Chapter 11

Charged, Rotating Black Holes

11.1 The Reissner-Nordstrom solution

11.1.1 Energy-momentum tensor of electric charge

The Schwarzschild solution is a very important exact solution of Ein-
stein’s vacuum equations, but we expect that real objects collapsing
to become black holes may be charged and rotating. We shall now
generalise the Schwarzschild solution into these two directions.

First, we consider a static, axially-symmetric solution of Einstein’s
equations in the presence of an electromagnetic charge ¢ at the origin of
the Schwarzschild coordinates, i.e. at r = 0. The electromagnetic field
will then also be static and axially symmetric.

Expressing the field tensor in the Schwarzschild tetrad (8.40), we thus
expect the Faraday 2-form (5.86) to be

F=-Lcarndr=-Lere no'. (11.1)
r r

We shall verify below that @ = —b also for a Schwarzschild solution with
charge, so that the exponential factor will become unity later.

The electromagnetic energy-momentum tensor

1 1
™= FYF' = 29" F"Fop (11.2)

is now easily evaluated. Since the only non-vanishing component of
F,, is Fy; and the metric is diagonal in the Schwarzschild tetrad, g =
diag(-1,1,1, 1), we have

FopF = Fo  F' + F\oF'° = 2F, . (11.3)
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Why would the Faraday-2-form
be given by (11.1)? Recall the
meaning of the components of
the electromagnetic field tensor.




Verify that the term Gg?/c* has
the unit of a squared length in
Gaussian cgs units. Recall that
the unit of the electric charge in
the cgs system is g!/?cm?/?s71.
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Using this, we find the components of the energy-momentum tensor

TOOZL FOL R0 _le :ipz :q_ze—zwb)
4dr R Y S e ’

11_i 10 171 lz __q2 ~2(a+b) _ _ 00
T—4 FF°+2F01__8#‘6 =-T",
7 7T

1 2
T = —F} = _8‘1 e = 73 (11.4)
T Tr

11.1.2 The Reissner-Nordstrom metric

Inserting these expressions instead of zero into the right-hand side of
Einstein’s field equations yields, with (8.60),

1 (1 20\ 8nG Gq* ath)
Gy = ﬁ —C (ﬁ - . = _c4 00 = _c4r4e ),
1 _ 1 2a’ 8nG
G“:——2+ezb(—2+—):——4 Too = =Goo - (1L.5)
r r r c

Adding these two equations, we find @’ + b" = 0, which implies a +b = 0
because the functions have to tend to zero at infinity. This confirms that
we can identify cdt A dr = 6° A ' and write Fy = q/r>.

Analogous to (8.62), we note that the first of equations (11.5) with
a = —b is equivalent to

(re) =1- 6¢ (11.6)

which gives

(11.7)
if we use —2m as the integration constant as for the neutral Schwarzschild
solution.

Reissner-Nordstrém solution

Defining

G4

AErZ—Zmr+—4, (11.8)
c

we thus obtain the line element for the metric of a charged Schwarz-
schild black hole,

A 2dr?
ds? = —SdP + 0 4 2 (6 + sin’ 9dg?) . (11.9)
7 A
This is the Reissner-Nordstrom solution.
Of course, for g = 0, the Reissner-Nordstrom solution returns to the
Schwarzschild solution.
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Figure 11.1 Hans J. Reissner (right; 1874-1967), German engineer, math-
ematician and physicist. Source: Wikipedia

Before we proceed, we should verify that Maxwell’s equations are indeed
satisfied. First, we note that the Faraday 2-form (1 1.1) is exact because
it is the exterior derivative of the 1-form

q

A=-2Ledr, dA=Ldrncdr=-Lcdindr=-Lr0" . (11.10)
r r2 r2 r2

Thus, sincedod = 0, dF = d?A = 0, so that the homogeneous Maxwell
equations are satisfied.
Moreover, we notice that

F=Lene, (11.11)

;
which is easily verified using (5.75),
(A0 = %googusomﬁ 0" A& (11.12)
= —%(92/\93—9%92) =6 NG .
Inserting the Schwarzschild tetrad from (8.40) yields
*F = gsinddd A dp = —d (gcosddyp) , (11.13)
which shows, again by d o d = 0, that d(«F) = 0, hence also (xd*)F =0

and 0F = 0, so that also the inhomogeneous Maxwell equations (in
vacuum!) are satisfied.
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Figure 11.2 Gunnar Nordstrédm (1881-1923), Finnish physicist. Source:
Wikipedia

11.2 The Kerr-Newman solution

11.2.1 The Kerr-Newman metric

The formal derivation of the metric of a rotating black hole is a formidable
task which we cannot possibly demonstrate during this lecture. We thus
start with general remarks on the expected form of the metric and then
immediately quote the metric coefficients without deriving them.

