Appendix A

Electrodynamics

A.1 Electromagnetic field tensor

Electric and magnetic fields are components of the antisymmetric field
tensor

F* = gAY — 9" AF (A.1)
formed from the four-potential
D
H = N . .
A ( i ) (A.2)
The field tensor can be conveniently summarised as
0 ET
F*) = A3
(F™) ( i g ) (A3)
with
B,‘j = E,‘jaBa . (A4)

Given the signature (—, +, +, +) of the Minkowski metric, its associated
rank-(0, 2) tensor has the components

(F,,»:((l £ )

2 3 (A5)

A.2 Maxwell’s equations

The homogeneous Maxwell equations read
8[(1Fﬁy] = 0 . (A6)
Fora =0, (8,y) = (1,2), (1,3) and (2, 3), this gives

B+cVxE=0, (A7)
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214 A Electrodynamics
and fora =1, (8,y) = (2, 3), we find
V.-B=0. (A.8)

The inhomogeneous Maxwell equations are

4
8, F* = 7” ", (A.9)

where
Jh= ( pfc ) (A.10)

is the four-current density. For u = 0 and u = i, (A.9) gives

N

V.-E=dnp, VxB-E=4nj, (A.11)

respectively.
With the definition (A.1) and the Lorenz gauge condition 9,A* = 0, the
inhomogeneous equations (A.9) can be written as

4
OAF = —7” I (A.12)

where 0 = -3 + V2 is the d’ Alembert operator. The particular solution
of the homogeneous equation is given by the convolution of the source
with the retarded Greens function

1 |¥- &
Gt t, %X = Slt—1 — - , (A.13)

i.e. by

1
AL, R) = = f Y f drG@, 7, %) j 1, %) . (A.14)
C

A.3 Lagrange density and energy-
momentum tensor

The Lagrange density of the electromagnetic field coupled to matter is

1 1
=——F"F,, —-Aj", A.15
L 167 w = Bl ( )
from which Maxwell’s equations follow by the Euler-Lagrange equa-
tions,
0 0
0" L L =0
O(0"A*) QA+

(A.16)
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From the Lagrange density of the free electromagnetic field,

1
L= _EFWF”V s (A.17)

we find the energy-momentum tensor

0L
09,1y

1 1
T = =2 VL= —(FMFY, — —g"F®F 4] . A.18
+g" L In 2 49# ﬂ) ( )
From (A.3), we find first
FPF,5=-2E - B), (A.19)

and the energy-momentum tensor can be written as

1 [ E?+ B 2ETBT
Tﬂv = — - =, -, AZO
87\ 2BE -E*-B*+88" (420
This yields the energy density
E’+ B
7% = (A21)
8m
of the electromagnetic field and the Poynting vector
T = SExB. (A.22)
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