Chapter 1 Principles of Dynamics

1-1 Preamble

Classical mechanics is a truly vast subject. That being so, the material
that appears in any text of this size and purpose has of necessity been
through a severe selection process. The choice of topics to be presented
here has been strongly influenced by a perceived relevance to modern
physics. This might sound unfair to our subject: The builders of classical
mechanics certainly never did intend their work to be seen only as
stepping stones on the way to quantum mechanics and field theory. Yet
much of it is.

We have also attempted to keep the discussion of mechanics as uni-
form as possible by using a Lagrangian formulation throughout. In
many instances this restricts one to considering only conservative sys-
tems, or at least systems for which a Lagrange function can be con-
structed. This is hardly a disadvantage. Most of the systems of interest
in physics are of this type; furthermore the generalizations to cover
particular non-conservative systems are usually straightforward.

1-2 The Ingredients of Mechanics

We start by considering the motion of a single particle under the action
of given forces, thereby introducing the two main ingredients of mechan-
ics, the concepts of particle and force. A qualitative idea of a force is quite
natural and instinctive, based on everyday experience. Gravitational
forces and their effects are certainly familiar to anyone who has ever
tried to defy them. But other forces also exist in nature that are not so
easily experienced; electromagnetic forces that are responsible for the
structure of matter in bulk, and forces which govern the dynamics inside
the atomic nucleus and its components itself. What we will have to say
in the rest of this book is generally applicable for any force system. In
practice, of course, the natural forces that occur in classical mechanics
are basically of two types: gravitational and electrical (even the action
of a spring, or the friction on a rough surface can in the last analysis be
traced back to the properties of the material involved, i.e. to the electrical
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forces between atoms). Examples of man-made forces in engineering
applications like steam pressure, hydraulic systems, etc. abound of
course.

Experience tells us that forces have both magnitude and direction:
they are to be represented as vector quantities. But how does one measure
a force, or compare the action of different forces? This is the quantitative
aspect of the problem. The answer is also obvious: we must do an experi-
ment. For this purpose we introduce the other ingredient mentioned at
the beginning of this section: the idea of a particle, or mass point *, whose
internal structure is characterized by a single parameter m called its mass.
The extent to which actual material bodies in the laboratory approximate
particles is determined by to what extent properties other than their
mass play a role in determining their motion.

To investigate the motion of a particle, we must measure its velocity v
and changes in its velocity as a function of time, v. In order to perform
such measurements the particle must be located in some frame of reference
by a position vector r. As the particle moves, r changes. The rates of
change of r(t) and v(t), given by

2
v= %r(t), V= ;?r(t),
represent the velocity and acceleration of the particle at time . However,
it is not the velocity v, but rather the product p = mv, called the linear
momentum, that plays a central role in determining the motion of the
particle. For experience shows that p stays constant if no forces act on
the particle, i.e. the motion is governed by the condition

p = constant. (1.1)

This is Newton’s first law of motion or law of inertia. The effect of an
applied force F acting on the particle is to change the momentum p. The
rate of change, p = dp/dt, is dictated by Newton’s second law of motion,

p=F (1.2)

This equation is the basic law governing the motion or dynamics of
material systems. It is often called the principle of linear momentum.

We saw that it was necessary to specify a frame of reference in which
to measure p and hence p. Are the laws of motion (1.1) and (1.2) valid
irrespective of what reference frame is used? Experience shows that
this is not the case. Newton’s first two laws of motion only assume the
simple forms given in special frames of reference, called inertial frames.
In fact, (1.1) can be turned around to provide a definition of an inertial
frame: a free particle moves with constant momentum in an inertial
frame. In particular, a free particle initially at rest remains at rest in such
a frame 2.

* Sometimes also
described as a
material point.

2 A better definition
of an inertial

frame of reference
can be given in
General Relativity:
The gravitational
field vanishes in
the immediate
neighborhood of
an inertial frame,
whether or not this
field is caused by
gravitating masses
or the non-uniform
motion of the
frame of reference.
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The next question is very important. How many inertial frames are
there? Suppose the point O is the origin of a set of rectangular axes Oy,

that form an inertial frame .. Now introduce a second frame made up of
/
x'y'z

with respect to 2. A particle at P which has position coordinate r = OP

rectangular axes O, , , moving in a straight line with constant velocity V

in ¥ has position coordinate t' = O’P in ¥/, see Fig. 1.1, where

Figure 1.1: The
particle at P moves
with velocity v
with respect to

¥ and velocity v/
with respect to .

r=r +Vt (1.3)
if ¥ and ¥’/ coincide at t = 0. Hence,
v=v +V (1.4)

where V' is the velocity of the particle as measured in ¥'. Since V is
constant in time, v = v/ or p = p’. Thus, Newton’s laws of motion
hold in ¥/ if they hold in %, if we assume that the force is the same in
Y and ¥/, ie. F = F. All frames ¥’ moving with constant velocity in

a straight line are inertial frames, i.e. there are infinitely many inertial
frames if there is one such frame, and Newton’s laws are valid in all
these frames. This is Galileo’s principle of relativity. Stated another way,
Galileo’s principle asserts that the laws of motion are invariant in form
under the transformation of coordinates (1.3). Equation (1.3) is called a
Galilean transformation. Notice the tacit assumption

t=1+ (1.5)

in (1.4): the passage of time in the two frames of reference is the same.
This is the classical point of view of the absolute nature of time in
Galilean relativity. It will undergo a profound modification when we
discuss the theory of relativity.

In the laboratory, the question of an inertial reference frame is easily
settled: for most practical purposes a reference frame attached rigidly
to the earth’s surface will suffice. The effects coming from the earth’s
rotation are small and can be corrected for when necessary.
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Laws 1 and 2 must be supplemented by two further statements. These
are contained in
Law 3: Action and reaction are equal, or the forces exerted by two bodies in
mutual interaction are equal and opposite, and
Law 4: The superposition principle for forces asserts that forces add like
vectors. The content of this statement is simply that when several forces
act simultaneously on a particle, each force causes changes in motion as
if it alone were present; the other forces do not interfere with its action.
It is a remarkable fact that these four laws of motion summarize the
whole body of experience of experimental mechanics.

1-3 Systems of Particles

So far, we have spoken of a single particle and its motion under the
action of an applied force. Now, consider what happens if the four laws
of motion are applied to a system of interacting particles. We fix our
attention on particle a of this system, moving with momentum p,. The
forces on a arise from

(i) the sum X, ,F;, of all internal forces acting on a due to its interaction
with all the other particles in the system. F;, is the force exerted by b
on a. By law 3, it is equal and opposite to the force exerted by a on b,
Egp = —Fy,.

(ii) the sum of all external forces FL(f) that are applied from outside the
system. The motion of particle a is thus determined by

po=F + Y Fy (1.6)
b
so that
Ypa=YE +1 ) Fu
a a a b#a
summing over all particles. Now, X,;p, = P is the total linear momentum

g

20Xp+.Fgp = 0 because the internal forces cancel in pairs. Hence, the

of the system, ,;F,’ = F the total external force on the system, and

principle of linear momentum for a composite system of particles reads
P=F. (1.7)

Notice that the internal forces cannot effect changes in the total momen-
tum; they simply drop out. In fact this equation has a simple meaning. If
we locate particle a2 with the position vector r,(t) in an inertial frame, the
center of mass of the system is located at R:

MR = Zmarﬂ(t), M= Zmﬂ (1.8)

so that
Zmufa — Zpg — MR — P. (1.9)
a a
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Thus, P is the total momentum of the system. If the external forces are
removed, the momentum P remains constant no matter what motions
the individual particles perform under their mutual interactions. Notice
in passing that the definition of total momentum in (1.9) holds whether
or not the particles are interacting.

Next, we derive the principle of angular momentum. The angular momen-
tum of particle a about the origin O of the coordinate system for r, is
defined by the vector product 3.

r; X pa = La. (1.10)
The time rate of change of L, is
Ly = (ta X pa) + (ta X Pa)- (1.11)

The first vector product vanishes since i, and p, are parallel. For the
second, we insert the dynamical information on p, from (1.6) and get

L, =N, +N, (1.12)

where

Ny = (1, xE) and N} = (rg X Zp2,Fqp) (1.13)

are the force moments or torques about 0 of the external and internal
forces acting on the ath particle. As in the case of linear momentum, we
can define the total angular momentum, ) , L, = L, the total external
torque ), N; = N and find from (1.12) that

L=N (1.14)
since ), N}, = 0 if F,; is directed along ab. This equation expresses the
principle of angular momentum for the composite system.

The angular momentum and torque vectors L and N refer to the same
fixed point in an inertial frame of reference X, and change in value if this
point is changed. However, according to Galileo’s principle of relativity,
the principle of angular momentum should hold in any inertial frame.
We express this analytically by saying that (1.14) is invariant in form
under the Galilean transformation. To verify this, note that, by (1.3) and
(1.4), the angular momentum L = X;r, X p, in X is related to the angular
momentum L’ in the moving frame ¥’ through

L=L"+ () mul) x V+Rx (}_py) +Rxm,V, (1.15)
a a

where L' = Y, v x p}, and R = Vt is the distance between the origins of

¥ and ¥/ after a time f. Since R and V are parallel, the last term in (1.15)

drops away. The time derivative of L' is simple to calculate:

=L-Rx) p,=) (.—R)xF, =N, (1.16)
a

a

3 The reader un-
familiar with
standard vec-

tor operations

may consult D.E.
Rutherford, Vector
Methods, Eighth
Edition, Oliver and
Boyd, Ltd., Edin-
burgh and London,
1954.
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where N’ = Y (r, — R) x F, = ¥, 1, X F; is the torque measured about
the origin in ¥’. Thus, the form L = N is valid in any inertial frame, even
though the values of L and N depend on the frame.