In presence of angular momentum, we expect the spherical symmetry
of the Schwarzschild solution to be broken. Instead, we expect that
the solution must be axisymmetric, with the axis fixed by the angular
momentum. Moreover, we seek to find a stationary solution.

Then, the group R X SO(2) must be an isometry of the metric, where
R represents the stationarity and SO(2) the (two-dimensional) rotations
about the symmetry axis. Expressing these symmetries, there must be a
time-like Killing vector field k and another Killing vector field m which
is tangential to the orbits of SO(2).

These two Killing vector fields span the tangent spaces of the two-
dimensional submanifolds which are the orbits of R X SO(2), i.e. cylin-
ders.
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We can choose adapted coordinates ¢ and ¢ such that k = 9, and m = J,,.
Then, the metric @g of four-dimensional spacetime can be decomposed
as

Dg = gup(x) dx* @ dx’ + g;;(x") dx' ® dx/ | (11.14)

where indices a,b = 0,1 indicate the coordinates on the orbits of
R x SO(2), and indices i, j,k = 2,3 the others. Note that, due to the
symmetry imposed, the remaining metric coefficients can only depend
on the coordinates x'.

A stationary, axi-symmetric spacetime (M, g) can thus be foliated into
M = X x T, where X is diffeomorphic to the orbits of R x SO(2), and
the metric coefficients in adapted coordinates can only depend on the
coordinates of I'. We write

Bg=0+g (11.15)

and have

o =0u(x)dx* @dx’ . (11.16)

The coefficients o, are scalar products of the two Killing vector fields k
and m,

_ [~k (k,m)
(O-ab)_( <k,m> (m’m> ) ’ (11.17)
and we abbreviate the determinant of o by
p = V=deto = {k,k)(m,my + (k,m)? . (11.18)

Without proof, we now give the metric of a stationary, axially-symmetric
solution of Einstein’s field equations for either vacuum or an electro-
magnetic field. We first define the auxiliary quantities

A
32

P =2mr+Q*+d*, p*=r*+d’cos’,
(P + d*)? = dPAsin® 9. (11.19)

Moreover, we need appropriately scaled expressions Q and a for the
charge ¢ and the angular momentum L of the black hole, which are given
by

_g¢ L _6L

’ Mc  mc?

0 (11.20)

ot

and both Q and a have the dimension of a length.

Verify that a also has the dimen-
sion of a length, like Q.




4

Why is it plausible for A to have
the form (11.22)? Beginning
there, derive the Faraday-2-form
(11.23) yourself.
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Kerr-Newman solution

With these definitions, we can write the coefficients of the metric for a
charged, rotating black hole in the form

2mr— Q®  a*sin® 9 — A

gun=-1+ = e )
2mr — Q° 2+ a2 — A
gw:—LzQasinzﬁ:—#asinZﬂ,
P
2 2
P 2 X,
Jr=—, Gos=pP » Gop=—5IN"V. (11.21)
7 A (2% p2

Evidently, fora = 0 = Q,p = r, A = r* = 2mr and £ = r* and we
return to the Schwarzschild solution (8.67). For a = 0, we still have
p=rand X =2, but A = 1> — 2mr + Q% as in (11.8), and we return to
the Reissner-Nordstrom solution (11.9). For Q = 0, we obtain the Kerr
solution for a rotating, uncharged black hole, and for @ # 0 and Q # O,
the solution is called Kerr-Newman solution, named after Roy Kerr and
Ezra Newman.

