Chapter 9

Physics in the Schwarzschild
Spacetime

9.1 Orbits in the Schwarzschild spacetime

9.1.1 Lagrange function

According to (4.3), the motion of a particle in the Schwarzschild space-
time is determined by the Lagrangian

L= ~=u,uy, 9.1)

where u = dx/dr is the four-velocity. The proper-time differential dr is
defined by (4.6) to satisfy

ds = cdr = v —(u,uydr . 9.2)

This choice thus requires that the four-velocity # be normalised,
(uuy = =c*. 9.3)
Note that we have to differentiate and integrate with respect to the proper

time 7 rather than the coordinate time ¢ because the latter has no invariant
physical meaning. In the Newtonian limit, 7 = t.

The constant value of (u, u) allows that, instead of varying the action

b
S = —mcf V—(u, uydr, 94)

we can just as well require that the variation of

1 b
S = Ef (u, uydr 9.5)

127

Recall the essential arguments for
the Lagrange function (9.1) and
its physical interpretation.




Derive the Lagrangian (9.10)
yourself and convince yourself of
all steps taken.
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vanish. In fact, from 6§ = 0, we have

B b 17w
O——é[l \/—(u,u)d‘r—z ) ——(M,u> dr

1 b
=5[— f (u, u)dT] ) (9.6)
2c¢ J,

because of the normalisation condition (9.3).

Thus, we can obtain the equation of motion just as well from the La-
grangian

1 1
L= §<M, uy = zg/zvxﬂxv 9.7)
! —(1 =2m/r)* + " +72 (192 + sin” 9 ¢?)
=2 1 —2m/r )|

where it is important to recall that the overdot denotes differentiation
with respect to proper time 7. In addition, (9.3) immediately implies
that 2L = —¢? for material particles, but 2.L = 0 for light, which will be
discussed later.

The Euler-Lagrange equation for ¢ is

doL oL ~ d ,, 2.0 .

aﬁ—%_O_a(r 19)—}’(,0 sind cos ¥ . 9.8)
Suppose the motion starts in the equatorial plane, © = /2 and © = 0.
Should this not be the case, we can always rotate the coordinate frame
so that this is satisfied. Then, (9.8) shows that

9 =const. =0 . 9.9)

Effective Lagrangian

Without loss of generality, we can thus restrict the discussion to motion
in the equatorial plane, which simplifies the Lagrangian to

2

—A=2mir) + — 2| (9.10)

L= 1—2m/r

N =

9.1.2 Cyclic coordinates and equation of motion

Obviously, ¢ and ¢ are cyclic, thus angular momentum

% =2p = L = const. (9.11)
o
and energy
0L ;
= = —(1 = 2m/r)ci = E = const. (9.12)

ot
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are conserved. We exploit these conservation laws to eliminate

L . E
p=— d ci=-——7— 9.13
$=p e e 1-2m/r ©.13)
from the Lagrangian (9.10), use 2L = —1 and find

2 2 2

2 220 r 2.2 i~—-F L
—ct=—-(1-2 et — =—+—.(09.14
¢ ( m/r)e +1—2m/r+r(p 1—2m/r+r2 ©.14)

Radial equation of motion

This first integral of the radial equation of motion can be cast into the

form
P+ V(r)=E*, 9.15)
where V(r) is the effective potential What form does the effective po-
tential have in Newtonian grav-
2 L? ity?
V(r) = ( - —m) (c2 it —2) . ©.16) ¥
r r

Note that the effective potential has (and must have) the dimension of a
squared velocity.

Since it is our primary goal to find the orbit r(¢), we use ' = dr/dy =
7"/¢ to transform (9.15) to

L2
P+V) =@ r?+ V= —r?+ V() = E*. (9.17)
r
Now, we substitute # = 1/r and «’ = —#'/r*> = =% and find

72
L™ 4 V(1 u) = Pu® + (1= 2mu) (& + D) = B (9.18)
u
or, after dividing by L? and rearranging terms,

EZ _ 2 2 2
W+ u? = JE ¢ mzc u+2mu’ . (9.19)

Differentiation with respect to ¢ cancels the constant first term on the
right-hand side and yields

’or ’ zmcz ’ 2
2u'u” + 2uu’ = S—u + 6muu’ . (9.20) -
L Convince yourself by your own
calculation that you agree with
Orbital equation the result (9.20).

The trivial solution of this orbital equation is ' = 0, which implies a
circular orbit. If u” # 0, this equation can be simplified to read

9.21)

Note that this is the equation of a driven harmonic oscillator.



