Chapter 3

Differential Geometry II

3.1 Connections and covariant derivatives

3.1.1 Linear Connections

The curvature of the two-dimensional sphere S2 can be described by
embedding the sphere into a Euclidean space of the next-higher dimen-
sion, R3. However, (as far as we know) there is no natural embedding
of our four-dimensional curved spacetime into R3, and thus we need a
description of curvature which is intrinsic to the manifold.

There is a close correspondence between the curvature of a manifold and
the transport of vectors along curves.

As we have seen before, the structure of a manifold does not trivially
allow to compare vectors which are elements of tangent spaces at two
different points. We will thus have to introduce an additional structure
which allows us to meaningfully shift vectors from one point to another
on the manifold.

Even before we do so, it is intuitively clear how vectors can be trans-
ported along closed paths in flat Euclidean space, say R®. There, the
vector arriving at the starting point after the transport will be identical to
the vector before the transport.

However, this will no longer be so on the two-sphere: starting on the
equator with a vector pointing north, we can shift it along a meridian to
the north pole, then back to the equator along a different meridian, and
finally back to its starting point on the equator. There, it will point into a
different direction than the original vector.

Curvature can thus be defined from this misalignment of vectors after
transport along closed curves. In order to work this out, we thus first
need some way for transporting vectors along curves.
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Caution  Whitney’s (strong)
embedding theorem states that
any smooth n-dimensional mani-
fold (n > 0) can be smoothly
embedded in the 2n-dimensional
Euclidean space R?". Embed-
dings into lower-dimensional Eu-
clidean spaces may exist, but not
necessarily so. An embedding
f: M — N of amanifold M into
a manifold N is an injective map
such that f(M) is a submanifold
of Nand M — f(M) is differen-
tiable.



9
Why do the Christoffel symbols

suffice to specify the connection
completely?
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We start by generalising the concept of a directional derivative from R”
by defining a linear or affine connection or covariant differentiation on
a manifold as a mapping V which assigns to every pair v, y of C* vector
fields another vector field V,y which is bilinear in v and y and satisfies

Viy = fVoy
Vo(fy) = Yoy +u(fy, 3.1

where f € ¥ is a C* function on M.

Figure 3.1 Elwin Bruno Christoffel (1829-1900), German mathematician.
Source: Wikipedia

In a local coordinate basis {¢;}, we can describe the linear connection by
its action on the basis vectors,

Vo (0) =T, 0y . (3.2)

where the 7° numbers T, are called the Christoffel symbols or connec-
tion coefficients of the connection V in the given chart.

Connection

A connection V generalises the directional derivative of objects on a
manifold. The directional derivative of a vector y in the direction of
the vector v is the vector V,y. The connection is linear and satisfies the
product rule.

The Christoffel symbols are not the components of a tensor, which is
seen from their transformation under coordinate changes. Let x' and x”*
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be two different coordinate systems, then we have on the one hand, by
definition,

4 /C 4 C axk /C
Vs (0,)=T",08.=T", ET o =T", Jo,, (3.3)

where J* is the Jacobian matrix of the coordinate transform as defined in
(2.26). On the other hand, the axioms (3.1) imply, with f represented by
the elements Jf of the Jacobian matrix,

Ve, (@) = V15, (J)0) = IV (J0))
R AUAZEIE NN
= JLIIT, 0 + JL0iT 50y . (3.4)
Comparison of the two results (3.3) and (3.4) shows that
I, JE = T+ T (3.5)
or, after multiplying with the inverse Jacobian matrix J°,
U, = JLTET, + T T0.0) (3.6)

While the first term on the right-hand side reflects the tensor transforma-
tion law (2.42), the second term differs from it.

3.1.2 Covariant derivative

Let now y and v be vector fields on M and w a dual vector field, then the
covariant derivative Vy is a tensor field of rank (1, 1) which is defined

by

Vy(v,w) = w[V,@)] . (3.7)
In a coordinate basis {0;}, we write
y=yd; and Vy= yfjdxj®6i , (3.8)

and obtain the tensor components
iy = Vy(@;.dx') = do' (Vs,(50))
=dx (yf]ﬁk + kuljk 6,)
= ylo, + T, 0,
=y + ykl"’jk . 3.9
An affine connection is symmetric if

Vo -=V,v=[v,w], (3.10)

which a short calculation shows to be equivalent to the symmetry prop-
erty
rkij = rkjl, (3.11)

of the Christoffel symbols in a coordinate basis.

