and (x, t) in X have coordinates
(0,#7) and (0,t}) in X’. Hence, from (6.14) we conclude that

th—t P %4

since the time-dilation factor (1 — ?)~1/2 is always greater than unity.
Equations (6.15) and (6.7) agree of course for a constant time-dilation
factor in the latter equation.

% This is the stan-
dard interpretation
in classical physics.
There are some
dissenters, however.
Following up ideas
put forward by
O.M.P. Bilaniuk,
VK. Deshpande
and E.C.G. Suder-
shan, Am. J. Phys.
39, 718 (1962), G.
Feinberg, Phys.
Rev. 159, 1089
(1967) has devel-
oped a tentative
theory of faster-
than-light particles
("tachyons"). No
experimental evi-
dence exists to date
for the existence of
such objects.
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Thus, moving clocks run slow in comparison with the clocks of the
stationary observer. A similar analysis shows that the observer in X’/
(who views X as moving) claims that X’s clock is running slow. Each
observer thinks that the other’s clock is slow!

(ii) Simultaneity: Time-dilation also plays havoc with the "common
sense" idea of simultaneity, which now becomes a relative concept
too: Events which occur simultaneously with respect to a stationary
observer, are not simultaneous when viewed by a moving observer. For,
suppose two events A and B a distance d apart in their rest frame ¥/
occur simultaneously, i.e. have the same time coordinate (zero say) in
this frame. Now let ¥’ move with velocity V along the x-axis of a second
frame X as in Fig. 6.1. The events A and B have space-time coordinates
(x4,ta) and (xp, tp) in 2. Their time-separation in X is thus

vd__1 =72, (6.16)

?‘/1_'32' c

by (6.14). But according to (6.15), the clock at A would register an inter-

vd
At = Aty /1 — B2 = = (6.17)

in the interval At, i.e. would be found to be running ahead of the clock at

At =ty —t; =

val

B by 2—? The moving observer would claim that the A and B events are
not simultaneous.

Lest the reader feel that such a state of affairs is pure Lewis Carroll,
we examine these conclusions by way of experiment. One of the best
known examples of time-dilation shows up in the decay of y-mesons
that are produced in the upper atmosphere in cosmic ray phenomena.
The py-meson (muon) decays into an electron and two neutrinos with a
lifetime of about 2 microseconds when the muon is at rest. Even moving
with a velocity near that of light, this would imply a penetration depth
into the earth’s atmosphere now exceeding d ~ 600 meters. Yet a copious
flux of muons is observed at sea level (d ~ 2000 meters). How does
the muon get where it got? Time-dilation tells us that if the muon has
a lifetime of 1y =~ 2y sec in its rest frame, we observe it to decay at the
slower rate of 19(1 — B2)~1/2, and thus travel a distance d = Bcty(1 —
B%)~1/2 into our atmosphere. Experimentally, a factor (1 — %)~1/2 ~ 10 is
required to explain the observed muon flux at sea level. An independent
measurement % of the muon energy (to find ) confirms this number.

(iii) Lorentz contraction: But how does this state of affairs appear to
the moving muon? In its rest frame it still has a lifetime 75 which is too
short to allow it time to penetrate down to sea level. The answer to this
apparent paradox is provided by an effect similar to time dilation, viz.

a moving measuring rod is shortened relative to its length at rest. This
is called the Lorentz contraction. To prove this statement, we provide
the observer in ¥’ with a measuring rod which is laid along the x’ axis.

% D.H. Frisch and
J.H. Smith, Am.
Journ. of Physics,
31, 342 (1962).
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The ends of the rod are observed by ¥’ to have coordinates x| and x},
so its length is [y = xj — x] > 0 in the rest system. The times at which
these measurements are made are immaterial. The length [ is called the
proper length of the rod. What length does the observer in X measure?
He assigns space-time coordinates (x1,t1) and (x, t7) to the ends of the
rod. Thus the length he gets will depend on the times that he makes

his observation. Clearly what we mean by length of a rod is its length
"now", i.e. he must measure the coordinates of both ends simultaneously.
(Operationally this means placing observers along the x-axis in X with
clocks that have previously been synchronized by light signals, say).
These measurements will not be simultaneous in the rest system of the
rod, but that is of no consequence. The recorded length, obtained in this
way in X is noted as I = x, — x1. But from (6.13)

lp=xh—x] = 2R _ l (6.18)

SRV

) :loy/l—ﬂz < Iy. (6.19)

The length Iy of the moving rod is contracted by the factor /1 — 2. Just
as moving clocks ran slow, we now discover that moving rods get shorter.

or

Observe the complementary nature of these two statements. From the
point of view of the Lorentz transformation one cannot have one without
also having the other, and it is this feature which removes the muon’s
dilemma. For, from the point of view of the muon, it is the atmosphere
that is moving. Consequently the muon only has to go this distance in
its own lifetime 19, i.e. d\/1 — % = Bcty, which is exactly what our
earthbound observer calculates. We record in passing that for a long
time it was tacitly assumed that a Lorentz contraction would be visible
as a flattening of a three dimensional object in the direction of its motion.
This assumption is false, as has been shown by Terrell J.L. Terrell, Phys.
Rev. 116, 1041 (1959). See also V.F. Weisskopf, Physics Today 13, 24 (1960).
The point is that what one means by "see" is the ocular image created
in one’s brain by light rays entering the eye at a given instant in time.
These rays necessarily leave an extended body at different times, and can
be shown to give the viewer the impression of a rotation, rather than a
compression of the object.

(iii) Doppler Shift

The discussion so far has carefully avoided the question of what
happens to clocks and meter sticks when viewed from non-inertial
frames of reference. Such questions properly belong to the province
of Einstein’s General Theory of Relativity. However, it is possible to
illustrate some effects of non-inertial frames within the framework of
the special theory by looking at the Doppler shift. The Doppler shift,
which has nothing to do with non-inertial frames per se, refers to the
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phenomena, shared by all wave-like disturbances, whereby the frequency
of the emitted vibration appears to be higher (lower) to an observer
moving towards (away from) the source. The analysis for a light emitter
runs as follows. If the natural frequency of the source is v (i.e. the
frequency recorded by an observer at rest relative to the source), then it
has a frequency v = vp/1 — 2 by time-dilation in the reference frame
of an observer moving relative to the light source with speed v = Bc.
The time between successive light pulses in the observer’s frame is thus
v~1. However, in this time the pulse travels a distance c/v, the source a
distance Bc/v, so that the observer records pulses spaced at a distance
(1 — B)c/v if he is approaching the source. The number of these pulses
(which travel with velocity c) per second is thus recorded by the observer

as

Vp = 1i,3 =1 1+p (6.20)

1-8

an equation which expresses the relativistic Doppler shift: The natural

frequency of an approaching source is shifted to a higher value ("blued"),
that of a receeding source to a lower value ("reddened").

(v) Falling Photons turn Blue

By means of the Doppler shift we can study the effect of a uniform
gravitational field on the frequency of a light source placed in that field.
The argument is based on the experimental equivalence of gravitational
and inertial mass, plus the validity of Newton’s laws of motion. Given
these facts, one demonstrates that the motion of a mass in falling under
gravity with acceleration g is indistinguishable from the motion of the
same mass moving in gravity-free space, but viewed from a non-inertial
reference frame accelerating upwards with acceleration g. This statement
is an example of Einstein’s equivalence principle. Here it follows as a
consequence of known experimental facts in the special case of the
constant gravitational acceleration of a mass point. Einstein elevated it
to a general principle, applicable to arbitrary gravitational accelerations,
and embracing the motion of light rays as well as particles”®. We can
use this principle to study the behavior of a light source in a uniform
gravitational field. Consider a stationary source S of natural frequency
Vo placed at a vertical height /1 above an observer on the surface of
the earth. If I is small, the gravitational field in which source (and
observer) find themselves has uniform value g(~ 980 cm/s?) pointing
from source to observer. The equivalence principle maintains that any
effect of this gravitational field on the source S must be the same as
what would be observed if source plus observer were moving upwards
with acceleration in gravity-free space. Starting from rest in the latter
situation, the observer reaches a velocity v = gh/c in the time /1/c that a
light-pulse from S takes to reach him if we assume he does not change
position appreciably during this time. But since the observer is moving

7° A concise discus-
sion may be found
in L. Landau and
E. Lifschitz, loc. cit.,
Chapter 10.
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towards the source, he records a Doppler shift in the source frequency of

Vp — 1o -~ o &
= B = =2 (6.21)

by (6.20) with B = gh/c? < 1. This equation holds equally for a station-
ary source in a uniform gravitational field, by the equivalence principle.
It says that a source at a higher gravitational potential ¢s = gh appears
"blue-shifted" to an observer at a lower potential ¢y = 0, by an amount

Vo
Av = 5 (¢s — o), (6.22)
7' L. Landau and
E. Lifschitz, ibid.,
where ¢s — ¢ = gh. The validity of (6.22), which coincides with the more  Chapter 1o0.
general result for weak but not necessarily uniform fields, ¢s — ¢, #

gh, that one obtains in the General Theory”*, has been demonstrated 72R.V. Pound and
G.A. Rebka, Phys.

2 3 57 " " . Rev. Lett,, 4, 337
Rebka”? have shown that photons emitted by °* Fe were "blued" by just (1960).

in an earthbound laboratory. In a remarkable experiment, Pund and

the predicted amount after "falling" a measured distance under gravity.
Previously, the prediction (6.22) could only be tested in terms of the "red-
shift" expected for light emitted by massive, distant stars (see Problems).

Two aspects of the result (6.22) should be emphasized. Firstly if
observer and source interchange positions, so that the observer is at a
higher potential relative to the source, the light reaching him will be
"red-shifted". Stated more specifically in terms of atomic periods of the
atoms constituting the light source, this means that all observers agree
that the "clock" at a lower gravitational potential runs slower than an
identical clock at a higher potential. This contrasts for example with the
opinions of observers in uniform relative motion, who always maintain
that the other’s clock is running slow. The second point to make in
regard to (6.22) is that the General Theory teaches us that the speeding
up of an atomic clock in a gravitational field, rather than the loss of
"gravitational potential energy" by the emitted photons is the correct
physical interpretation of this relation.

An appreciation of the different behavior of clocks in inertial vs
non-inertial reference frames is also the clue to understanding the oft-
discussed "twin paradox". There now seems to be consensus that the
travelling twin does age slower, and furthermore that both twins agree
that this is so (if the effect of accelerations on the observations of the
travelling twin are not considered the twins don’t agree: That is the para-
dox). A careful discussion of the twin paradox is only really possible
using the full machinery of the General Theory of Relativity. We refer
the reader to Moller’s book quoted at the beginning of this section for
such discussions.
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6-5 Four-vectors and Lorentz-invariance

We saw in Sec. 6-4 that the coordinates of an event in space-time are
related by x' = Ax, or

4
X, =) Awxy,n=1234 (6.23)
v=1

when viewed from two different inertial frames X or /. Here, Ayy form
the elements of the orthogonal transformation matrix A, for which
DetA = +1 must hold. For the special case considered previously, where
¥/ moves along the positive x-axis of X with speed V and coincides with
2 at t = 0, (6.23) has the explicit form

x vy 0 0 iBy
Y 0 10 0

_ ) 6.
Z 0 01 0 2 (6:24)
ict/ —ify 0 0 v ict

where B = v/c and y = (1 — B?)~1/2. Of course this is just a more suc-
cinct way of writing down the result (6.13). The inverse transformation is

x vy 0 0 —iBy x

y 0 10 O v

z |~ 0o 01 o 2 | (6.25)
ict iBy 0 0 v ict/

Any four-component entity which transforms like x;, is called a four-
vector. Apart from the position four-vector x, = (x,y,z,ict) = (r,ict) of a
particle, the important four-vectors for describing relativistic motion are
four-vectors associated with the velocity, momentum and acceleration
of a particle. It is clear that the generalization of the concepts in Special
Relativity has to be done with one eye on the transformation property
(6.23). Otherwise we will run into trouble trying to satisfy the second
part of Einstein’s Principle of Relativity, viz. that all laws of motion be
identical in all inertial frames. Consider the concept of particle velocity.
An observer in ¥ watches a particle change its position r(t) by drin a
time dt as measured by his clock and assigns it a velocity v = dr/dt. The
change in four-vector position in this time is

dx, = [dr, icdt], (6.26)

which is also a four-vector. However, the quotient dx,, /dt is not, since
both dx, and dt change when viewed from different reference frames.
Therefore, how the time-dependence of x, is to be characterized requires
some care. We have seen that the proper time interval ds/c, i.e. the time
interval as measured in a reference frame attached to the particle and
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moving with it, is the same in all inertial frames. We distinguish the time
interval by the symbol dt from now on, dt = ds/c. Then, not dx, /dt,
but rather

_dﬂ_dxyﬁ_ v ic

U= ar _Wdr_[\/l_ﬁz’\ﬂ_ﬁz]

(6.27)

transforms like a four-vector if we regard the position four-vector as a
function of the proper time of the particle, x, = x,(7). The construct v,
is called the four-velocity. The last step in (6.27) follows from the time-
dilation between observer-time dt and proper-time dt = dt\/1— 2,
where v = Bc is the particle velocity. A second differentiation with
respect to T produces another four-vector,

P R S VS S S S —

N e e L e
called the four-acceleration.