Why does the angle ¢ not appear
in the Lagrange function (9.25)?
Why can it be ignored here?
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The fact that t and ¢ are cyclic coordinates in the Schwarzschild space-
time can be studied from a more general point of view. Let y(7) be a
geodesic curve with tangent vector y(7), and let further £ be a Killing
vector field of the metric. Then, we know from (5.36) that the projection
of the Killing vector field on the geodesic is constant along the geodesic,

Vi3, =0 = (y,£) = constant alongy (9.22)

Due to its stationarity and the spherical symmetry, the Schwarzschild
spacetime has the Killing vector fields d, and d,,. Thus,

2m\ .
(¥,00) = ¥y, 0) = ¥40y, 01) = gooV' = — (1 - T)Ct = const. (9.23)

and
(7,0,) = 790 0p) = Gy ¥¥ = r*sin* & ¢ = r’¢ = const.,  (9.24)

where we have used @ = /2 without loss of generality. This reproduces
(9.11) and (9.12).

9.2 Comparison to the Kepler problem

9.2.1 Differences in the equation of motion

It is instructive to compare this to the Newtonian case. There, the
Lagrangian is

L= %(fz + P2g%) - B(r) | (9.25)

where @(r) is some centrally-symmetric potential and the dots denote
the derivative with respect to the coordinate time t now instead of the
proper time 7. In the Newtonian limit, 7 = . For later comparison of
results obtained in this and the previous sections, the overdots can here
also be interpreted as derivatives with respect to 7, as in the previous
section.

Since ¢ is cyclic,
0
—L. =r?p =L = const . (9.26)
O

The Euler-Lagrange equation for r is

doL oL = o, dD
d_tﬁ_a_o_r rg +dr . (9.27)
Since d L
. r 7. ’ ’
r:azr(,D:rﬁ:—Lu, (928)
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we can write the second time derivative of r as

.. du’ du’ . ” L 2.2 1
r:_Ldt =—L@¢=—Lu ﬁz—Luu . (9.29)

Thus, the equation of motion (9.27) can be written as

> do
- Lzuzu” - FF + E =0 (930)
or, after dividing by —u>L?,
; 1 do
u +u= ﬁa . (9.31)

Orbital equation in Newtonian gravity

In the Newtonian limit of the Schwarzschild solution, the potential and
its radial derivative are

M do M
o= —QT 3 = gr_z = GMu* = mc*u? (9.32)
so that the orbital equation becomes
2
Wt = ";—Cz . 9.33)

Compared to this, the equation of motion in the Schwarzschild case (9.2 1)
has the additional term 3mu?®. We have seen in (8.66) that m ~ 1.5km
in the Solar System. There, the ratio of the two terms on the right-hand
side of (9.21) is

3mu?  3uPl? 3rf¢* 3 , 3
= = = — s = — % 77 . 10_8 934
mc? /L2 c? r2c? c? (r¢) c? ( )

for the innermost planet Mercury. Here, v, is the tangential velocity
along the orbit, v, = r¢.

9.2.2 Effective potential

The equation of motion (9.21) in the Schwarzschild spacetime can thus
be reduced to a Kepler problem with a potential which, according to
(9.31), is given by

1 dd(r)  mc?
22 dr 12

+ 3mu? (9.35)

or
do mc*  3mL?
) = mc*u® + 3mL*u* = me

+_
dr r2 7

(9.36)

Can you agree with the result
(9.31)?




132 9 The Schwarzschild Spacetime

0.5 F
U QU 1+
k] 3
E ok E ok
= =
] =]
> > -1F
0.5 |

-1 -0.5 0 0.5 1

X in units of p X in units of p

Figure 9.1  Numerical solutions of the orbital equation (9.21) for test parti-
cles, for different values of the orbital eccentricity e. All lengths, including the
mass m = 0.025, are scaled by the orbital parameter p. The orbits shown
begin at u = 1 + e with u’ = 0. For e = 0.2 (left), two orbits are shown, and
twelve orbits for e = 0.9 (right).

which leads to

() = —— - —- 9.37)

if we set the integration constant such that ®(r) — 0 for r — oo.

As a function of x = r/Rs = r/2m, the effective potential V(r) from
(9.16) depends in an interesting way on L/(cR;) = L/(2mc = A). The
dimensionless function

2
o(x) = Vc(zx) = (1 - 1) (1 + %) 9.38)

X

corresponding to the effective potential (9.16) asymptotically behaves as
v(x) — 1 for x — oo and v(x) — —oo for x — 0.