Caution Indices separated by
a comma denote ordinary partial
differentiations with respect to
coordinates, y; = 0y.

Carry out the calculation in (3.9)
yourself and verify (3.11) for
a symmetric connection. How
many Christoffel symbols do you
need for a symmetric connection
on §2?




Convince yourself of the results
3.14) and (3.15).
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3.2 Geodesics

3.2.1 Parallel transport and geodesics

Given a linear connection, it is now straightforward to introduce parallel
transport . To begin, lety : I — M with I C R a curve in M with tangent
vector y(t). A vector field v is called parallel along y if

Vo=0. (3.12)

The vector Vv is the covariant derivative of v along 7, and it is often

denoted by
Dv Vo

== (3.13)

In the coordinate basis {d;}, the covariant derivative along y reads
V)',U = V‘;ci(')i(Ujaj) = ).Civt')’.(l)jaj)
= & 0/V5,0)) + 900;] = (i* + T, 7). (3.14)
and if this is to vanish identically, (3.12) and (3.14) imply the components

i+ =0, (3.15)

The existence and uniqueness theorems for ordinary differential equa-
tions imply that (3.15) has a unique solution once v is given at one point
along the curve y(f). The parallel transport of a vector along a curve is
then uniquely defined.

If the tangent vector ¥ of a curve vy is autoparallel along v,
V=0, (3.16)

the curve is called a geodesic. In a local coordinate system, this condition
reads
4T =0 (3.17)

In flat Euclidean space, geodesics are straight lines. Quite intuitively, the
condition (3.16) generalises the concept of straight lines to manifolds.

Parallel transport and geodesics

A vector v is parallel transported along a curve y if the geodesic equation

V,0=0 (3.18)

holds. Geodesics are autoparallel curves,

V7 =0. (3.19)
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3.2.2 Normal Coordinates

Geodesics allow the introduction of a special coordinate system in the
neighbourhood of a point p € M. First, given a point p = ¥(0) and a
vector ¥(0) € T, M from the tangent space in p, the existence and unique-
ness theorems for ordinary differential equations ensure that (3.17) has a
unique solution, which implies that a unique geodesic exists through p
into the direction y(0).

Obviously, if y,(7) is a geodesic with “initial velocity” v = ¥(0), then
v,(at) is also a geodesic with initial velocity av = ay(0), or

Ya(t) = yo(ar) . (3.20)

Thus, given some neighbourhood U < T,M of p = y(0), unique
geodesics y(f) with ¢ € [0, 1] can be constructed through p into any
direction v € U, i.e. such that y(0) = p and y(0) = v e U.

Using this, we define the exponential map at p,
exp, : T,M>U—->M, ve expp(v) =vy,(1), (3.21)

which maps any vector v from U C T,M into a point along the geodesic
through p into direction v at distance ¢ = 1.

Now, we choose a coordinate basis {e;} of T,M and use the n basis
vectors in the exponential mapping (3.21). Then, the neighbourhood of
p can uniquely be represented by the exponential mapping along the
basis vectors, expp(xiei), and the x' are called normal coordinates.

Sjnce exp p(tu) = yt{)(l) = 7,(?), the curve y,(t) has the normal coordinates
x' = ', with v = v'e;. In these coordinates, x' is linear in ¢, thus ¥' = 0,
and (3.17) implies

Fkij V' =0, (3.22)

and thus
| L (3.23)

If the connection is symmetric as defined in (3.11), the connection
coefficients must vanish,

r*. =0. (3.24)

Normal coordinates

Thus, at every point p € M, local coordinates can uniquely be intro-
duced by means of the exponential map, the normal coordinates, in
which the coefficients of a symmetric connection vanish. This will turn
out to be important shortly.

What could the exponential map
have to do with physics, in view
of the equivalence principle?




