A Solutions of exercises

In this section solutions are collected for the exercises at the end of the individual chapters.
These are not to be understood as ”‘blue-print”’ solutions but rather as suggestions in
sketchy form for stimulating the reader’s own work.

A.1 Chapter 1

Solution A.1.1: a) Follows directly from

! b ’ b

< R

0 (ﬁai2ﬁ>, a,beR, e € Ry.

b) The function f(z) = 27! is for @ > 0 convex and >  2;\; is a convex linear
combination. Hence, by a geometric argument, one may conclude the asserted estimate.

¢) For n =0 the statement is obvious. For n € N observe that there are exactly three

local extrema, for z = 0 (maximum), z = 1 (maximum), and Ty, = ﬁ (minimum).
Furthermore,
1 1 2n 1 n2" 1
2 2n
w1 = min = (1 - ) - < .
Twin (L= Twin) ™ = 77 (L 75 A+n21+n2 = (1+n)y

Solution A.1.2: a) Multiplying out yields

le+yl?+llz—yl>=@+y,2+y)+(x —y,z—y)
= (z,2) + (y,y) + (z,9) + (y,2) + (z,2) + (y,9) — (z,y) — (y,7)
=2||z|* + 2 |ly|*.

b) Let z,y € R" be arbitrary and (without loss of generality) |z|| = |ly|| = 1.
0< (@—y,z—y)=[lzl* + llyl* - 2(z,9) =2 - 2(2.y).
Similarly
0< (@+y,z+y) =zl + lyI* + 2 (z,y) =2+ 2(2,y),
Le, |(z,y)] < 1.

¢) The properties of a scalar product follow immediately from those of the Euclidean
scalar product and those assumed for the matrix A.

i) Yes. Let (-,-) be an arbitrary scalar product and let {e;}1<;<, be a Cartesian basis of
R", such that any z,y € R™ have the respresentations « = ) . x,e;, y = >, x,¢; € R™
Define a matrix A € R™" by a;; := (¢j, ;). Then, there holds (Az,y) = >, ai;z;y; =
>i; Tjvilej, ei) = (x,y) . Furthermore, A is obviously symmetric and positive definite
due to the same properties of the scalar product < -, - >.
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210 Solutions of exercises

ii) The following statements are equivalent:

1. <+ ->: CxC — Cis a (Hermitian) positive definite sesquilinear form (i.e. a
scalar product).

2. There exists a (Hermitian) positive definite matrix A € C™*" such that (z,y) =
(Az,y), z,y € C".

Solution A.1.3: a) The identity becomes obvious by replacing x by 7 := z||z|~".
b) There holds, for x € R™\ 0:
[Az]2 [ Ayll
[Az]5 = [[]l2 < sup ]l = [[Allafl2l2-
] verr |yl
¢) There holds
AB All2||B All2||B
HAB||2 = sup H xH? < sup H ||2H 1’”2 < sup || ||2H ||2||xH2 _ ||A||2||BH2
serr zllz 7 aern (2] zeRn [E41P

This relation is not true for any matrix norm. As a counter example, employ the elemen-
twise maximum norm || Al|max := max; j—1.. , |a;;| to

(o) G o)-oo)

d) Let A be any eigenvalue of A and x a corresponding eigenvector. Then,

Az Ax

ol el T

Conversely, let {a’,i = 1,--- ,n} C C" be an ONB of eigenvectors of A and z =
>, xia’ € C™ be arbitrary. Then,

[Az]l, = [[ACD zia))||, = | S Nid|), < max || 1) ||, = max [Aif [z,

and consequently,

A
A, < max |\
Il v
e) There holds
Azxl|? AT Az, AT A, -
| Al = max I r|2|2 = max 7( r’zT)Z < max 7H 2ll2 = || AT Al|.
zecm\o ||z]|3 zecm\0 7|3 zeCm™\0 ||zl

and ||ATAll; < AT[|l2|Allz = [|A]}3 (observe that [Af> = [|AT]l> due to [Az]* =
|ATZ|]?, z € C™).
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Solution A.1.4: a) See the description in the text.

b) Let A € R™"™ be symmetric and positive definite. Then, there exists an ONB
{a',...,a"} of eigenvectors of A such that with the (regular) matrix B = [a' ... a"]
there hOldb A= BD B~ with D =diag;(\;) (\; >0 the eigenvalues of A). Now define

AY? .= Bdiag, ()\1/2) B

This is well defined and independent of the concrete choice of B.

c¢) Let A € C™™ be positive definite, i.e., 77 Az € Ry, z € C". Then, A is necessarily
Hermitian since for z,y € C arbitrary there holds:

@+y) Az +y) e
(z+ay)" Al +iy) €
" Az + g Ay + (2" Ay + " Az) €
= =T T T T
Av+ 75 Ay +i (7" Ay — " Ax) €

Setting = = e; and y = e;, we see that a;; +a;; € R and i(a;; — a;;) € R, ie.,

Re(aﬂ + aij) + iIHl(CLji + aij) € R,
iRe(aJ—i — aij) + Im(aj,- — aij) € R.

Hence, A5 = Re Q5 + Im Q5 = Re Qg — Im Aj; = Re Elji + Im @ji = dji'
Remark: The above argument only uses that z7 Az € R, x € C".

Solution A.1.5: a) ||vls = maxi<i<, [v;| and ||vll; = >°0, |vil.
b) The “spectrum” X(A) is defined as X(A) := {\ € C, X eigenvalue of A}.

¢) The “Gerschgorin circles” K; C C,i=1,...,n, are the closed discs
K; = {ac S C7 |IJ — a“| < Zj;ﬁi aij}.
d) p(A) = maxy<;<,{|\i|, Ai eigenvalue of A}.

e) ka(A) = [|[All2[| A2 = maxi<i<, 03/ miny<i<, 03, Where o; are the “singular values”
of A, 1i.e., the square roots of the (nonnegative) eigenvalues of AT A).

Solution A.1.6: a) a; € R follows directly from the property a; = a; of a Hermitian
matrix. Positiveness follows via testing by e;, which yields a;; = &/ Ae; > 0.

b) The trace of a matrix is invariant under coordinate transformation, i.e. similarity
transformation (may be seen by direct calculation ), ik bijajrbe; = Y, a; or by applying
the product formula for determinants to the characteristic polynomial. Observing that a
Hermitian matrix is similar to a diagonal matrix with its eigenvalues on the main diagonal
implies the asserted identity.

¢) Assume that A is singular. Then ker(A) # () and there exists « # 0 such that Az = 0,
i.e., zero is an eigenvalue of A. But this contradicts the statement of Gerschgorin’s Lemma
which bounds all eigenvalues away from zero due to the strict diagonal dominance. If
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all diagonal entries a; > 0, then also by Gerschgorin’s lemma all Gerschgorin circles
(and consequently all eigenvalues) are contained in the right complex half-plane. If A
is additionally Hermitian, all these eigenvalues are real and positive and A consequently
positive definite.

Solution A.1.7: Define

3

S:=lim S,, S,= B

n—o00
s=0

S is well defined due to the fact that {S,},en is a Cauchy sequence with respect to the
matrix norm || - || (and, by the norm equivalence in finite dimensional normed spaces,
with respect to any matrix norm). By employing the triangle inequality, using the matrix
norm property and the limit formula for the geometric series, one proofs that

: R R N e 1251 1
[I1S] = lim ||S,]| = lim Bl < lim IIB]]* = lim = .
nasoo Jim | ; I n%o; e 1B 1—|B|

Furthermore, S, (I — B) =1 — B""' and due to the fact that multiplication with I — B
is continuous,

I = lim (S,(I - B))=(lim S,)(I -B)=S(-B).

n—oo n—oo

Solution A.1.8: To proof the statement, we use a so-called “deformation argument”.
For ¢ € [0,1] define the matrix

A(t) = (1 — t)diag;(ay;) + t A.

Obviously A(0) is a diagonal matrix with eigenvalues X;(0) = a;;. Now observe that the
“evolution” of the ith eigenvalue A;(¢) is a continuous function in ¢ (This follows from
the fact that a root ¢y of a polynomial p, is locally arbitrarily differentiable with respect
to its coefficients — a direct consequence of the implicit function theorem employed to
p(a,t) = po(t) and a special treatment of multiple roots).