The principle of angular momentum is also valid relative to the center
of mass of the moving system (this is not necessarily an inertial frame:
the center of mass can accelerate). To prove this statement, simply rein-
terpret the coordinate R in (1.15) as the center of mass coordinate in X,
thereby attaching the frame ¥’ to the center of mass of the system. The
primed quantities are then measured relative to the center of mass which
moves with velocity V. Now both Y, m,r}, and }_, p, are zero. However,
the last term in (1.15) survives since R and V are not necessarily parallel
anymore. The time derivative of L' in the center of mass system becomes

i/ L—Rx Y mV=YrxE—RxY p,
a a

a
— Y, xEY =N, (1.17)
a

using (1.7) in reverse for P = Y, p,. The torque, or moment, N’ of

the external forces now refers to the center of mass. In applying the
principle of angular momentum, we may take moments about a fixed
point in space (in an inertial frame of course), or about the center of
mass. The principle does not hold in a frame of reference performing an
arbitrary motion in space.

If the external torque is removed, the total angular momentum L stays
constant. While superficially similar to the statement of constant linear
momentum P if F = 0, the conservation of angular momentum has
quite different consequences: If a system initially has zero total (linear)
momentum, it stays zero throughout the subsequent motion. Internal
forces cannot move the center of mass. If the angular momentum is
initially zero, this is maintained throughout the subsequent motion.
However, this does not say that the orientation of the system in space is
maintained; the internal components can vary their relative orientation
at will with the help of mutual interactions. A cat released from an
inverted position makes use of internal muscular couplings between its
posterior and anterior regions to drop feet first onto the floor! (See Prob.
1-2).

The principles of linear and angular momentum contain all the nec-
essary information to study the motion of particle systems under given
forces. We would only have to apply these principles to an endless
variety of special situations in order to build up a complete scene of me-
chanics. To be quite specific, let us look at the motion of a single particle
under a prescribed force F. The equation of motion is given by (1.2). This
single vector equation is short-hand for the three component equations

Px = Fx, ﬁy = Fyr p: = F, (1.18)
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if we choose a rectangular reference frame Oy, and identify the compo-
nents of p and F along the axes by subscripts. For m a constant, p, = m¥,
etc., where (x,y,z) are the coordinates of the particle at any time, and

mX =Fy, mj=F, mi=F. (1.19)

These three second order differential equations in time may be inte-
grated (numerically if need be) subject to known initial conditions of
position and velocity to find the position x(t), y(t), z(t) of the particle
at all times. This process is called solving for the motion. Such brute force
methods have their uses of course. However, we will show only passing
interest in them since it turns out that often a great deal can be learned
about the properties of a mechanical system without integrating the equa-
tions of motion directly. The latter point of view concerns itself in part
with various invariance properties under coordinate transformations the
system may possess and how these properties affect the dynamics. A
formulation of mechanics that makes such invariance properties particu-
larly transparent and moreover allows one to exploit them to advantage
is to be found in the principle of least action 4 or Hamilton’s principle.

We base the developments in these lectures on such a point of view.
One of the many advantages is a formulation of dynamics that discusses
with equal ease, and in a uniform fashion, the dynamics of such widely
distinct systems as the motion of a planet, the oscillations of electrons
in a solid, or the pattern of ripples around an insect swimming on the
surface of a pond. Furthermore, the tendency in modern physics has
been to assign the action principle a fundamental role in the dynamics of
systems that have no classical counterpart. Consequently, the methods
that have evolved by treating classical systems from this point of view
are useful in many unrelated fields of research in theoretical physics.

1-4 The Action Principle

Newton’s laws of motion are a differential formulation of mechanics.
They determine the change in momentum produced by forces acting on
a system for a time dt. Other formulations of mechanics are available
that concern themselves with the motion of a system throughout a
finite time interval from t; to t;. Such formulations are called integral
principles of mechanics. A particularly important principle of this type is
the principle of least action, or Hamilton’s principle. It simply states that
a mechanical system moves between ¢; and t; in such a way that the

)
S— / Ldt
5]

assumes a minimum 5 value. The function L in this integral is called

integral

(1.20)

the Lagrange function of the system, and depends on the coordinates

4 The name, princi-
ple of least action,
is often restricted to
refer to a principle
enunciated by Mau-
pertius in 1747, see
Sec 1-8. However,
we will use the
phrase generically to
refer to any of the
several extremum
principles that

are available in
mechanics.

5 More precisely, a
stationary value

S has a minimum
value only if t; and
t; are close together
(see, for example,
E.T. Whittaker,

A Treatise on

the Analytical
Dynamics of particles
and rigid bodies,

p- 250, fourth
edition, Cambridge
University Press,
London, digital
printing 1999).
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that describe the system as well as their time derivatives and on . We
will see later how L can be found when we derive this principle from
Newton’s laws.

The way the action principle has been stated above does not make
clear how the value of S is to be judged or on what it depends. A simple
example illustrates the basic idea. Consider the motion of a particle
in one dimension. Its position x = f(t) can be found at any time ¢ by
integrating Newton’s second law of motion twice with respect to time.
The value of the Lagrange function may thus be calculated as a function
of t too, giving L(x,%) = L[f(t), f(t)] from which we may calculate S.
Obviously, S depends on the functional relation between x and t, given
by x = f(t) in this case. We say S is a functional of f and write

t2 .
5=l = [ "LIF®, FD)ar
1
Therefore S changes if the functional relation between x and ¢ changes.

If we replace the function f(t) by another function f(t) that evolves

differently with time, and set x = f(t), we get a different value for
L = L[ f(t), f(1)] anc.1 consequently anothéer value for _S = S[f]- The ¢ Recall that strictly
principle of least action then asserts that ® S[f] < S[f]ifx = f(¢) speaking, it may be
describes the actual motion. The relation x = f(t), that could hold an extremum.
between the particle position and elapsed time if additional forces
were present, but does not under the actual forces present, is termed
a virtual motion. We may go from the actual to the virtual motion by
making a virtual displacement in the coordinates. This means adding an
arbitrary function of time, dx(t) to the actual position x = f(t), so that
F(£) = £(£) +0x(t) on
ox(t) = F(1) — (1). (1.21)

The functions 6x(t) are usefully regarded as small, i.e. f(t) and f(t) are 7 More precisely;
not to differ much in form 7. In comparing the values of S in actual and  sx(f) must be ni-

virtual motions, we must be careful to let the virtual displacements dx(t)  formly small, have
a uniformly small
first derivative, and
satisfy (1.22).

vanish at both ends of the time interval under consideration,
Sx(t1) = dx(tp) =0, (1.22)

that is, the actual and virtual motions must coincide at these two times.
The necessity of such boundary conditions in time on the virtual dis-
placements will be proven presently.

To get some feel for the action principle let us test it out on the follow-
ing simple problem, before starting into a general proof. A particle falls
from rest under gravity g. Its position is x = f(t) = % ¢t? after a time ¢
has elapsed. This is the actual motion. We compare it to a virtual motion
prescribed by

x=J() = 3850 >0,
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f(t) A Figure 1.2: The

family of curves
f() = 38655)P
for p=1,1,2,3,4.

as shown in Fig. 1.2.

The condition B > 0 ensures that f(t) and f(t) agree at t = t; = 0 and
t = ty, so that dx(t) vanishes at the endpoints of the motion. Since the
Lagrange function for free fall under gravity is [see (1.34) and Prob. 1-3]

L = %ma‘c2+mgx
= m(Lop2rigz b2 o tys

we have

- t2 2
S[f] = /0 Ldt = %mtz(gt2)2 [Zﬁﬁ_ T+ ﬁil}'

For various values of B, the functions f(t) form a family of curves that
intersect the path of the actual motion at f = t; = 0 and t = tp. We try
various forms of f by varying B. The resulting values of S are shown in
Fig. 1.3. The minimum value of S at = 2 confirms that f = % gt? is
indeed the actual motion. The other stationary point below § = —1is
excluded by the condition g > 0, i.e by the boundary conditions on dx(t).

8g°S Figure 1.3: The
function S (mul-
mt® tiplied by the
constant 8/mg>t3)
2 is shown as a

function of the
parameter .
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Now consider an arbitrary, interacting system of n particles, possibly
also subject to external forces. We wish to derive the principle of least
action for this system. To that end, introduce cartesian coordinates
(x1,x2, x3) for particle 1, (x4, x5, x¢) for particle 2, etc. and the force
components (Fy, F,, F3), acting on particle 1, (Fy, Fs, Fg) acting on particle
2, etc. This notation is not as clumsy as it looks, since we may write
Newton’s law of motion as

F—mi =0 (1.23)

for each particle in the system by simply letting k = 1,2,...,3n. The
masses my are equal in triplets, my = my = m3, my = ms = mg, etc,,
giving the masses of particles 1,2, ...,3n and so forth.

Now subject each coordinate x(t) to a virtual displacement, x;(t) —
x(t) + 0xx(t). By doing so, we force the system to perform a virtual
motion described by the functions

xp(t) +oxi(t), k=1,2,---,3n. (1.24)

Notice that the virtual displacements dx(t) are instantaneous. They
have nothing to do with the displacement dx; = %;dt occurring in time
dt during the actual motion. Corresponding positions during the actual
and virtual motions are tagged by the same value of t. However, the
virtual displacements are certainly functions of time. Therefore, not
only positions but also velocities change in a virtual displacement. The
change in velocity §x is found from the difference

b= () +om() ~ Sn) = Len).

t

Since 6x; = 6(dxy/dt), we see that the operations § and d/dt actually
commute for the virtual displacements we are considering. This fact will
be important in what follows.