Verify equations (3.30) and (3.3 1)
yourself.
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3.2.3 Covariant derivative of tensor fields

Extending the concept of the covariant derivative to tensor fields, we
start with a simple tensor of rank (1, 1) which is the tensor product of a
vector field v and a dual vector field w,

t=vew, (3.25)
and we require that V, satisfy the Leibniz rule,
V.oew)=Vaoow+veV,w, (3.26)
and commute with the contraction,

CVivew)] =V, |w@)] . (3.27)

We now contract (3.26) and use (3.27) to find

ClV.oew)]=CMVwow)+Ce V,w)
= w(V,) + (V.w)(v)
= V. [w()] = xw(v) , (3.28)

where (3.1) was used in the final step (note that w(v) is a real-valued
function). Thus, we find an expression for the covariant derivative of a
dual vector,

(Vaw)(v) = xw@) — w(V,v) . (3.29)

Introducing the coordinate basis {d;}, it is straightforward to show (and a
useful exercise!) that this result can be expressed as

(Vaw)(©) = (g = T we) x'v/ . (3.30)

Specialising x = ;, w = dx/ and v = 8y, hence x* = ¢, wy = (52 and
v° = 0}, we see that this implies for the covariant derivatives of the dual
basis vectors dx/

(Vo dx)) @) = =TV, or Vydx/ =T, dx*. (3.31)
As before, we now define the covariant derivative V¢ of a tensor field

as a map from the tensor fields of rank (7, s) to the tensor fields of rank
(r,s+1),

VT ST, (3.32)
by setting
(Vt)(wla cees Wr Upy e ey U, US+1) =
(Vo DWis ooy wpy 01y, 05) (3.33)

where the v; are vector fields and the w; dual vector fields.
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We find a general expression for V¢, with ¢ € 7/, by taking the tensor
product of 7 with s vector fields v; and r dual vector fields w; and applying
V., to the result, using the Leibniz rule,

V,w ®...w, @0 ®...00,1)
=(Vu)®..0t+.. 01 ®...0(V0)®...0t
+w ®...0(V,0), (3.34)

and then taking the total contraction, using that it commutes with the
covariant derivative, which yields

Vx [t(wlv""wr,vlv""vs)]
=t(Vawi, ..., W01, ...,05) F ...+ Hwy,...,w,,01,..., V)
+ (Vi) (wi,...,w,01,...,05) . (3.35)

Therefore, the covariant derivative V ¢ of ¢ is

(th)(U)],. ey Wy Uy . -’Us)
= xt(Wy, ..., Wy 01,...,0)
—t(Vawy,...,v0) — ... — Hwy,..., V). (3.36)

We now work out the last expression for the covariant derivative of a
tensor field in a local coordinate basis {9;} and its dual basis {dx’/} for the
special case of a tensor field 7 of rank (1, 1). The result for tensor fields
of higher rank are then easily found by induction.

We can write the tensor field 7 as
t=1;@ed), (3.37)
and the result of its application to w; = dx” and v; = d, is
(dx",8,) = 1';dx"(9,)dx/(8,) = 1, . (3.38)
Therefore, we can write (3.30) as
(V.1)(dx“, 8,) (3.39)
= X0ty — 1 (V,dx")(0)dx/ () — 1, dx“(8;)dx/ (V. Bp) .
According to (3.31), the second term on the right-hand side is
16)x (Vo dx")(9) = —x1, T (3.40)
while the third term is
160X (Vg 0p)(x)) = X1, T, B! = x4, T (3.41)
Summarising, the components of V,z are

a _4a a 4 J a
e =10, + 0, =TV 1%, (3.42)

e



Convince yourself of the results
(3.42) and (3.43).

Confirm the statement (3.47).
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showing that the covariant indices are transformed with the negative, the
contravariant indices with the positive Christoffel symbols.