Figure 11.3 Roy Kerr (born 1934), New Zealand mathematician. Source:
Wikimedia Commons

Also without derivation, we quote that the vector potential of the rotating,
charged black hole is given by the 1-form

A= _q_; (cdt — asin? l?dgo) , (11.22)
o

from which we obtain the Faraday 2-form
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F=dA= '%( 2 —azcoszﬁ)dr/\ (cdt—asinzﬂdgo)
1247 G cos B9 A |(# + @) dp - acdr] . (11.23)

o
For a = 0, this trivially returns to the field (11.1) for the Reissner-

Nordstrom solution. Sufficiently far away from the black hole, such that
a < r, we can approximate to first order in a/r and write

2
F=ZLar n(cdt - asin> 0dg) + L sindcos9d9 Adg . (11.24)
T r

The field components far away from the black hole can now be read off
the result (11.24). Using the orthonormal basis

L, (11.25)

1
e, =04 e, =0 ey = —0y e, = —
ct s r ro r ) " rsmﬂ"p’

we find in particular for the radial component B, of the magnetic field

2
B, = Fleg,e,) =~ cosd . (11.26)
r

In the limit of large r, the electric field thus becomes that of a point
charge ¢ at the origin, and the magnetic field attains a characteristic
dipolar structure.

The Biot-Savart law of electrodynamics implies that a charge g with
mass M on a circular orbit with angular momentum L has the magnetic
dipole moment
n gL
= , 11.27
=g ( )
where g is the gyromagnetic moment.

A magnetic dipole moment u creates the dipole field

3(/7 i gr)gr - ﬁ

B
3

) (11.28)

whose radial component is B, = B - &, = 2ji- &./r. A comparison of
the radial magnetic field from (1 1.26) with this expression reveals the
following interesting result:

Magnetic dipole moment of a charged, rotating black hole

The magnetic dipole moment of a charged, rotating black holes is

qL _, 4L
Mc ~ ~2Mc’

Y

(11.29)

showing that charged, rotating black holes have a gyromagnetic mo-
ment of g = 2.

Find the remaining components
of the electromagnetic field of the
Kerr-Newman solution.

What is the gyromagnetic mo-
ment of an electron?




168 11 Charged, Rotating Black Holes

11.2.2 Schwarzschild horizon, ergosphere and Killing
horizon

By construction, the Kerr-Newman metric (11.21) has the two Killing
vector fields k = d,, expressing the stationarity of the solution, and
m = 0, which expresses its axial symmetry.

Since the metric coeflicients in adapted coordinates satisfy

gu =<k, k) ggp = (mm)y . gip = (k,m) (11.30)
they have an invariant meaning which will now be clarified.

Let us consider an observer moving with r = const. and ¢ = const. with
uniform angular velocity w. If her four-velocity is u, then

_dp ¢ w

= = - 11.31
@ dr f ut ( )

for a static observer at infinity, whose proper time can be identified with
the coordinate time ¢. Correspondingly, we can expand the four-velocity
as

u=u'd, +ud, = u' (0, + wd,) = u'(k + wm) , (11.32)

inserting the Killing vector fields. Let
k + wm| = (= k + wm, k + wm))"/? (11.33)
define the norm of k + wm, then the four-velocity is

k + wm
u= .
|k + wml|

(11.34)

Obviously, k+wm is a time-like Killing vector field, at least at sufficiently
large distances from the black hole. Since then

(k + wm, k + wm) = (k, k) + w>(m, m) + 2wk, m)
= gy + WGy, +20g, <0, (11.35)

k + wm becomes light-like for angular velocities

~Gip * Gty = GuGg

W, = . (11.36)
vp
If we define .
q=_9v __km , (11.37)
Gp (m, m)
we can write (11.36) as
w, =0+ [Q2- 91 (11.38)
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For an interpretation of Q, we note that freely-falling test particles on
radial orbits have zero angular momentum and thus (u,m) = 0. By
(11.34), this implies

0 = (k+wm,m) = g, + WGy, (11.39)
and thus g
w=-22=0Q (11.40)
Yo

according to the definition (11.37). This shows that Q is the angular
velocity of a test particle falling freely towards the black hole on a radial
orbit.

The minimum angular velocity w_ from (11.38) vanishes if and only if
g = (k. ky = 0, i.e. if the Killing vector field k turns light-like. With
(11.21), this is so where

0=da*sin®9—A=2mr—r"—Q*>—d*cos’ ¥, (11.41)

i.e. at the radius

ro=m+ ym? — Q2 —a?cos> ¥ . (11.42)

Static limit in Kerr spacetime

The radius ry marks the szatic limit of Kerr spacetime: for an observer at
this radius to remain static with respect to observers at infinity (i.e. with
respect to the “fixed stars”), she would have to move with the speed of
light. At smaller radii, observers cannot remain static against the drag
of the rotating black hole.