For the potential to have a minimum, v(x) must have a vanishing deriva-
tive, v’'(x) = 0. This is the case where

2 2
Ozv’()c):%(l+/l)—(l—l)2i (9.39)

= x| x3
or, after multiplication with x*,
P-22x432%=0 = x,=2xaVA2-3. (9.40)

Real solutions require 1 > V3. If 1 < /3, particles with E> < 1 will
crash directly towards r = R;.
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Figure 9.2 Dimensionless effective potential v(x) for a test particle in the
Schwarzschild spacetime for various scaled angular momenta A.

Last stable orbit in the Schwarzschild metric

The last stable orbit, or more precisely the innermost stable circular
orbit or ISCO, must thus have A = V3 and is therefore located at
x, = 3,1.e. at r = 6m = 3R, or three Schwarzschild radii. There, the
dimensionless effective potential is

v(x=3)=§(l+g)=§. 9.41)

For A > \/5, the effective potential has a minimum at x, and a maximum
at x_ which reaches the height v = 1 for 4 = 2 at x_ = 2 and is higher
for larger A. This means that particles with E > 1 and L < 2¢cR; will fall
unimpededly towards r = R.

9.3 Perihelion shift and light deflection

9.3.1 The perihelion shift

The treatment of the Kepler problem in classical mechanics shows that
closed orbits in the Newtonian limit are described by

1
up(p) = — (1 +ecosg) , (9.42)
p
where the parameter p is related to the angular momentum L by
L2
p=a(l-¢)=— (9.43)
m

in terms of the semi-major axis a and the eccentricity e of the orbit.



Verify the particular solutions
(9.46) of the driven harmonic os-
cillator equations (9.45).
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Assuming that the perturbation 3mu? in the equation of motion (9.21) is
small, we can approximate it by 3mu(2), thus

mcz

3
u”+L4=-z;4-é§(1+ecos¢f. (9.44)

The solution of this equation turns out to be simple because differential
equations of the sort

A
u' +u=4 Bcosyp (9.45)
Ccos? ¢

which are driven harmonic-oscillator equations, have the particular solu-
tions

B 1
u =A, uzz?psingo, Uz = (1—§COSZ¢). (9.46)

Orbits in the Schwarzschild spacetime

Since the unperturbed equation u” + u = mc*/L? has the Keplerian
solution u = 1, the complete solution is thus the sum

U=1uy+u +u +u3 (947)

1+ (7 i () _€2 1- —1 290
epsmey + Cos 0
2 3

1 3
=—(1+ecosp)+ _rg
p p

This solution of (9.44) has its perihelion at ¢ = 0 because the unperturbed
solution uy was chosen to have it there. This can be seen by taking the
derivative with respect to ¢,

’ € M

3
U =——sing + %[sincp+<pc0s¢p+ Esin2<,a] (9.48)
p p 3
and verifying that u” = 0 at ¢ = 0, i.e. the orbital radius r = 1/u still has
an extremum at ¢ = 0.

We now use equation (9.48) in the following way. Starting at the perihe-
lion at ¢ = 0, we wait for approximately one revolution at ¢ = 27 + d¢p
and see what d¢ has to be for «’ to vanish again. Thus, the condition for
the next perihelion is

0= —sindyp + 3_m [sin 0@ + (21 + o) cos o + g sin 2690] (9.49)
p

or, to first order in the small angle d¢,

3m
op ~ —

2
2@+M+§wy (9.50)
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Sorting terms, we find
6
5 [1 _om (1 N f)
p 3
for the perihelion shift d¢.

(9.51)

Perihelion shift

Substituting the Schwarzschild radius from (8.68), we can write this

result as
3nR,

“al-&)
This turns out to be —6 times the result (1.45) from the scalar theory of
gravity discussed in § 1.4.2, or

5 (9.52)

op ~ 43" (9.53)

per century for Mercury’s orbit, which reproduces the measurement
extremely well.

9.3.2 Light deflection

For light rays, the condition 2.£ = —c? that we had before for material
particles is replaced by 2L = 0. Then, (9.14) changes to

== 54
1-2m/r r? 0 ©-54)
or 5 5
L
i2+—2(1——m)=E2. (9.55)
I r

Changing again the independent variable to ¢ and substituting u = 1/r
leads to the equation of motion for light rays in the Schwarzschild

spacetime
2

E
Wt = = 2mu’ | (9.56)

which should be compared to the equation of motion for material parti-
cles, (9.19). Differentiation finally yields the orbital equation for light
rays in the Schwarzschild spacetime.

Light rays in the Schwarzschild spacetime

Light rays (null geodesics) in the Schwarzschild spacetime follow the
orbital equation
w’ +u=3mu’ . (9.57)

Compared to u on the left-hand side, the term 3mu? is very small. In the
Solar System,
3mu? 3R,

= = < = I~ -6 . .
” 3mu 7 SR 10 (9.58)

=

Can you confirm (9.51) begin-
ning with (9.49)?