In particular, the covariant derivatives of tensors of rank (0, 1) (dual
vectors w) and of tensors of rank (1, 0) (vectors v) have components

— J
wig = wig — Y w;,

vl = v + T 0 (3.43)

3.3 Curvature

3.3.1 The Torsion and Curvature Tensors

Torsion
The torsion T maps two vector fields x and y into another vector field,

T:TMXTM —»TM, (3.44)

such that
T(x,y) =V —Vyx—I[xyl. (3.45)

Vay
TtV — Vi
x Yy

/
/
/

/.
//Vyx

Figure 3.2 Torsion quantifies by how much parallelograms do not close.

Obviously, the torsion vanishes if and only if the connection is symmetric,
cf. (3.10).

The torsion is antisymmetric,
T(x,y)=-Ty,x), (3.46)

and satisfies
T(fx,9y) = fgT(x,y) (3.47)

with arbitrary C* functions f and g.
The map
T"MXTMXTM - R, (w,x,y) — wT(x,y)] (3.48)
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Caution In alternative, but

withw € T*M and x,y € TM is a tensor of rank (1, 2) called the forsion
equivalent representations of gen-

tensor .
eral relativity, the torsion does
According to (3.48), the components of the torsion tensor in the coordi- not vanish, but the curvature
nate basis {0;} and its dual basis {dx'} are does. This is the teleparallel or
Einstein-Cartan version of gen-
T, = &t |10, 0)| =T, -T%; . (3.49) eral relativity.
Curvature

The curvature R maps three vector fields x, y and v into a vector field,
R:TMXTMxTM — TM , (3.50)

such that
R(x, y) = V,(V,0) =V, (V,0) = Vi o (3.51)

Figure 3.3 Curvature quantifies by how much second covariant derivatives
do not commute.

Since the covariant derivatives V, and V, represent the infinitesimal
parallel transports along the integral curves of the vector fields x and y,
the curvature R directly quantifies the change of the vector v when it is
parallel-transported around an infinitesimal, closed loop.

Exchanging x and y and using the antisymmetry of the commutator [x, y],
we see that R is antisymmetric in x and y,

R(x,y) = —R(y,x) . (3.52)
Also, if f, g and h are C* functions on M,
R(fx,gy)hv = fgh R(x,y) , (3.53)

which follows immediately from the defining properties (3.1) of the
connection.
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Curvature or Riemann tensor

Obviously, the map
T"Mx TMXxTMxTM - R, (w,x,y,v)=wR(x, ypv] (3.54)

with w € T*M and x,y,v € TM defines a tensor of rank (1, 3). It is
called the curvature tensor or Riemann tensor.

To work out the components of R in a local coordinate basis {8;}, we first
note that

Vo (Va,0h) = Va, [Va,00] = Vs, (T 0))
=T 0+, T8, . (3.55)

Interchanging i and j yields the coordinate expression for V,(V,v). Since
the commutator of the basis vectors vanishes, [0;,d;] = 0, the compo-
nents of the curvature tensor are

Rijkl = dxi[l_?(ﬁk, 61)61]

Verify the statement (3.53) and = Fllj,k - Flkj,l + lej T — rmkj |y (3.56)
the coordinate representation

3.56). Ricci tensor

The Ricci tensor R is the contraction C}R of the curvature tensor R. Its
components are

Ry =R, =T, —T, +I" T, ~T".T, . (3.57)

3.3.2 The Bianchi Identities

The curvature and the torsion together satisfy the two Bianchi identities.
Bianchi identities
The first Bianchi identity is

D [Reowe] = Y (TITG Y2l + (VD@ 2) . (B.58)

cyclic cyclic

where the sums extend over all cyclic permutations of the vectors x, y
and z. The second Bianchi identity is

D VR, 2 + RIT( ), 21 = 0. (3.59)

cyclic

They are important because they define symmetry relations of the curva-
ture and the curvature tensor. In particular, for a symmetric connection,
T = 0 and the Bianchi identities reduce to

> Ryx] =0, Y (VR =0. (3.60)

cyclic cyclic
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Figure 3.4 Gregorio Ricci-Curbastro (1853-1925), Italian mathematician.
Source: Wikipedia

Before we go on, we have to clarify the meaning of the covariant deriva-
tives of the torsion and the curvature. We have seen that T defines a
tensor field T of rank (1,2). Given a dual vector field w € T*M, we
define the covariant derivative of the torsion 7 such that

w([V,T(x,y)] = (V,Dw,x,y) . (3.61)
Using (3.36), we can write the right-hand side as