Furthermore, the Gerschgorin circles of A(t), 0 <t < 1 have all the same origin, only
the radii are strictly increasing. So, Gerschgorin’s Lemma implies that the image of the
function ¢ — A;(t) lies entirely in the union of all Gerschgorin circles of A(1). And due
to the fact that it is continous obviously in the connected component containing a;;.

Solution A.1.9: (i)=(ii): Suppose that A and B commute. First observe that for an
arbitrary eigenvector z of B with eigenvalue A there holds:

ABz — BAz=0 = BAz=M\Az.

So, Az is either 0 or also an eigenvector of B with eigenvalue A\. Due to the fact that
B is Hermitian there exists an orthonormal basis {v;}7; of eigenvectors of B. So we
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can transfrom B by a change of basis to a diagonal matrix. Furthermore, by virtue of
the observation above, A has block diagonal structure with respect to this basis, where a
single block solely acts on an eigenspace E\(B) for a specific eigenvalue A of B. Due to the
fact that A is also hermitian, we can diagonalize A| Er(B) with respect to this subspace
by another change of basis. Now observe that the diagonal character of B{ E\B) = A
will be preserved.

(ii)=-(i): Let O = {v;}?; be the common basis of eigenvectors of A and B, one checks
that

ABv; = M*\Bu; = \BMA, = BAv;, i=1,....n.
Consequently, ABx = BAx, v € K", and therefore AB = BA.
(i)« (iil): For any two Hermitian matrices A and B there holds BA = BTAT = ABT
and the asserted equivalence follows immediately.

Solution A.1.10: i) Let A € K™*" be an arbitrary, regular matrix and define p(z,y) :=
(Az, Ay)s. Tt is clear that ¢ is a sesquilinear form. Furthermore symmetry and positivity
follow directly from the corresponding property of (.). For definiteness observe that
(Az, Ax) =0 = Az =0 = 2 =0 due to the regularity of A.

ii) The earlier result does not contradict (i) because there holds
(Az, Ay)y = (x, AT Ay),,
and AT A is a hermitian matrix.

Solution A.1.11: i) Let A\; and Ay be two pairs of eigenvalues with eigenvectors v!

and v2. It holds:
0 = (v}, Av?) — (v}, Av?) = (v', Avy) — (Av', 0?) = Ay — A1) (01, v?).

So, if A\; # Ay it must hold that (v!,v?) = 0. Yes, this result is true in general for normal
matrices (over C) and—more generally—known as the “spectral theorem for normal op-
erators” (see [Bosch, Lineare Algebra, p. 266, Satz 7.5/8], for details).

ii) Let v be an eigenvector for the eigenvalue Apac. There holds:

A " A P
max ( i 2)2 Z ( v 2)2 - Arrl<'ao((/4)7
zekn\{0} |23 [0]3

Conversely, for arbitrary « € K™\ {0} there exists a representation z = ), z;v; with
respect to an orthonormal basis {v;}, so that

(An,2)y _ (A¥mw Syawy - Ydat

E- |13 i

The corresponding equality for Auin(A) follows by a similar argument. Appn(A) <
)‘max(A) is obvious.



214 Solutions of exercises

Solution A.1.12: i) We use the definition (c¢) from the text for the e-pseudo-spectrum.
Let z € 0.(A) and accordingly v € K", |jv|| = 1, satisfying |[(A — zI)v|| <e. Then,

I(A™" =27 ol = [T AT (2] = Ap)| < [of AT le.

This proves the asserted relation.

ii) To prove the asserted relation, we again use the definition (c) from the text for the
e-pseudo-spectrum. Accordingly, for z € o.(A™!) with |z| > 1 there exists a unit vector
ve K", |lv|| =1, such that

e > [|(2I — Aol = [2[l|(A — =7 D) A
Hence, setting w = ||[A7 || 7! A7 v € K" with ||w| =1, we obtain
I(A =z Dwl| < [ A7 0] e
Hence, observing that
IA™ [l = (A7 = 2D)v + 2o > [l2v]l = (AT = 2D)v]| > |2] —e,

we conclude that -

° <
l2l(]z] =) ~ 1—¢

(A== Hw| <

This completes the proof.

A.2 Chapter 2

Solution A.2.1: a) An example for a symmetric, diagonally dominant matrix that is

indefinite is
-2 1
A= .
1 2

On the other hand, a symmetric, positive definite but not (strictly) diagonally dominant
matrix is given by

3 2 2
B=1{(2 3 2/,
2 2 3

or typically system matrices arising from higher order difference approximations, e.g. the
“stretched” 5-point stencil for the Laplace problem in 1D:
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30 —-16 1
-16 30 -16 1
1 -16 30 -16 1
B" = o € R™".
1 -16 30 -—-16 1
1 =16 30 -—16
1 =16 30

Note: To prove that the above B" € R™ " is positive definite, compute det(B*) > 0 for
k=1,---,3 and derive a recursion formula of the form

det(B*1) = 30det(B*) £ - - -det(B*!) 4+ - - - det(B*?)

so that det(B**!) > 0 follows by induction.

b) Apply the Gerschgorin lemma to the adjoint transpose A’ . This yields that 0 ¢
o(AT) i.e., AT is regular. Then, also A is regular.

c) All eigenvalues of the symmetric matrix A are real. Further, all Gerschgorin circles
have their centers on the positive real half axis. Hence the strict diagonal dominance
implies that all eigenvalues must be positive.

Solution A.2.2: The result of the first k —1 elimination steps is a block matrix A%*-1
of the form

k1
R e
Ak=1) _ 0 ‘ i with A" € R(=k)x(n—Fk) pos. def. (by induction).

)

The k-th elimination step reads:

(k—1) (k—1)

(k) _ (k=1) g O g

a;;° = Qj; oy bI=kan
Qg

i) The main diagonal elements of positive definite matrices are positive, ay;*l) > 0. For
the diagonal elements it follows by symmetry:

a(k—l) (k—1) )‘2

a ‘a(k71

(k) _ (k=1) ik ki _ (k=1) ik (k—1) -

a’ii - a’ii - (k—1) - aii - (k—1) = aii 5 1= k7 BN
s Ak

ii) The element with maximal modulus of a positive definite matrix A% Ties on the

main diagonal,
max a7V < max |7
1a ij B il
k<i,j<n k<i<n
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The submatrix ﬁ(k) obtained in the k-th step is again positive definite. Hence the result
(i) implies

max \a( )| < max |a( )| < max |a Y| < max |a(k 1)\
k<i,j<n k<i<n k<i<n k<i,j

Since in the k-th elimination step the first k£ —1 rows are not changed anymore induction
with respect to k =1,...,n yields:

max |r”| = max |a(" Y| < max |a()\ < max |a”|
1<e,5 1<4,5< 1<i,j<n 1<4,

Solution A.2.3: i) Let

L:={L e R"™" Lregular, lower-left triangular matrix mit [;; = 1},
R :={R € R™", L regular upper-right triangular matrix}.

We have to show the following group properties for the matrix multiplication o:
(G1) Closedness: Ly, Lo € L = LioLly€ L.

(G2) Associative law: Ly, Lo, Ly € L = Lyo(LgoL3) = (LyoLy)oLs.

(G3) Neutral element I: LeL = Lol=1L.

(G4) Inverse: Le Ll = IL'eL: LoL'=1.

(

G1) follows by computation. (G2) and (G3) follow from the properties of matrix multi-
plication. (G4) is seen through determination of the inverse by simultaneous elimination:

1 01 0 1 0
= L7 '= eL.

0 1| % 1 * 1

The group L is not abelian as the following 3 x 3 example shows:

1 00 0 0 1 0 0 1 0 100 1 0
110 1 0f|=|1 1 0]|# 2 1 0|=|1120 1
001 -1 1 0 -1 1 -1 -1 1 001 -1 -1 1

The argument for R is analogous. The group R is also not abelian as the following 2 x 2
example shows:

11 -1 1) | -1 2 2 -1 0| | -11 11
o1jlo 1] |0 1 o 1] [0 1]lo 1]
ii) For proving the uniqueness of the LR~-decompositiong let for a regular matrix A € R"*"

two LR-~decompositiongs A = LiR; = LRy be given. Then, by (i) L1, Ly € L as well
as Ry, Ry € R and consequently

Rle_l = L1_1L2 = diag(d;;).
—— =

eER eL
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With L; (and L) also the inverse L;' has ones on the main diagonal. Hence d;; = 1
which finally implies Ry = Ry and Ly = L .