Rotations in real three-dimensional space leave the length, or norm,

),  (6.28)

of a vector unchanged. The same is true for the norm of a four-vector,
which is unchanged by the transformation (6.23). This is called the
Lorentz-invariance of the norm. Similarly, the scalar product }_,, A, By,

of two four-vectors A, and By, is a Lorentz invariant. The property of
Lorentz invariance is a very useful one, since it allows us to calculate
norms and scalar products of four-vectors in any convenient frame. For
example, the norm of the four-velocity v, in the frame attached to the
particle, or rest frame (we denote all such quantities by a prime) is simply
Zvﬁ = —c2. Hence, by Lorentz invariance

Zvi =2 (6.29)
M

holds for vy, in any inertial frame. Likewise, the scalar product }_,, f, vy
vanishes in any inertial frame, since

1d ’ 1d ”
;fyvyziﬁ(;vy)zig(gvy):o (6.30)
and ), v;} is constant in the rest frame of the particle.

The construction of v, and f,, as well as their properties, only de-
pended on the form of the transformation (6.23) and the relation between
proper time and observer time. The actual values of the A, were not
relevant. The developments in the following paragraphs will also be of
this nature. Examination of the behavior of entities under transforma-
tions that respect the fundamental invariance of the infinitesimal interval
ds = cdt will become the guiding element when we discuss particle
kinematics and particle dynamics. Such a point of departure has a much
more dependable mathematical "feel" than the repeated introduction of
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"Gedanken" experiments involving clocks and measuring rods. However,
we have to use the Lorentz transformation explicitly whenever the values
of a four-vector are required in two different frames. The question of
how to combine velocities in relativity is a case in point. An observer in
a frame Y/, moving with velocity V along the x-axis of a second frame %
(see Fig. 6.1 again), records the velocity of a particle as v'. What velocity
does this particle have with respect to £? From (6.14), the space and time
increments as seen from ¥ and X' are related by

_dx' vt o _ gt _ dt’+¥2dx’
dx_\/ﬁ—Z/CZ’ dy=dy, dz=dz, dt_ﬁl (6.31)

so that, since v = dr/dt is the velocity recorded in X, v/ = dr’/dt that
recorded in ¥/,

_dxX'4vdt v 4V
St a1+ Vo/c

dy [ v _oyl- & 633

v — —_— — .
Yar + Lay 2 1+Vo,/c2 33
dz' 1 V2 v /1- ‘C/Tz 6.3)

Vp= Al = . .
FTary Lae V@ T 1rve /e 34

The curious structure of these equations runs contrary to intuition as

(6.32)

Ux

with so many results in relativistic physics. However, the common de-
nominator 1+ Vv, /c? is essential if the velocity c is not to be exceeded.
For consider a light ray moving along the x-axis. Its velocity is recorded
as ¢ in X’. Now let &’ be moving with velocity c relative to X. The veloc-
ity X records is vy = ¢ according to (6.32). However, the direction that

a light ray travels relative to observers in ¥ and ¥/ is affected by their
relative motion (abberation of light, see Problem:s).

6-6 Momentum and Energy

We now wish to study the motion of a free particle of mass m moving
with velocity v, by means of the Principle of Least Action that was
discussed in Chapter 1. We do so by constructing an integral for the
action function S that satisfies the following two conditions. (i) The
integral must be Lorentz-invariant in order to satisfy the Principle of
Relativity and (ii) its integrand must be a differential of the first order.
The only Lorentz-invariant differential of first order that refers to a
single particle is the invariant interval ds introduced in (6.4). In addition
the integrand for S must have the dimensions of energy X time. The
only combination of this nature that is available for a free particle is
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mc2dt = mcds. Hence,
)
Sfree = _mc/s ds (6-35)
1

is an expression for S with the required attributes. The integral is taken
along a world line of the particle that connects the two events s; and s
in its history. The minus sign ensures that S has a minimum value if the
world line connecting s1 and s; is a straight line, corresponding to the
actual motion of the particle along a straight world line in free space (A
little reflection will show that the distance | ;12 ds is a maximum when the
integration is along a straight world line. This contrasts with the case
in real space where integration along a straight line gives the shortest
distance in free space. The difference arises because of the imaginary
time coordinate in ds).

A useful expression for S is obtained by introducing the observer’s
time interval dt via ds = ¢y/1 — B2dt for ds in (6.35). Then

'ty 2
Stree = —mc2/t 1/1— 2 dt, (6.36)
1

which in turn identifies a possible Lagrange function for a free particle.

Lfree = _mCZ 1-—. (6-37)

For small velocities, Liee ~ —mc> + %mvz, which differs from the
nonrelativistic Lagrangian 3mo? by the constant —mc?. However, we
have seen that L is not unique. An equally suitable function for a free
particle would be

02
Léree = Lree + me* = _mcz(\/; —1). (6.38)

The momentum p is given by

oL
— free — mv (639)

v [ 2
2

irrespective of which form for Ly, is used. However, the first form,

(6.37) is preferable. This preference has to do with the expression for the
energy of a free particle. From (1.78) of Chapter 1, the energy associated
with the system described by L., is

mc?

_2
2

Thus, £ reduces, not to zero, but to the so-called rest mass energy mc

&= PV~ Liree = (6.40)

2

when v = 0. By contrast, L, describes a system with energy E; =
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& — mc? measured relative to the rest mass energy. The quantity
2 2 1
E, =& —mc" =mc [72 —1] (6.41)
[
T a

is called the kinetic energy.

The fact that the energy £ is more fundamental than E; emerges from
its transformation properties under Lorentz transformations. The fact
that p, as given by (6.39) and £ together constitute the components of the
following four-vector,

i
pu = [ps 55] (6.42)
called the four-momentum, or momentum-energy four-vector, means the
p and £ are connected with the corresponding values p’ and £’ in a

moving frame ¥/ via (6.25), i.e.

Px v 0 0 —ipy Py

Py _ 0 1.0 O Py 6
0, 0 01 0 ol (6.43)
i£/c iBy 0 0 v i£'/c

Since p’ = 0 and £ = mc? in the rest frame of the particle, the Lorentz-
invariance of }, pl% provides a particularly convenient way of deter-
mining the energy-momentum relation for a free particle. The rest

frame value is ), pf = —(mc)?. Therefore by Lorentz invariance
Y p%, = —(mc)?, or
2 & (e (6.44)
C2 - 4 44

where p and & refer to the observer’s frame. Elimination of (1 — ZC’—;)%

between (6.39) and (6.40) provides us with the particle velocity
9
V=p5=o_. (6.45)
E op
The energy-momentum relation (6.44) for a relativistic particle leads
to a hyperbolic, rather than a parabolic relation between energy and
momentum. We illustrate this in Fig. 6.2 after rewriting (6.44) as
&
(e €

2
B .
o mcz) (6.46)

which is the equation for a hyperbola with semi-axes mc and mc?.

Since the gradient d€ /dp determines the particle velocity at each
point according to (6.45), the asymptotes £ = %cp in Fig. 6.2 describe
the energy-momentum relation of "particles” moving with the speed of
light. Such "particles" must necessarily have zero rest mass. Otherwise

the energy of such particles would always be infinite according to (6.40).
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E  (units me2)

E=cp

p
(units mc)

Photons, or "particles" or light are an example of entities satisfying the
energy-momentum relation £ = cp. In fact, the four-vector character
of [p,i€/c], together with the photon picture of light £ = cp, where

& = hv, h = Planck’s constant = 6.63 x 10~3* joule sec, is the energy
carried by the photons constituting a light wave of frequency v, leads
to the formulae describing the Doppler shift and aberration of light in a
natural way (see Problems.)

Returning to the relation (6.44) for material particles, we note that
Fig. 6.2 provides visual assurances that the particle speed v cannot ex-
ceed ¢, since the gradient 0£/dp of the hyperbola is always less than
the gradient of the relevant asymptote. The other aspect to notice about
Fig. 6.2 is that the energy-momentum relation is two-valued, there being
two possible values & of the energy for each value of p. These negative
energy values, also shown in Fig. 6.2 are properly dismissed as unphys-
ical in classical physics. However, all this changes in quantum physics,
where it can be shown that the negative energy solutions do have a
physical interpretation”3 in terms of a "sea" of occupied "antiparticle”
states.

The inclusion of the rest mass energy mc? in £ is an essential feature
of (6.44). This has the consequence that the separate conservation of
mass and energy of classical physics is amalgamated into a single mass-
energy conservation law expressed by (6.44). Mass has to be considered
a form of energy that is not distinct from other forms of energy and
is not conserved separately. Consider an atomic nucleus by way of
a concrete example. Its mass is M say, taken as a whole, and so the
nucleus has energy Mc? at rest. However, the constituent nucleons, A
in number, possess energy by virtue of their kinetic motion and mutual
interaction, in addition to their rest energies m;c?. Consequently the sum
YA mic2 # Mc?. A part of the rest energy Mc? of the nucleus resides
in the nucleon interations. In fact, the rest mass energy Mc? of a stable
nucleus is always smaller than the sum of the masses of its constitutent

Figure 6.2: The
energy-momentum
relation for a
relativistic free
particle.

73 See for exam-
ple, J. D. Bjorken
and S. D. Drell,
Relativistic Quan-
tum Mechanics,
(McGraw-Hill Book
Company, New
York and London,
1964), Chapter 5.
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nucleons by an amount

A
—B = (Mc* - Y mic?), (6.47)

i=1
where B > 0 is called the binding energy. An energy B has to be sup-
plied to break up M into its constituents m;. Conversely, if B < 0, the
system is unstable and will disintegrate with emission of energy, usually
in the form of kinetic energy of the decay products. The advent of nu-
clear power sources is made possible by the conversion of mass-energy
into some other (usable) form of energy. In the fission of uranium nuclei
by neutron bombardment for example, the mass energies of the uranium
and its fission products differ by about 200 MeV. This amounts to an
energy release of nearly 10'# joules/kg of fissile material!

The conversion of a part of the rest mass energy into other forms of
energy during fission is certainly one graphic illustration of the validity
of (6.40) for describing the energy of a free particle. The other aspect of
this relation, i.e. how the energy of a relativistic free particle depends
on its speed and the existence of a limiting speed, has been beautifully
illustrated by examining the speed and energy gain of electrons after
passing down the accelerating tube of a linear accelerator (W. Bertozzi,
Am. ]J. Phys. 32, 551 (1964)). The experiment measures the speed v
and kinetic energy Ey independently that the electrons attain in a given
accelerating potential. A plot of the square of the speed attained for a
given kinetic energy is shown in Fig. 6.3.

N

Figure 6.3: Ex-
perimental con-

i Classical firmation of the

| relativistic relation
between the speed

o=
A}
>

=
u

1
| and the kinetic
—" p — energy of relativis-
. Relativistic tic electrons. The
H open circles denote
1 the experimental
/ points.

S

2 4 6 8 10 E;

(units me2)

The deviation of the experimental points from the non-relativistic rela-
tion v2/c? = 2E;/ mc? in favour of the relativistic prediction
2
v 1
- =1-— (6.48)
2 E 2’
‘ (1+58)?
which follows from (6.41), gives a convincing illustration of the cor-

rectness of the latter over the former. The figure also suggests that no
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appreciable increase in speed is brought about by increasing the energy
supplied to the electron, once this energy exceeds the rest mass energy
mc? = 0.511 MeV of the electron.

6-7 Particles and Fields

So far, we have avoided the question of how to introduce the idea of
interactions into Special Relativity. We now consider this question, again
from the point of view of constructing a suitable action function S for the
interacting system. A prototype of the sort of problem one faces is the
relativistic motion of a charge ¢ in an electromagnetic field. This problem
is relatively simple because of the known fact that the vector and scalar
potentials A and ¢ describing the electromagnetic field in free space
form the components of a four-vector

Ay =), (6.49)
called the four-potential of the field. This result is a consequence of the au-
tomatic invariance of Maxwell’s equations under Lorentz transformations.
It is thus a simple matter to construct a Lorentz-invariant expression
representing the particle-field interaction term in S. We write

S= Sfree + Sint, (6-50)

where Sg. refers to a free particle. As for Sy, describing the particle-
field interaction, we know that this term must (i) be a Lorentz-invariant,
and (ii) contain quantities that refer to both the particle as well as field
variables in order to describe a particle-field interaction. The simplest
expression meeting these requirements is

£Y)
I / Y Audx,, (6.51)
X1 U

where dx;, = v,dT is the four-displacement in the proper time interval
dt and A, is evaluated at the particle-position x;, = x,(7). The electric
charge ¢, which is a Lorentz-invariant property of the particle, serves

as the "coupling constant" between particle and field. Multiplying Sin¢
by additional constant amounts to setting the units of charge and elec-
tromagnetic field. The choice (6.51) is equivalent to using MKS units
throughout. Writing dx = (v, /c) ds and adding the resulting expression
for Sint t0 Sgree, ONe has

S
S = / 2[—mc—l— ¢ Y v Ayl ds. (6.52)
51 c U

Introducing the observer’s time interval dt in place of ds again, this
becomes

%) 2
S = /t [—mc?y /1 — :7 —ep+e(v-A)dt, (6.53)

1
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since ), Ayds = (—¢ + v - A) dt. The Lagrange function for a charged
particle in an electromagnetic field can now be read off as

L:—mczy/l—:—i—e¢+e(v-A). (6.54)

This expression only differs from its non-relativistic analogue (2.73) of
Chapter 2, in the term describing the free particle. Since the electromag-
netic interaction piece is already Lorentz-invariant (although we had no
way of ascertaining this in Chapter 2), it comes through unchanged in
form. We can now "turn the crank" once more to obtain the momentum
and energy,

JdL mv
2z
and )
g=-"" e, (6.56)
UZ
2

for a charged particle in an electromagnetic field.