We now form the expression

Z(Fk — mkjc'k)éxk, (1.26)
k

where the sum over k runs over all coordinates. This sum is actually
zero by Newton’s second law. Before using this fact let us perform a
mathematical transformation on the acceleration terms by writing down
the identity

3y d ) . d
kaxkéxk = a(z MEX0x;) — kaxkaka)-
k k

We interchange d/dt and ¢ in the last term in accordance with our
findings in (1.25) and get

N d ; 1
Y mygedxy = E(Z myxbxg) — 6() Emkxi).
k k
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The sum

1 .
T= ; Emkx,% (1.27)

is the total kinetic energy of the system and J() %mkx,%) = Y mpxpdxy its
change, or variation in a virtual displacement. Our expression (1.26) thus
reads

d
;dexk +0T — E(;mkxkéxk) =0 (1.28)

if we use Newton’s laws. We may also identify the first sum in this
equation. The expression

ZFk(Sxk =W (1.29)
k

is just the work done by the forces Fy in the virtual displacement. It is
called the virtual work. Notice that any forces which do no work drop out
at this stage. Such workless forces are present when a system is made
to move in a definite way by constraints on its motion. We postpone
discussion of such forces of constraint, except to note that they do not
contribute to the virtual work 6W. Forces which do contribute to §W are
termed applied forces.

Returning to (1.28) we now integrate over time from #; to t. Then

t t
/2 owdt+ [ 6T dt — [V mdn] =0,

ty

and if we only employ virtual displacements that vanish at both ends of
the time interval,

Oxi(t1) = dxp(t2) =0, forall k, (1.30)

then , t
/2 5Wdt+/2 STdt =0 (1.31)
h H

is seen to be a consequence of Newton'’s laws of motion plus the bound-
ary condition on the dxi(t).

We can transform this result somewhat further by observing that,
since time is not varied in calculating 4T, we can move ¢ outside the

ty ty
/ ST dt = 6 / T dt.
h t

Similarly, we might be tempted to write

integral sign and write

ty "ty
OWdt =6 W dt.
H b
However, this procedure is ambiguous since only éW is well-defined
and not the total work W. In general W depends on the path followed by

27
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the system between t; and t,. Only for systems in which the work is in-
dependent of the path can we use this transformation. Such systems are
called conservative, and possess potential energy V equal to the negative of
the work done in moving from t; to t;. They occur sufficiently often in
physics to merit rewriting (1.31) specially for them as

5 /:(T —V)dt =0, (1.32)

since

th ty ty
/ 5Wdt:—/ sVdt=—o [ var
t t

1 1 ty

The structure of (1.32) suggests that the function
L=T-V (1.33)

plays a fundamental role in dynamics. It does. This is the Lagrange
function introduced at the beginning of this section. The condition (1.32)

t
P Ldt = 0, where L=T-V (1.34)

f
S :/ Ldt
5]

is stationary for the actual motion of the system, subject to the boundary

)
Jh

asserts that the integral

conditions (1.30). The integral S itself is called the action. The conditions
(1.34), or 6S = 0 for short, emphasize that not S itself but its stationary
character is important, i.e. the value of S is unchanged to first order

if the coordinates x¢(t) describing the actual motion are replaced by
coordinates x(t) + dxi(t).

The derivation we have presented gives the impression that the vari-
ational principle (1.34) only holds when L = T — V. This is not so.
Equation (1.34) is true for the motion of any system for which a La-
grange function can be constructed, even if this is not equal to T — V.
For completeness, we also make the obvious remark that the more gen-
eral principle (1.31) is available whether a Lagrange function can be
constructed or not.

The condition S = 0 is called a variational principle for determining
the functions xi(t). This principle is a compact formulation of Newto-
nian dynamics that emphasizes a remarkable fact: a single scalar function
L completely determines the dynamics of a system. In fact, (1.34) em-
bodies an entirely new point of view of mechanics. A. Sommerfeld
summarizes its essence on p. 209 of his beautiful treatise on Mechanics®
find the Lagrange function! We here re-emphasize Sommerfeld’s admo-
nition by pointing out that (1.34) indicates that L is indeed the key that
unlocks the door to the dynamics of classical (and presumably also

8 A. Sommerfeld,
Lectures on Theo-
retical Physics, Vol.
I, Mechanics, Aca-
demic Press Inc.,
New York, 1952.
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quantum) systems. How unique is L? The variational principle answers
this question immediately. For example, the condition §S = 0 is unaf-
fected by (i) adding a constant to L, (ii) multiplying L by a constant, (iii)
adding the total time derivative of any function f(x1,x2,x3, ..., ) of the
coordinates and time to L. Changes (i) and (ii) merely affect the zero

of energy and units used in a particular problem. To appreciate (iii) we
write L’ = L +df/dt and find

ty , "ty ¢
5/ Ldt=6 [ Ldt+[5f]2,
b t !
where 4f is the variation of f in a virtual displacement. This must vanish
at t; and f; by the boundary conditions on dx(t), so L’ and L satisfy the
same variational principle.

1-5 Lagrange’s Equations

In the previous section, we showed that the variational principle 6S = 0
is a consequence of Newton’s equations of motion. Now we turn the
question around and ask what equations of motion are implied by this
principle. At first sight, this seems a silly thing to do because we should
surely just get back to the equations of motion we started out from!
In a sense this is true and in another sense it is not. The point is that,
while we derived the condition 6S = 0 from Newton’s laws of motion
expressed in cartesian coordinates, the result must be true in any set of
coordinates, since S only depends on the scalar function L and hence is a
scalar itself.

The advantage of starting out from the variational principle is
then that we may pick any system of coordinates that we fancy. Let
{91,92,---,qn} or gi for short, be such a set of n generalized coordinates.
We may pass to them via point transformations of the form

xk = fi(q1,92,- -, qn, t) (1.35)

for each x;. The time derivatives of the x; transform like X, = f;, or
v 9k, 9k
Xy = ;a—qlql + TR (1.36)

The last factor, dfy/dt, is only present if the transformation is time
dependent.

How does the Lagrange function respond to such a transformation?
Since L is a scalar, its value is unchanged of course. However, its func-

tional dependence on the coordinates and their time derivatives changes.

For example, the Lagrange function given in (1.33) reads

1
L= ;Emkxi —V(xq,x,...) (1.37)

29
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in cartesian coordinates, and changes into
1
L=) smfe=V(fufo--.)
k

under the tranformations (1.35) and (1.36). Thus, the potential energy
becomes a function of the g, the kinetic energy (through f;) a function
of the gy and the gi. If the transformation is time-dependent, both T and
V become a function of time also. We write

L:L(ql/‘h/---;‘h/‘b/'--rt)/ or L(q,q,f)

for short, thereby completing our definition of the variational princi-
ple in (1.34): L is to be considered a function of g, § and t. The time
derivatives gy are called the generalized velocities.

The actual motion of the system is given by knowing the coordinates
gk as functions of the time: g = gx(t). It is the functions g, (t) that we
now seek. The stationary character of S tells us how to find them. For
if we subject the gi () to virtual displacements the value of S should
not change to first order in these displacements. Changing g(t) to
g (t) + gy (t) induces a corresponding change in g (t) to §x(t) + d4x(t), so
that L varies by an amount

oL = (q+5q,67+5¢7/> L(q,4,t)

Consequently S changes by

oL
5L dt = / 5 + —
H Z aq qk

TH 84y ] dt.

31
This the final form for the condition 65 = 0. We can meet this condition
separately for each qy, provided that these coordinates are independent. For
if this is the case, we can choose all virtual displacements to be zero
barring the kth one, dqi(t). For it, we choose a function of time that
not only vanishes at 1 and f, but everywhere inbetween, except in a
small region At around some time ¢. The sum drops away in the above
equation, which now specializes to

t+At 9L d  dL

Since dg(t) can be an arbitrary function of time in ¢, we must con-

clude that
oL d oL

[f% - %(aqk)] 0. (1.39)
By choosing each dg; to be non-vanishing in turn, we find this equa-
tion holds for each independent coordinate. Thus, the action S is ren-

dered stationary if each gy (t) satisfies (1.39). These are the celebrated
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Lagrange equations of motion (1788) for systems possessing a Lagrange
function.

The extension to systems not possessing a Lagrange function is
straightforward. We merely adopt the general form of the variational
principle given in (1.31). We have already noted that the kinetic energy T
becomes a function of g and 4 in generalized coordinates. Therefore, the
contribution from 4T to its time integral is

aT d,aT
2 STt / 2 5o~ i g oa0 (1.40)

ty dk

using the properties and boundary conditions of the dgi(t) once more.
We have no information on JW in terms of the virtual displacements Jg,
so we simply write

W =Y Qibas, (1.41)
k

thereby defining new force components Q. The Qy are called generalized
forces. We add the time integral of W to (1.40) and set

b2 o d ,oT
/t1 ; [Qk + FYo E(T%)]5Qk(t)df =0 (1.42)

to find the actual motion.
As before, we can meet this condition separately for each gy, provided
they are independent, by putting

oT d oT
QkJrB*%—E(aqu)—O (1.43)

for all k. These are often called generalized Lagrange equations.
The forces Qj introduced above can be determined by inspection. We
write 6W in its alternative forms

Z Fk 53(]{ and Z Qkéqk
k k

and eliminate the virtual displacements Jx; in favor of the dgx. The
transformation is

Ifr
Sxp =) =96
k ; aa, q1
from (1.44) (notice there is no term (9 f;/0t)dt; the time does not vary!).
The two expressions for JW are identical if

@—ZB% (1.44)

Finally, if some of the forces contributing to §W are derivable from a
potential V,

W = Y Quba; — oV (1.45)
k
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The variational principle (1.42) is modified accordingly to read

t2 oL 4, oL
— — —(=—)|dgqk(t)dt =0,
/. 10+ g0 g alom(t)

implying that oL 4 oL
ag ~ dt\agy) "

for all k. Equation (1.46) is a hybrid Lagrange equation, where some

Qx + (1.46)

of the forces have been included through V in a Lagrange function
L =T — V. On comparing their contribution to éW in (1.42), we have

1%
g =0V =-Y "5
;Qk A ;aqk 0

or that 3V
Q= o (1.47)

A word on the dimensions of the g; and the Q; that have been intro-
duced: The g, need not have dimensions of length, but may individually
assume any convenient dimension. Hence Qy does not always have the
dimensions of force. In fact, its dimension is determined by the gy it
associates with, since each term Qg in the sum (1.41) must have the
dimensions of work, that is, energy.