Solution A.2.4: Let A be a band matrix with m; = m, =: m (Make a sketch of this
situation.)

i) The k-th elimination step

)

(k—1) (k=1

(k) _ (k=1) _ Qi (k—=1) (k) _ (k=) _ Qg (k—1) L

Qg =G5 T Tan Y% b = b - (k,l)bk , Li=k+1,.. k+m,
ke g,

requires essentially m divisions and m? multiplications and additionas. Hence alltogether
Npana = nm?* + O(nm)  a. op.,

for the n — 1 steps of the forward elimination for computing the matrix R and si-
multanously of the matrix L. For the sparse model matrix, we have Nyuq = 108 +

O(10%) a. op. in contrast to N = 1102 4+ O(10%) a. op. for a full matrix.
ii) If A is additionally symmetric (and positive definite) one obtaines the Cholesky de-
composition from the LR decomposition by

A=LLY ~ L=LDY? D =diag(ry).

Because of the symmetry of all resulting rduced submatrices only the elements on the
main diagonal and the upper diagonals need to be computed. This reduces the work to
Noand = %anJrO(nm) a. Op., i.e., for the model matrix to Nyana = 5108+0(10°) a. op.,
and Npana = 510" + O(10'2) a. op., respectively.

Solution A.2.5: a) The first step of the Gaussian elimination applied on the extended
matrix [A[b] produces:

1 3 —4]1 1 3 -4 1
39 =21 0 0 10]-2
—

4 12 -6 |1 0 0 10]-3
2 6 21 00 10]|-1

The linear system is not solvable because of rank A = 2 # 3 = rank [A]b]. Observe in
particular, that A does not have full rank.

b) A straightforward calculation leads to the following normal equation:

1 3 -4 1
1 3 4 2 i 13 4 2

39 =2 1
3 9 12 6 Ty | = 3 9 12 6

4 12 -6 1
-4 -2 —6 2 T3 -4 -2 —6 2

2 6 2 1
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Hence,
30 90 —30 T 10
90 270 —90 Ty | = 30
=30 —-90 60 T3 —10

Because of Rank A = 2 < 3, the kernel of the matrix A”A € R**3 is one dimensional.
Gaussian elimination:

30 90 —=30| 10 30 90 —=30|10 39 01
90 270 —-90| 30 — 0 0 010 — 00O0|0
=30 =90 60 |-—10 0 0 30 |0 0 0 1]0,

and the solution can be characetized by = = (% -3t,t,007, teR.
c¢) The system of normal equations is solvable but the solution is not unique.

d) No. Due to the fact that A does not have full rank, the matrix A7A € R*3 cannot
be one-to-one, and can consequently be only semi-definite. (Counter example: z =
(—=3,1,0)T is a non trivial element of the kernel of AT A.)

A.3 Chapter 3

Solution A.3.1: i) For the maximal absolute column sum it holds

3
|Blls = max > ail =09 < 1.
=1

This implies convergence due to the fact that spr(B) < ||B||; < 1 and, hence, the iteration
is contractive. (Observe that the maximal absolute row sum does not imply convergence
because [|B|lo = 1.4 > 1.) The limit z = limy o, 2" fullfills z = Bz + ¢. Hence,

z=(—-B)"c

ii) Let A; be the eigenvalues of B. It holds

3
[[» = det(B) = —1.
i=1

This implies that at least for one of the eigenvalues there must hold |A| > 1. So, for

the choice (ii) the fixed point iteration cannot be convergent in general: In particular, if

2% — x happens to be an eigenvector corresponding to the above eigenvalue A it holds

2" — 2l = | B'(a” = 2)l| = [IN'(2" — 2)|| = [A[[|2" — 2] A 0 (£ = o0).

Solution A.3.2: For a general fixed point iteration zt' = Ba! + ¢ the following error
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estimate holds true in case of convergence to a limit z:
la" = 2|| < spr(B)"[la” - 2.

It follows by induction that in order to reduce the initial error by at least a factor of ¢ it
is necessary to perform the following number of iterations:

For the Jacobi- and Gauss-Seidel-Matrix it holds

0 1/3 0 —1/3
J = ) Hl )
1/3 0 0 1/9
hence, spr(J) =1/3 and spr(H;) = 1/9. Therefore, the necessary number of iterations
is

6 6
ty=|——— + 1-‘ =13, and tgy, = [-‘ = 7, respectively.
! LOglo(?’) i logy4(9)

Solution A.3.3: We restate the two definitions of “irreducibility”:

a) (With the help of the hint): A matrix A € R™™ is called “irreducible” if for every
partition J, K of {1,...,n} =N, with JUK =N, and JNK =0, so that aj, =0
for all j € J and all k € K, it holds that either K = or J = 0.

b) A matrix A € R™" is called “irreducible” if for every pair of indices j, k € N,, there
exists a set of indices {i1, ... ,i,} € N, such that a;;, #0, a;,;, #0, ..., a;, .. #0,
@5, k 75 0.

i) (a) = (b): Let A be irreducible in the sense of (a). Furthermore, let ¢ € N,, be an
arbitrary index. Let J be the set of all indices [ € N,,, with the property that there
exists a sequence of indicies {i1, ..., in} € N, such that all a;;,, ..., a;,, # 0. Define
its complement K := N, \ J. In order to prove (b) we have to show that J = N, , or
that K = (), respectively.

First of all, it holds that ¢ € J, so J is not empty. Furthermore, observe that for all
p € K it must hold that a;, = 0 forall [ € J, otherwise there would exist a sequence from
i to p by expanding an arbitrary sequence a;;,, ..., @;, ; from i to [ (which exists by
virtue of [ € J) by a;,. So by irreducibility in the sense of (a) it must hold that K = 0.

ii) (b) = (a): Let A be irreducible in the sense of (b). Let {J, K} be an arbitrary
partition in the sense of (a). Then for arbitrary index pairs {j,k} € J x K there exists
a sequence {i1,..., 0,1 € N, with a;; # 0, ..., a;,x # 0. Inductively, because of
ai, i, 7 0, it follows that ¢, € J for 4 =1, ..., m, and finally (because of a;,, , # 0) also
k € J in contradiction to the original choice {j,k} € J x K. So it must hold that either
J=0or K =0.

Solution A.3.4: a) In case of the matrix A;, the iteration matrices for the Jacobi and
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Gauss-Seidel methods are

0 05 —1 0 05 -1
J=-DYL+R=|-05 0 1 |, HH=—(D+L)'R=|0 -025 15
1 -1 0 0 —025 —05

The eigenvalues A; of J fulfill A\jAsA3 = det(J) = —1, hence spr(J) > 1. Therefore, the
Jacobi iteration cannot be convergent in general. The matrix H; has the characteristic
polynomial x(A) = —A(A* + 2X + 1) and the eigenvalues A\ = 0, Ayj3 = £1/V2.
Consequently, spr(H;) <1 and the Gauss-Seidel method is convergent.

b) The matrix A, fulfills the weak row sum criterion and is irreducible. Hence, the
Jacobi- and Gauss-Seidel methods converge

Solution A.3.5: First, we determine the iteration matrix: It holds

!

Hence,

and therefore:
1-w wa

B, .

wa(l —w) w?a®>+1—-w
Consequently, it is det(B,, — A\I) = —Aw?a® + (1 —w — \)?.
a) With w=1 it is

det(B; — M) = —Xa* + N> = spr(By) = d?,

thereby, for |a| < 1 the system is convergent.

b) In case of a = % it holds

2
Mg =1-w+ it lo/l-w+ Ew

In case of 1 —w+ %wQ >0, and w < 8 —4y/3 =1.07179677. . ., respectively, both roots
are real valued. For any other choice of w they are complex. Therefore:

1 1 1
spr(B.) = {1_w+sw2+2w\/1—w+ww2, 0<w<8—4v3,

w—1, 8—4V/3<w<2
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Evaluating the formula for the stated values:

w |08 09 10 L1 12 13 14
spr(B,) | 0476 0376 025 0.1 02 0.3 0.4

The graph of the function p(w) := spr(B,), 0 < w < 2, starts with p(0) = 1; it has a
minimum at wep := 8 — 44/3 with a sharp, down-pointing cusp, behind that it increases
linear to p(2) =1.