Since the contribution of the interaction terms with the electromag-
netic field are the same in these results as in the non-relativistic case of
Chapter 2, the equation of motion of the charge is still given by (2.77),

but with the mechanical momentum modified by the factor (1 — v/ cz)l/ 2,
Hence,
d m
(Y )= ¢E+e(vxB) (6.57)
dt* [
CZ

replaces the classical equation of motion for a charge in an electromag-
netic field (E - B).

To find the energy-momentum relation in the presence of an elec-
tromagnetic field, we observe that [p — eA, £(£ — e¢)] is a four-vector.
Lorentz invariance of the norm of this four-vector yields

(p —eA)* — Clz(é’ —ep)? = —mc?. (6.58)

6-8 A Lorentz-Invariant Lagrangian

Although the action integrals in (6.51) and (6.52) are Lorentz-invariant,
the Lagrange functions they lead to are not. Other formulations of the
relativistic particle problem exist which use Lagrange functions that
are manifestly Lorentz-invariant. By analogy with the arguments of the
non-relativistic case, consider an action function given by the integral

5= / :2 Llxy (1), 0u(7)] d1 (6.59)

over the proper time interval 7, — 77 associated with the particle. The
function £ depends on the position and velocity four-vectors x,(7) and
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v,(T). Note that the four-velocity components v, are not independent,
since Y, v = —c?. Introducing a suitable Lagrange-multiplier to take
care of this, one finds that the variation problem S = 0 with dx,(7)
vanishing at the end points is satisfied, provided that

d oL, AL

%(@) - @I ‘le = 1/2/3/4/ (660)

a by now familiar equation. A suitable Lagrange function of this type for
a particle in an electromagnetic field is

1
L= 5 vaf, +e) v A (6.61)
M M

2

Notice that the "kinetic" term vai = —mc* is actually a constant.

However, as stressed in Chapter 1, it is the functional form of L that
matters. The required manipulations on the function £ are simple. One
has

d 0A
E(mvy + eAV) = 62 W:'UV, (662)
v

a result which may be written as
d
= (mvy,) =e) Fuvy (6.63)
v

if we transpose dA; /dt = ¥, (dA,/9dx,)vy to the right hand side and
introduce the abbreviation

94y oAy _
ox,  Oxy,

pv —

—Fy. (6.64)

The entity F, is by construction an antisymmetric tensor of rank two
and therefore has six independent entries. For this reason F#V often
goes by the name electromagnetic six-vector, which terminology becomes
clear on writing out its components in terms of the components of the
electromagnetic fields E and B,

E= —grad¢ — aa—?, B = curl A. (6.65)

Then, '

0 B, -B, —iE
-B. 0 By -—1lE,
B, —B: 0 —lE
Ex ¢Ey B2 0

(Fuv) = (6.66)

The equation of motion given by (6.63) is manifestly invariant in form (or
as we say, covariant) under Lorentz transformations. This circumstance
is brought about because it is written explicitly in terms of four-vectors
and/or derivatives thereof with respect to proper time that is a Lorentz-
invariant concept. In terms of ordinary three-vectors and derivatives
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with respect to the observer’s time, the equation of motion splits into
two parts. The space part of (6.63) just duplicates (6.57). For the fourth,
or "time" component, one finds

d mc?

"

expressing the fact that the increase in energy in time dt is supplied by

) =¢E-v, (6.67)

the work done by the electric field on the charge in this interval. The
covariant form of the equation of motion for the charge thus combines
Newton’s law of motion plus the rate of working of the applied forces (a
consequence of Newton’s law of motion) into a single, compact equation.

The results given in (6.57) and (6.67) suggest a way of introducing
the idea of "force" into Special Relativity. When written in terms of the
proper time of the particle, these equations become

dp 1 I
i N 20 .
LN (669
c2
and 5
me
(6.69)
in terms of the Lorentz force F) = ¢E 4 ¢(v x B) acting on the charge.

Multiplying the lower equation by i/c shows that the set (6.68) and (6.69)
is equivalent to the single equation

dp
P fur w=1234, (6.70)
where the four-force f, is given by
F i v-F

-
_»c _ 2
2 2

Here F (now not necessarily F()) is the force on the particle as it would

]. (6.71)

fy:[

appear in the non-relativistic equation of motion. Alternatively, one
simply can define f, by (6.70). In either case, the four-vector nature of f,
guarantees the invariance in form, covariance of (6.70) under Lorentz
transformations. Note that ), v, f, = 0, i.e. the four-force is always
perpendicular to the four-velocity, in view of (6.30).

The form and transformation properties of (6.70) suggest that it is a
suitable generalization of Newton’s second law of motion for relativis-
tic particles. The definition of "force” embodied in this equation also
synthesises the two fundamental conservation laws of classical physics,
those of energy and momentum, into a single law of the conservation of
four-momentum when the four-force is zero. That is, if f, = 0, then

pu = [p, éé’ | = constant, (6.72)
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which can only hold if both the space and time components p and &£ of
pu are constant.

The special theory of relativity, providing as it does a fertile field for
new insights and gross misconceptions, remains a somewhat aloof, if
essential element of classical physics. For this reason, we have attempted
to keep the presentation on a reasonably elementary level and close to
the basic principles of relativity. The most natural field of application
for most of the material in this chapter concerns the motion of charged
particles in given electromagnetic fields, the generation of such fields
by charges in arbitrary motion, and finally the "feedback" of the field
generated by a charge in motion, on that motion. Such problems require
a simultaneous study, which is not attempted here, of the equations of
motion governing both particle motion and field motion in the presence
of particle-field coupling terms74. Neither have we made any mention
(beyond the name!) of the principles underlying the General Theory of
Relativity7>.

Problems

6-1. Some stars, called white dwarfs, have nearly the mass of the sun,
but the size of the earth. Assume that (6.22) describes the frequency shift
experienced by light emitted from a white dwarf and calculate a value
for Av/vy. How do Doppler shifts, as per (6.20) enter into the picture?
Can you suggest a procedure for untangling the two effects?

6-2. Doppler shift. A light source of frequency vy moves towards an
observer with speed V' = Bc. Show that the formula (6.20) for the
frequency vp that is observed follows from the transformation properties
of the associated energy £’ = hyy and momentum p’ = &’/c of the
photons emitted by the source.

6-3. The photons referred to in problem 6-2 have to be emitted by a light
source, e.g. an excited atom or nucleus. Examine, via the conservation
of four-momentum how the recoil of the emitting source influences the
previous result for vp.

6-4. Aberration of light. A light source, moving with velocity V = fc
along the x-axis of a stationary reference frame, emits photons in a
direction 6’ with respect to its direction of travel, as observed in the rest
frame of the source. Show that, according to an observer at rest, these
photons are emitted in a direction 8§ with respect to the direction of
travel, where

cos®' +

cosf = 14 Bcost

(6.73)

74 See for exam-
ple J.D. Jackson,
Classical Electrody-
namics (John Wiley
and Sons, Inc.,
New York, 1962),
Chapter 17.

75 See for example,
R. Adler, M. Bazin
and M. Schiffer,
Introduction to
General Relativity
(McGraw-Hill Book
Company, New
York and London,

1965).
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This phenomenon is known as the aberration of light.

6-5. Consider reference frames %, ¥’ and ¥” in relative motion along

a common x-axis, such that £” has a velocity V' = B’¢ relative to ¥/,
which in turn moves with velocity V' = f'c relative to X. Prove that the
velocity of £ as seen by X is V = B¢, where

B ‘B/+‘B//

p= 15 g (6.74)

by considering the successive Lorentz transformation ¥ — ¥/ 4+ X" as
constituting the single transformation ¥ — ¥”. Hint: the transformations
Y — ¥ and X' — X' are "rotations" through angles ¢’ and ¢", where
tan¢’ = if’ etc., that are equivalent to the single "rotation" ¢ = ¢’ + ¢".
Set tan ¢ = i and use the addition theorem for the tangent function.

6-6. Photons of sufficiently high energy can lose energy in matter by the
process of pair production, where an electron-positron pair is created.
Show that this process cannot take place without the presence of a third
particle (an atomic nucleus) to take care of momentum and energy
conservation.

6-7. There has been some speculation on the literature (see e.g. O.M.
Bilaniuk und E.C.G. Sudershan, Physics Today 22, 43 (1966) for an
elementary exposition) regarding the possible existence and properties of
particles ("tachyons") that always move with a velocity greater than that
of light. Accepting this hypothesis, show that the every-velocity relation
for tachyons implies that the rest mass parameter m in (6.40) must be
replaced by an imaginary parameter im. Find the corresponding energy-
momentum and energy-momentum-velocity relations for tachyons. From
these show that the faster a tachyon goes, the lower is its energy.

6-8. The fact that interactions propagate with a finite speed implies that
the concept of a "rigid" body has to be examined with care from the
point of view of Relativity. A paradox that illustrates the sort of prob-
lems one runs into is the following (E.M. Dewan, Am. J. Phys. 31, 342
(1963)): A polevaulter runs into a barn with his pole held horizontally.
The rest length of the pole is such that it will not fit into the barn, but
according to an observer in the barn, its Lorentz contracted length will
fit in. Once the polvaulter is inside the barn, the barn door is slammed
shut. Can the polevaulter "explain" the fact that the door can be shut
behind him, since according to him, it is the barn that has contracted so
that the pole cannot possibly fit into it?
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Chapter 7 Hamiltonian Mechanics

7.1 Hamilton’s Equations

We saw in Chapter 1 that the Lagrange formulation of dynamics enjoyed
many advantages in terms of the freedom of choice of coordinates, the
ready recognition of conservation laws, and finally in the presentation of
the laws of dynamics themselves in terms of the action principle

f
5/t1 L(g,q,t) =0. (7.1)

In this Chapter, we will study yet another reformulation of the equations
of motion of a system, whereby the n Lagrange equations

d oL oL

—(z—)=5—, k=12,...,n, .

FGi) = o k=12 72)
for a system having n degrees of freedom, and which are second-order
differential equations in the time variable ¢, are replaced by 2n first-
order differential equations, known as Hamilton’s equations of motion.
The simplest way of accomplishing this end is to introduce n auxilliary
variables r;, where

Gp=r¢, k=1,2,...,n (7.3)

Then the Lagrange equations (7.2) revert trivially to a set of n first order

differential equations

d , oL oL

ﬁ(aTk) = 30 (7.4)
which, together with (7.3), make up a set of 2n first-order differential
equations that are equivalent to the n original Lagrange equations (7.2)
that are of second order. However, instead of using the ry, it proves

much more convenient to use the canonical momenta

_ oL _ oL (7.5)
defined in (1.72) of Chapter 1. Assuming that this relation can be turned
"inside out" to solve for the r; in terms of g; and py, we can pass from

the set of 2n variables (g, 7¢) to the set (g, px)-



248 ANALYTICAL MECHANICS

Let us retrace the steps leading from the extremum condition (7.1) to
the Lagrange equations, but where L is now considered as a function of
gk, and ry as per (7.3), L = L(q, 1, t). Therefore the variation indicated in
(7.1) has now to be carried out under the restriction that (7.3) must hold,
or that

51/7]( — 57‘k =0, (7.6)

in terms of the variations in 64y = (d/dt)dqy and dry. Therefore, the

2n variables g; and ry are not independent. But from the discussion of
constraints in Section 1-6 of Chapter 1, we are already prepared to deal
with this complication by introducing Lagrange multipliers Ay, where

Y Axlde —r) = 0. (7.7)
X

Adding the variation of this equation, i.e. the identity

8Y Mlge—1e) =0 (7.8)
k
to L in (7.1), we find that
)
5/t [L+) Mg —ri)]dt =0, (7.9)
1 3

where, as previously, dg; = %(5%)- The variations dq; and éry can now
be considered to be independent, and the coefficients of each dgx and Jry
must vanish separately. In particular, the coefficients of the Jr; determine
the Ay according to

3}5{ = Ag. (7.10)
Returning to (7.9) with this information, we discover that the extremum
condition is equivalent to

§/t2[L+Za—L(qk—rk)]dt —0, (7.11)
t T Ok
or "

5/t1 [L— ;Pk% + ;PHM dt =0, (7.12)

if we make use of ry = 4 and the definition of py. The last relation may
be written as

ty )
5/t [—H+}_ prdxl dt =0 (7.13)
1 3
in terms of the Hamilton function, or Hamiltonian

H=—L+}_ pix. (7.14)
k

We have met this expression previously in (1.78) of Chapter 1, there as
a result of investigating the conservation properties of a system. We see
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from (7.13) that the principle of least action can be expressed in terms of
H as well, so that H is indeed as fundamental as the Lagrange function
for describing the dynamics of a system. We note that by agreement L
was to be considered a function of q; and r; or equivalently g; and py
(courtesy of (7.5) in the above derivation). Consequently the same holds
true for H: The Hamilton function is to be considered a function of the
2n canonical variables (qy, px), i.e.

H=H(q,p,t) (7.15)

using the shorthand notation g = (41,492, -..,qx), etc.

With this proviso in mind we can use the action principle in the
form (7.13) to find the equations of motion for the variables g, and py.
Carrying out the indicated variations, one sees that

t2 oH oH
—— — D)0 + (—=— 4+ Gx)0pi|dt = 0, .16
/tl ;[( o0k Pr)oqx + ( o 4k )OPk] (7.16)

after employing a partial integration to shift the time derivative of
dgx = (d/dt)éqy onto its cofactor py, and the boundary conditions
0qx(t1) = dqx(t2) = 0. Since the variations ég; and dpy are both arbitrary
and independent, we conclude that

oH . oH
“ o gk = PPN

This set of 2n first order differential equations constitute Hamilton's

Pk = k=1,2,...,n. (7.17)

equations of motion for a system with n degrees of freedom. Note in

passing that if a coordinate g5 is absent (cyclic) in L, it is also absent in H.