The generality of the results found in this section cannot be overem-
phasized. The Lagrange equations we derived are true for any set of
generalized coordinates. There is one very important proviso: the gi
must all be independent of each other. Otherwise we cannot make the
essential step from the variational principle to the Lagrange equations
it implies for each coordinate. How then should the g; be chosen; how
many do we need? These questions are closely related to the number
of coordinates a system requires and the degrees of freedom that it has.
This relationship is discussed in the next section.

1-6 Constraints

A system has as many degrees of freedom as there are independent co-
ordinates required to specify its instantaneous state completely. For
example, a system of N particles moving arbitrarily in space has 3N
degrees of freedom, since three cartesian coordinates are required to
position each particle in space. However, if a system moves subject to
constraints, the number of degrees of freedom is reduced. A constraint is
simply some additional condition that is imposed on the way a system
shall move. A wheel rolling without slipping, a ride on a roller coaster,
or simply that N atoms move together as a rigid body, are examples of
motions performed under constraints. No slipping means the point on
the rim of the wheel in contact with the surface is momentarily at rest;
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the roller coaster forces the rider to follow a particular path in space; the
relative separation between atoms must stay constant during the motion
of a rigid body. Forces are needed to enforce these constraints. Friction
causes the wheel not to slip, guide rails (exerting reactions) define the
path of the roller coaster, while electrical forces between atoms give the
rigid body its rigidity. Such forces are called forces of constraint. As the
above examples show, we may always replace them by their effects on
the motion of a system in the form of constraints. One should realize,
however, that considering the constraints instead of the forces that en-
force them is an idealization of Nature. No rigid body is perfectly rigid.
The electrical forces between atoms can never exactly "freeze" them into
permanent positions in a solid. When a solid is subjected to stresses, the
relative positions of its constituent atoms do change (as when a sound
wave passes through it). If such changes are unimportant for our pur-
poses, we idealize the situation by considering the solid to be rigid. In
this way we circumvent the enormous, but for us irrelevant problem of
the internal motion of the constituent atoms making up a rigid body.
Forces of constraint have one very important property in common:

they do no work in a virtual displacement that is consistent with the

 Lagrange at-
tempts one in his
but our three examples of constrained motion illustrate the workless Mechanique Analy-
tique, Tome premier,
Quatrieme edition,
rolling on, the guide rail reaction is perpendicular to the direction of Librairie Scientifique

constraints on the system. A general proof of this assertion is difficult?,
nature of these forces: the wheel does not "scratch" the surface it is

motion of the roller coaster, the internal forces do no work when a rigid ¢ Technique, A.
Blanchard, Paris,

body is displaced as a whole. In this connection the role of frictional 1965.

forces should be noted with care. Static friction, as for the rolling wheel,
is a force of constraint; it makes rolling possible. However, sliding or
kinetic friction comes into play if the wheel slips on the surface. The
"rolling" constraint falls away and friction becomes an applied force.

It does work during a virtual displacement of the system and thus
contributes to JW.

Quite generally, then, the distinguishing feature about forces of con-
straint is that they have to drop out of the variational principle because
they do no work. We do not need to know them to calculate SW. How-
ever, their effects must show up somewhere, and they do, in that the
number of independent coordinates are reduced through the constraints
imposed by these forces. Thus, the 3N cartesian coordinates x; for an
N-particle system are not all independent if the system has constraints
on its motion: r constraint conditions leave it with only 3N — r degrees
of freedom and as many independent coordinates. The Lagrange equa-
tions of the previous section will therefore not hold for all the xj unless the
constraining forces are explicitly included among all the forces. There is
a simple way around this difficulty: express the x; in terms of a smaller
number of coordinates that are independent by introducing 3N transfor-
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mations

X = fie( Q.92 - /1) (1.48)

3N—r coordinates

to new coordinates g;. We might well ask: can these transformations to a
smaller number of independent coordinates always be constructed? The
answer depends on the type of constraint involved. If the constraints are
conditions among the coordinates themselves that do not involve their
time derivatives, such transformations are always possible. Constraints
of this type are termed holonomic (from the Greek word holos, or whole)
and can be displayed in the general form™
Fa(xll X2,y t) =0 (149)
where the label « = 1,2, ..., r distinguishes between r different functions
F. We are thus provided with r relations between 3N coordinates xj, so
only 3N — r of them are independent. If we now choose the 3N functions
fe(q1,92, - - ., ) in (1.48) such that the r relations (1.49) hold as identities,
ie. F(fler/ .

problem is complete. The Lagrange function can be expressed in terms

,1) = 0, the reduction of the number of coordinates in the

of the g; and the gy, and satisfies

oL _d oL
aqk dt E)qk

in these coordinates. We have succeeded in eliminating the constraints
entirely by means of a point transformation.

A simple example illustrates these ideas, see Fig. 1.4. A particle
of mass m moves in a circle in a vertical plane. Find its equations of
motion if gravity is the only applied force. The motion has one degree of
freedom, since the cartesian coordinates (x,y) of the particle must satisfy

Fix,y) =x*+y*—a*>=0

° In the literature
these constraints
are further classi-
fied as rheonomous
(fluid) or scle-
ronomous (fixed)
depending on
whether they con-
tain the time or
not.

Figure 1.4: A
particle of mass

m constrained to
move in a vertical
circular path in the
gravitational field
of the earth.
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choosing the center of the circle of radius a as the origin. Taking the y
axis vertical, the potential energy of the particle in any position is gy per
unit mass, so the Lagrange function is

L= Sm(2+12) - mgy.

2
The Lagrange equations
oL d oL s A
x atlor) T TMESO
oL d oL L
@_E(@) = —mg—mj =0

are incorrect; x and y are not independent. However, if we first eliminate
x and x by the relations

x = /a2 —yZ; x:_% (1.50)

following from the constraint condition, then

1 ll2 .2
L= Py

and
oL_d oL
dy dt oy’
that is 5 )
Y vy o
—8(1—a7)_‘a2_y2 —§=0 (1.51)

gives the correct equation of motion for y. The elimination of x and *
amounts to choosing a new variable ¢ = y in (1.48), where

x=fily) = \/ﬂ; y=fy) =y

so that f1 and f, automatically satisfy the constraint condition F(x,y) =
0.

We have purposely stuck to the rather clumsy choice of 4 = y as our
independent variable to emphasize that it is not necessary to introduce
the "obvious" angular variable 6 giving the angular position of the
particle from the vertical. But it is much more convenient to do so. The
choice g = 6, where

x = f1(0) =asinb; y = f2(0) =acosb

gives
L= %m(aé)z — mgacos®,
from which the much simpler equation of motion in 6,
oL d oL

e E(ﬁ) = ma(gsin® —af) =0
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follows.

Constraints that do not fall into the above category are termed rnon-
holonomic. Their elimination depends specifically on the form they take.
Non-holonomic constraints of special interest in mechanics are of the
differential type

ZFakdxk + Gudt =0, a=1,2,...,1, (1.52)
k
where the 3n x r functions F,; and the r functions G, can only depend on
the x; and the time. The trouble with such constraints is that we cannot
eliminate them from the problem as we could holonomic constraints.
Introducing new coordinates g by point transformations like (1.35) or
(1.48) merely turns (1.52) into similar differential constraints on the gy:

Y Fudxy 4 Gpdt =Y Frpdxy + Gpdt, (1.53)
k k

where the Fy; and G, in the second expression are new functions

9 Ifk
o . r_
BTl o-cignd

that depend on the g and the time. To see what constraints among the
coordinates themselves are implied by such differential relations, we
would first have to integrate the latter with respect to time. But because
differentials of the coordinates as well as the coordinates themselves
appear, we cannot do this until the coordinates are known functions of
time, i.e. until the dynamical problem has been solved.