(VUT)(wa X, y) = UT(LU, X, !/) - T(va7 X, y)
—Tw, Vox,y) = T(w, x,V,y) . (3.62)

The first two terms on the right-hand side can be combined using (3.29),

T(Vuw’ X, .’/) = va[T(X, y)] = UU)[T()C, .’/)] - LU[V,,T()C, .’/)]
=vT(w, x,y) — w[V,T(x,y)] , (3.63)

which yields
VD)W, x,y) = w[V, T, p)] = T, V,x,y) = T(w, x, Voy)  (3.64)
or, dropping the common argument w from all terms,

VoI)(x, y) = Vo[T(x, )] = T(Vox,y) = T(x, Voy) (3.65)

Similarly, we find that
(VoR)(x, ) = V,[R(x, )] = R(V,x,y) = R(x, Vo) = R(x,y)V, . (3.66)



Convince yourself of the result
3.67).

Caution In a third, equivalent
representation of general relativ-
ity, curvature and torsion both
vanish, but the metricity (3.68)
is given up.
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For symmetric connections, T = 0, the first Bianchi identity is easily
proven. Its left-hand side reads

vV.Vyz-V,Viz+V,Vx-VVx+VVy-V.Vy

= Vieyz = VigaX = Vizay

=V.Vyz-V) +V,(V.x-V,2) + V.(V.y — V,x)

= Vieyz = VigaX = Vizay

=V.ly,zl = Vi gx + Vylz, x] = Vioqy + V.x,yl = Vieyz
=[xyl + [y, [z, x]] + [z, [xy]] = 0, (3.67)

where we have used the relation (3.10) and the Jacobi identity (2.33).

3.4 Riemannian connections

3.4.1 Definition and Uniqueness

Up to now, the affine connection V has not yet been uniquely defined.
We shall now see that a unique connection can be introduced on each
pseudo-Riemannian manifold (M, g).

A connection is called metric if the parallel transport along any smooth
curve v in M leaves the inner product of two autoparallel vector fields x
and y unchanged. This is the case if and only if the covariant derivative
V of g vanishes,

Vg=0. (3.68)

Because of (3.30), this condition is equivalent to the Ricci identity

xg9(y,2) = 9(Viy,2) + 9y, Viz) , (3.69)

where x, y, z are vector fields.

It can now be shown that a unique connection V can be introduced on
each pseudo-Riemannian manifold such that V is symmetric or torsion-
free, and metric, i.e. Vg = 0. Such a connection is called the Riemannian
or Levi-Civita connection.

Suppose first that such a connection exists, then (3.69) and the symmetry
of V allow us to write

x9(y,2) = g(Vyx,2) + g([x,y],2) + g(y, Vi2) . (3.70)

Taking the cyclic permutations of this equation, summing the second and
the third and subtracting the first (3.70), we obtain the Koszul formula

29(V.y, x) = —xg(y, 2) + yg(z, x) + zg(x, y) (3.71)
+9([x,yl.2) — 9(ly, 2], x) — g([z, x], y) .
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Figure 3.5 Tullio Levi-Civita (1873—-1941), Italian mathematician. Source:
Wikipedia

Since the right-hand side is independent of V, and g is non-degenerate,
this result implies the uniqueness of V. The existence of an affine,
symmetric and metric connection can be proven by explicit construction.

The Christoffel symbols for a Riemannian connection can now be deter-
mined specialising the Koszul formula (3.71) to the basis vectors {d;} of
a local coordinate system. We choose x = 0, y = 0; and z = d; and use
that their commutator vanishes, [0;,d;] = 0, and that g(d;,9;) = g, ;-

Then, (3.71) implies
Zg(V@.aJ‘,ak) = —akg,j + 6jg,~k + a,‘gjk s (372)

thus

1
gmil™;; = 3 (gik,j + G — gij,k) . (3.73)

If (9") denotes the matrix inverse to (g;;), we can write

1
r'; = Eglk (gik,j + Gjki = gij,k) . (3.74)

