2 Direct Solution Methods
2.1 Gaussian elimination, LR and Cholesky decomposition

In this chapter, we collect some basic results on so-called “direct” methods for solving
linear systems and matrix eigenvalue problems. A “direct” method delivers the exact
solution theoretically in finitely many arithmetic steps, at least under the assumption of
“exact” arithmetic. However, to get useful results a “direct” method has to be carried
to its very end. In contrast to this, so-called “iterative” methods produce sequences of
approximate solutions of increasing accuracy, which theoretically converge to the exact
solution in infinitely many arithmetic steps. However, “iterative” methods may yield
useful results already after a small number of iterations. Usually “direct” methods are
very robust but, due to their usually high storage and work requirements, feasible only
for problems of moderate size. Here, the meaning of “moderate size” depends very much
on the currently available computer power, i.e., today reaches up to dimension n =~
10° — 105, Tterative methods need less storage and as multi-level algorithms may even
show optimal arithmetic complexity, i.e., a fixed improvement in accuracy is achieved in
O(n) arithmetic operations. These methods can be used for really large-scale problems
of dimension reaching up to n ~ 10° — 10° but at the prize of less robustness and higher
algorithmic complexity. Such modern “iterative” methods are the main subject of this
book and will be discussed in the next chapters.

2.1.1 Gaussian elimination and LR decomposition
In the following, we discuss “direct methods” for solving (real) quadratic linear systems
Ar=0b. (2.1.1)

It is particularly easy to solve staggered systems, e.g., those with an upper triangular
matrix A = (aj;) as coefficient matrix

anry 4+ aprs + ...+ apr, = b
0Ty + ... + awxT, = b
ApnTn = bn
In case that a;; #0, j=1,...,n, we obtain the solution by “backward substitution”:
Tp=—, j=n—1,...,1: Ij:i(bj_zajkwk)-

This requires Npac subst = n°/2 + O(n) arithmetic operations. The same holds true if
the coefficient matrix is lower triangular and the system is solved by the corresponding
“forward substitution”.
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Definition 2.1: For quantifying the arithmetic work required by an algorithm, i.e., its
“(arithmetic) complexity”, we use the notion “arithmetic operation” (in short “a. op.”),
which means the equivalent of “I multiplication + 1 addition” or “I division” (assuming
that the latter operations take about the same time on a modern computer).

The classical direct method for solving linear systems is the elimination method of
Gauft which transforms the system Az = b in several “elimination steps’ (assuming
“exact” arithmetic) into an equivalent upper triangular system Rz = ¢, which is then
solved by backward substitution. In practice, due to round-off errors, the resulting upper
triangular system is not exactly equivalent to the original problem and this unavoidable
error needs to be controlled by additional algorithmical steps (“final iteration”, or “Na-
chiteration”, in German). In the elimination process two elementary transformations are
applied to the matrix A, which do not alter the solution of system (2.1.1): “permutation
of two rows of the matriz” and “addition of a scalar multiple of a row to another row of
the matria”. Also the “permutation of columns’ of A is admissible if the unknowns x;
are accordingly renumbered.

In the practical realization of Gaussian elimination the elementary transformations
are applied to the composed matrix [A,b]. In the following, we assume the matrix A
to be regular. First, we sct A® = A b© = b and determine 'y #0, r € {1,...,n}.
(Such an element exists since otherwise A would be singular.). Permute the 1-st and the
r-th row. Let the result be the matrix [A© b©]. Then, for j = 2,...,n, we multiply
the 1-st row by ¢;; and subtract the result from the j-th row,

~(0) /=(0 0 1 (0 ~(0 1 70 70
4j1 = a;1)/a51) (= ail)/ag)% agi) = C‘;‘z‘) - qjlagi)v b§- V= b§' - qubg g

The result is

~(0)  ~(0 ~(0) | 50
4 a L a |

1) | @

A0 0] = 0 ayy ... ay, |by
0 o Q|

The transition [A© p©] — [A© pO] — [AD pD] can be expressed in terms of matrix
multiplication as follows:

A0 B0] = RIAC, B0, [AD, 6] = G1A©, 5O,

where P is a “permutation matrix” und G is a “Frobenius matrix” of the following
form:

!Carl Friedrich Gauf (1777-1855): Eminent German mathematician, astronomer and physicist;
worked in Gottingen; fundamental contributions to arithmetic, algebra and geometry; founder of modern
number theory, determined the planetary orbits by his “equalization calculus”, further contributions to
earth magnetism and construction of an electro-magnetic telegraph.
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1 r
[0 1 11
1 1
1
1 —q21 1 1
P1= 1 0 T G1= . .
1 —dnl 1
L 1_

Both matrices, P; and G, are regular regular with determinants det(P;) = det(Gy) =1
and there holds

Pl=P, G =

Gn1 1

The systems Az =b and AWMz = b have obviously the same solution,
Av=b <= AYr =G PAz =G Pb=0bY.