Lagrange introduced a method for dealing with non-holonomic con-
straints like (1.52) or (1.53). The method depends on the stipulation that
in using the variational principle we must only allow virtual displace-
ments that are consistent with the constraints on the system. Suppose
that r conditions of the type (1.53) constrain the motion of a system that
is described by n generalized coordinates g. Since the time is not varied
during a virtual displacement, this means that the displacements in the
qx must obey (1.53) in the form (we drop the primes on the F;, and G,
from now on)

Y Fudqe =0; o5t =0. (1.54)
k

The gy are not independent any more; equations (1.48) provide r sub-
sidiary conditions they must satisfy. This is where the effects of con-
straints come in. We can no longer regard the Jg; as independent, and
the form of Lagrange equations derived in Sec. 1-5 will not follow from
the action principle. The method of Lagrange multipliers circumvents this
difficulty: multiply the r relations (1.54) by arbitrary functions A, (one
for each relation) and add. The result is still zero:

ZAaFak‘sqk =0. (1.55)
4
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We add this sum to the integrand of (1.47), which then reads

ty 0
LD S Akt g
bh ko«

The 7 relations in (1.54) leave us only n — r independent virtual dis-
placements to choose at will. Call these dq; withk =1,2,...,n —r. The
remaining virtual displacements gy fork=n—-r+1,n—r+2,...,n are

L d, oL

— 2oy okt =0 (1.56)

dependent on the values of the first n — r displacements. We eliminate the
dependent displacements from consideration in (1.56) by forcing their
cofactors to be zero, that is, by choosing

JL d oL
E AMFyp+=— — —(=—) =
o nhek aqk dt(an)

fork=n—r+1,n—r+2,...,n These r equations are to be regarded
as conditions on the functions A,. If these conditions are met, the sum
in (1.56) will only contain terms involving the independent virtual
displacements dgy for k < n —r, and may be written as

2 1] L d oL
J L Akt e = GGl =0 s)

This condition is satisfied by letting each g satisfy

oL d oL
EM wk + 35— Sax $(87q'k) =0 (1.58)

fork=1,2,...,n —r. Both sets of equations (1.56) and (1.58) are identical
in form but very different in origin. Together they provide n equations
for the n unknown coordinates gx and » unknown functions A,. There-
fore, we need further r equations to make the problem determinate.
These are supplied by (1.53). Notice that we must employ the constraint
conditions as they unfold with time, since we are interested in the ac-
tual motion. The virtual displacements have served their purpose; they
are out of the picture now. Equations (1.58) with k = 1,2, ..., n are the
Lagrange equations in the presence of non-holonomic constraints (1.53).
The same procedure adds the sum ), A,Fy to the two other versions of
the Lagrange equations that we derived in Sec. 1-5.

The functions A, are called undetermined or Lagrange multipliers.
They are introduced as a device to take care of the constraints on the
system while the n — r virtual displacements in (1.57) are allowed to vary
independently. What is their physical significance? Referring to (1.58),
we see that the motion is unchanged if the constraints are removed, but
additional forces

K=Y AaFu (1.59)
4

are introduced. The forces Q) are not included in the Lagrange function;
they must therefore represent the forces of constraint that enforce the

37
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constraints imposed by (1.53). If so, the Q) should do no work in a
virtual displacement. They don’t. Their contribution to the virtual work
is

Y Qioqr =Y AuFuid
k ok

which is zero by (1.55). However, time-dependent constraints do work on
the system in time dt during the actual motion. A proof of this statement
and its physical origin waits in the next section.

One remark remains to be made: holonomic constraints are a special
kind of constraint. For if we calculate the change of the holonomic
constraints (1.49) with time, there results

dF, = Y e gy O
l
_on

—dxy + —-dt =0 1.60

axe <t (1.60)
which is a special case of (1.52) with F; = o, and G = %‘" Thus, holo-
nomic constraints can also be treated with Lagrange multipliers; we do
not have to eliminate them. In fact, if the forces of constraint are sought
we must not eliminate them. Once the functions A, are determined, these

forces are given by
oF,
" o_ 4
Qk - ;/\a aixk . (1.61)

The example of a particle moving in a circle under gravity that we dis-
cussed is a case in point. If we want to calculate the forces of constraint
necessary to maintain the circular path we must keep both coordinates x
and y in the Lagrange function

L= %m(fcz +§?) —mgy

but restrict the virtual displacements in x and y. For circular motion this
restriction is
A(xdx +ydy) =0

after multiplying by the single Lagrange multiplier A required to enforce
it. The two modified Lagrange equations

oL d oL o
Ax—l—a—a(a) = Ax—mi=0 (1.62)
oL d oL L
Ay+@—ﬁ(afy.) = Ay—mg—mj=0 (1.63)
plus the constraint condition
xx+yy =0 (1.64)

are three equations that determine x, y and A according to the general
theory of this section. Multiply the Lagrange equations by x and y
respectively and add to determine A. We get

Aa? = mgy + m(xi + yij) = mgy — m(x* + %) (1.65)
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after using the condition x? + y?> = a? and its second time derivative
to obtain the result on the right. Since v> = %> + y? is just the velocity
squared of the particle, A is finally given by

y as

"no_ — (med _TVNX _ ¥
o= Ax= (mga 1 )u Ra (1.66)
2
mo

of magnitude R = Aa. Since QY and Q’y’ are in the same ratio as x to
y the direction of R is along the radius vector to the particle from the
center of the circle. These relations are also shown in Fig. 1.5.

Y Figure 1.5: The
particle of mass
m constrained to
a vertical circular
path and acted on

by gravity.

a

To find the motion of the particle, we either proceed as before and
eliminate the holonomic constraint, or we can eliminate A directly from
the equation of motion in x and y: Taking the latter course of action, we
multiply (1.62) by x, (1.63) by y, subtract the former equation from the
latter and express the derivatives as a total derivative. The result

S m(xy — 5y)] = —mga

is equivalent to the principle of angular momentum (1.14) applied to
the present problem. Now eliminating x and x by using the constraint
equations (1.50) gets us back to the equation of motion

42 2

vy y
P2 — 2 +el—13

g+ )=0
found previously for y and given in (1.51).

But working in x and y coordinates is just a difficult way to solve
a simple problem. We can always go to any other coordinates that



40 ANALYTICAL MECHANICS

are more convenient. So, if the polar coordinates (r, ) are introduced
instead, where

x = fi1(r,0) =rsinf, y= fo(r,0) =rcosb

things become much simpler. The Lagrange function transforms into

L= %m(fz + r26%) — mgr cos 0

and the constraint condition into
r—a=20

by direct substitution. Again, we must not eliminate the holonomic
constraint = from L if the force of constraint is desired. Instead, we
introduce a multiplier A’ to take care of the constraint on the variation of

r,
Aér=0.
Then,
pUs ?Ti - %(%) = AN —mgcosO+mrf®> —mi =0  (1.68)
oL d oL . Y
ﬁ_ﬁ(£) = mgrsm@—%(mr 0)=0 (1.69)
P~ o (170)

are the equations determining r, 6 and A’. But since 7 = 0, we get # = 0
by differentiation and v = a by integration. The equation in r, (1.68),
gives

A = mg cos — mab?

which, together with (1.59), identifies the constraint force for the rth
coordinate (i.e. in the radial direction) as

" = R = mgcos § — mab?. (1.71)

Since af = v and y = acos® this is the same result as obtained previ-
ously, cf. (1.66) and (1.67). The equation for 6 does not depend on R (or
A) and is identical with the equation maf = mg sin 6 found before.

Notice that the physical origin of R does not have to be specified in
the problem we have just discussed, only its effect.

1-7 Properties of L
We return to systems that have a Lagrange function and introduce the

quantity

Pr = qu (1.72)
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into the Lagrange equations (1.39). These equations then become

oL

= =_— 1.
T (1.73)

Pk

Th are called canonical momenta and the pair are referred to a
€ Pk_ ¢ . ¢ ¢p (qk' pk) creletredtoas ., The reason for
canonical variables'!. this terminology
The version (1.73) of the Lagrange equations is reminiscent of New-  will become clear
. . C . . in Chap. 7.
ton’s form of the equations of motion, to which it reduces in cartesian a7

coordinates. In that case

oL d  dJL oV , ,

Fro E(E)T'ck) = Tom M= Fie — my%) = 0,
using the Lagrange function given by (1.37) and the fact that }_ F.dx; =
—0V is the work done in a virtual displacement.

Equations (1.72) and (1.73) have further important consequences

that relate to the question of conservation laws. We explore these next.
As a system moves, the coordinates g and velocities 4§, change with
time. However, it often happens that one or more functions of these
quantities stay constant in time during motion. Such functions are said
to be conserved, or to obey conservation laws. It is of utmost importance
to discover such conservation laws because they can often provide a
complete picture of how a system moves. A powerful and systematic
way of doing so involves studying the invariance properties of the
Lagrange function under coordinate and time translations. For suppose
L does not depend on a particular coordinate gs. Then, changing g
infinitesimally to gs + Ags cannot induce any change in L, so that

oL
L(‘]s + AQS/ s, t) - L(l;]s/ s, t) = 7Aqs =0,

9gs
indicating that
oL
— =0. 1.
905 (1.74)
Therefore, the Lagrange equation for the coordinate g5 reads
oL
ps =0, ps = s— = constant. (1.75)
94

The canonical momentum associated with a missing coordinate g is
conserved. Observe carefully that this statement is only true if qs is an
independent coordinate, i.e. if all constraints have been eliminated from

L. Otherwise, constraint forces enter (1.75) and spoil the conservation
of ps. The canonical momentum that is conserved may either be a linear
or an angular momentum component, or some more complicated entity.
The dimension of ps depends on the dimension of gs. Most commonly g
is either a distance or an angle. Then, p; is either a linear or an angular
momentum. Notice in passing that the replacement g5 — g5 + Ags to
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probe L for its conserved momenta is not a virtual displacement; the
velocity §s is not allowed to change during this probe. Coordinates like
gs that do not appear in L are called cyclic or ignorable.