Hence from the first equation,
_ o _
pPs = P qs -

or that each momentum that is canonical to a cyclic coordinate is con-

0, or ps= constant, (7.18)

served, as in (1.75) of Chapter 1. The Hamilton function H is itself
conserved if it does not depend explicitly on t. We see this by calculating
dH/dt,

@—Z(aﬂ'+a£')+aﬂ—aﬂ (7.19)
it~ = og T oap P T o T o 719
and using Hamilton’s equations. Hence, if

8871;1 =0, then H = constant. (7.20)

H may or may not represent the total energy, depending on the func-
tional form of T and V in the Lagrange function, see discussion leading
to (1.81) of Chapter 1: If L has the simple form L = T — V, with T being a
homogeneous quadratic function of the gx, and V only a function of the
qx, then

H=T+4+V =E (7.21)

is constant and equal to the total energy E of the system.
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7-2 Some Examples of Hamilton’s Equations

Experience has shown that it is usually as easy or as difficult to solve
Hamilton’s equations of motion as it is to solve Lagrange’s equations for
a given physical problem. The utility of Hamilton’s equations actually
lies in a different direction as will become clear presently. For the mo-
ment we content ourselves with a few examples to gain familiarity with
Hamilton’s method.

(i) One-dimensional harmonic oscillator: Calling the displacement of the
particle away from equilibrium g instead of x, one has

1 1
L= quz — Emw%qz (7.22)
if the mass m oscillates with frequency wy. The Hamilton function (7.14)
becomes
PPl 5,
H = m + S Mg (7.23)
in this case, since
P—‘QE—‘mq (7.24)
04 '

can be used to eliminate 4 in favour of p. Hamilton’s equations of mo-
tion for an oscillator are thus

S 2 . s E

p=—mwyg; 4= (7:25)
The second of these just reconfirms the momentum-velocity relation
(7.24). If we use this relation to eliminate p from the first equation, then

i+ wiqg =0, (7.26)

which is just the equation of motion for an oscillator.

(ii) Central Motion

Consider again the motion of a particle, mass m in a central potential
field V(r). In plane polar coordinates (r,0) the Lagrange function is

L= %m(# 4207 — V(r), (7.27)

leading to the canonical momenta

AL oL

pr = 5 = mi;  pg = 5 = mr20. (7.28)

The Hamiltonian, which is also the total energy in this and the previous
problem, reads

1, o P
H= %(Pr + 72) +V(r), (7.29)
and the equations of motion are
2
. _ P OV pr
Pr=sd " or "Tm (7:30)
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and

. ; Po
=0, 0=-"'%. .

Po - (7-31)

The last set of relations confirms that the angular momentum py = mr?0

is conserved, while p, and py can be eliminated in the first partner of

(7.30) to give the usual radial equation of motion
m(i — %) = F(r) (7.32)

in a force-field F(r) = —aV /or.

(iii) Motion of a Charged Particle:

The Lagrange function for this problem has been given before in (2.73)
of Chapter 2, i.e.

1
L= Emvz —ep+e(v-A), (7.33)

where m is the mass of the charge e moving with velocity v. If we locate
e in cartesian coordinates at r = (x,y, z), then the canonical momentum

p = (px, py, pz) is given as
p=mvted, (7-34)

so that 1
_ _ 2
H= 5 (p—eA)" +ep. (7.35)

A straight-forward calculation, using
p= —grad,H;, v=7=grad,H (7.36)

leads to the equation of motion established previously, i.e.

%(mv) =¢E+e(v X B). (7-37)

7-3 Canonical Transformations

We saw in Chapter 1 how a reformulation of Newton’s second law of
motion as Lagrange’s equations led to a particularly efficient way of
looking at dynamical problems. But the real bonus was the freedom

we gained in the choice of coordinates that could be employed. This
freedom was guaranteed in the derivation of the Lagrange equations
from an action principle, and showed up explicitly in their invariance in
form under point transformations of the type

0 = fi@1, 92 - G t) (7.38)

from one set of 1 coordinates g to another set g;. The particular advan-
tage of Hamilton’s formulation of the equations of motion lies in the fact
that, in addition to retaining their form under point transformations like
(7.38), they admit a much wider class of transformations for which this
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invariance also holds. This class of transformations, called canonical or
contact transformations provides for the transformation of the old coor-
dinates and momenta to new coordinates and momenta Q. and P, via
relations of the form

qk:fk(Ql/-”/QVl;Pl/-~-/Pn;t)

= 8k(Qu -, Qui Py, .., Puit) (7.39)
such that the new canonical variables also satisfy Hamilton's equations
. oK . oK
P = T30y Qk = ap; (7-40)

in terms of a new Hamilton function K = K(Q, P; t). The construction
of transformations like (7.39) that turn Hamilton’s equations for the
old variables into mirror relationships for the new variables seems like
a tall order. Actually the problem is quite simple. The hint as to how
one should view the problem comes from the variational principle in
the form (7.13). There we indicated how Hamilton’s equations followed
from this principle. Conversely, one can show that if Hamilton’s equa-
tions are valid, then (7.13) must necessarily hold. With this in mind it
follows therefore that if (7.40) are to hold, K must satisfy the following
variational principle

t .
5 / K+ Y POyl dt =0, (7.41)
H p

with §Q(t1) = 6Q(t2) = 0. The discovery of the class of transformations
that are canonical therefore boils down to the problem of introducing
transformations which automatically guarantee that (7.41) will hold,
provided that (7.13), i.e.

tr
5/t [~H+ ) prge)dt =0 (7-42)
1 k

holds in the old variables, with the familiar boundary conditions
0qx(t1) = dqx(t2) = 0. That (7.41) should be an automatic consequence
of (7.42) does not mean that their integrands are equal, however. For
we can add the total time derivative dG/dt of any arbitrary function

G to the integrand of either equation without changing the value of
the variation. This fact follows from the nature of the J-variation. Let
G = G(g,Q, t) be some function of the old and new coordinates. Then

f dG oG
—~dt = [6G]? = 2[ 5qk +
n

tr _
Lt ko]t1 0, (7.43)

aQ

due to the boundary conditions on the Jg; and §Qy at t; and t,. Conse-
quently, (7.41) will be a consequence of (7.42) provided that

—H(q,p,t)+)_ pedr = —K(Q, P, t) +ZPka+ (f/,Q, t).  (7.44)
k
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The function G is called the generating function of the canonical transfor-
mation. Canonical transformations are thus characterized by specifying
G instead of the relations (7.39). However, these relations tell us that G
can only depend on any two of the sets of variables (g, px) and (Q, Px),
and possibly the time t. It proves to be convenient to specify G as de-
pending on one of the following four sets of variables that are taken to
be independent: (i) (g, Qx), or (ii) (qx, Px), or (iii) (px, Qk), or (v) (pk, Px),
so that G has "one foot in each camp" so as to speak. The missing vari-
ables in each case are then to be calculated in terms of any of these sets
from a knowledge of the generating function itself. To see how this
works out in practice, let us look at Case (i) G = G(gq, Q, t). Calculating
the time derivative in (7.44) and equating coefficients of g; and Qy, one
finds the set of equations

oG
P = P (7.45)
G
P = _TQk (7-46)
oG
K=H+ o5 (7.47)

for each value of k. Equations (7.45) and (7.46) give py = g,’c(q, Q)
and P = f;(q,Q,t). If we can "solve" the latter equation in the form
gk = fr(Q,P,t) and use this information to eliminate the g from the
former, p = g.(fi(Q,P,t),Q,t) = g(Q, P, t), we have rendered the
canonical transformation (i, px) — (Qk, Px) in the form (7.39).

Case (ii): Since gy and Py are considered independent, we must elimi-
nate the Y4 P,Qy in favour of ¥ PcQy in (7.44). This can be accomplished
by writing

G(q/ Q, t) = S(qu’ t) _Xk:Pkar (7‘48)

so that
e 35 | 3s . as . .
= ;aquqwr;a—ﬂcpwr e —;Pka—;Pka- (7-49)

Using this information to (7.44) once more, leads to another set of rela-
tions in terms of the function S,

_ ais (7.50)
S
Qr = aTJk (7.51)
daS
K=H+ T (7.52)

Once more, the first two equations can be solved in principle to
provide the (g, px) as functions of the (Qg, Px).
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The relation (7.48) is an example of a Legendre transformation that
is so useful in shifting to new independent variables in thermody-
namics. Cases (iii) and (iv) above can be dealt with in like manner
via the Legendre tranformations G = T(p, Q,t) + Yk pxqx for (iii) or
G = U(p, P, t) + Y(prqgx — PrQx) for (iv) respectively. The dependent
variables are given by

_ o 59
Gk = e 7-53
oT
P=—— .
k 300 (7-54)
oT
K=H+ o (7.55)
in case (iii), T = T(p, Q,t), and
ou
qGk = _aT’k (7.56)
ou
Qx = b, (7-57)
ou

in case (iv), U = U(p, P, t).

Some examples of familiar transformations "in canonical clothing"
are useful to bear in mind. The identity transformation, gx = Q, and
px = Py is obviously generated by setting G = 0. In terms of a type (ii) or
type (iii) generating function, this means that either of

S=Y qP, or T=Y pQs (7.59)
k k

generate an identity transformation, as may be verified by direct calcula-
tion. The "interchange of names" transformation q; = —P and py = Qx
is obviously canonical. It is generated by either of

G=Y qQw or U=)Y pPr (7.60)
k k

These last two examples show rather clearly that which variable is
termed a "coordinate" and which a "momentum" is a matter of seman-
tics in Hamiltonian mechanics, and the term "canonical variables" for
each pair (g, px) is preferable. However, it is well to bear in mind that
this semantic freedom has to be tempered by the realization that the
physical significance of the canonical variables will eventually have to be
identified in making actual calculations.

The next transformation in ascending order of complexity, is the point
transformation between coordinates,

qk :fk(QllQZ/"‘lQi’l;t)! or Qk - Fk(‘]lzﬁlz,-u,qmt)' (761)
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The first one is generated directly by

Y fi(Q1, Q2 .., Quit)p1, (7.62)
1

or indirectly by
S=Y F(q1,92, - qut)P, (7.63)
1

which generating function also gives the second form of the point trans-
formation directly. Writing g and Q for the set of variables in f and F,

one has
= fk(Q/ t)
P = Z 3 Q pi (7.64)
or
Qk = F(q,1t)
pe= L5 (765)

upon using (7.53) -(7.55) or (7.50) -(??). One can show directly that each
of these transformations is canonical (see Problems). In a similar fashion
the choices S = Y, 4;¢;(P,t), or T = —Y; G/(p, t)Q; generate "point"
transformations between momenta, py = (P, t) or Py = Gi(p, t), while
G =Y, qWi(Qt)and U = —Y; p;W;(P,t) would produce "mixed"
point transformations like py = Wi(Q, t), or gy = Wy(P, t) respectively.
None of these results are really surprizing when one remembers that
the g’s and p’s are always treated on an equal footing in Hamilton
theory. Instead of arbitrarily constructing more complicated canonical
transformations at will, we rather ask at this stage whether there are
perhaps canonical transformations that have a particular significance in
dynamics. This question is examined in the following pages.

7-4 Special Canonical Transformations and Hamilton-Jacobi Theory

Our considerations thus far have ignored the fact that the Hamilton
function itself is altered to

9G
K=H+3/ (7.66)

under a canonical transformation of variables. We have also seen that G
may be replaced by any one of the functions S, T or U. Since K is to be
a function of the new variables (Qy, P;), a knowledge of the associated
canonical transformation in the guise of (7.39) is a prerequisite in order
to eliminate the old canonical variables on the right hand side of (7.66)
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in favour of the new. However, there is another way of looking at (7.66):
It tells us that we may "fiddle" with the functional dependence and/or
value of the new Hamiltonian at will by changing the function G. There-
fore, the idea presents itself of looking for those generating functions
(and thus canonical transformations) that render the new Hamilton function
simpler than the old one, when looked at from the point of view of solving
Hamilton’s equations. Thus (7.66) is now to be regarded as a condition
determining G (or whatever alternate generating function is considered),
rather than a prescription for calculating K.

The question as to what is the "simplest" problem to solve in terms of
the new canonical variables, opens up a host of possibilities. Perhaps the
simplest imaginable dynamical problem is no problem at all. K = 0! By
(7.40) this would mean that all the new canonical variables are constant
in time, P, = 0 and Q; = 0 for all k, or

Qr= ;Bkr (7.67)

where a; and By are constants. The generating function that accom-

Pk:“k/

plishes this transformation is determined by (7.66) with K set equal to
zero, i.e.

oG
H(gq,p,t)+ T 0. (7.68)

Equation (7.68) is called the Hamilton-Jacobi equation. It determines

the generating function that performs the canonical transformation to
constant canonical variables7®. Once G (or S, or T, or U) has been deter-
mined, one can construct from it the associated canonical transformation

9 = fr(B1, .- (7.69)
Pr = 8k(B1,-- (7.70)

-/,Bn}alr---/“n}t)

'/,Bn;‘xlw-wfxn;t)

in terms of the 2n constants a and By and the time t. Butatt = 0 (or
any other convenient time instant), (7.69) and (7.70) allow one to relate
the 2n constants (ay, Bx) to the 2n initial values of the canonical variables
(9, px), and thus allow one to calculate the gx and pj at any subsequent
time in terms of their initial values, i.e. to solve the equations of motion
in the original variables. Consequently, in solving the Hamilton-Jacobi
equation, one is at the same time solving the associated dynamical
problem.