0.8} spr(B,,) 1
0.6 i

0.4t i

I | w
0 1 Wopt 2

Graph of the spectral radius spr(H,) plotted over w € [0, 2]

Solution A.3.6: Let T be a matrix consisting of a (row wise) ONB of A. It holds

Al
TAT =1, T1AYT =
)\d7
and
A
T AT =T YAT - T7YAT ... T7PAT = Vk € N.
N
So, by virtue of linearity,
p(/\l)
T 'p(A)T =
p(Aa)

for an arbitrary polynomial p. So, the spectral radius of p(A) is exactly max;_;
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Solution A.3.7: a) It holds
X =g(Xi-1), g(X) =X —-AC)+C.
Hence,
l9(X) —g(YV)|| = [(X =Y){I = AC)| < | X = Y| [[I — AC}.

Therefore, if ||[I — AC|| =: ¢ < 1, then g is a contraction. The corresponding fixed-
point iteration converges for every initial value X,. The limit Z fulfills the equation
Z =7Z(—-AC)+C or ZAC = C'. This is equivalent to Z = A~".

So, if ¢ < 1 the fixed point iteration converges for every initial value X, € R™" to the
limit A with the a priori error estimate

[Xe— AT < Xo—A7Y, teN.
b) We have
X, =9(Xi1),  g(X):=X(2I - AX).

Let Z be an arbitrary fixed point of g. It necessarily fulfills the equation 7 = Z(2I—AZ)
or Z =ZAZ . Suppose that Z is regular, then Z = A~!. Note that this assumption is
essential because the singular matrix Z = 0 is always a valid fixed point of ¢g. To prove
convergence (under a yet to be stated assumption) we observe that:

Xt - Z - 2Xt_1 - Xt—lAXt—l - Z

— X, AX,  + ZAY, X, AL — ZAZ
=71 =1 =1

= _(Xt—l - Z)A(Xt_l - Z)
This implies
1% = Z|| < JJA| | Xemr — 2]
So, for Z = A~! and under the condition that

1
1Xo = 2|l < =7
1Al

the iteration converges quadratically to Z:
2 2t
IAIIX: = Z]l < (IAIIXea = 20)" < - < (141X = Z])” =0 (¢ — o0).

This iteration is exactly Newton’s method for calculating the inverse of a matrix.

Remark: It is sufficient to choose a starting value X, that fulfills the convergence
criterion (for the preconditioner C') in (a):

1
1> [l = AXoll = AN AT = Xoll &= [l47 = Xoll <0

so, also the criterion of (b) is fulfilled.
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Solution A.3.8: Let J be the Jordan normal form of B and 7' a corresponding trans-
formation matrix such that
T 'BT = J.

Let p(X) = ag+ a1 X + @ X%+ -+ + a, X* be an arbitrary polynomial. Then,
T'p(B)T = g+ T 'BT + ap(T*BT)? + - - + ap,(T'BT)* = p(J).

Furthermore, observe that multiplication (or addition) of upper triangular matrices yields
another upper triangular matrix, whose diagonal elements are formed by elementwise
multiplication (or addition) of the corresponding diagonal elements of the multiplicands.
Consequently, p(J) is an upper triangular matrix of the form

p()‘l)
p(J) = P ..* :

where \; are the eigenvalues of B. Hence,

Xo(y(N) = det (p(J) = AT) = T (o(\) = V),

which proves the assertion.

Solution A.3.9: In case of a symmetric matrix A, the Jacobi methods reads
o' =D YL+ LMt 4+ Db,
with the iteration matrix
B=-D YL+ L").

The idea of the Chebyshev acceleration is now to construct a sequence of improved approx-
imations y' —x = p;(B)(2° —x) (instead of the ordinary fixed point iteration z! = Bfx?)
by a smart choice of polynomials

It holds
ly* = zlls < [lpi(B)ll2 [|2° — ]2,

with ||pi(B)]2 = maxes(p) [P(A)]. So, the optimal choice for the polynomial p;(z) would
be the solution of the minimzation problem

min ma; M.
pEP,p(1)=1 /\E(T(g) |p( )|
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Unfortunately, this is practically impossible because o(B) is usually unknown. But,
under the assumption that the Jacobi method is already convergent it holds that

Nle[=1+681-96
Aglﬁug)lp( e [=1+4, ],

due to the fact that the resulting iteration matrix B is similar to a symmetric matrix
D—I/Q(L 4 LT)D_1/2.
This motivates the modified optimization problem

min max x)|.
pEP,p(1)=1 |z|<1-6 |p( )‘

This optimization problem can be solved analytically. The solutions are given by rescaled

Chebyshev polynomials:
(%)

pi(z) = Cy(x) = m.

Solution A.3.10: a) No, the damped Richardson equation cannot be made convergent in
general. A necessary (and sufficient) condition for convergence of the damped Richardson
equation (applied to a symmetric coefficient matrix) for arbitrary starting values is that

Spr< ) <1

For this to hold true, it is necessary that the eigenvalues of the coefficient matrix are
sufficiently small — this can be controlled by 6 and is therefore not a problem — and that
all eigenvalues are positive. But this does not need to be the case, consider, e. g.,

) )

In this case the coefficient matrix

I O
o I

A B
BT O

1 0 -1
0 1 0
-1 0 0

has two positive and one negative eigenvalue A\ =1, Ay3 = % + é
b) With A = (a;;), B = (b;;) and employing the fact that A is symmetric and positive
definite it holds
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(B"AB)y =Y _bjiajbi = buagsby = (BTAB); 1 <i,j<m,
ik ik

2"BY"ABx > ||Bx|* >0 VY € R™

So, BT AB is symmetric, positive semidefinite. If B : R™ — R" is a one to one mapping
(because m < n), then, " BT ABz = 0 implies ||Bz| = 0. This in turn implies 2 = 0.
Therefore, if B has full rank, then BT AB is positive definite.

The Chebyshev acceleration is most efficiently realized by using the two step recursion
formula:

Ht Sym +t— Ht—1 4 e
g = tgpmett - Bolgnt g B¢
P Hi+1 Htt1 P Hi+1

Hi+1 = %Mt = M1
starting from the initial values £° = ¢ y' = HP¥™y° +(, o =1 and puy = 1/p.
Hereby, the symmetrized Gauf-Seidel iteration matrix reads
HY™ =D+ L"'L(D+ L) 'L"
and the corresponding right hand side of the iterative procedure is
(=B"A""—c.
We assume that we have an efficient method in estimating the additive splitting
B'A'B=L+D+L"

and that an estimate p € (0,1) with o(H;™™) € (—p, p) is readily available.

Solution A.3.11: One step of the Gauf}-Seidel method reads

1

~(1) _ (1) 0)

i ai; (bj_ E ajpdy,’ + E ajk:pé >
Ji

k<j k>j

Due to the specific choice of decent directions 7® = e,,; in the coordinate relaxation,
there holds CEJ(-H_D = xg-t) for j # t 4+ 1. Consequently, it suffices to show that in the step
t — t+ 1 the (¢t 4+ 1)-th component is set to the correct value. Inserting the step length

. gzgi)l - 1 (t)
Q1 = = b1 — Zfltﬂ,}cl"k
k

gyl t4+1 Q41,141

into the iteration procedure gives
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(tH) _ () byt
Ty Tylq + ZatJrl kxk
a a
{41,041 {1,641 (1.3.1)
(bm - Z Ty kxk Z ey kxk ) .
at“ tr k<t+1 k>t+1
By induction it follows that 1‘](:) = ,(C) for k < t+ 1. Furthermore, x() ](f) for

k >t—+1, so that:

SUSZD = (bt+1 Z Qi1 lcl"k Z Qi1 kxk ) . (1.3.2)

a
t+1t+1 k<t+1 E>t+1

Solution A.3.12: The CG method applied to the normal equation reads: Given an
initial value zy and an initial decent direction

d® = AT(b— Az®) = —¢g©

iterate by the prescription

® ¢
o = (9", 9") g = O 4 0, d® ¢t = 4O 4 o, AT AdD),

(Agl(t)7 Ad(ﬂ)’
(g(tﬂ)7 g(t+1))

= T, g0y
Remarkably, by efficiently storing and reusing intermediate computational results, there

is only one additional matrix-vector multiplication involved in contrast to the original CG
method — the term AT Ad® has to be computed instead of Ad®.

d(t+1) _ _g(t+1) 4 /Btd(t)

The convergence speed, however, is linked to the eigenvalues of AT A by the result (given
in the text) that in order to reduce the error by a factor of ¢ about

t(e) ~ %\/E In (g)

steps are required. Now,

MaxXyeo(a74) [Nl maxeg(a) |s]?