Another important conservation law is connected with the time-
dependence of L. During the motion of a system from time f to ¢ + dt
the value of L varies on two accounts: the change wrought by changes
in gx and gk, and the change due to an explicit dependence on time. In
symbols, ) 5 ]

L L L
dL = ; a—qkqu + ; a—qkqu +=dt
where the last term contributes only if L depends explicitly on time.
This equation is a mathematical statement for dL. We now put in the
dynamics by inserting the value of dL/dgy from the Lagrange equation
(1.73), and find the relation

. oL
d(Y_ prdr) = dL — dt=- (1.76)
%

for the total change dL in time dt. Equivalently,

oL
dH = —dtg, (1.77)

where H is the function
H =) pidx — L. (1.78)
k

If oL/9t = 0, i.e. if L does not contain the time explicitly, (1.77) shows
that H is conserved. In that case H is called Jacobi’s first integral of
motion (later on H, whether conserved or not, will have another, more
illustrious name).

The two relations, (1.77) and (1.78), have a familiar physical content
if: (i) L is given by T — V and does not depend explicitly on time, (ii) the
kinetic energy T is a homogeneous quadratic function of the 4, and (iii) the
potential V is only a function of the 4. Then

oL oT
Kk = 25—k = ) o4k = 2T (1.79)
;p 7 ; adi ! ; oqi”
by Euler’s theorem on homogeneous functions'?, so that (1.77) reduces  See for example
to R.P. Gillespie, Par-
dT+dV =0, or dT = —dV =dW. (1.80)  tial Differentiation,
Oliver and Boyd,
This is just the equation of differential energy balance in time dt: the Edir;burgh and
change in kinetic energy equals the work done —dV = dW by the 2; naon, 1951 b

applied forces. Equation (1.78) is the time-integrated version of this
statement, or the conservation of the total energy E,

H=2T—(T—-V)=T+V = E = constant. (1.81)
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We can thus establish whether the laws of momentum and energy con-
servation hold for any given system by simply examining the structure
of its Lagrange function! This fundamental feature of L will be used
repeatedly in our future discussions.

Two additional points deserve mention. If L is independent of time, V
must also be. Otherwise, an additional time derivative shows up on the
right hand side of (1.77) and upsets the conservation of H:

aV
dH = dtg

The other point concerns V being independent of time, but depending
on the g in addition to the gx. Such a dependence replaces ) pr4x in

(1.79) by Sy
Kk = 2T — ) =4k
;P 4k ;aq,ﬂ
so that, while
H—(T+V)—Za—vq' (1.82)
k aqk . .

is still conserved, it does not equal the total energy T + V anymore (which
is not conserved!). The conservation of H and conservation of energy
are two separate issues. Physically, the important quantity is H, since
like L it plays a fundamental role in dynamics, too. We explore this facet
of H in Chap. 7. The results we have just found also hold true, with
one important qualification, when the system is subject to constraints.
The qualification relates to time-dependent constraints. The effect of
constraints is to inject the additional forces of constraint Q' = Yy AxFyx
into the relation (1.76) for dL. That relation is changed to read

Zpqu Z/\ F kqu =dL — dtai

The second term on the left would be zero in a virtual displacement.
However, dgy is the actual displacement of g in time dt. Therefore,
Y Fudqr = —Ggdt from the constraint equations (1.53), and

dH + dtZ/\,XG,X = dt%—L (1.83)

replaces (1.77). If now H = T 4 V and L is independent of time, we get

dT = dW +dW', dW' = —dtY_ 1,G, (1.84)
[

in place of the usual law dT = dW or differential energy balance. Time-
dependent constraints do work on the system! The work dW of applied
forces only accounts for part of the change in kinetic energy. The rest

is supplied by the forces of constraint working at a rate dW'/dt =

- Za /\IX GIX
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We can visualize the physical origin of this additional energy by
means of our particle moving in a circle under gravity again. Imagine
the particle is a bead sliding on a hoop and rotate the hoop with a pre-
assigned angular velocity w about the vertical y axis. The motion then
takes place in three dimensions and we must supply the azimuthal angle
¢ to locate the bead in spherical polar coordinates (7,6, ¢), see Fig. 1.6.

Figure 1.6: Bead on
a rotating hoop.

The bead now has an additional velocity component r sin 6¢ perpen-
dicular to the plane of the hoop, so the Lagrange function reads

L= %m(f’2 + 1262 + r* sin? 0§?) — mgr cos 6

subject to the two constraints
r—a=0, ¢—-—wt=0,

ensuring that the bead stays on the hoop, and turns with it. To illustrate
the work done by the second constraint that is time-dependent, we must
not eliminate it. The first one, r = a4, may go however, so

L= %maZ(éz + ¢? sin? B) — mga cos 6 (1.85)

is the Lagrange function for a system with two coordinates 8 and ¢,
subject to the one time-dependent constraint

d¢p —wdt =0,
in order to identify with (1.53). The constraint
Adp =0

on virtual displacements of ¢ is taken care of by a single multiplier A in
the equation of motion for ¢, which then determines A. The work done
by the time-dependent constraint is

—dt) AaGy = wAdt
o
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according to (1.84). But we also know the hoop forces the bead to rotate
with it by pushing the bead with a reaction Qg = A. However, since ¢ is
an angle, Qg will be a moment of the reaction R, so

Qp = A = Rasin®
and the work done in time dt is
dt wRasin@ = R(asinfde),

which is just the work done by R in pushing the bead an angle d¢ = dtw
in the horizontal plane. The machine (or person!) cranking the hoop
around has to supply this energy. Therefore, the energy balance for the
motion of the bead is

dT = mgasin6d6 4 Rasin 0d¢,

where dW = mga sin 0d0 is the work done by gravity.
But suppose we also eliminated the second constraint ¢ — wt from L so
that it only contains the independent variable 6:

1 .
L1 = Emaz(()z + w?sin®0) — mga cos 6.

How does this Lagrange function know that it describes a system which
does not convert work into kinetic energy according to the equation
dT = dW? We notice that condition (ii) from (1.79) to hold is violated:
the kinetic energy in L’ is not a homogeneous function in 6 and ¢ as was
L. Therefore,

H = a—LQ -L = lmaz(é2 — w?sin®8) + mga cos 6

00 2

is not the total energy; the minus sign on the sin? @ prevents this from
happening. But H' is conserved. The equation dH = 0 still holds
since L’ is independent of time and shows that the kinetic energy T' =

Ima®(6% + w? sin® 0) obeys the relation

dT = mgasin 6d6 + dt‘%(mazcu2 sin?6).

But, from the equation of motion for ¢ as given by L, we have

oL d dL

- E(mazw sin?6) = 0,
which determines A. Thus dT is given by the same expression as before,
since the second term indeed equals dtwA, the work done by the time-
dependent constraint during the actual motion.

We have also remarked that the presence of constraints (time-dependent
or not) can upset the conservation of momentum laws. For instance,
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since L in (1.85) is independent of ¢, we might be tempted to conclude
that

Py = g(Lp = ma®sin® ¢p

is a constant of motion. This would be wrong: py actually changes at
arate pp = A according to the equation we found above for A. The
forces of constraint regulate how p, varies with time. The error in our
argument is again the fact that ¢ is not an independent variable for the
problem. The structure of the Lagrange function L’ from which we have
eliminated all constraints shows that the only constant of motion for the
problem is H'.

Our example illustrates a general property. If a system with a time-
independent Lagrange function L is subjected to time-dependent, holo-
nomic constraints F, = 0, then, from (1.83)

dH + dtZ)\a% =0 (1.86)

holds if these constraints are not eliminated, and from (1.87)

!
dH' + dtaait =0 (1.87)

holds if they are (we use primes as a reminder that H and L are now
functions of independent coordinates). The effect of the constraints in
the latter equation is made up for partly in the functional dependence of
H’ on the new coordinates and partly by the time-dependence induced
in L'. The difference between energy conservation and the conservation
of H is also brought out by (1.86) and (1.8y) if L’ happens to stay inde-
pendent of time when the constraints are eliminated, i.e. if oL’ /ot = 0. If
H is the total energy of the system, this changes at a rate —}_, Ay0F, /ot
according to (1.86). But dH' = 0if dL'/dt = 0 or H’ stays constant
during motion.

1-8 Other Variational Principles

The principle of least action that is discussed in Sec. 1-4. is but one of a
whole host of variational formulations that are available in mechanics,
that are grouped under the general title of least action principles. The
emphasis here on least is historical rather than factual. All such princi-
ples only require that the action in question attains a stationary value
for the actual motion. No statement about the value of the action itself
is involved. We have seen one example of this in Sec. 1-4. We will see
another one in the principle of Maupertuis that we are about to derive.
Maupertuis’ principle only concerns itself with systems that conserve
energy. The Lagrange function for such systems can be written as

L=) pxix—H, (1.88)
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where H = E is the total energy, and the action S then becomes
[2)
S= /t Y prdrdt — E(t, — t). (1.89)
1k

We can take advantage of this breakup of S into two parts by designing
another type of variation. As before, we induce variations in S by replac-
ing qx(t) by new functions si(t) + dqx(t), but now also allow the transit
time to vary during the virtual motion. However, we maintain the same total
energy for all virtual motions. Then,

5 =& / Zpqudt E(6ty — 6ty) (1.90)

follows from (1.89) where ét; and ét; are the variations in time at the
endpoints of the motion. This new type of variation, symbolized by &',
is clearly different from the J-variation visualized in Sec. 1-4. There, we
required that the transit time for all motions be the same (dt; = ét; = 0).
Now, we demand that the energy be the same (JE = 0).