To see how this works out, we must choose a particular set of inde-
pendent variables to work with. The standard choice in discussing the
Hamilton-Jacobi equation is to seek a generating function of the type
S =5(q,D,t), although any of the remaining three will do just as well.
If we choose G — S as our unknown generating function in (7.68), then
we may eliminate all the p’s in H(g, p, t) with the help of (7.50) to find, in

detail,
dS aS 0S

H(‘hznw%}ﬁ/u-r%rﬂ‘Fg

=0, (7.71)

76 Sometimes the
name Hamilton-
Jacobi equation

is reserved for

this equation only
when S = S(gq, P, t)
is considered as the
generating function.
S itself is then
called Hamilton’s
principal function.
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the Hamilton-Jacobi partial differential equation in (n + 1) variables for S.
We have already met this equation as (1.111) of Chapter 1. The function
S, designated Hamilton’s principal function, depends on the 7 g4’s and
the time ¢, as well as the n constants, P, = ay, that give the constant
values of the new canonical momenta. The physical significance of these
constant momenta is unspecified at this stage, and we will choose them
later to suit our convenience. The important point to notice, however,

is that none of the constants a in S are additive since S and S plus

an arbitrary additive constant are both solutions of (7.71) (since this
equation only involved derivatives of S). Now, the complete integral

of (7.71) must contain as many constants of integration as there are
variables, i.e. (n+ 1) constants. According to the above observation one
of these is necessarily additive and to be discarded. We are then left with
a solution S(q1,...,qn, &1, ..,an; t) involving n non-additive constants.
The second equation (7.51) now enters to relate the n constant values of
the new coordinates, Q; = By to the g4 and the time,

aS
.Bk:BTLk:Fk(’h/---/qn?"‘lf""“”;t)' (7.72)

These 1 relations can in principle be turned "inside out"to give the old
coordinates as a function of the ay, B and the time ¢,

Gk = fr(ar, - an; 1, - Pui ). (7.73)
Finally, with the help of this result and the relation

S

= 9 (7.74)

Pk

we can solve for the py in terms of the constants («g, Bx) and ¢ in the
form

pk :gk(“lw~-/“n;,31/--~/ﬁn;t)/ (775)

which brings us to the point envisaged in (7.69) and (7.70), and allows
one to solve for the motion.

The procedure is best appreciated via an example. For the one-
dimensional harmonic oscillator, H is given in (7.23). The Hamilton-
Jacobi equation (7.71) for S reads in this instance

;n@)jf + madg+ 2 =, (7.76)
where S = 5(gq,«,t) contains a single non-additive constant « equal to
the new canonical momentum. This partial differential equation may be
solved by the method of separation of variables. Writing S = W(gq) + f(¢)
in (7.76) and using (7.52), we find that f(t) = —Et, where H = E is the
constant total energy of the oscillator. Hence,

S =W(q) — Et, (7.77)
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where the function W(q) satisfies the ordinary differential equation

1 dw 1

1
W= v2m / m dq, (7.79)

after leaving off the trivial additive constant of integration. While this

with solution

expression is simple to integrate directly, we refrain from doing so until
after using (7.72) to find g as a function of time and the constant new
momentum «. We note that

S=W(q,E)—Et (7.80)

contains a single non-additive constant, the total energy E in this case.
What then is #? The point is simply that we are now at liberty to identify
the new canonical momentum (which is constant) with E, so that

P=ua=E, (7.81)

or any function of E. Since the last term in (7.80) contains E linearly, the
above identification is a natural choice. Then (7.72) reads

S 1y, |mw}
or
2E .
q =] — sinwo[(t + B)]. (7.83)
maw,

0
The remaining relation, p = 9S/dq att = 0, relates the canonical
variables (Q, P) = (B, E) to the initial momentum. But since we know
p = mq from Hamilton’s equations, it is simpler to calculate p directly
from (7.83) as
p = V2mE cos wy(t + B). (7.84)

Now both B and E may be determined in terms of the initial values

of gand p att = 0, say. Thus S given by (7.79) and (7.80) generates a
canonical transformation to new canonical variables that are respectively
the time —pB when g(t) vanishes and the total energy E of the oscillator.

7-5 Hamilton-Jacobi Theory for Conservative Systems

For systems where the Hamilton function is conserved, H = constant, it
is always possible to effect the separation of the time variable as in (7.77).
We only consider such systems from now on where H, when conserved,
also represents the total energy, H = E. Then, in view of (7.80) we may
write generally

S=W(q,...,qu E, a2,...,an) — Et (7.85)
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for a system with n degrees of freedom. Here we have identified the
"first" new canonical momentum «; with E, as we are at liberty to do.
Then W satisfies the following partial differential equation if S is to
satisfy the Hamilton-Jacobi equation,

oW oW

H(qll'.',qn;ﬁl..'lﬁ

) =E. (7.86)
The function W, which depends on the n coordinates g, and n constants
(E, a2, ...,ay) is called Hamilton's characteristic function to distinguish it
from S. We also met (7.86) in Chapter 1 as (1.112), with W there called Sy
for uniformity of notation. Once (7.86) has been solved for W, we return
to (7.72) to learn that f1 = 9S/JE = dW/9JE —t, or that

oW
t+pr = 3E (7.87)
and 39S oW
BE= 50 = o K =23 7:88)

The second set of relations is particularly interesting since the time ¢
appears nowhere explicitly. Thinking in terms of a system with two
degrees of freedom for simplicity, (7.88) reads in detail

oW
B= T F(q1,92,E, ) (7.89)

if we call B = B and ay = a. This relation determines the relation
between g1 and g7 at all times for given values of &, § and E, i.e. it
determines the orbit. By contrast, (7.87) determines the transit time of
the system from —f; to t, as we already observed in (1.109) of Chapter
1. A combination of all n relations (two in number for two degrees
of freedom) give both the "orbit" and the gy as a function of time for
specified initial conditions.

(i) Central motion in two dimensions

Again, the procedure is best appreciated via an example. We return to
the case of particle motion in a central field V(r) and write down (7.86)
in plane polar coordinates, g1 = r and g, = 6. Then, in view of (7.29),

one has

i(aﬂ)Z 1 (87W)
2m " or 2mr2* 90

However, we know that, in addition to E, the angular momentum py =

24 V(r)=E. (7.90)

mr?0 canonical to 6 is also conserved. Being constant, py, which is one
of the old canonical coordinates, can serve just as well as one of the new
canonical momenta, a; = pp, say. We give expression to this fact by
separating W into a sum of a function f(r) of r and an identity generator
in 0, thus

W = f(r) + Oas. (7.91)
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It follows at once that the new momentum Py = «; is identical with py
since py = dW /00 = w,. The function f(r) is determined by

L@ _ gy, (7.92)

2m " dr
where U = V(r) 4+ p3/2mr? is the effective potential introduced previ-
ously in Chapter 2. Hence,

W = 6pp + \/2m/\/E “Udr,

if we take the positive square root in evaluating f. Application of (7.88)

(7.93)

with ay = py and B, = 6 gives back (2.22) of Chapter 2 again,
0y = W _ 0 — /, Pé dr
" 9pg oun /2m(E — U) 12’

if we identify 6y as the angle where ¥ = 7y, the closest approach dis-

(7.94)

tance. The time dependence of r is provided by the companion equation,
(7.87). Calling ty = —f1, the time when r = ryjn, one has

fy JLWf/V o dar
O_BE_.rmin ’%(E—U),

which is just (2.23). We have thus extracted the two relevant equations

(7.95)

for describing central orbits from Hamilton’s principal function in a
rather systematic way. However, there is a price for this convenience: We
must be able to solve (7.86) for W. The trick that was used in solving the
central field problem by writing W as a sum of functions, with the coor-
dinates distributed each to a function, is called "separating" variables.””
The procedure is certainly successful whenever all the old canonical
momenta bar one are constant. Examples of this kind are central-field
motion in two or three dimensions, or the motion of a top under gravity.
But this proviso is too restrictive; however we do not go into further
detail and refer the interested reader to further literature research.

(ii) A non-separable problem

Before leaving the practical applications of Hamilton-Jacobi theory, it
is well to point out that all is not necessarily lost if the Hamilton-Jacobi
equation fails to separate. Often the resulting non-separable partial
differential equation can still be solved by appealing to the vast literature
on the theory of partial differential equations of the Hamilton-Jacobi
type for guidance. An example of this nature is provided by the problem
of the motion of a charge e in crossed electric and magnetic fields F and
B. We use cartesian coordinates (x,y) to locate the charge and point
F = Fy along y and B = Bz along z so that the motion is confined to the
x,y plane. This electromagnetic field is described by scalar and vector
potentials

1 N N
¢=—Fy, A= SB[-yX+xy] (7.96)

77 It is useful to
note that the sepa-
ration of variables
for the correspond-
ing quantum me-
chanical problem
involves choosing a
product, rather than
a sum to represent
the unknown func-
tion. The reason
for this difference
becomes clear if
we recall the con-
nection between
the solutions of the
wave equation in
the quasi-classical
limit # — 0 and
Hamilton’s char-
acteristic function
W (h = Planck’s
constant divided
by 27r). Writing

Y ~ exp(iW/h) for
the wave function,
one finds that

the Schroedinger
energy operator
gives

",
[~V +VIy
1
~ [5 - (VW)? +V]
Xexp(%W)
:Eexp(%W)

in the limit

i — 0. Thus

W is a solution

of (7.86) for the
corresponding
classical problem.
Now, the quantum
mechanical
solution ¢ (¢, 0)

for the central
field problem in
two dimensions
separates

as Y(r,0) =
F(r)exp[520] ~
expl} F(r)] exp[ 6] =
expl} (F(r) +6po)
showing the
genesis of

W = f + 0pg quite
clearly.
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so that (7.86) reads

1. 0W 1 ow 1
%[(g + EeBy)z + (W - EeBx)z] —eFy=E, (7.97)
with the help of the expression (7.35) for H. This equation is not sep-

arable. However, by using the method of Charpit, one can show that

ow 1
e EeBy +a, (7.98)

where a is a constant of integration 78. Combining this result with the
original partial differential equation, we can solve for W /dy and thus
construct the differential AW = (W /dx)dx + (W /dy)dy. Hence,

' 1
W= / \/Zm(E +eFy) — (eBy + «)?dy + ax + EeBxy. (7.99)
We take E and « as the new canonical momenta. Then (7.87) and (7.88)
read
y() d
Br+t= / Y (7.100)
W \[Z(E+eFy)— (By+ 8)?
and
y(x) By
,BZIX—/ Gay + ) dy, (7.101)
woEE+eRy) — (By+ 52
where y = yp att = — B4, or x = B,. Integration of these expressions is

elementary and gives the path of the charge as a trochoid in general. In
the special case that the charge starts out from rest at the origin at t =0,
one has both E = 0 and « = 0 so that

eF
y(f_‘) = ﬁ(l - Coswt),
eF . eB
x(t) = = E(cui.‘ —sinwt), w= ot (7.102)

which are the parametric equations of a cycloid. Note that w is just twice
the Larmor frequency () = eB/2m.
(iii) Motion in a non-inertial frame

As a final example of the utility of canonical transformations, we
rederive the result given in (2.100) of Chapter 2 for the equation of
motion of a particle relative to a rotating frame of reference. Let ¥’ refer
to a set of axes Ox'y’z’ that are rotating with angular velocity Q = Q(t)
about an axis passing through the common origin of Ox’y’z’ and a set of
axes Oxyz that constitute an inertial frame >.. The motion of a particle in
Y is described by the Hamiltonian

2

_
R () (7.10)

7 A. R. Forsyth,
ibid., pp420.



262 ANALYTICAL MECHANICS

leading to the equation of motion p = —gradV = F. The coordinates r
and r’ of the particle in > and ¥’ are related by the point transformation

r = A(t)r, (7.104)

representing the rotation of X' relative to X. A is the operator that
performs this rotation, and is represented by an orthogonal matrix
AAT = ATA = I as we already discussed in Chapter 3. The elements
Aj; = Aj;(t) are time dependent. This has been indicated by the blanket
notation A(t). The generator of the point transformation ' = A(#)r is

S=p'- (A(Or) = (AT(1)p') 1, (7.105)

as may readily be proven from matrix algebra. Here p’ is the new canoni-
cal momentum that goes along with r’. We have

p =grad S = AT(t)p’. (7.106)

The new Hamiltonian determining the motion in ¥’ is given by (??),
or

2 0A
K= 571 +HU() +p - (5 AT, (7.107)

after using (7.106), and the inverse transformation r = A’ (t)r to elim-
inate the old canonical variables, and calling V(r) = V(ATY) = U(Y).
The effect of the operation (dA/dt) AT (t) follows on examining the effect
of A(t) on the position vector R, (0) at t = 0 of a point P rigidly attached
to X’. At time ¢ this point is moved to Ry(t) = A(t)R,(0) by A(t). The
change in position of P in time dt is therefore

Ry(t+dt) — Ro(t) ~ dt%—?Rp(o) = dt%—?AT(t)Rp(t). (7.108)
But this shift also equals —dt(Q2 x Ry(t)), where Q) is the angular velocity
of ¥/ at time t. Notice the minus sign. This is necessary because as we
have seen in Chapter 3, A(t) rotates the vector R, (0) in the opposite sense
to the rotation of axes envisaged previously. Thus, since

—AT(t)Rp(t) = -0 x Ry(t) (7.109)
holds for any R, at any instant of time, we conclude that (9A/dt) AT (t)

is equivalent to the "operation” —(x, i.e.

aa—?AT - -0 x. (7.110)

Employing this result, we finally have

K= p—m +U@)—p' - (Qxv). (7.111)
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The Hamilton equations in the new variables p’ and r' become
p'=—grad K=F+p xQ (7.112)

and
i =v = grad K = —p/ +1r xQ (7.113)
P m ' '

We solve for the canonical momentum p’ from the above equation,
p' =mv +m(Q xr'), and find

%(mv’) =F+2(mv' x Q)+ Q x (m’ x Q)+ (mr xQ),  (7.114)

as in (2.100) of Chapter 2.