Levi-Civita-connection

On a pseudo-Riemannian manifold (M, g) with metric g, a unique
connection exists which is symmetric and metric, Vg = 0. It is called
Levi-Civita connection.
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3.4.2 Symmetries. The Einstein Tensor

In addition to (3.52), the curvature tensor of a Riemannian connection
has the following symmetry properties:

(R(x, ), w) = ~(R(x, pw,v) . (R(x,p)v,w) = (R, w)x,y) . (3.75)

The first of these relations is easily seen noting that the antisymmetry is
equivalent to
(R(x,y)v,vy = 0. (3.76)

From the definition of R and the antisymmetry (3.52), we first have
(v, R(x, y)vy = (v, V.V -V, V-V, . (3.77)
Replacing y by V,v and z by v, the Ricci identity (3.69) allows us to write
v,V \V,0) = x(V,0,0) = (V,0,V,0) (3.78)
and, replacing x by y and both y and z by v,
(V,o,v) = %y(v, vy . (3.79)
Hence, the first two terms on the right-hand side of (3.77) yield
@, V,V,0 -V, V.0) =, x(V,0,0) — y(V,0v,0))
= %(v, xy(v, v) = yx{v, v))
= %(v, [x, yl{v, v)) . (3.80)

By (3.79), this is the negative of the third term on the right-hand side of
3.77), which proves (3.76).

The symmetries (3.52) and (3.75) imply

Rijy = —Rjus = —Riji,  Riju = Ruij » (3.81)
where R, = ginR" ;. Of the 4* = 256 components of the Riemann
tensor in four dimensions, the first symmetry relation (3.81) leaves

6 x 6 = 36 independent components, while the second symmetry relation
(3.81) reduces their numberto6 + 5+ 4 +3+2+ 1 =21.

In a coordinate basis, the Bianchi identities (3.60) for the curvature tensor
of a Riemannian connection read

DR, =0, YRy, =0, (3.82)
(jkl) (klm)

where (jkI) denotes the cyclic permutations of the indices enclosed in
parentheses. In four dimensions, the first Bianchi identity establishes one



3.4 Riemannian connections 45

further relation between the components of the Riemann tensor which is
not covered yet by the symmetry relations (3.81), namely

Roi2s + Rops1 + Roz12 = 0, (3.83)

and thus leaves 20 independent components of the Riemann tensor.
These are

Rowor Roiz Rowos Roiz Roniz
Ry Rooos Rooiz Rooiz Roons
Rozos Roziz Rosiz Rosas
Rosiz Rosiz KX . (384
Riziz Ri213 Rins
Rizi3 Rizx

Ra323

where Ry»3 is determined by (3.83).

Using the symmetries (3.81) and the second Bianchi identity from (3.82),
we can obtain an important result. We first contract

Ry +R i + Ry =0 (3.85)
by multiplying with ¢ and use the symmetry relations (3.81) to find

2
Rﬂ;m+R‘

Jjmli -

Ry =0 (3.86)

for the Ricci tensor. Next, we contract again by multiplying with g/,
which yields
R", +R,; =R, =0, (3.87)

where R;; are the components of the Ricci tensor and R = R'; is the
Ricci scalar or the scalar curvature. Renaming dummy indices, the last
equation can be brought into the form

i R i
(Rj - 5(51.)‘_ =0, (3.88)

which is the contracted Bianchi identity. Moreover, the Ricci tensor can
easily be shown to be symmetric,

We finally introduce the symmetric Einstein tensor by
R
Gij=R;; - Egij > (3.90)
which has vanishing divergence because of the contracted Bianchi iden-

tity,
G.=0. (3.91)
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Riemann, Ricci, and Einstein tensors

The Ricci tensor is the only non-vanishing contraction of the Riemann
tensor. Its components are

R =R . (3.92)

ij = iaj

The Ricci scalar is the only contraction (the trace) of the Ricci tensor,
R = TrR. The Ricci tensor, the Ricci scalar and the metric together
define the Einstein tensor, which has the components

R

Gij=Rij =3

and is divergence-free, Gij_i =0.