To see what consequences this new variation has for S we also com-
pute 'S directly from (1.20). Then,

t2+5f2 t2+§t2 ty ¢
J's :/ L(q+6q,4+64,t) dt—/ L(g,4,t) dt:/ OLdt+[Lot] 2,

t1 46t t1+ot t 1
if all virtual displacements are considered small. Now, the time integral
of 5L has already been calculated in (1.38). We introduce that expression
in the evaluation of 'S and find that

J's —/ Z 5— — pe)oqdt + ZPk Sqr -+ qkdb)] 2 — [HOH2 (1.91)

after inserting py for 0L/dqgy and ) prgx — H for L. This expression is
true for any system, whether conservative or not. We now specialize

it as follows: first only the actual motion of the system is considered.
This drops out the first term on the right due to the validity of the
Lagrange equations. The second term drops out if we replace our former
boundary conditions, dqx(t1) = dqx(t2) = 0, by

0qi(t) +G(t)ot =0, for t; and t. (1.92)

This simply means that all virtual motions are made to pass through the
same endpoints, even if they do so at different times. Finally we assume
H is constant and equal to the total energy E. Then 6'S = E(Jt, — 6tq).
Inserting this result into (1.90) we learn

oty
&' [ L pudidt =0 (1.93)
Ji 2
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’

under the stated variations and boundary conditions. This is Maupertuis
principle. The action in this case is represented by

t
So = /t Y prdy dt (1.94)
1k

and is often called the reduced action to distinguish it from S.

The contents of this principle can be visualized as follows: represent
the system by plotting its coordinates as a point in the n-dimensional
space they define. As the system moves this point moves too, tracing out
a curve in n dimensions. To apply the variational principle we run the
representative point along all paths joining A and B in Fig. 1.7 for which
the energy of the system remains the same. Then, according to (1.93) and

(1.94) the system moves from A to B in such a way that the integral Sy is
a minimum™3 when integrated over whatever transit time that is required to go  >ctually an
extremum.

from A to B while keeping the energy constant.

Figure 1.7: Illustra-
tion of two possible
paths of the repre-
sentative point for
a system with three
degrees of freedom.

We have thus shown that (1.93) is true if the Lagrange equations
describe the motion. To complete the demonstration of Maupertius’
principle we must also show that it leads to the correct equation of
motion. Carrying out the variation of the action Sy we get a sum of three
terms:

-t ty
'Sy = /t Z5Pkf7kdf+/t Y pidiicdt + [} prdedt] 2. (1.95)
In T 17 T

We know from previous work that éq; = [(d/dt)(dqx)]. But what is dpy?
The condition that all virtual paths are to have the same energy enters at
this point. We always have

. oL, . AL
H = 5(} pdx) — 0L =} (pk — 5 )8k + Y _(Opkde — 5 —0qk)-
k k 9k 9k

But py = dL /94y by definition and dH = 0 by design. Therefore,

oL
Oprr =Y —06
; Pr4k ;a‘]k qk
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and one finds that
, ty aL . . ty
1

after interchanging 6 and % as before in the second term on the right
of (1.95) and integrating by parts. The boundary conditions at the end-
points get rid of the last term and

ty
I50= | ;<§;k — p)onidt =0
results, a condition determining the equations of motion. It obviously
leads to the Lagrange equations again! It also goes without saying that
the question of independence of the g, must be raised again if there are
constraints on the motion. The reader will have an opportunity to worry
about such matters in Probs. 1-4. and 1-5.

We realize from the preceding discussion that the only important
point about H is that it must be constant. It need not be the total energy.
However, if H is the total energy, one can cast (1.93) into a number of
equivalent forms, each having its own special significance. Thus, if
H =E =T+ YV, then T must be a homogeneous quadratic function of the
velocities and V independent of them. Therefore, } ; pigx = 2T and

t
(5’/t 2Tdt =0 (1.97)
1

is another rendering of (1.91) in terms of the total kinetic energy of the
system. In particular, if the motion takes place under no forces, then T is
also constant, and
'ty
& dt = 5(tp — t1) = 0.
P tl
This is the principle of least time for motion under no forces. It first gained
recognition as a principle governing the propagation of light (Fermat).
For such applications it is useful to introduce the optical path length n ds
(n = the index of refraction) of the light ray and write

! 2
5/ nds =0,

S1

since dt = ds/v, where v = c¢/n is the velocity of light in the medium,

c its velocity in vacuo. This transformation then gives a variational prin-

ciple for determining the path of a light ray from s; to s, in a refractive

medium. The time variable has disappeared from the scene completely.
A similar transformation is possible in dynamics. We go back to (1.97)

and apply it to the motion of a particle of mass m. Then

2T dt = ZT% = muvds
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where ds is the arc length travelled in time dt with speed v. Conse-
quently™4,

S
(5’/5 " mods = 0 (1.98)
1

determines how the particle moves from s; to sp. However, we still have
to express v in terms of the position of the particle in order to clear (1.98)
of all time variables. This is simple to do using the energy equation: if
the particle moves in a potential field V, then mv = \/2m(E — V), and

S:
(5'/3 *VE—Vds=0. (1.99)
1

This form is due to Jacobi (1842). It is in complete analogy with Fermat’s
principle. The potential field throughout which the particle moves

acts on the particle like a heterogeneous medium with refractive index
~ v E —V, and (1.99) is a variational principle for determining the path
of the particle. As a corollary, we see that a free particle moves along the
shortest path from s to sy,

5’/52 ds=06(sp—s1)=0
51
since mv is constant in this case and factors out of (1.98) or (1.99).

Let us apply Jacobi’s form to the simple case where a free particle
enters a region of space where the potential suddenly decreases from
zero to a constant value —V} (the particle is suddenly accelerated at O
as it crosses the boundary between the two regions, see Fig. 1.8).  The

A Figure 1.8: Appli-
a cation of Fermat’s
— ’ principle to the mo-
V=0 Y tion of a particle.
(0]
V = - VO ﬁ
B

particle starts at A with energy E and has to reach B. We try the path
AOB and calculate the reduced action:

So = V2mE(AO) + /2m(E + V)(OB).

Sp has to be stationary for the actual path. In order to minimize Sy we
try various paths by moving the point O where the particle strikes the
boundary, and so determine the relation between the angles « and

that holds for the actual motion. Moving O to O, i.e. going along the
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dotted path, changes AO and OB by OO’ sina and —OO’ sin . Hence, Sy
changes by
'Sy ~ (VEsina — \/E + Vysin B)0O/.

This is zero for arbitrary displacements OO’ if

s?noc _ 1+ E‘
sin 8 E

Thus, the particle is refracted at the interface between the two potential
regions: the actual path is not simply the straight line joining A and B. If

we call /1 + % the relative index of refraction of the region of negative
potential to free space, then this result is analogous to Snell’s law of light
refraction. Physically, the origin of this effect is obvious: the particle
receives an impulse normal to the interface that kinks its path.

It should be realized, however, that Jacobi’s form holds for a much
wider class of systems than that of a single particle moving in a potential
field. The only requirement is that the Lagrange function be expressible
in the form

1 .
L=3 Y awdrd — V(q1,q2,- .. ).
kl

The ay; only depend on the coordinates and not their time derivatives.
Then, the element of action 2T dt can be re-expressed as

2Tdt = V2T |Y awded dt = V2T ds
ki
to define the arc length
ds = /Zﬂklqudql dt (1.100)
Kkl

travelled by the system point in time df with "speed" v/2T. Using this
extended meaning of ds, (1.99) is unaltered in form, but its meaning

is different. It now gives the "path" of the representative point of the
system in n-dimensional space. This only coincides with the path of the
system in ordinary space if the degrees of freedom are 3 or less and refer
to the position of the system in space.

Differential equations determining this path may readily be derived
from (1.99). We carry out the derivation for the special, but most usual
case of a particle moving in a potential V in two dimensions. Let (x,y)
be the cartesian coordinates of the particle. Following the tradition for
curvilinear coordinates in two dimensions, we introduce new coordi-
nates q; = u and gp = v, where the grid of curves

u(x,y) = constant

v(x,y) = constant

51
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defines these coordinates. The line element ds is written as
(ds)? = Ey,(du)? + 2F,, du dv + G, (dv)?, (1.101)

where E,, F,, and G, are the first differential parameters introduced by
Gauss. They are functions of # and v in general.

Since the variation in (1.99) means considering different paths passing
through the same endpoints, the line element ds must also be varied. We
consider variations in # only and find

s So aV
5’/52\/13—1/(15:/5 (— )auzde/ VE— V(ds) =
1 1

Now,

oE,
Ju

The term multiplying (du) in this expression gives the contribution

/ {\/ (Eu +P,w )}(Su ds,

(du)2+28§””d do +aaG”(d ) }m.

dsd(ds) = (Eudut+ Fup do)é(du) + 5 [

after integrating by parts and enforcing the boundary conditions
du(sy) = ou(sy) = 0. Therefore (1.99) is satisfied in the present case
if
1 d du 1 1 9V
—{VE—-V(E F =—c——=
/E Vd{ V( ud +MU )} 2E_Vau
1 0E, du., oF,, du dv oGy dv .,
+2 Bu( y zau%%+8u( s

(1.102)

The equation for v follows by interchanging u and v, E, and G,. We have
thus obtained differential equations for the path, or orbit, of a particle
moving in two dimensions in an arbitrary potential field V(u,v). These
equations contain as a special case the differential equations for the orbit
of a particle in a central potential V(r), r = y/x% + y?, as will be shown
in Chap. 2. Finally, if the particle is moving under no forces, (1.102)
becomes

d du do 1 0E, du., oFwdudv 9G, ,dv.,
%(EugjLFuvds) 2{ ou (ds) 2 ou ds ds +87(%) -

This is one of the differential equations determining the shortest path

between s; and s;. Such a path is called a geodesic. A particle moving
freely in the u, v space thus follows one of the geodesics in that space.
1-9 Properties of the Action Functions

We remarked at the beginning of this section that the adjective least
attached to the various variational principles can be misleading; we
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could equally well have a greatest action as far as the equations of motion
are concerned. We did not ever have to raise the issue of whether S is a
maximum or a minimum in finding the equations of motion. Typically,
physical systems in motion are only prepared to admit to the stationary
character of the action. Just as typically, however, the various principles
of least action have been made the basis of many a philosophical foray
into the "deeper"” meaning of the laws of dynamics. The trouble always
seems to be the appearance of a finite time interval in the calculation

of say the action S. This gives the impression that the system already
"knows" at time t; where it is going to be at t,, i.e. it endows mechanics
with a teleological> character. Actually this impression is false. As we
have seen, only the stationary character of the action and not its value
determines the equations of motion.