Derive the orbital equation (9.56)
yourself.




Beginning with (9.60), confirm
the deflection angle (9.63).
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Figure 9.3 Numerical solutions of the orbital equation (9.57) for light rays,
compared to the Keplerian straight line, for different values of m. All lengths,
including the mass m, are scaled by the orbital parameter p. The orbits
shown begin at u = 1 with u’ = 0.

Thus, the light ray is almost given by the homogeneous solution of the
harmonic-oscillator equation u”" + u = 0, which is uy = Asing + B cos ¢.
We require that the closest impact at u, = 1/b be reached when ¢ = 7/2,
which implies B = 0 and A = 1/b, or

i b
Y o = — (9.59)

=T sing

Note that this is a straight line in plane polar coordinates, as it should be!

Inserting this lowest-order solution as a perturbation into the right-hand
side of (9.57) gives

_3m 3m
a b
for which particular solutions can be found using (9.45) and (9.46).
Combining this with the unperturbed solution (9.59) gives

17

W +u sin o = — (1 - cos” ) (9.60)

+___

sing 3m  3m
b b 2D?

1 - =cos 290) . (9.61)

Given the orientation of our coordinate system, i.e. with the closest
approach at ¢ = /2, we have ¢ ~ 0 for a ray incoming from the left at
large distances. Then, sing =~ ¢ and cos 2¢ ~ 1, and (9.61) yields
¢ 2m
=4+ — . 9.62
Ux st (9.62)
In the asymptotic limit » — oo, or u — 0, this gives the angle

2m

o] ~ 7 . (9.63)
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Deflection angle for light rays
The total deflection angle of light rays is then

4m R,
a=2lg| ~ 7’" =27~ L4 (9.64)

This is twice the result from our simple consideration leading to (4.90)
which did not take the field equations into account yet.

9.4 Spins in the Schwarzschild spacetime

9.4.1 Equations of motion

Let us now finally study how a gyroscope with spin s is moving along a
geodesic y in the Schwarzschild spacetime. Without loss of generality,
we assume that the orbit falls into the equatorial plane ¢ = 7/2, and we
restrict the motion to circular orbits.

Then, the four-velocity of the gyroscope is characterised by u' = 0 = 1?

because both r = x! and © = x* are constant.

The equations that the spin s and the tangent vector u = ¥ of the orbit
have to satisfy are

(s,uy=0, V,s=0, Vu=0. (9.65)
The first is because s falls into a spatial hypersurface perpendicular to
the time-like four-velocity u, the second because the spin is parallel

transported, and the third because the gyroscope is moving along a
geodesic curve.

We work in the same tetrad {6#*} introduced in (8.40) that we used to
derive the Schwarzschild solution. From (8.9), we know that

(V) =(ds" + 57y, uy = u(s") + i (u)s”
="+ whw)s" =0, (9.66)

where the overdot marks the derivative with respect to the proper time 7.

With the connection forms in the Schwarzschild tetrad given in (8.50),

and taking into account that a = —b and cot® = 0, we find for the
components of §
§0 = —w?(u)sl =betuls',
eb
§t= —(u(l)(u)so — w)(u)s* - wé(u)s3 =be’u’s" + Tu3s3 ,
§* = —cu%(u)sl - a)%(u)s3 =0,

-b
§$ = —(u?(u)sl - a)g(u)s2 = —e—u3s1 , 9.67)
r



What is the physical meaning of
equation (9.70)?

Carry out the calculations lead-
ing to equations (9.74) and (9.75)
yourself.
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where we have repeatedly used that

0'w) = u' =0 =u? = 60*w) (9.68)

and w3 = 0 because cot ¥ = 0.

Similarly, the geodesic equation V,u = 0, specialised to u' = 0 = u?,
leads to

i =veuu' =0,

eb
Ml — _b/efb(MO)Z _ _(u3)2 =0
r
=0,
b
P=——u'=0. (9.69)
r
The second of these equations implies
'\’ 1
| =—-——. 9.70
(u3 ) b'r ©-70)

9.4.2 Spin precession

We now introduce a set of basis vectors orthogonal to u, namely

uw u

ep=e, eé=e, e3=—e+—e3. (971)
¢ c

The orthogonality of ; and &, to u is obvious because of u' = 0 = u?,

and

(9.72)