We have seen in (4.48) that the light emitted by a source with four-

velocity u; is seen by an observer with four-velocity u, with a redshift
VO _ <l~€, uﬂ)
Vs <];’ us> '

(11.43)

where  is the wave vector of the light.

Observers at rest in a stationary spacetime have four-velocities propor-
tional to the Killing vector field &,

u= ﬁ , hence k= +—(kkyu. (11.44)

We have seen in (5.36) that the projection of a Killing vector K on a
geodesic y is constant along that geodesic, V;(y, K) = 0. The light ray

propagating from the source to the observer is a null geodesic with y = k,

hence
V,;(fc, ky=0 (11.45)
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and (k, k), = (k, k). Using this in a combination of (11.43) and (11.44),

we obtain N
Vo _ (ko VIR, _ VKRS
vi (k) =Ky V=K,

For an observer at rest far away from the black hole, (k, k), ~ —1, and
the redshift becomes

(11.46)

: 1 .
l4z=2 8 = (g2, (11.47)

Vo \ _<k7 k>s
which tends to infinity as the source approaches the static limit.

The minimum and maximum angular velocities w. from (11.38) both
become equal to Q for

2
ol = (:ﬁ) _ ggl =GR Gue = 0. (11.48)
wp vp

This equation means that the Killing field & = k + Qm turns light-like,

(&,&) = (k, k) + 2Q¢k, m) + Q*(m, m)

J 9
1 1
=gy +2Qg,, + ngtptp =9 — 2= 4+ £
w0 Yo
2
JuYee — Y
=2 T g, (11.49)

Yoo

Interestingly, writing the expression from (1 1.48) with the metric coeffi-
cients (11.21) leads to the simple result

oy = GuGgp = Asin® 9, (11.50)
so that the condition (11.48) is equivalent to
0=A=r*=2mr+Q*+d*, (11.51)

which describes a spherical hypersurface with radius

rg =m+ \ym?> - Q*—a?, (11.52)

for which we choose the larger of the two solutions of (11.51).

By its definition (11.37), the angular velocity Q on this hypersurface H
can be written as

_amr- Q%

H 2

9w
9ep

_aQmry — 0

QH = -
H (r, + a*)?

, (11.53)

since X2 = (> + a*)? because of A = 0 at ry. Because of (11.51), the

numerator is a(r%, + a*), and we find the following remarkable result:
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Angular frequency of H
The hypersurface H is rotating with the constant angular velocity

a

Qpy = (11.54)

r+a’
like a solid body.

Since the hypersurface H is defined by the condition A = 0, its normal
vectors are given by

gradA = dA*,  dA = 2(r — m)dr . (11.55)
Thus, the norm of the normal vectors is
(gradA, gradA) = 49" (r — m)?, (11.56)

now, according to (11.21), g o« A = 0 on the hypersurface, showing
that H is a null hypersurface. Because of this fact, the tangent space to
the null hypersurface H at any of its points is orthogonal to a null vector,
and hence it does not contain time-like vectors.

Killing horizon and ergosphere

The surface H is called a Killing horizon. The hypersurface defined
by the static limit is time-like, which means that it can be crossed in
both directions, in contrast to the horizon H. The region in between
the static limit and the Killing horizon is the ergosphere, in which k is
space-like and no observer can be prevented from following the rotation
of the black hole.

1 1
ergosphere

2F static limit -
horizon

z/m
[=}
T

Figure 11.4  Static limit, horizon, and ergosphere for a Kerr black hole with
a=0.75.

Formally, the Kerr solution is singular where A = 0, but this singularity
can be lifted by a transformation to coordinates similar to the Eddington-
Finkelstein coordinates for a Schwarzschild black hole.



If a particle starts orbiting in
the equatorial plane, does it stay
there?
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11.3 Motion near a Kerr black hole

11.3.1 Kepler’s third law

We shall now assume ¢ = 0 and consider motion on a circular orbit in
the equatorial plane. Thus 77 = 0 and ¢ = 7/2, and

A=r"=2mr+d* and p=r, (11.57)
further
32 = (r2 + a2)2 —d®A =+ d*r + 2md*r (11.58)

and the coefficients of the metric (11.21) become

2m 2ma
gn=-1+—, ghp—__r >
2
grr_z7 Jgyy =1,
2 2ma*
Goo= = =rP+d + = (11.59)
;

Since ¥ = 0 and # = 0, the Lagrangian reduces to

2

a )¢2. (11.60)

2 , 4 .
2L(1_m)m_¢(
r r

By the Euler-Lagrange equation for r and due to 7 = 0, we have

doL oL
———==0=—-—, 11.61
dt or or ( )
which yields, after multiplying with 72/,

—mc® + 2macw + ( = ma*)w* =0 (11.62)

where we have introduced the angular frequency w according to (11.31).