This does not mean, however, that the action functions themselves
are devoid of meaning. For consider (1.91) and (1.96); up to now we
have always used these expressions to find the equations of motion
by stipulating boundary conditions such that the contribution at the
"boundaries” t; and t, vanishes. Now, we turn the procedure around
and evaluate the variations in S and Sy due to changes in the coordinates
and the time at these boundaries for the actual motion. We set dq(t1) and
0t1 equal to zero and call it the time at the other endpoint of the action.
Then,

8'S =) pr(oqx + gxot) — Hot (1.103)
k

expresses the variation in S as the coordinates and the time at the other
endpoint are allowed to vary. The circumstance of this variation should
be clearly distinguished from the variations employed so far. We are
now assuming that Lagrange equations hold along all paths that are
considered. Therefore, (1.103) shows how S depends on the coordinates
of the motion at time t. In fact, by setting 6t = 0, we obtain the partial
derivatives of S with respect to the g:

d
(S/S = 2 i&qk = Zpkéqk for ot = 0,
T Ok k
or
95 _
o
On the other hand, setting all the dg; equal to zero does not define the

Pr- (1.104)

partial derivative with respect to time. This requires in addition that the
position of the endpoint not vary when ¢ is varied. Therefore, not ég; but
oqx + Gxot must be set equal to zero at time ¢. Then

§'S = —Hot

defines the partial derivative

S

5 —H. (1.105)

'5 Teleology, n,
(from Greek

telos "end" and
logos "reason"),
explanation by
reference to some
purpose, end,
goal, or function.
Traditionally, it
was also described
as final causality,
in contrast with
explanation solely
in terms of efficient
causes (the origin
of a change or

a state of rest

in something).
Encyclopaedia
Britannica, 2023.
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Thus, the partial time derivative of S gives H; by contrast its total time

derivative gives L:
as
5=
The latter statement follows from (1.20) with f, = t.

L. (1.106)

The corresponding partial derivatives of Sy follow from (1.96) in a
similar fashion. From

&'So = ) p(8qx + gxot) (1.107)
k
we conclude that 25 3
0 95 _
ar Pk, and 5 0, (1.108)

provided of course that the energy is conserved (otherwise (1.107) is
not valid!). Because of this requirement Sy contains the energy E as a
parameter. The derivative 0S/0E has a surprising significance. We go
back to (1.90) and also vary the energy from path to path. Then,

8'S = 6'Sy — Est — SE(t — t1).
But, according to (1.106), §'S equals —Eét if H = E. Therefore,
8'Sg—SE(t—1t1) =0

defines the partial derivative we seek:

— =t—1. (1.109)

Thus, the change of Sy with energy gives the transit time from t; to ¢.
This result allows one to express the coordinates as a function of time by
inserting the value for Sy and differentiating:

0 Sy 52 d
ﬁ/s Z(E—V)dsz/s \/ﬁ:t—t] (1.110)

Here s — s, is the distance travelled in time t — ¢;. Together with the
equation of the path this relation completely determines the motion.

The relations (1.106) through (1.109) will appear again in Chap. 7
from a different point of view. However, it is useful and interesting to
indicate one basic feature of (1.106) at this point. From its definition H
on the right of that equation depends on ¢, § and ¢. On the other hand, 4
may be eliminated in favour of p by inverting the relations py = dL/9gy;
then p may be re-expressed as in (1.104) and we get

aa—f + H(g, gj,t) =0. (1.111)
This is the famous Hamilton-Jacobi partial differential equation for deter-
mining S. It will emerge again in Chap. 7 - ostensibly from an entirely
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different point of view. If H is conserved and also happens to be the
total energy, then the Hamilton-Jacobi equation turns into a partial
differential equation for Sy,

950

H 3,

)—E=0. (1.112)
The meaning and practical significance of both these equations are
discussed at length in Chap. 7.

1-10 D’Alembert’s Principle

The action principles we have discussed so far are integral principles of
mechanics in this respect as they concern themselves with properties

of the motion over a finite time interval ¢, — t1. Differential principles
are also available which concern themselves with the motion at a given
instant t and small variations about this motion. Perhaps the most
important principle of the latter type is due to d’Alembert (1758)16. His
principle simply states that the inertial forces are in equilibrium with
the applied forces on any system. To appreciate this statement we go
back to Newton I in (1.1) and notice that all bodies remain at rest or in
uniform rectilinear motion if no forces act. A measure of their resistance
to change, or inertia, therefore is p. D’Alembert calls F = —p the inertial
force. If k again labels a typical particle, then (1.23) gives the equation of
motion for this particle in the form

FE+F =o.

Multiplying both sides by the virtual displacements éx; and summing
on all k, one has

Y (Fe+ F)ox, = 0. (1.113)
k

This all seems rather trivial until we realize that the forces of constraint
drop out of the virtual work Y, Fdxy. Therefore, this equation only
contains the applied forces. It states that the applied forces are in equilib-
rium with the inertial forces (the total virtual work is zero).

Equation (1.113) is the mathematical realization of d’Alembert’s
principle. It is of course identical with our former equation, (1.28),

- d
Z(Fk + EF)oxy = ZFkéxk + 6T — E(Z myXdx;) =0 (1.114)
k k k

if we restore the definition of F;. We can also use this equation to de-
termine the equations of motion. Take the case first where there are no
constraints on the system. Then F, — py = 0 must follow if (1.114) is

to hold for arbitrary displacements dx;. But if constraints are present,
this result does not follow. A transformation to independent coordinates

16 Jean-le-Rond
d’Alembert (1717
- 1783), a famous
French mathe-
matician and
philosopher.
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is necessary before any conclusions can be drawn. But we can intro-
duce such transformations since (1.114) is a scalar relation and therefore
valid in any set of coordinates. Accordingly, we pass to new coordinates
Xr — fx(q1,92,...) and observe the various parts of (1.114) transform:

Y Feoxg =Y Qida
k k

from the two forms (1.29) and (1.41) for the virtual work,

5T:52 mf?) an qk+2 &lk
k

from the functional form of T in the new coordinates, and
Y myidxg = kafk 5171
k k1

from the definition of the virtual displacements dx. But

Ui _ M _ i
oqr 94 94,
from (1.36). Therefore,

Y myxpdxy = kafk 171 Za Z mfy) 5‘7k—275‘1k
o qx I

(1.115)
This is the crucial relation. Knowing it, we can write (1.114) as
oT d , oT
Qr+=——=—(=—)|dgqx = 0. (1.116)
; e ok dt(aqk)] Ak

Now, assume that there are no constraints on the motion, or if there are,
of the holonomic variety. Then, all the dg; can be chosen independently

so that
JaT d  oT

These are the, by now, familiar Lagrange equations for holonomic sys-

Qr + =0.

tems.

In the form (1.114) d’Alembert’s principle has an interesting conse-
quence. If a system is in equilibrium under applied forces, then T = 0 and
all X, = 0 so that

W =0. (1.117)

The virtual work of the applied forces must be zero for equilibrium. This
succinct statement summarizes the entire subject of statics (systems in
equilibrium).

Two further differential principles, Gauss’ principle of least constraint,
and Hertz’s principle of least curvature (which is a special case of Gauss’
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principle) are also available, but do not introduce any new insight that is
not already contained in d”Alembert’s principle. In summary, we remark:
the differential principles only require a knowledge of differentiation
to derive the equations of motion. On the other hand, the integral prin-
ciples (which require the calculus of variations) have perhaps a more
dependable "feel", since their implementation does not depend on spot-
ting relations like (1.116) and (1.113) ahead of time. Their dependence on
a single scalar function L makes it manifest that the equations they lead
to, must have the same form in all sets of coordinates. This is also true
of course for the differential principles, but perhaps less obvious to the
uninitiated (see Prob. 1-6).

These comments bring us to the end of our discussion of the general
principles of mechanics. Our next task (it will occupy the remainder
of the book!) is to apply these principles to the motion of particles and
systems of particles that are of interest in physics.

Problems

1-1. Find out how Newton’s law of motion, (1.2), is modified when
referred to a frame of reference that moves with constant acceleration.

1-2. Describe the sequence of events that allow a cat to reorient while
falling from an inverted position.

1-3. Verify the calculation of the action S[f] given in the text for a particle
falling under gravity. Guess at some other forms f(t) for the virtual

motion and verify that S[f] is stationary for the actual motion in each
case.

1-4 .Discuss the validity of Maupertuis’ principle in the presence of
holonomic constraints. Pay particular attention to the case where such
constraints may be time-dependent.

1-5. Discuss the validity of Maupertuis’ principle in the presence of non-
holonomic constraints of the type given in (1.52). Pay particular attention
to the case where such constraints may be time-dependent.

1-6. Show by a direct transformation of coordinates g, = fi(q},95,--.)
that the Lagrange equations are unaltered in form. This property is
referred to as the covariance of these equations.

1-7. Find the geodesics joining any two points of a sphere. Can you al-
ways find the shortest distance between the points in question? Explain.
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