= condy(ATA) = -
Kk = condy( ) minye,aray [A| mingeg(ay|s|?’

with the set of singular values S(A) of A. This implies that for symmetric A the relation
k(AT A) = k(A)? holds and therefore a much slower convergence speed has to be expected.

Solution A.3.13: The asymptotic convergence speed

| *x||>1/t

lim sup (on T

t—o00

for the different methods in terms of k = condy(A) = A/A (with A maximal absolute
eigenvalue and A minimal absolute eigenvalue) are as follows:
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. , 1\2 1 12
GauB-Seidel: spr(H;) = spr(J)? = (1 - 7> =1-2-+0(~),
K K

R

1—4/1- J)? 1 1
Optimal SOR:  spr(Hopt) = spr()) =1-V8—F—=+ o(-),
14+ +/1—spr(J)? VK K

_ 2

Gradient method: <1+ 5:) = 1_2%4_(9(% )7
1-1/vk B 1 1

m) =1-2 - +0())

CG method: <

Solution A.3.14: The CG method applied to the Schur complement
BTA'By=B"A b — ¢
reads: Given an initial value yo and an initial decent direction
d? =BTA Y (b— By’) —c= —g¥
iterate by the prescription

(99, g9)
(A1 Bd®, Bd®)’
<g(t+1) 7 g(t+1)>

(9®,g®) 7

Observe that in each step it is only necessary to compute two matrix vector products
(one with B and one with BT) and one matrix vector product with A~! when eval-
uating A~'Bd®. This can be done with the help of an iterative method, e.g. with a
preconditioned Richardson method (as introduced in the text)

Yy = y® 40, d®, gt = ¢ 4 o, BTABd®,

ay —

B, = A = gt 4 g g0,

ft — gt—l + C_l(b _ Aft_l).

Different choices for the preconditioner C~!' are now possible, e.g. by choosing C =
i(D +wlL) with A= L+ D+ R, one ends up with the SOR method. In practice, it is
crucial to have a preconditioner that has good orthogonality preserving features, so one
might use another Krylov space method as a preconditioner instead.

Solution A.3.15: There holds

1—1/k\"@ k—1\" k+1\"© 1
<e < <eg <= > —.
1+1/k k+1 k—1 €

Now, without loss of generality, both bases are greater than 1, so that

<“+1> t(e) Zlog(é).

K+1
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Finally, observe that log (il) = 2{% + %% + e } >2 i Hence,

K
K—1

The corresponding result for the CG method follows by replacing x with /k.

Solution A.3.16: The matrix C' can be written in the form C' = KK7 with the help

of . .
K== (—D n L) D2,
(2—w)w\w

A close look reveals that the iteration matrix HSSOF of the SSOR method can be ex-
pressed in terms of C' and A:

HFOR =T - C'A.

In view of spr(H35°R) < 1, the inverse C'~! can be viewed as an approximation to A~*
that is suitable for preconditioning.

Solution A.3.17: For the model problem matrix A it holds that spr(A) < 1. Hence,
the inverse (I — J)~! is well defined and the Neumann series converges:

(I—J)y "= i J*.

Furthermore, with J =1 — D7'A it follows that (I —J)™' = D A~'. Then,

At=D" i Jk.
k=0

Finally, observe that the multiplication of two arbitrary matrices with non-negative entries
yields another matrix with non-negative entries. Therefore the matrices J* = D™*(—L —
R)* are elementwise non-negative. So, A~ viewed as the sum of elementwise non-negative
matrices has the same property.

Solution A.3.18: i) The stated inequality is solely a result of the special choice of x4+
K;(d% A) as affine subspace for the optimization problem — it holds:

2° + Ky(d°, A) = 2° + span{A°d°, .- - A’} = {a® + p(A)d° : pe Py}
Furthermore, d° = ¢° = A2® — b= A(2® — 2), so
* + Ky(d°, A) = {2° + Ap(A)(z° — z) : p € Py}

Hence, it follows that
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| Azt

gmres

—bla= min AL+ Ap(A))" ~ ) = _min  [p(A)AG ~ )]

pEP,p(0)=1
<  min A Az = )5 .
< _min ()l 4G - o)l
ii) Due to the fact that A is symmetric and positive definite there exists an orthonormal

basis {0;} of eigenvectors of A with corresponding eigenvalues {\;}. Let y € R" be an
arbitrary vector with y =", y,0; for suitable coefficients y;. It holds

[p(A)y|l = [Ip(A E yioill2 = | E p(A)yioill2 < SUP lp(A)] ] E Yi0ill2 = sup [P [yll2-
. 7
(2

We conclude that ||p(A)]la < sup, [p(\;)| and consequently (Let A be the smallest and A
be the biggest eigenvalue of A):

| AT ey~ bllo < min  max p(A)] A" — )]

mres
& pEP,p(0)=1

< Aa® = @)
Jeimin max [p(u)|[|A(2" — )]l

But this is (up to the different norms) the very same inequality that was derived for the
CG method. So, with the same line of reasoning one derives

VE—1
VE+1

A e b||2§< ) JAG - o)

iii) Similarly to (ii):
Ip(A)yllz = 1T Tp(A)T ' Tyl = 1T~ p(D)Tyllz < T2 (D)2 [T 12 lyll2-
Furthermore, ||p(D)l|s = max; |A;|, so one concludes that
lp(A)[]2 < Ko(T) mzax‘)‘i"

The difficulty of this result lies in the fact that the \; are generally complex valued, so
some a priori asumption has to be made in order to control max; |\;|.

Solution A.3.19: a) It holds

Amax = 6 +2 x 3cos ((1 — h)m) =~ 12,
Amin = 6 — 2 X 3 cos(h),
and hence,
4
m2h?’
In analogy to the text, it holds that the eigenvalues of the Jacobi iteration matrix J =
I — D™ A are given by

condy(A4) ~
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tiji = = (cos[ihm] + cos[jhn] + cos[khn]), i,j,k=0,...,m

!
2
Consequently,
spr(J)=1— %ZhQ +O(h?).
b) Due to the fact that the matrix A is consistently ordered, it holds
spr(Hy) = p? = 1 — n2h® + O(hY),

1—=\/1-p* 1—7mh+0O(R*) 9
spr(Hy,,,) = Lr T Linht O(m) =1-2mh+ O(h?).

The number of required iterations Ti(g) ~ In(e)/ In(spr(x)) is thus

2 1
TJ(g) ~ _W 111(8) ~ 18 665, TH1(€) ~ _W 111(5) ~ 9333,
1
THWopt (6) ~ _% 111(8) ~ 147,

and for the gradient and CG method:

1
Te(e) = —énln(s) ~ In(e) =~ 18665,

Cm2h?
1 1
Tea(e) = —=vkIn(e/2) ~ ——1In(e/2) ~ 316.
2 mh
¢) A matrix vector multiplication with A needs roughly 7h~3 a.op.. With that one
concludes that the number of required a.op. for Jacobi, Gauf-Seidel and SOR method

is approximately 8h~3. Similarly the workload for the gradient method is 11~A~3 a.op.,
whereas the CG method needs 12h~3 a. op.