3

(u,23) = wuy + uluz =0
shows the orthogonality of « and &;. Recall that uy = —u°, but us = u
because the metric is g = diag(—1, 1, 1, 1) in this basis.
Since the basis {¢;} spans the three-space orthogonal to u, the spin s of
the gyroscope can be expanded into this basis as s = 5¢;. We find

3 0

i u _ _ _ u
0= (e, e0)=—5, s'=35, $£=5, $£$=—5, (973
c c
which we can insert into (9.67) to find
5 +u’F = 0’5 = cb’e_buos1
- 0,3
_ uu
= pet+ S —5,
c
= bl
-b
. ce
05 +u’s = 0’5 = ——— st (9.74)
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Note that & = 0 for all i according to (9.69). Using (9.69) and the

normalisation relation (1%)> — (1°)*> = ¢2, we obtain
027 /0,3 0
. _ W) | u’u’ _ U
sl=pe?|1 - > ——§$ =—cbe h—3s3 s
(u3)*] ¢ u
#=0,
4 u®
F=cbe—=5" . (9.75)
u

From now on, we shall drop the overbar, understanding that the s' denote
the components of the spin with respect to the basis é;.

Next, we transform the time derivative from the proper time 7 to the
coordinate time 7. Since

u° = %) = eedt(u) = cie®, (9.76)
we have 0 o
f=lea=Leh (9.77)
C C
or d . . .
stoo8 et
dr f u° ¢ ( )

Inserting this into (9.75) yields

ds! Ay ds? ds* b
E = —?e 2bs3 s E =0 ) E = 76 ZbSl . (979)

Finally, using (8.40), we have
= P ) = rsindde(u) = ruf = rg (9.80)
at ¢ = n/2, which yields the angular frequency

dp ¢ ce’u’

= = - 9.81
@ dr 7 roul ( )
which can be rewritten by means of (9.70),
3\2 .-2b 277 2
) [(w')Y e c°b o € Y
w—(E)T——re —Z(e ) (9.82)
Now, since the exponential factor was
2 r 2
e = (1 - —m) = (e’zb) = —T , (9.83)
r r
we obtain the well-known intermediate result
2
M
Wp="C 8 (9.84)

73 737



Verify the calculation leading to
the squared angular frequency Q2
in (9.86).
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which is Kepler’s third law.

Taking another time derivative of (9.79), we can use i = 0 for circular
orbits and i} = 0 from (9.69). Thus,

ﬂ ﬁ -2b d_s3 — _—C4b’26_4b 1 (9.85)
- w s a T wye '

and likewise for s°. This is an oscillator equation for s' with the squared
angular frequency

2 _ C4b/2e—4b _ C2b/26—4b (M0)2 _ (u3)2
(u?)? (u)?
1 CZb/e—4b
=P (—1 - ) =— (1+br) . (9.86)
b'r r

Now, we use (9.82) to substitute the factor out front the final expression
and find the relation

Q% = w2 (1 +b'r) (9.87)

between the angular frequencies Q and w. From (8.62), we further know
that

1 1 1 m 1
r:_l_Zb:_l_—:__— .
b 2( ) 2( l—2m/r) FT—ampy e O
thus 3 L~ 3m)
r—3m - 3m/r
b+ 1= = .8
e r—=2m 1-2m/r (9.89)
and
1-3 3
O = i3 oy 3m) (9.90)
1-2m/r r
In vector notation, we can write (9.79) as
R 0
E:(z><§, ﬁ:[g (9.91)
dr 0

Recall that we have projected the spin into the three-dimensional space
perpendicular to the direction of motion. Thus, the result (9.91) shows
that § precesses retrograde in that space about an axis perpendicular to
the plane of the orbit, since u* = 0.

After a complete orbit, i.e. after the orbital time 7 = 27/ w, the projection
of §onto the plane of the orbit has advanced by an angle

Q
6=0r=202 = om 1= <o (9.92)
w r
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according to (9.90). The spin thus falls behind the orbital motion; its
precession is retrograde. The geodetic precession frequency is

ws=¢_2ﬂ:w(‘/1—3—m—l)
T r

N _(gM)'” 3GM _ 3(GM)"?

r 2rc? 2 22

(9.93)

to first-order Taylor approximation in m/r, with w from Kepler’s third
law (9.84).

Geodetic precession near the Earth

If we insert the Earth’s mass and radius here, Mg, = 5.97 - 10’ g and
Rearn = 6.38 - 108 cm, we find a geodetic precession near the Earth of

. R 5/2 R 52

w, %= (266-107)" s () = —8.4” year™ (—Em“) .
r r

(9.94)

In this context, see also the Example box “Measurement of spin pre-

cession near the Earth” following the discussion of the Lense-Thirring

effect leading to (7.62).





