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X.1 Metric compatibility of the inverse metric

Metric compatibility ∇αgµν = 0 of the metric gµν itself implies metric compatibility
∇αgµν = 0 of the inverse metric gµν. This can be seen by starting from the definition
of the inverse metric, gµτgτν = δ

µ
ν and have a covariant derivative act on this relation,

keeping in mind that the covariant differentiation ∇α obeys the Leibnitz-rule:

∇αgµτgτν = ∇αgµτ · gτν + gµτ∇αgτν = ∇αδ
µ
ν (X.674)

The covariant derivative of the Kronecker-symbol is determined from the fact that it
is a tensor with a co- and a contravariant index, i.e.

∇αδ
µ
ν = ∂αδ

µ
ν + Γ µαβ δ

β
ν − Γ

β
αν δ

µ

β = ∂αδ
µ
ν + Γ µαν − Γ

µ
αν = ∂αδ

µ
ν (X.675)

renaming the indices in the second step. The Kronecker-δ is peculiar as a tensor,
because it assumes the same values of 0 and 1 in every coordinate choice: One needs
a Jacobian for µ and an inverse Jacobian for ν,

δ
µ
ν →

∂x′µ

∂xα
∂xβ

∂x′ν
δαβ =

∂x′µ

∂xα
∂xα

∂x′ν
=

∂x′µ

∂x′ν
= δ

µ
ν (X.676)

so that the transformation does not have any influence on the tensor. Therefore,
∂αδ

µ
ν = 0, and one gets

∇αgµτ · gτν + gµτ∇αgτν = 0 (X.677)

Metric compatibility of the metric sets the second term to zero, so that one is left
with

∇αgµτ · gτν = 0 (X.678)

from where one can isolate the metric compatibility condition for the inverse metric
by contraction with gνβ

∇αgµτ · gτνgνβ = ∇αgµτ · δ
β
τ = ∇αgµβ = 0 (X.679)
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