A.4 Chapter 4

Solution A.4.1: There holds 2° ="  aw’ and z' = ||A!2%)|;'A%20 and therefore
(A0, A%, 3T el AP

||At20||2 DY AT

AP ol + 3505 fal” (35)™ )
< 2 {laalt + £ \a#(ﬂ)”}
y Jonl? i ol ()" + S ol (32) s~ )

Jen? + 007 a2 ()

S e ()7 (R - 1)
|O["‘ +Zn 1 Z.|2 (;‘\—;)Qt

= (Az' Yy =

=X+ A

= )\77, + )\nEt
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The error term on the right can be estimated as follows:

M U P _ I

E <( A
Bl < A, ENE A, |t |2

Hence,

29112 An_1) 2t

" o]

Solution A.4.2: Let pu; := (\; — A\)~' be the eigenvalues of the matrix (A — \I)~*
Further, we note that fimax = (Amin — A) ™' . The corresponding iterates generated by the
inverse iteration are pu' = (A" — X\)7! with A" :=1/u’ + A. We begin with the identity

. Zt (A )\t 1[)1t1 (A—)\t_lf) (A )\t 2])1t2
z = —= =
1202 (A=A~ 2 o [[(A = AT A = A2 D22
[T—o(A = NI)7'2"

T ITTZeA = N )~220))y

from which we conclude

Mt _ ((A _ /\t—ll)—lzt’ Zt)g
(A= NI (A = N0 [T (A = MI)71e0),
ITTZ6(A = V)12 3
O e = AT T Tz — A)

- Sy e TIZ6 (A — M) =2

Next,

oA = M) TS0 = M) 72+ 300, e = XD T2 (A — M) =2
|on? TTi—o (A = M) 2+ 300, e TT5—p (N — M) =2
L= AT T = V)2 o S (3 ifi)n;;o(x:ijff
- [T (A = V)2 jon |2 + 30 o P T h (3=20)°
1 |W”ZmMMA®+meHTW§MO—Q§U)
IRVERE jon |2+ Y7, o2 [T/25 (3=22)°
_ 1 n 1 > lail? H ()\ )\J) (1_:\\1 itf 11)
A= ATE A=A a2 3 P T l(ii,ij)
1 1
RRYES Ewe

t:

E,.
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The error term on the right-hand side can be estimates as follows:

n t—1
)« Sl PTBSP—32
tl = J
a2+ 300 2|O‘i t‘ 0 (il ;\,)
t—1 . .
S oy 071 N 121|2°]13
< - —_— .
7H‘A2_A‘] |a1|2 H‘ ]‘ |C¥1|2
7=0
This yields
1 1 13
t < 2
a Al—At—l‘ = Al—Af—lﬂ‘/\ N |
7=0
Observing p! = (AL = X717 or M= 1/pt + N7
1 _)\t 1 /\t 1 )\t
)\tf)\tfl_)\lf)\tfl‘:‘()\tf/\t1 Atl’_} )\tl —xh

we obtain the desired estimate

°II3

a2

t—1
A — M2
t t t—1 1
A= N <A - A 'E‘A

Solution A.4.3: It suffices to prove the following two statements about the QR~iteration.
The assertion then follows by induction.

1. Let A be a Hessenberg matrix and A = QR its QR-decomposition. Then, A = RQ
is also a Hessenberg matrix.

2. Let A be a symmetric matrix and A = QR its QR-decomposition. Then, A = RQ
is also a symmetric matrix.

The QR decomposition of a Hessenberg matrix A can be expressed as
Gn1Gp o+ GIA=R

with

0 In—i—l

and an orthogonal component G; € R?*? that eliminates the lower left off diagonal entry

of the block
éi *i *ii41 _ * ok '
@iv1i  Qit1,i+1 0 =
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Apart from eliminating the entry a;q,, the orthogonal matrix G; only acts on the upper
right part of the (intermediate) matrix. Consequently, R is an upper triangular matrix
and it holds

i T AT T

A=RQ=RG G, ---G,_,.

Similarly, it follows by induction that multiplication with G from the right only intro-
duces at most one (lower-left) off-diagonal element at position #;41, so A is indeed a
Hessenberg matrix.

Now, let A be symmetric. It holds QR = A = AT = RTQT and consequently R =
QTRTQT. We conclude that

A=RQ=Q"R"Q"Q=(RQ)" = A".

Solution A.4.4: Let A = QR be an arbitrary QR-decomposition of A. Define a unitary

matrix H = diag(h;) € C**" by h; = I:Z\ and set R=HR, Q =QH.

Now, observe that ATA = RTQTQR = R R is the Cholesky decomposition of the real
valued, symmetric and positive definite matrix A7 A. Since the Cholesky decomposition
(with positive diagonal) is uniquely determined it follows that R is unique and hence also

Q=AR".

Solution A.4.5: i) From the definition of K, it follows
K1 = span{q, A K,,, }.

Now, if K,, = K,,;1 = span{q, A K,,} one sees by induction that repeated applications
of this procedure yield the same space again, hence K, = K,, Yn > m. On the other
hand, given the fact that K,, ;1 # K, it must hold K; # K;.; for i = 1,...,m — 1.
Otherwise, this would already imply K,,_1 = K,, which is a contradiction.

It holds dim K; = 1 because ¢ # 0. Furthermore, K,, is generated by m vectors.
Therefore, one sees by induction that dim K; = i as long as K; # K; 1, i.e. for
2<i<m.

ii) Let A € o(Q™" AQ™) be arbitrary. Then, there exists an eigenvector v € C™ \ {0}
with Q™7 AQ™v = Av. Multiplication of Q™ from the left and utilizing

m
QQOT L Zqi (qi7 ) _ prOij )
=1
yields

projg, AQMv = AQMv.

But by definition of m it holds that K,, is A-invariant, i.e. AK,, C K, , hence
projg, (AQ™v) = AQ™v and therefore A € o(A).

In case of m =n there is K,, = C". Consequently, Q™ € C"*" is a regular matrix and
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the matrices A and Q™" AQ™ are similar; specifically
o(Q"TAQ™) = o(A).

Solution A.4.6: Let {v',...,v™} € R" be a linearly independent set of vectors. The

classical Gram-Schmidt orthogonalization procedure reads: For ¢ =1,... m:
i1
a) u =0 = Z(uj,vz)uj,
j=1
p) wi=a/la]].
The modified Gram-Schmidt orthogonalization procedure takes the form: Fori=1,... m:
a) =
vt =g — (P A for k=2,

B) = )|
i) For the modified Gram-Schmidt algorithm we can assume by induction that

ﬂ’i’k71 = Ui - pI'Oj <u17...7u’°—2> (vi)7

hence

~ik—1

n k—1

ik = gkl _

— k1

(u Ju

i

= 'Ui _ proj<u17_‘_7uk_2> (Ul) _ projukfl(ﬁi,kfl)
)

=l — proj<u1wuk,2> (v") — proj, -1 (v*)

k—1
=l - Z(uj,vi)uj.
j=1

ii) By rewriting step («) of the classical algorithm in the form

@) bt

atF = gt — (WP oM for k=2, .4,

=,

one observes that the algorithmic complexity of both variants are exactly the same. Both
consist of i — 1 scalar-products (with n a.op.) with vector scaling and vector addition
(with n a.op.) in step () which sums up to

m

Z(z —1)(n+n) =nm(m —1) a.op.

=1

as well as m normalization steps with roughly 2n a.op. in (8). In total nm(m + 1)
a. op..
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Solution A.4.7: The result by the classical Gram-Schmidt algorithm is:

1 0

o)

Il

o

(@]
wfols ©

with |QTQ — Il = V2 (3 +¢). The result by the modified Gram-Schmidt algorithm is:

1 0 0
Q: e 0 =11,
e —1 0

with [|QTQ — I]|e ~ 2¢.

Solution A.4.8: i) With the help of the Taylor expansion of the cosine:
| Nijk — Al =
(i + 2+ kH)r? —h? {6 —6— (

-4 -4 /{34 4h2
G Z T om < /\Z]khg + oY) < —/\”khQ (for h sufficiently small).

-2 -2 k2 2h2 4 4 k’4 4h4 )
z+y; ) (i +le" ) O(he)}’

ii) The maximal eigenvalue A, that can be reliably computed with a relative tolerance
TOL fulfills the relation

12TOL

1
_/\maxh2 ~TOL = >\max ~
12 h?