Kepler’s third law

Noticing that
P —ma* = (P = m"a)P? + m'a) , (11.63)

we can write the solutions as

cm'/?

(11.64)

= ir3/2 +m!2q
This is Kepler’s third law for a Kerr black hole: The angular velocity
of a test particle depends on whether it is co-rotating with or counter-
rotating against the black hole.
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Figure 11.5 Trajectories of test particles in the equatorial plane of the Kerr
metric. All orbits begin at » = 10m and ¢ = 0. Top: Orbits with angular
momentum L = 0 for a = 0.5 and a = 0.9. Bottom: orbits with angular

momenta L = +2 for a = 0.99.

11.3.2 Accretion flow onto a Kerr black hole

We now consider a stationary, axially-symmetric flow of a perfect fluid
onto a Kerr black hole. Because of the symmetry constraints, the Lie
derivatives of all physical quantities in the direction of the Killing vector

fields k = 9, and m = 9, need to vanish.
As in (11.32), the four-velocity of the flow is
u=u'(k+wm).

‘We introduce

_ _ . _ _J U
e=—u,ky=-u,, j=um=u,, l===-—
e U
and use
Uy = Gig' + goput? = ' (gw + gww)
U = gttut + gtwlﬁ =u (gtt + gn,cw)
to see that
/= _gw + WYyp o w=-— Jrp t lg,

Ju + Wiy oo 1G9y

(11.65)

(11.66)

(11.67)

(11.68)



Repeat the calculations leading
to (11.76) and (11.78) in compo-
nents. Why can (11.77) be called
a perpendicular projector? Can
you confirm the non-relativistic
limit (11.79)?

Can you confirm (11.84)?
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Moreover, by the definition of /in (11.66) and w in (11.31), and using

(u,uy = u'u, + ufu, = —c*, we see that
ufu, . 2
wl=— = uu = (11.69)
u'u, wl-1
Finally, using (11.67) and (11.69), we have
+ grow
- ut2 = —u ' (gu + grpw) = s Iu T 9 . (11.70)

1—wl

If we substitute w from (1 1.68) here, we obtain after a short calculation

2
Yo — 919y
P=ul =t £ (11.71)

e =u, =cC —————— .
Gep + 2lgs, + Pgy

tL)

It is shown in the In-depth box “Ideal hydrodynamics in general relativity
on page 175 that the relativistic Euler equation reads

(,oc2 + p) V.= —Czdpﬁ —u(pu, (11.80)

where pc? and p are the density and the pressure of the ideal fluid.
Applying this equation to the present case of a stationary flow, we first
observe that

0=L,p=ulp), (11.81)

thus the second term on the right-hand side of (11.80) vanishes.

Next, we introduce the dual vector #’ belonging to the four-velocity u.
In components, (), = g’ = u,. Then, from (5.32),

(.Euub)# = uwoyuy + u, 0" = 'V, +u, V', (11.82)

where we have employed the symmetry of the connection V. This shows
that
Ly =V (11.83)

Now, we introduce f = 1/u’ and compute L4 in two different ways.
First, a straightforward calculation beginning with (5.24) shows that

Lpw = fLw+wx)df . (11.84)
Specialising this result to x = u and w = u’ gives
Ly = L = Pdf = [V - Adf (11.85)
making use of (11.83) in the last step.

On the other hand, fu = u/u' = k+ wm because of (11.65), which allows
us to write
Lol = Ll +Lou" . (11.86)
~——
=0
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In depth: Ideal hydrodynamics in general relativity
The relativistic continuity and Euler equations

Relativistic hydrodynamics begins with the vanishing divergence of the
energy-momentum tensor, V-7 = 0, demanded by Einstein’s equations.
Specialising the energy-momentum tensor to that of an ideal fluid with
energy density pc?, pressure p and four-velocity u,

T:(p+£2)u®u+pg*‘, (11.72)
c
we first find
0= [u(p+ Ez)+(p+ %)V'u]u+(p+ %)V,,u+dpu . (11.73)
@ @ c

The first terms in brackets are proportional to the four-velocity u. Pro-
jecting V - T on u, and taking (u, u) = —c? into account, leads to

0= —[u(pcz+p)+(pc2+p)V~u]+(p+ C%)(M,V,,u)+u(p).