7-6 Periodic Systems and Action-Angle Variables

Periodic motion has, as we have seen, a rather special place in mechanics.

We have devoted considerable space to discussing central orbits that are
periodic, and a whole chapter to small vibrations. In preparation for

a discussion of periodic systems in Hamilton-Jacobi theory, let us first
point out that Hamilton’s characteristic function W, which was origi-
nally introduced as the time-independent piece of S in (7.85), induces

a canonical transformation of its own that is quite different from that
introduced by S. Consider a conservative system, H = E. Let us enquire
into the properties of the generating function, which we provisionally
cal W= W(q1,...,9n, Py, ..., Py), that transforms H into a new Hamil-
ton function K which only depends on one half of the new canonical
variables. Thus, all the Qy (say) are cyclic, all the Py are constants, k.
From (7.50)- (2?) one has that

oW

= 11
Pk= 5a (7.115)
oW
Qr = 874,( (7.116)
H=H(ay, ..., &n). (7.117)

For a conservative system, H = E, so that W is determined by (7.86)

again,
W W,
-/an aq1/~ sty aqn

The solution for W will contain the constant a1 = E, and n — 1 additional

H(q, .. =E. (7.118)

constant of integration «y, ..., a,, none of which are additive. Thus, as
previously,
W=W(q1,...,qn01,.-,0&n), (7.119)

where the a; are identified with the new constant momenta P,.
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We now return to systems performing a finite motion that are in
addition described by a separable Hamilton-Jacobi equation. The form of
the generating function (7.119) is then

W= Wi(%’r“lw "/[X?’l)/ (7.120)

M-

I
—

where each W; only depends on a single coordinate g;. The conjugate
momenta, py,

Pk = ZZZ‘ = Pk 1, an) (7.121)
are functions of the single canonical coordinate g; and the set of con-
stants aq, &y, ..., a,. This circumstance, which only occurs in separable
systems, allows one to classify the motion of each (g, px) pair into one
of two types. If we plot p; as a function of g; as given by (7.121), the
result is a curve in (g, p)-space, or the phase-space of the (g, px) variables.
Then (i) if this curve is a closed one, g; must oscillate back and forth
between two turning points as the point (g, px) moves around the curve.
Thus gy returns to its original value if (g, px) moves once around the
closed curve, and gy is said to have completed its full cycle. This motion
in gy is called a vibration (or libration) with g, returning to its original
value after each cycle. (ii) If on the other hand g; advances by ¢y ev-
ery time the system returns to its original state, the motion is termed
rotational, with a full cycle in gj being represented by its changing by ¢x.

Systems performing a vibrational or rotational motion in the sense de-
scribed above have special properties that are best exhibited in terms of a
special set of canonical variables called action angle variables. The action
variables J; are a new set of constants that replace the constants ay in
(7.115) - (7.121). They are defined as (the 27t is arbitrary, but convenient)

)y = }{Pk dqy, (7.122)

where the integral § dgy ... means that gy is taken over its full cycle. Be-
cause of the separability displayed in (7.120), the J; are indeed constants.
Using the expression for py in (7.121),

1 [ oW,

=57 % a0

qu - ]k(“l/-‘-r“n)/ (7123)
since the single g, appearing in W integrates away. By inverting this
equation we can elimiate the &y in favour of the Ji in (7.115) - (7.121).
Then the generating function becomes

1=

W=) WiqiJa - ]n), (7.124)

1
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giving rise to the following equations for the associated canonical trans-
formation it induces:

W,

P= 50 = Pe(@i -0 Jn) (7.125)
oW

lzbk: W :1Pk(Q1r---r‘1m?]1/---r]n) (7126)
k

K=H=E(J1,---,Jn) (7.127)

We have designated by ; the variable conjugate to Ji. It is called an
angle variable for reasons which will become clear presently.
The equations of motion and their solutions, for the y, and Ji are,

respectively,
. oK oE
P = R wi(J1, -0 Jn) (7.128)
with solutions
Pr(t) = wit + 9 (0), k=1,2,...,n (7.129)
and oK
Je = T 0, (7.130)
with solutions
Jx = constant, k=1,2,...,n. (7.131)

The constants wy = wi(J1, ..., Jn) are called the fundamental frequencies
of the separable system. We will also have more to say about them in a
moment.

The canonical pairs (¢, Jx) are known as action-angle variables. They
are specific to separable systems performing a periodic motion (in order
to define a g; cycle) and, as we have seen, have the property that each
increases linearly with time, while the J; are constants. Geometrically,
27t ], represents the "area" in phase space, enclosed by the orbit described
by the point (g, px) in a vibrational motion, or the area under this curve
for one cycle of gy, if the motion is of the rotational type. Consequently,

]k = ]k(qlr*-'/qn;pl/“-/pn) (7132)

is a single-valued function of the old coordinates so that the J; provide
for n single-valued constants of motion of a separable system. In contrast
with the [, the ¢y increase by 27 for every cycle in gy, the remaining g;’s
(q1 # qx) and all the J’s being held fixed. We see this by calculating the
change Ay due to a full cycle in q;: From (7.126),

ppp— f FW g paw
Hrk 9q;9] = aq &
d
= 27'[i = 2710). (7.133)

9k
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Notice that (7.133) does not mean ¢, changes by 27 during g;’s cycle

in the actual motion, because other ¢’s are also changing in this case.
However, it does mean that each g; must be a periodic function in the 1,
with a fundamental period of 27t. Thus, if we solve (7.125) or (7.126) for
the gy in terms of the action-angle variables,

qk = qk(lplrlPZ/'";]lr]Z/"‘)/ (7134)

these solutions must have the property that (the n’s are integers)

Qk(lpl +27T711,1/J2+27‘[712,...;]1,]2,...) = qk(lpl,lpz,...;h,fz,...).

(7.135)
Hence any single-valued q; can be written as a multiple Fourier series

e [ee)

n
=Y. - ) Alglsz...sn exp [i ) sip], (7.136)
§1=—00  §y=00 I=1
where the s; are integers running over the indicated ranges. Introducing
the explicit form of the ¢y from (7.129), one obtains the time-dependence

n
exp [it ZZ s101] (7.137)
=1
for each term of given (s1s;...s,) in (7.136). Thus, each term of that
sum oscillates periodically with a frequency Y} ; s;w;, but the sum of
such terms is not periodic in general. One then speaks of a conditionally
periodic motion of the g; = g¢(t) as a function of time. However, it often
happens that two or more fundamental frequencies are commensurable,
i.e. are connected by relations of the form

wp w
LT, (7.138)

e
where the n; and n; are integers. Such frequencies are said to be degen-
erate. If all n frequencies are degenerate, i.e. if there are n entries on the
left hand side of (7.138), the degeneracy is termed complete. Completely
degenerate systems display a simple periodic motion in all their coordi-
nates with a common period T = 271/w. We see this immediately upon
replacing the wy in (7.137) by the degenerate frequencies nyw. Then,

expliwt Y sin] (7.139)
]

will return to its initial value after a time T = 271/w for any set of s;.
Consequently, the g in (7.136) are all periodic, gx(t + T) = gi(t) with a
common period T.

The occurrence of degeneracies is more the rule than the exception
for many dynamical systems of interest. One important example is the
degeneracy in particle motion in a spherically symmetric potential V (r).
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This degeneracy, which is due to the central nature of V(r) shows up in
the dependence of the particle energy

E=E(Jp+Jo. Jr) (7.140)

on the sum of the first two action variables, where

2rtfp = j’{ptp dp, 2mjy = fpo do, 2mj], = fpr dr (7.141)
in spherical polar coordinates. Hence wy and wjy are degenerate, since

w—a—E—a—E—w (7.142)
¢ ) 6 7-14

Particularizing V(r) still further to be the inverse field V(r) = —a/r
introduces an additional degeneracy,

mﬂéz

1
E=EUp+Jo+ 1) = =30 T

(7.143)

that is peculiar to this potential. Then all three frequencies wy, wy and
wy are degenerate, and equal to the common frequency of motion

w_ PE_OE_E_2 [2EP _—
op e o aV m 7

for all three variables. The motion is truly periodic, the orbit being a

closed one as we already know from Chapter 2.

We have thus found the orbiting frequency from a knowledge of the
function E = E(J;, Jg, J) without first solving the equations of motion.
This result shows the power of using action-angle variables, and is typi-
cal of the general situation: If the energy E = E(Jj, ..., J,) is known as a
function of the action variables, then so are the fundamental frequencies
wg. Often the function E = E(Jy, ..., J4) can be constructed without solv-
ing the equations of motion first. However, whether or not the resulting
wy represent actual frequencies of motion has to be decided on the basis
of what degeneracies are present, as we have already discussed.

The advent of such degeneracies has a further consequence. The
number of (single-valued) constants of motion then exceeds the number
n represented by the n action variables J; = Ji(g, p) found in (7.67) for
a finite, separable motion. Referring by way of an example to central
motion in three dimensions one has the energy E, the total angular
momentum /, and its projection [, along an arbitrary axis as the three
single-valued integrals of motion. If, however, V(r) = —a/r, leading to
the additional degeneracy recorded above there is an additional integral
of motion,

(vx1)— %r (7.145)
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by construction. We see from (7.137) how such additional single-valued
integrals of motion can arise. For, apart from the n constants Ji, the n —1
constructs

Prw; — Prwy (7.146)
are also constant in time. However, they are not single-valued. But when
wi /Ny = wp/n; = w, the difference

ik — im
only changes by multiples of 27t when the ¢, change by 27 as per

(7.147)

(7.133). Any trigonometric function of yyny — ;n; will therefore be
an additional single-valued constant of motion.

The existence of more single-valued constants of motion than de-
grees of freedom in separable degenerate systems”? also means that
the choice of coordinates in which to represent the n action variables
cannot be unique, i.e. that the associated Hamilton-Jacobi equation
must be separable in more than one set of coordinates. For example, the
Hamilton-Jacobi equation with V(r) = —a/r separates in both spher-
ical polar and parabolic coordinates. The occurrence of degeneracies
in E(Jy,..
removal. In the case of any central motion we can dispose of one action

., Jn), as exemplified by (7.143) also suggest a means for their

variable (] say, with its attendant angle variable ¢) by using our prior
knowledge that the orbit lies in a plane. Using polar coordinates (7,6), in
this plane, the energy will in general be a function of Jy and |, separately,
E = E(Jg, Jr). However, if V(r) = —a/r, one has a further degeneracy,

since

1 ma?

B _E (]9 + ]r)z.
If we now consider E in (7.148) to be the "old" Hamiltonian and intro-

(7.148)

duce a second canonical transformation

G= (o —¢r)]" + 4] (7.149)
to new action-angle variables (¢’,]') and (, J) where
oG , _dG
]9:871/)9:]' ]r—aTbr— J+] (7.150)
and
,  0G ~dG
llJ - 87]/ - IIJG - lIJi’/ lp - 87] - IIJT/ (7151)
then the "new" Hamiltonian
2
J=E()) =% (7.152)

is only a function of J. As a result, the equations of motion for the new
angle variables are

(7.153)

79 The reader will
recognise that
much of this com-
mentary has a
counterpart in

the properties of
the associated
Schroedinger wave
equation, especially
in view of what
was said a few
pages back about
the connection
between the solu-
tions of the wave
equation and the
Hamilton-Jacobi
equation. L.P.
Eisenhart, Phys.
Rev. 74, 87 (1948),
has identified po-
tentials for which
the Schroedinger
equation is sepa-
rable. The same
considerations obvi-
ously apply for the
separation of the
Hamilton-Jacobi
equation.
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showing that ' = constant, while ¥ increases linearly with time as
before,

¥(t) = wt+9(0). (7.154)

Referring back to (7.93), it is interesting to construct the canonical trans-
formation from the old to the new variables explicitly. We have for ¢ in

particular,
ow ow

p=v'= 3, —wop ¢ esing (7.155)
either by direct integration, or by comparison with (2.34) of Chapter 2,
if we set ¢ = 0 at the perihelion. The geometric constants of this orbit
can also be expressed in terms of | and J'. Noting that |’ = Jy = py, the
constant angular momentum of the motion, one finds

2 12
a:n]Ta, 621/1—11—2 (7.156)

for the semi-major axis and the eccentricity of the elliptic orbit (refer to
(2.32) of Chapter 2).