The number of reliably approximateable eigenvalues (not counting multiplicities) is the
cardinality of the set

{i2+j2+k2: @+ 72+ k) < /\;m,',],keN 1< j,k:<m}.
For the concrete choice of numbers this leads to:
#{C+ 72+ E P+ 77+ k) <19, 4,5,k €N},
whose cardinality can be counted by hand:

#{ (1,1,1), (2,1,1), (2,2,1), (2,2,2), (3,1,1), (3,2,1), (3,2,2), (3,3,1), (4,1,1) } = 0.

iii) The number of reliably approximateable eigenvalues (counting multiplicities) is the
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cardinality of the set

Amax . .
{(i,j,k)€N3: @+ 72+ k%) < 1§z,j,k§m}.

w2’
For large numbers a reasonably large subset is given by

i, k) eN?: 1<, j k< X
{( J k) J N

which has the cardinality

[T = | 2]
NEY mh '

Therefore, h must be chosen such that

4y/TOL |3 V103 ‘
LTOJ >1.000 <= h< % ~ 6.0 x 10°°.
s s

Approximately 7-times uniform refinement in 3D, i. e., n, ~ h™3 ~ 4.6 x 10°.

Solution A.4.9: i) The inverse iteration for determining the smallest eigenvalue (with
shift A = 0) reads

At =2 = |ET, =12,

with intermediate guesses u' = (A7!2%, 2%) for the smallest eigenvalue. One iteration of
the inverse iteration consists of 1 solving step consisting of ¢n a.op and a normalization
step of roughly 2n a.op. Determining the final guess for the eigenvalue needs another
solving step and a scalar product, in total (¢ + 1)n a.op. So, for 100 iteration steps we
end up with

(101 ¢+ 201)n a.op.

The Lanczos algorithm reads: Given initial ¢° = 0, ¢* = ||¢||"'¢, 81 = 0 compute for
1<t<m-—1:
=AY =), ' =r" - — B
ﬁH—l — ”St” qH—l — St/ﬁﬂ—l
and a final step r™ = A~'¢™, a,, = (r™,¢™). This procedure takes cn a.op. for the
matrix vector product with additional 5n a.op. per round. In total (respecting initial

and final computations):
(101 ¢+ 501) n a. op.

The Lanczos algorithm will construct a tridiagonal matrix 7™ (with m = 100 in our
case) of which we still have to compute the eigenvalues with the help of the QR method:

BO) — T,
B® — Q(i)R(i), B+ — R(i)Q(i).
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From a previous exercise we already know that the intermediate B will retain the
tridiagonal matrix property, so that a total workload of O(m) a.op. per round of the
QR method can be assumed. For simplicity, we assume that the number of required QR
iterations (to achieve good accuracy) also scales with O(m). Then, the total workload of
QR method is O(m?) a.op.

ii) Assume that it is possible to start the inverse iteration with a suitable guess for each
of the 10 desired eigenvalues. Still, it is necessary to do the full 100 iterations for each
eigenvalue independently, resulting in

10 (101 ¢+ 201) n a. op.

The Lanczos algorithm, in contrast, already approximates the first 10 eigenvalues simul-
taneoulsy for the choice m = 100 (see results of the preceding exercise). Hence, we end
up with the same number of a.op.:

(101 ¢+ 501) n a.op.

(except for some possibly higher workload in the QR iteration). Given the fact that ¢ is
usually o moderate size somewhere around 5, the Lanczos algorithm clearly wins.

Solution A.4.10: i) Let A € C™", 2z, b€ C". Tt is equivalent:

Az =b
= (ReA+iImA)(Rex +iIlmaz) = Reb+iImb

— ReARex —ImAlmaz = Reb
—ReAImz —ImARex = —Imb

ReA ImA Rex Reb
<~ = .
—ImA ReA —Imz —Imb
ii) For all three properties it holds that they are fullfilled by the block-matrix A if and

only if the correspondig complex valued matrix A has the analogous property (in the
complex sense):

a) From the above identity we deduce that the complex valued linear system of equations
(in the first line) is uniquely solvable for arbitrary b € C" if and only if the same holds
true for the real valued linear equation (in the last line) for arbitrary (Reb,Imb) € R*".

Thus A is regular iff A is regular.
b) Observe that

A symmetric

ImA=—-ImA” and Re A = Re AT
ReA+ImA=ReA—TmAT

A= AT

117
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¢) For arbitrary = € C™ it holds

Re(i:TAx) >0
— Rez" ReARex + ImaT’ ReAlma — Ima” ImARez — Rez’ Im Almz > 0

T
Rex ReA ImA Rex
— > 0.
—Imx —ImA ReA —Imx
Solution A.4.11: The statement follows immediately from the equivalent definition
o.(T) = {z €C : ozl —=T) < 5}, with
Omin(T) := min {)\1/2 tAea(T'T)}
and by the observation that similar matrices yield the same set of eigenvalues:
Omin(T) = min {)\1/2 t Aea(T'T)}
= min {)\1/2 D ANE U(QTTTQQTTQ)}
— 71 _
— min {/\1/2 e o((QTTQ) (QTTQ))}
= 0an(Q7'TQ).

A.5 Chapter 5

Solution A.5.1: Let a; be an arbitrary nodal point and ¢} be the corresponding nodal
basis function. Its support consists of 6 triangles 77, - -, Tg:

Outside of U |T; the function ¢} is zero. Due to the fact that ¢! is continuous and
cellwise linear, its gradient is cellwise defined and constant with values

g 11 1[0
vsthl_h(l)’ V(thz_h(1>’

g1/ 11
vthg_h(())’ nghm h(—l)’

Z, 1/0 g 11
v(ph Ks - E (_1>a v(foh Ke - E <0>7




A.5 Chapter 5 239

where h denotes the length of the catheti of the triangles. With these preliminaries it
follows immediately that

_Z (a)0h05) = 6 g 12 @) = 2 ).

For the stiffness matrix a;; = (V) Vapgl), we have to consider three distinct cases: a)
where a; = a;, b) where a; and a; are endpoints of a cathetus, and c¢) where they are
endpoints of a hypotenuse:

6 3
K, ; ; 1
a) aiizz| 3“Z(V%(au)7vsﬁﬁ(au)):gh23(2+1+1+2+1+1)h_2:4

p=1 v=1
K : : 1

b) ay =3 Y (Vi) V(@) = h3(-1- 1A = -1,
p=1 v=1

This is, up to a factor of h=2? exactly the stencil of the finite different discretization
described in the text.

Solution A.5.2: The principal idea for the convergence proof of the two-grid algorithm
was to prove a contraction property for

T =2GLw)el, 2GL(v) = (A" —pio ALl ) ALSy
This was done with the help of a so called smoothing property,
IALSEIN < ev™thg?,
and an approzrimation property,
HAZI _p£71AL ITL IH < cohi.

The first property is completely independent of the choice of restriction that is used. The
second, however, poses major difficulties for our choice of restriction: In analogy to the
proof given in the text let ¢, € V; be arbitrary. Now, vy := AZII/JL is the solution of
the variational problem
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a(v, pr) = (Yr,0L) VoL € Vi,
and similarly vy := p%71A2i1T£_1¢L is the solution of
a(vi_1,00-1) = (ry "o, o0-1) Vo1 € Vi

Let v and © be the solutions of the corresponding continuous problems:

a(v, ) = (Y, ) YeeV,
a(v,9) = (rk Y, p) Yo eV.

We can employ the usual a priori error estimate (for the Ritz-projection):

lor — vpall < flor — ol + lop—y = 8l + [[o = |
< ch?(Jlwell + lIrf ) + lv — o).

Furthermore, exploiting the finit dimensionality of the spaces involved it is possible to
bound ||rE™ 4y || in terms of ||¢z ], i.e.,

Iz~ el < ellvel.

But, now, rf’l is not the L?-projection. So we have to assume that in general

(ri "o, o01) # (YL, 01,

and hence v # v. This is a problem because a necessary bound of the form
lv =3l < chi llvell -

does not hold in general.

Solution A.5.3: This time, the problem when trying to convert the proof to the given
problem arises in the smoothing property. The proof of the approximation property does
not need symmetry. We still have an inverse property of the form ||Az| < ch™2. So, it
remains to show that

1Scl < e <1

for S;, = I, — 0A; with a constant ¢ that is independent of L. Because Aj is not
symmetric, it is not possible to copy the arguments (that utilize spectral theory) from the
text. We proceed differently: First of all observe that for all u; € V, it holds that

(Apup,ur) = alup,uy) = ||Vu\|2 (Oru, u)

— |[Vul? + /al u?