(11.74)
Now, since the connection is metric,
Vu,uy =0 =2(V,u,u), (11.75)
and (1 1.74) turns into the relativistic continuity equation
u(p®) +(pc + p)V-u=0. (11.76)

If we project (11.73) instead into the three-space perpendicular to u by
applying the perpendicular projector

=l +cueu, (11.77)

the terms proportional to u drop out by construction. Further using
(11.75) once more, we retain the relativistic Euler equation

(pc2 + p) V.u + czdpﬁ +u(p)u=0. (11.78)

In the non-relativistic limit, equations (1 1.76) and (11.78) simplify to
the familiar expressions

dp+V-(p0) =0,
VP
0,0 + (ﬁ-v)m = 0. (11.79)
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Applying (11.83) once more gives
Lot = 0Ll + u’(m)dw . (11.87)

Since the Lie derivative of «” in the direction m must vanish because of
the axisymmetry, this means

quub = Lo’ = u"(m)da) = (u,mydw = jdw . (11.88)
Equating this to (11.85) gives

fVu’ = Adf + jdw . (11.89)

However, we know from (11.69) that

u(wl—1) e(l —wl)

f=@) ' =—mF— == (11.90)
c c
Inserting this into (11.89) yields
1 —wl
e(—zw)Vuub = (1 —whde — eldw — ewdl + jdw
c

= (1 — whde — ewd! , (11.91)

where we have used el = j in the final step. Thus,

dl
Vi = *[dIne — —2—] . (11.92)
1 -wl

Returning with this result to Euler’s equation (1 1.80), we obtain

d d
P~ _dine+ : (11.93)
pct+p 1 -wl
which shows that surfaces of constant pressure are given by
d/
ne— | -5 — const. (11.94)

1 - wl

Setting d/ = 0, i.e. defining a surface of constant /, makes the second
term on the left-hand side vanish. In this case, find from (11.71)

+2lg,, + P 2
Yoo T 91 T L G _ c_2 = const. (11.95)

Jry = s e
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Accretion tori

We now insert the metric coefficients (1 1.21) for the Kerr-Newman
solution to obtain the surfaces of constant pressure and constant /.
Assuming further a = 0, we obtain the isobaric surfaces of the accretion
flow onto a Schwarzschild black hole. With

2
g,l=—1+%n, Gop =1 sin* P, g, =0, (11.96)

we find
r ?

r=2m  p2sin* 9

= const. (11.97)

This describes toroidal surfaces around black holes, the so-called ac-
cretion tori.

10 -10

Figure 11.6 Accretion torus around a Schwarzschild black hole. The
constants / and e were set to / = 0.45 and e = 0.95 ¢ here.

11.4 Entropy and temperature of a black hole

It was realised by Stephen Hawking, Roger Penrose and Demetrios
Christodoulou that the area of a possibly charged and rotating black hole,
defined by

A :=4na = 4x(r) + o) (11.98)

cannot shrink. Here, r, is the positive branch of the two solutions of

(11.51),
ro=me \nZ- 0. (11.99)

This led Jacob Bekenstein (1973) to the following consideration. If A
cannot shrink, it reminds of the entropy as the only other quantity known
in physics that cannot shrink. Could the area A have anything to do
with an entropy that could be assigned to a black hole? In fact, this is
much more plausible than it may appear at first sight. Suppose radiation
disappears in a black hole. Without accounting for a possible entropy of
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Figure 11.7 Jacob D. Bekenstein (1947-2015), Israeli-US-American physi-
cist. Source: Wikipedia

the black hole, its entropy would be gone, violating the second law of
thermodynamics. The same holds for gas accreted by the black hole: Its
entropy would be removed from the outside world, leaving the entropy
there lower than before.

If, however, the increased mass of the black hole led to a suitably in-
creased entropy of the black hole itself, this violation of the second law
could be remedied.

Analogy between area and entropy

Any mass and angular momentum swallowed by a black hole leads to
an increase of the area (1 1.98), which makes it appear plausible that
the area of a black hole might be related to its entropy.