7-7 Perturbations

The action-angle variables introduced in the previous section turn out to
be very suitable variables in which to study the effect of perturbations of
the Hamiltonian K in (7.127). We do not intend to present a systematic
development of such canonical perturbation theory, on account of its
complexity in relation to the sort of problem we want to discuss, but
rather wish to illustrate some salient features by way of an example.
For this purpose consider the motion of a particle in the central field
V(r) = —a/r, upon which a constant force field F has been superposed.
The potential energy for the perturbed problem is thus

o

V(r)=———(r-F). (7.157)

We wish to investigate how the motion in the inverse field, i.e. the unper-
turbed motion, is affected by the additional interaction (r - F), assuming
this to be "small". The philosophy of perturbation theory runs as follows:
We know the geometric constants of the unperturbed elliptic orbit of the
particle in terms of | and J'. The presence of a small perturbation will
therefore have the effect of introducing a slow time dependence (also rel-
ative to the period of elliptic motion) into J and J'. Thus, the geometric
constants (and orientation) of the unperturbed ellipse are expected to
change slowly with time. The problem is therefore to find out how the
J’s vary with time. But since the variation in the shape and orientation
of the ellipse is a slow one, we can as a first approximation replace (r - F)
by its time-average (r - F) over one period of unperturbed motion. Now,

269



270 ANALYTICAL MECHANICS

the time-average (r) of the position vector r of the particle relative to
the center of force obviously lies along the major axis of the ellipse by
symmetry. Its value is

o 27T
(x) = %/0 recosfdt = %/0 (cosé—e)(1—ecosg)dE = —%ae, (7.158)

after appealing to (2.34) and (2.43) of Chapter 2. Hence, the average
perturbing interaction is

H =—(r-F) = %aeF cos/, (7.159)

where ¢’ is the angle between F and the semi-major axis of the ellipse.
If we now assume that F lies in the plane of the orbit, then ¢’ is just the
constant angle variable conjugate to ]’ that gives the orientation of the
unperturbed ellipse relative to some arbitrary direction that we now
choose to be along F. We see this by noting that ¢/ = 0W /9], leads to
(7.94) again, with ¢’ = 6. The perturbed Hamiltonian K’ = K 4+ H’ is thus

K =E())+ F( ]2) 1—Ecos¢’ (7.160)
2" “ma J? ! ’
when expressed in the canonical variables |, ], and ¢'. K’ determines

the evolution in time of these variables to first order in F. We have

. oK’

j= oy = 0 (7.161)
jl = _311;: _ 3‘1]1: J2 — J2siny’ (7.162)
., 9K 3aF ] ,
§ = T 2—]\/ﬁcosw . (7.163)

The first equation shows that J, and therefore the semi-major axis 4, is
not changed by H'. We have therefore re-introduced a into (7.162) and
(7.163), since it is constant in time. Noting that

;t(\/l —J2/]?cosy’) = (7.164)

in view of (7.162) and (7.163), or that

(m cosy') = constant = ¢, (7.165)

(eo is the eccentricity of the unperturbed motion), we can eliminate ¢’
between (7.162) and (7.163) to find

—)? =o. (7.166)

Hence,

J'(6) = pocos( ), (7.167)



CHAPTER 7 HAMILTONIAN MECHANICS

where py is the unperturbed value of J’. The eccentricity e(t) and orienta-
tion ¢’ (t) of the major axis oscillate with the same frequency

W' = % (7.168)
as J/(t). From (7.156) and (7.165),
e(t) = /1 - (1 - ) cos? 't
cosy'(t) = e% (7.169)

These results show that the effect of H' in (7.159) is to cause the semi-
major axis of the ellipse to oscillate with frequency «’ about the di-
rection of F while maintaining its original length. The eccentricity e(t)
waxes and wanes with the same frequency. It is interesting to note that
J'(t) changes sign periodically, indicating that the particle motion is
reversed periodically (assuming that the perturbation theory holds for
sufficiently long times for this to happen). The frequency of oscillation
w’ is expected to be much slower than the frequency w of elliptic motion.
From (7.156),
1 0E _ 2ma® 4 |E|
w'd] ~ 3aFJ2  3aF’

(7.170)

a ratio that is large if the size of the perturbing potential (as measured by
aF) is small relative to the total energy in the elliptic motion.

The above calculations apply in particular to the case of a hydrogen
atom placed in an external electric field (classical theory of the Stark
effect). Actually, the Hamilton-Jacobi equation with V(r) given by (7.157)
is separable in parabolic coordinates, so that the problem is exactly
solvable for arbitrary external electric fields. One can thus investigate
the range of validity of our approximate solutions, as well as questions
like whether the bounded elliptic motion can become unbounded if the
external field is strong enough (see Problems).

7-8 Further Aspects of Canonical Transformations
We return to (7.52) and consider the case that the generating function

S = S(g,P) is (a) independent of time, and (b) differs infinitesimally
from the identity transformation ) g Py thus:

S=Y aPc+1nf(q,P). (7.171)
k

Here f is an arbitrary function, and # a small parameter characterizing
the difference between S and the identity transformation. The equations
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of transformation read

dS of

Pk P k Waqk

_ 95 _ 9f
Qr = aTvk =gk + Uapk- (7.172)

If # is small however, we obtain the differences

d
opk = Pe=pi= =15 fa.p)

d
0qr = Qk — qx = Uaf(q’p)’ (7.173)

correct to first order in #, upon replacing P, by py everywhere in the last
terms on the right of (7.172). The generator S is then said to generate the
infinitesimal canonical transformation given in (7.173).

Consider now any function F = F(g, p) of the canonical variables
but not an explicit function of the time. If g, and pj are shifted by the
amounts given by (7.173) in an infinitesimal canonical transformation,
the change in F is

oF of OF of

— - ), a1
oqk Opr  Opk 311k) 7.174)

OF = F(q+69,p+0p) =1 }
k
The combination of derivatives under the sum appears often enough to
merit a name and a special symbol. The expression

9F 9f  OF of

;(37,{37,( - TWT%) = [F, flgp (7.175)

is called a Poisson bracket, and is denoted by the square bracket symbol
on the right. Thus the change in F induced by the infinitesimal generator

1 f appears as
O6F = W[Pzﬂq,p- (7.176)

We will discover later that the subscripts (g, p) are not necessary. Poisson
brackets are invariant under canonical transformations and may thus be
evaluated in any convenient set of canonical variables. Let us investigate
some special cases of (7.176). Since we are allowed to choose both f

and the infinitesimal parameter 7, take f = H(q, p) a time-independent
Hamilton function of some system, and # = J¢, an infinitesimal element
of time. Then,

OF = 6t[F, H], (7.177)

or, writing 0F = Estas ot =0,

F = [F, H]. (7.178)
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The time rate of change of F equals its Poisson bracket with the Hamilto-
nian responsible for changing g, and py by égx and dpj in time Jt. In fact,
setting F = py and g respectively one finds

Opk = prot = ot[py, H] = S
I
. oH
0qx = Gidt = Ot[qy, H] = (St—a . (7.179)
Pk

In a very real sense then, the Hamilton function is the generator of the
infinitesimal transformation that shifts g, and py from their values at
time ¢, to their values that obtain at time t 4 ¢ during the actual motion
in the time 6t.

Two further views of (7.178) and its special case are important. Firstly,
if F = F(g, p) happens to be a constant of the motion, F = 0, then

[F,H] =0, (7.180)

i.e. all constants of motion have a vanishing Poisson bracket with the
Hamiltonian®. Secondly if we go back to (7.176) and calculate the
change in H itself under the infinitesimal transformation 7 f, then

0H =y[H, f]. (7.181)

Comparing this with the preceeding equation, we may say: The gener-
ators f of those infinitesimal canonical transformations that leave the
Hamiltonian invariant, dH = 0; are constants of the motion.

The symmetry properties of H, and the constants of motion of the
dynamical system it describes, are brought to the fore once again. For
example if H is translationally invariant, the total momentum is con-
served. To see this in the context of the present discussion, consider
an N-particle system with a translationally invariant H. Then éH = 0
upon shifting each particle position vector r; by a small common amount
da = Jr;. The generator for this infinitesimal transformation is

N
nf=)y da-p;=da-P, (7.182)
i=1
where P is the total momentum. If H = 0 then by (7.181) the quantity
da - P is a constant of motion. Thus, P itself must be constant since Ja is an
arbitrary vector.

Likewise, a rotationally invariant Hamiltonian conserves the total
angular momentum of the system it describes. A common rotation of
all particle coordinates through an angle 40 about any axis fi shifts the
coordinates and associated momenta by

51‘,‘ = 59(ﬁ X l‘l')
op; = 60(h x p;).

8 An identical
statement holds in
quantum mechan-
ics if the Poisson
bracket is replaced
by the commutator
bracket.
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The generator for this rotation is found to be

N

nf=60) A-(ryxp;)=60(n-L), (7.183)
i=1

where L = Y ;(r; x p;) is the total angular momentum. If H is left

invariant by this rotation, then §6(fi- L), and therefore L itself is a constant

of motion.

7-9 Liouville’s Equation

There is another way of looking at Hamilton’s equations of motion,

qk—gi, pk——gi, k=1,2,...,n, (7.184)
that is associated with the idea of the phase space of the system. For, if
instead of thinking of the 2n variables (g, px) and how each varies with
time, we follow the motion of the single representative point with "co-
ordinates" (q1,...,qu; P1, P2, -- -, Pn) in the 2n-dimensional space with
axes labelled by the g’s and p’s, then Hamilton’s equations give us the
"velocity" components of this point directly. The 2n-dimensional space
spanned by the 21 canonical variables is called the phase space of the
system, and the point (41, ..,qu; P1, P2, - - -, Pn) occupied by the system
at time t its representative point, or system point in phase space. As the
system moves according to the dictates of its Hamilton function and ini-
tial conditions, its system point moves along some curve, called a phase
path, in phase space. Notice that the initial conditions (specification
of the ¢’s and 4’s at some initial time) tells us where the system point
starts out in phase space, while Hamilton’s equations determine how it
proceeds away from this initial configuration.

(i) Liouville’s Theorem

One important property of phase space is that the volume element

dQ =dgq...dgudp1...dpy, (7.185)

and therefore also any finite volume [ dQ) of phase space is invariant
under a canonical transformation of variables. For consider by way of
illustration a system with one degree of freedom, and introduce new
canonical variables (Q, P) in place of (g, p). Then

dQ = dgdp = JdQdP = Jd(Y, (7.186)
where 5
]: a((g, F;))) = [q/ P]Q,P (7187)

is the Jacobian for the transformation [q, p] — [Q, P]. The anticipated
invariance dQ) = dqdp = dQ)' therefore amounts to showing that the
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Jacobian of all canonical transformations is unity. This brings in the
idea of the fundamental Poisson brackets [q, p], [,9] and [p, p] and
raises the question of how Poisson brackets transform under canonical
transformations. Consider any Poisson bracket [F, G, ,, where F and G
are functions of the canonical variables g and p. We assert that

[P, G]q,p = [F/ G]Q,Pr (7.188)

where (Q, P) are new canonical variables, i.e. that the Poisson bracket
is invariant under canonical transformations, and that both sets of
subscripts are unnecessary in (7.188). The proof of (7.188) involves
straightforward but tedious algebra using the properties of canonical
transformations (see Problems). A direct argument for proving the
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81 1. Landau and E.

invariance has been suggested by Landau and Lifshitz3". If we suppose  Lifshitz, Mechanics,

G is the Hamiltonian of some fictitious system then, in view of (7.178),
the Poisson bracket [F, G]; , gives the time rate of change of F. But this
must be given equally by [F, G]g p, since the time rate of change can only
depend on the properties of the system, not the choice of coordinates.
Therefore, (7.188) must be true. Returning to our problem, we compute
the invariant values

[0, plop = (4, Plap =1 (7.189)
[9.9]q,p = [9,9]4p =0 (7.190)
[Pr P]Q,P = [Pr P]q,p =0 (7.191)

of the fundamental Poisson brackets. Consequently | = 1 in (7.186), con-
firming the invariance dqdp = dQ dP. The proof for the 2n-dimensional
volume element in (7.185) is similar (see Problems). Therefore, it also
follows that

/dql o dgudpy ... dpy = /dQ1 ...dQ,dP, ...dP,, (7.192)

where the integral is taken over some volume of phase space.

The invariance of the volume in phase space under a canonical trans-
formation leads to the following conclusion, known as Liouville’s Theorem.
We consider a collection of system points in a given volume of phase
space. Such a collection might arise for example from considering a
large number of identical mechanical systems with differing starting
conditions. As time progresses each system point moves in accordance
with Hamilton’s equations, so that the boundaries of the phase space
under consideration moves as well. However, as we saw in (7.179), the
change in each g and py during the actual motion is made up of a series
of infinitesimal canonical transformations generated by the Hamiltonian.

(Addison-Wesley
Inc., Cambridge
Mass., 1960) p. 145.
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Therefore the volume occupied by the system points under consideration
cannot change, or

/ dQ) = constant, (7.193)

a result known as Liouville’s theorem.
(ii) Liouville’s Equation

We can follow up one consequence of Liouville’s theorem a little
further by introducing the concept of density p(q1,...,qu; p1,- .., Pn;t) of
system points in phase space. Then

pd Q) (7.194)

gives the number of system points in the volume element dQ) = dg; ...dgq, X
dp;y ...dp, at time t. As time marches on, the system points move in ac-
cordance with Hamilton’s equations, to occupy a new volume dQ)’ at
time t 4 6¢t. However, the number of system points in d() at time t must be
the same as the number in d() at time ¢ + Jt since no system points can
leave or enter the volume under consideration. Now, each representative
system point changes position and momentum by g6t and pydt in time
ot. Therefore the conservation of the number of system points means

that

p(qr +Gedt,...;p1+ prot, ..t +68)dQY = p(qy,...;pg...;1)dQY, (7.195)

or, since dQ) = dQ)’ by Liouville’s theorem, that

. dp . dp ap

;(Qkaqu + PkaT?k) 5 =0 (7.196)
We insert Hamilton’s equation for gx and py at this point to find Liou-
ville’s equation,

lo, H] + 3—‘; =0 (7.197)

for the density of system points in phase space. Obviously, the left
hand side of either equation gives the total time derivative of p, so that
Liouville’s equation may also be written simply as ¢ = 0.