= || Vul* + / niu® ds
o0

= ||Vl
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Hence, Aj is positive definite — or, equivalently, for all (complex valued) eigenvalues \;,
i=1,...,N; of A it holds:

ReA; >0 Z.:L“-:NL‘

The eigenvalues of Sp = I, — QAL are 1 —0X;, 1 =1,..., Np. Furthermore,

1/2

I1—0A| = |1 — OReA — 0ImA| = {(1 — OReA)? + 6°(ImA)*}
= {1 —20ReX + 6°(Im\)* + (ReX)?) }

N

So finally, the choice

0 < in ———,
nin S

leads to
spr(Sp) = max |1 —60)\] <c< 1.
i=1...NL

with a constant ¢ independent of L. The smoothing property now follows with the
general observation that for every € > 0 there exists an (operator, or induced matrix)
norm || - |, with

1SLll« < c+e.

The question remains whether this extends to an L independent convergence rate in the
norm || - |.

Solution A.5.4: Applying one step of the Richardson iteration z"*' = 7" +60(b— A 7")
needs essentially one matrix vector multiplication with a complexity of 9N, a.op. (due to
the fact that at most 9 matrix entries per row are non-zero). Together with the necessary
addition processes S7 needs 11vNj a.op.
Calculating the defect d; = f; — A;z' needs another 10N a.op. For the L? projektion
onto the coarser grid, we need to calculate

dl71 = T'ffldl.

This can be done very efficiently: Let {¢!} be the nodal basis on level I. The i-th
component of the L? projection of d'~! is given by

A = () = ().

Due to the fact that V;_; C V], it is possible to express gpﬁ_l as

Ny
-1 _ 1
Pi —E Hij Py,
j=1

where at most 9 values p;; are non trivial. This reduces the computation of the L?
projection to
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Ny
di ! = Zﬂij(dlv ¢ = Zﬂi]’dé
j=1

and needs 9V, a.op.. Contrary to this, the prolongation is relatively cheap with roughly
2N, a.op. (interpolating intermediate values, neglecting the one in the middle and the
boundary, ...). Additionally, we account another N; a.op. for adding the correction. In
total:

(2-11410+9+2+1)N, = 44N, a.op. on level L.

The dimension of the subspaces behaves roughly like
lek ~ 272kNl.

Within a V-cycle all operations have to be done exactly once on every level, hence (ne-
glecting the cost for solving on the coarsest level) we end up with:

_ 4
Z44Nl o = Z 2% 44Nl( — 27 (+2)) < 5441\@ a. op..
Within a W-cycle, we have to do 2% steps on level [ — k. This leads to

Z2k44Nl k—22kN1—2 44N, (1 —27571) < 2. 44N a.op.
k=0 =

A.5.1 Solutions for the general exercises

Solution A.5.5: a) If there exists a regular 7' € R™" and a diagonal matrix D € R™*"
such that
T 'AT = D.

b) A matrix A = (a;;) is diagonally dominant if there holds

n

Z laij| <lag|, i=1,...,n.

Jj=1j#
c) A matrix A € C™" is called normal if ATA = AAT . Yes, if A is Hermitian, it is
automatically normal.

d) The Rayleigh quotient is defined as (Av,v)s/|[v||3 for a given vector v # 0. It can be
used to calculate an eigenvalue approximation from a given eigenvector approximation.

e) condy = ||A|l2]][A7 ]2 = |Omax|/|Omin| » where || - ||z is the matrix norm induced by
| ]2 : C* =R, and iy and o,,., are the smallest and largest singular value of A.

g) A Gerschgorin circle is a closed disc, denoted by K ,(a;;), and associated with a row (or
column) of a matrix by the diagonal value a; and the absolute sum of the off-diagonal
elements p =} ., |ai| (or p =3, ]a;l, respectively). The union of all Gerschgorin
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circles of a matrix has the property that it contains all eigenvalues of the matrix.

h) The restriction rf’l : Vi — Vj_; is used to transfer an intermediate value v; € V; to
the next coarser level V;_p, typically a given finite element function to the next coarser
mesh. The prolongation operator pi_, : V;_; — V; does the exact opposite. It transfers
an intermediate result from Vj_; to the next finer level.

i) Given an arbitrary b € C" it is defined as
Kn(b; A) = span{b7 Ab, ..., Amflb}.
j) Tt refers to the damping parameter 6 € (0, 1] in the Richardson iteration:
™) =2 4 w(b — Az®).

k) The difference lies in the evaluation of the term

In the classical Gram-Schmidt method this is done in a straight forward manner, in the
modified version a slightly different algorithm is used:
ab = P =g - (0 AR Y fori = 2,0k,

with u® = @**/|a"k|. Both algorithms are equivalent in exact arithmetic, but the latter
is much more stable in floating point arithmetic.

Solution A.5.6: i) The matrix A; fulfils the weak row-sum criterion. Therefore the
Jacobi and GauB-Seidel methods converge. Furthermore, A; is symmetric and positive
definite (because it is regular and diagonally dominant), hence the CG method is appli-
cable.

ii) For A the Jacobi matrix reads

= O
= O =
O Wl

o=

N[

with eigenvalues fulfils\, = —1, fulfilsAgz = +1/2/2. Hence, no convergence in gen-
eral. The Gauf3-Seidel matrix is

o
W
|
W
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with eigenvalues fulfilsh; =0, ful filsho s = —%:I:%. Hence, the Gauf-Seidel iteration
does converge. A, is symmetric and positive definite (because it is regular and diagonally
dominant).

iii) The matrix Aj is not symmetric, so the CG method is not directly applicable. For
the Jacobi method:

1 1
022
= |1 1
‘]_2027
1 1
220

with corresponding eigenvalues fulfilsAy = 0, fulfilshos = :i:%. Hence, the method
does converge. Similarly for the GauB-Seidel method:

—4
21,
-1

1
leg

with eigenvalues fulfilsh\y =0, ful filsho s = —%6 + \{—3:3 The method does converge.

Solution A.5.7: Given a diagonal matrix D = diag(d,1,1) it holds

1 1073d~t 107*d!
D'AD = [107%d 2 1073
1074 1073 3
Now, we choose d € R in such a way that the Gerschgorin circle defined by the first
column has minimal radius but is still disjunct from the other two Gerschgorin circles.
Therefore, a suitable choice of d must fulfil (the first two Gerschgorin circles must not

touch):
1+41.1x103%d<2-10"2—10"2d"".

Solving this quadratic inequality leads to a necessary condition d > 0.001001 (and ...),
hence d = 0.0011 is a suitable choice. This improves the radius of the first Gerschgorin
circle to

p=(11x10%2 =121 x107%: Kz 10-6(1).

Similarly, for the third Gerschgorin circle and with the choice D = diag(1,1,d):
3-11x107%d>2+10"+10"d "
This is the same inequality as already discussed. Therefore:
p3=(11x107%2 =121 x 107%:  Kis1x10-6(3).

For the second eigenvalue and with the choice D = diag(1,d,1):
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2-2x107°d>1410""+10""d"", and
242x10%d<3-10""—-10"%d"",
with an inequality of the form

22
d > ~ 0.0
9999 + /99979201

and an (obviously) appropriate choice of d = 0.002. Hence:

011 ...

pr=(12x107%)2=4x107"%: K, 06(2).

Solution A.5.8: Let 2 € C" with [2°]] = 1 be an arbitrary starting point. Then,
construct a sequence 2 € C*, t=1,2,... by

#o= AL =)

In case of a general matrix the corrsponding eigenvalue approximation is given by

)\t — (A'Zt)’f

'
2t

.....

the eigenvalue approximation can be determined with the help of the Rayleigh quotient:

v (A2
R

i) The power method converges if A is diagonalizable and the eigenvalue with largest
modulus is separated from the other eigenvalues, i.e. |A,| > |\;| for ¢ < n. Furthermore
the starting vector 2° must have a non-trivial component in the direction of the eigen-
vector w, corresponding to A, .

ii) The separation of the biggest eigenvalue from the others is the most crucial restriction
because the convergence rate is directly connected to this property (see iii)), and the other
two conditions are usually fulfilled (due to round-off errors).

iii) The power method has the following a priori error estimate (for a general matrix):

t

)\nfl

N >, t — oo.

At—Amax+o(‘