Following Bekenstein (1973), we shall now work out this relation.
Beginning with the scaled area @ = 12 + a® from (11.98), we have
da =2(rydry +d-da) . (11.100)
Inserting r, from (11.99) and using that
re—r = 0r=2m-Q*—a?, (11.101)

we find directly

reor+2rm 2r+QdQ + (1 _ %)5;. da (11.102)

da =2 dm a
or or or
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The coefficients of dm and dd can be further simplified. Noting that

or+2m=ry—r_+(ry +r.) =2r, (11.103)
and
or=2r.=—(ry,+r.)=-2m, (11.104)
we can bring (11.102) into the form
4r2 4 2
do= ogm— L4022 4z (11.105)
or or or

Now, we need to take into account that the scaled angular momentum a
can change by changing the angular momentum L or the mass m. From
the definition (11.20), we have

di = g(%—#dm)z g%— ‘731'”. (11.106)
Substituting this expression for da in (11.105), we find
da:fs—crydm—4;+er —t—?ﬁ;L, (11.107)
Solving equation (1 1.107) for dm yields
dm = Ode + ddQ + G - dL (11.108)
with the definitions
@ = j—;, D= ”QQ . 6= c_3c2: . (11.109)

This reminds of the first law of thermodynamics if we tentatively asso-
ciate m with the internal energy, @ with the entropy and the remaining
terms with external work.

Let us now see whether a linear relation between the entropy S and the
area a will lead to consistent results. Thus, assume S = ya with some
constant y to be determined. Then, a change da will lead to a change
0S = yéa in the entropy.

Bekenstein showed that the minimal change of the effective area is twice
the squared Planck length (1.5), thus

2h
6a=—3g.
c

(11.110)
On the other hand, he identified the minimal entropy change of the black
hole with the minimal change of the Shannon entropy, which is derived
from information theory and is

0S =kgIn?2, (11.111)

Confirm equation (11.107) by
your own calculation.




Look up Bekenstein’s arguments
leading to the normalisation
(11.113) of the black-hole en-
tropy (Bekenstein, J., Black
Holes and Entropy. Phys. Rev.
D 7 (1973) 2333).
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where the Boltzmann constant kg was inserted to arrive at conventional
units for the entropy. This could e.g. correspond to the minimal informa-
tion loss when a single particle disappears in a black hole. Requiring

2h,
kBln2=65=y(5a=y—3g (11.112)
c
fixes the constant y to
In2 kgc?
= ——-. 11.113
> hG ( )
Bekenstein entropy
The Bekenstein entropy of a black hole is
In2 3k
- B2ty (11.114)
8 hG

where A is the area of the black hole.

The quantity ® defined in (1 1.109) must then correspond to the tempera-
ture of the black hole. From (11.108), we have on the one hand

@z(ﬁ_m) . (11.115)
oa oL

If the association of a temperature should be consistent, it must on the
other hand agree with the thermodynamic definition of temperature,

1 (oS
== (0_E)v . (11.116)

For E, we can use the mass or rather

mc
E=Mc=—. (11.117)
G
Then,
as oS In2 kg (0
(_) =§4(_) _In2k (_‘1) , (11.118)
OE), c*\om),, 2 hc\om),,
Inserting (11.115) now leads to an expression for the temperature.

Black-hole temperature

The analogy between the area of a black hole and entropy implies that
black holes can be assigned the temperature

2 hc@ 2 hcg

= —0=———" 11.11
In2 kg In2 kg A ( %)
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This result leads to a remarkable conclusion. If black holes have a
temperature, they will radiate and thus lose energy or its mass equiva-
lent. They can therefore evaporate. By the Stefan-Boltzmann law, the
luminosity radiated by a black body of area A and temperature 7 is

274
kg

— 4 —
L—O'AT, U—m.

(11.120)

For an uncharged and non-rotating black hole, 6r = 2m and A = 167tm2,
thus its temperature is

1 hic 1 hc’

T=——"—=— . 11.121
4In2 kgm  41In2 kgGM ( )
Defining the Planck temperature by
M 2
To = 2P~ 1.42.102K (11.122)
B

in terms of the Planck mass Mp; = 2.2 - 107 g from (1.4), we can write

_ Tn Mo
41In2 M

(11.123)

For a black hole of solar mass, M = M, = 2.0- 103 g, the temperature is

T=56-10"K. (11.124)