Further developments along these lines lead into statistical mechanics,
an aspect that lies beyond the purpose of this chapter. Nevertheless, we
cannot resist presenting a problem, due to Max Born®?, that bears on
the question of in what sense classical mechanics may be regarded as
deterministic. It is obvious from the mathematical problem posed by
Hamilton’s equations that the values of the canonical variables g, and py
can be calculated exactly at any later time in terms of their initial values
qx(0) and pi(0) at time f = 0 say. That is to say, Hamilton’s equations
are fully deterministic. However, this statement tacitly presupposes that
such initial values, or starting conditions, are known with arbitrary preci-
sion. We now pose, with Max Born, the following question: Suppose the

82 M. Born,
Physikalische
Blaetter 15, 342
(1959)-
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starting conditions are known only imprecisely. What then can be said
about g and py at later times? Consider the motion of a free particle in
one dimension by way of an example. Its position and momentum at any
time f are given by

Po,

q(t) = qo+ "t p = po (7.198)

in terms of their initial values qg and pg at t = 0. If, however, these initial
values are imprecise, we can still assign a probability

f(q0, po)dQ0 (7.199)

to the occurrence of a given g¢ and py in the phase volume dQ)y = dgodpy
at t = 0. This is equivalent to considering N identical particles that start
off with different values of (go, po) such that the density of system points
att=20is

0(q0, p0,0) = Nf(qo, po)- (7.200)

By Liouville’s equation, this must also equal the density at all later times,

(g, p.t) = p(q0, po, 0), (7.201)
or
f(a,p.t) = f(q0, po)- (7.202)

Born considers the example where gp and pp have independent Gaussian
distributions about their respective means, so that

: . -
o p0) = ——exp{(BT2+ (=P}, (7.209)

where ¢ and T measure the scatter in gy and pg about their means § and
p. At all later time, therefore

Flapt) =fla—Lip) = o ep((11- M2y (P= Py
(7.204)
in view of (7.202) and (7.198). Notice that the g and p distributions
interlock at later times, f(g, p, t) no longer being a product of a function
of g times a function of p. Curves of equal probability are therefore
ellipses
(Q*Q_*Pt/m)z_F(P;ﬁ)z —C

g

(7.205)

that enclose an area in phase space within which f(g, p,t) > a constant
determined by C. We examine the representative case C = 1. Setting

t=0¢, p—p=1Y, (7.206)

we obtain
(G —atn)®+y> =1 (7.207)
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This is an ellipse in the variables ¢ and 7, referred to its center. Its semi-
major axis a makes an angle

1 4,1 1
= - —at) ~ — 1 .
X=5 cot (zoct) e at>1, (7.208)
with the positive {-axis and has the value
a = cotx ~ at. (7.209)

Att = 0, this ellipse reduces to a unit circle in the variables (¢, 7),

the center of which lies at (4, p). The area, 7, of this circle must by
Liouville’s theorem equal the area of the ellipse (7.207) at all later times.
Therefore, the axes a and b of the ellipse are reciprocal,

1 1
b=-=tany ~ —

p pre (7.210)

So, as time progresses, two things happen: From (7.207) we see that
the center of the circle moves with the mean speed o = p/m of the
distribution, while the circle itself deforms into an ellipse that becomes
more and more "emaciated” as its major axis dips down towards the
¢-axis, see Fig. 7.1.

pP—p

T

7

Thus, the definition of the one canonical variable, p gets sharper at the
expense of the other, g, a result we can understand by noting again that
f(g,p,t) is not a simple product of g and p distributions for t > 0,

The sharpening up of one canonical variable at the expense of the
other has an interesting consequence for periodic systems. We have
seen that such systems can always be described in terms of action-angle
variables. Thus, if we introduce action-angle variables (¢, J) for a one-
dimensional system with Hamiltonian K = E(]), then

p(t) = o+ w ()t

1) = Jo
w(f) = 5. (7.211)

We suppose that iy and Jy also have a Gaussian distribution as in (7.203).

If we further assume that the J-distribution is sharply peaked at | so that

Figure 7.1: Area-
preserving ellipses
in the phase space
of a free particle,
shown at three
equal intervals of
time. System points
inside the circular
boundary at t = 0
remain inside the
corresponding
elliptic boundary as
time increases.
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the first two terms in

S PE,
w(]):w(])—i-ﬁ(]—])—i-... (7.212)
give an adequate representation of w(J), we regain (7.207) once more,
with

p—P-—w(Nt=0¢ J-J=179 (7.213)
and 2
E
0N = ‘1%7, n= ﬁ (7214)

Consequently, the action variable becomes better defined at the expense
of the angle variable as time passes. In fact, since ¢ increases by 27
during each cycle of the system, we will have lost all information of ¥
after a time f, where the semi-major axis of the ellipse, 2 >~ at; exceeds

2m/0, i.e. when
2

E>te= E (7.215)

Thus, t. represents a critical time for the periodic system. After this
time we have lost all information on the angle variable. Notice that the
time t. is inversely proportional to the spread 7 of the action variable,
provided that p # 0. The latter circumstance is a special feature of a
linear harmonic oscillator for which E(]) = w] and u = 0. Thus, t, — oo
in this case, a result that is immediately understood by noting that the ¢
and # (or ¥ and J) distributions remain uncoupled for all times if 4 = 0.

Similar considerations follow for a system with n degrees of freedom,
described by a Hamiltonian K = E(Jy, ..., J4). Equations (7.211) and
(7.212) are replaced by

Pi(t) = o + wit

Je(t) = Jox
w= 5 (7.216)
and
Wi :wk+;a?:§]_l(h—]})+...
@ = wi(f, - Jn) (7.217)

for each value of k. Assuming Gaussian distributions in ¢, and Jo x
with widths o} and T,

n n

Y @& —tY aum)*+nir =1 (7.218)

k=1 I=1

replaces (7.207), if we set

Pk — P — Ot = 0k, T — Tk = Tl (7.219)
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and call
_ HuT _ 9’E
Ky = o Ukl = 73Tka]z.

(7.220)

We take 03,7 = 0117 # 0 for simplicity and exclude systems (harmonic
oscillators) for which py; = 0. Then ay; is a real, symmetric matrix which
can be diagonalized by a real orthogonal matrix U. Call its eigenvalues
«;, and transform ¢ and 7 to new variables U¢’' and Uy’. Then (7.218) is
replaced by

n

> (G —witn)* + 4%} =1, (7:221)
i=1
Being a sum of terms like those in (7.207), we can analyze this equation
for a longest critical time (« is the smallest eigenvalue of ay;)

]%, (7.222)

after which time we lack all information about one half of the action-
angle variables: The remarkable feature about this result is that it holds
for any system for which action-angle variables can be defined. The
Hamiltonian K = E(J, ..., Jx) itself has remained unspecified and
incidental to the whole discussion.

Problems

7-1. Show that the generating functions T(p, Q,t) and U(p, P, t) lead to
the canonical transformations given by (7.53) - (7.58).

7-2. Prove directly that the point transformation g = f(Q1,..., Qn;t)
where k = 1,2,...,n is canonical.

7-3. Set up and solve the Hamilton-Jacobi equation for the motion of a
projectile near the surface of the earth. Find both the equation for the
path, as well as the coordinates as a function of the time.

7-4. Set up and solve the Hamilton-Jacobi equations for the motion of a
top spinning about a fixed point. Take the analysis as far as you can.

7-5. Confirm the results given in paragraph 7-5(ii) of the text concerning
the motion of a charged particle in crossed electric and magnetic fields.

7-6. Obtain the result

1 ma?
E=—-_ ™ .
AT EIDE (7.223)
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for the energy of a particle, mass m, moving in the central potential

V(r) = —a/r. (Remark: The action variable 27t], = § p,dr can be
evaluated in a straightforward way by solving the energy equation for p,.
The resulting integral over r can then be done either pedantically, using
integration tables, or elegantly using contour integration.)

7-7. Using parabolic coordinates, set up and solve the Hamilton-Jacobi
equation for a hydrogen atom in an external electric field Ej. Introduce
action-angle variables and check the conclusions reached in paragraph
7-7 of the text. Address the question of whether there is a critical electric
field strength for which the orbit is rendered unbound. Estimate a
typical value for eagEy (¢ = electron charge, a9 = Bohr radius) and
decide whether or not perturbation theory is applicable to hydrogen for
the sorts of electric fields usually available in the laboratory.

7-8. A hydrogen atom is placed in a constant magnetic field B, pointing
perpendicular to the plane of the orbiting electron. Assuming B is
"small", carry out a similar analysis to that in paragraph 7-7, to study
how the electron orbit is changed by the external field.

7-9. It is known from electrodynamics that an accelerating charge e
radiates energy at the rate

P = 7?|v|2/ (7.224)

where v is the acceleration and ¢ the velocity of light, and the charge e
is measured in esu. Now consider the electron in the lowest state of a
hydrogen atom. Classically its orbit is a circle of radius ¢y = n?/mc? =
0.53 x 108 cm (the Bohr radius). Assuming that this orbit remains
approximately circular while the electron is syphoning off energy at the
rate P, show that the radius of the orbit will contract to

3.

@I=

873
r(t) =ap[l — ga—o (7.225)

t
3T
Here the constants are the classical electron radius ry = e*/mc? (=
2.8 x 10713 cm) and 7, where ct = (2/3)r is the characteristic time for
light to travel across the classical electron. Assuming the above formula
to be valid at all distances, calculate the time for a classical hydrogen
atom to contract to a point. How many orbits does the electron complete
in this time? Why do real hydrogen atoms not behave in this way?
(Don’t just say "quantum mechanics". Try to understand the reason in
detail).

7-10. The orientation in space and geometric constants of an orbit of a
planet are sometimes described in terms of its Delaunay elements. Look
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up what these are and how they relate to the action-angle variables.
Then study the problem posed by (7.157) again, that is particle motion in
the field V(r) = —a/r — (r - F), but where the force F now has an arbitrary
orientation relative to the plane of the elliptic orbit. Generalize problem
7-8 in the same way.

7-11. Prove that the Jacobian

]: a(q1/-~-IQn/P1/~--IPn) -1
(Q1,.--,Qu,P1,...,P)

if the transformation from the (g, px) to the (Qy, P;) is a canonical one.

(7.226)

7-12. Show that the fundamental Poisson brackets of 2n canonical vari-
ables gj and py are

9% Pk] = Ok, [q91] =0, [pr,pi] =0. (7.227)

We saw in the text that Poisson brackets are canonical invariants. Prove
the converse of this statement for the fundamental Poisson brackets, that
is to say, transform to new (not necessarily canoncial) variables Q; and
Py, and show that these variables also satisfy the canonical equations of
motion if g; and p; do, provided that

[Qk, Pk]q,p = Oy, [ri Ql]q,p =0, [Pkr Pl}q,p =0. (7.228)

Assume the transformation (4, p) — (Q, P) to be time-independent for
simplicity. Thus the canonical invariance of the fundamental Poisson
brackets serves as both a necessary and a sufficient condition for a
transformation to be canonical.

7-13. Prove directly that the Poisson bracket [F, G|, , of any two func-
tions F(g, p) and G(q, p) is a canonical invariant. Hint: Start by proving
the statement for the fundamental brackets and then use these as build-
ing blocks for the general proof.

7-14. Show that the action variables J; defined in (7.123) also have the
property of being adiabatic invariants. This means that if the Ji are
constructed for a Hamiltonian H(g, p, €) that depends on some time-
dependent external parameter ¢(t), then the J; remain constant for slow
changes in ¢(f) (slow means ¢ < ¢/T, where T is a typical period of mo-
tion of the system if € is constant). Start off your proof by observing that
the generating function W inducing the transformation (g, px) — (¥x, Jx)
will depend on (t) in this case, and thus become time-dependent. There-
fore, the new Hamiltonian will be given by

oW
K:E(]1/~'-/]n)+€'¥/ (7.229)
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where W = W(q, ], ¢) = Y1 Wi(qi, ], €). Now write down the equation
of motion for J; and average over a time large relative to T but small
relative to time over which ¢(t) changes appreciably. Complete the proof
by showing that 32W /9yd¢ is a one-valued function of the g; and thus

expressable as a periodic function in the ;. The time-average of such a
function vanishes.
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The Lagrange formalism forms the basis of modern theoretical
physics. Its usefulness in solving mechanical problems in particular
lies in the fact that it is based on a scalar quantity, the so-called
action, and therefore offers a vector-free formulation. The realm of
applications is myriad. In this book we concentrate on its usage in
classical mechanics, starting with basic principles, discussing
particle dynamics, then rigid bodies. Thereafter, we devote a full
chapter to small oscillations. We touch on fluid motion and the theory
of relativity, before, in the final chapter, elucidating the connection to
Hamilton’s theory. Each chapter is more or less self-contained. We
have presented many example problems, but also include a list of
(unsolved) problems at the end of each chapter.
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