Definition 2.2: The element a,; = aﬂ’ is called “pivot element” and the whole substep

of its determination “pivot search”. For reasons of numerical stability one usually makes
the choice

la,1] = max laji] . (2.1.2)

The whole process incl. permutation of rows is called “column pivoting” . If the elements
of the matriz A are of very different size “total pivoting” is advisable. This consists in
the choice

lars| = max fazil, (2.1.3)
and subsequent permutation of the 1-st row with the r-th row and the 1-st column with
the s-th column. According to the column permutation also the unknowns xp have to
be renumbered. However, “total pivoting” is costly so that simple “column pivoting” is
usually preferred.
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1 I
1
i
1 1
0 1 i
1 1 i
b= Gi= —Qiv1; 1
1 .
1 0 r L —Qni 1 i
1
1

The matrix A1) generated in the first step is again regular. The same is true for
the reduced submatrix to which the next elimination step is applied. By repeating this
elimination process, one obtains in n — 1 steps a sequence of matrices,

[A,8] = [AD pD] &5 . — [AB-D 5] = [R, ],

where

[A“),b(i)] — GiH[A“_l),b(i‘l)} , [A(O), b(O)] = [A, ],

with (unitary) permutation matrices P; and (regular) Frobenius matrices G; of the above
form. The end result

[R, C} = Gn,1Pn71 C G1P1 [A, b] (214)

is an upper triangular system Rz = ¢, which has the same solution as the original system
Az = b. By the i-th elimination step [A®D p0~D] — [A®) p()] the subdiagonal elements
in the i-th column are made zero. The resulting free places are used for storing the
elements ¢y1,...,qn,; of the matrices G:'(i=1,...,n—1). Since in this elimination
step the preceding rows 1 to ¢ are not changed, one works with matrices of the form

11 12 t 1 T1,i+1 T Tin C1
A2t Tog ot Ty Toirl  ccc Ton co
A3t A32 3 T34l T3n 3
Ait A2 ‘ Tii Tiitl  c Tin ¢
) ) ) (@) (2)
it Aig22 Ait1,i Ait1iv1 " Gig1p bit1
(2) (@) (2)
L An,1 An2 )\n,l A i1 QAn.n b |
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Here, the subdiagonal elements Agiip,..., Apr in the k-th column are permutations of
the elements qri1k,...,qne of G,;l since the permutations of rows (and only those) are
applied to the whole composed matrix. As end result, we obtain the matrix

11 e Tin | C1
lor 722 Ton | C2
lnl e ln,n—l Tnn | Cn

Theorem 2.1 (LR decomposition): The matrices

1 0 TinoTiz o Tin
91 1 T22  Top

L= , R=
lp1 -+ ln,nfl 1 0 Tnn

are the factors in a so-called (multiplicative) “LR decomposition” of the matriz PA,
PA = LR, P:=P, --P. (2.1.5)

If the LR decomposition is possible with P = I, then it is uniquely determined. Once an
LR decomposition is computed the solution of the linear system Ax = b can be accom-
plished by successively solving two triangular systems,

Ly = Pb, Rx =y, (2.1.6)

by forward and backward substitution, respectively.

Proof. i) We give the proof only for the case that pivoting is not necessary, i.e., P, =1T.
Then, R=G,_---G1A and G{'---G; ', R=A. Inview of L = Gy'---G, !, the first
assertion follows.

ii) To prove uniqueness let A = L1 Ry = LRy be two LR decompositions. Then, Ly r, =

RoRy* =1 since Ly'L; is lower triangular with ones on the main diagonal and RyR;!
is upper triangular. Consequently, L1 = Ly and R; = R, what was to be shown. Q.E.D.

Lemma 2.1: The solution of a linear nxn system Ax = b by Gaussian elimination
requiTes
Neaup(n) = 2n* + O(n?) (2.1.7)

arithmetic operations. This is just the work count of computing the corresponding decom-
position PA = LR, while the solution of the two triangular systems (2.1.6) only requires
n? 4+ O(n) arithmetic operations.
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Proof. The k-th elimination step

M een A D ey e een G e

k k—1 ik k—1 k k—1 ik k—1 .

;" = G5~ — Zk—n koo b =10 - zkil) by, ,j=k,...n,
A, Qg

requires n—k divisions and (n—k) + (n—k)? combined multiplications and additions
resulting altogether in

n—1
Zk2 +0(n*) =40’ + O(n*) a. Op.
k=1

for the n—1 steps of forward elimination. By this all elements of the matrices L and R
are computed. The work count of the forward and backward elimination in (2.1.6) follows
by similar considerations. Q.E.D.

Example 2.1: The pivot elements are marked by [-].

ivotin,
3 1 6 1 P &
1 62
2 1 3 To | =
2 1 3|7
1 1 1 T3
1 1 11(4
elimination pivoting
3 1 6| 2 31 6] 2
%
2/3 1/3 —1|17/3 1/3 2/3 —1]10/3
1/3 [2/3] —1]10/3 2/3 1/3 —1|17/3
elimination
T3 = —8
3 1 6 2 3,10
— Ty = (5 —w3) =7
1/3 2/3 —1 |10/3 .
T - §(2 — Ty — 61’3) =19
2/3 1/2 ~1/2| 4
LR decomposition:
1 0 0
=1, Po=|00 1]/,
010
3 1 6 1 0 0 3 1 6
PA=1]111|=LR= 1/3 1 0 0 2/3 -1
2 1 3 2/3 1/2 1 0 0 —1/2
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Example 2.2: For demonstrating the importance of the pivoting process, we consider
the following linear 2 x 2-system:

[ﬂ41]l2]‘lﬂ (2.18)

with the exact solution x; = 1.00010001, x5 = 0.99989999. Using 3-decimal floating
point arithmetic with correct rounding yields

a) without pivoting: b) with pivoting:
€1 T2 r T2
0.1-107% 0.1-10' | 0.1-10" 0.1-10" 0.1-10' | 0.2-10!
0 —0.1-10° | —=0.1-10° 0 0.1-10 | 0.1-10!
o =1, r1 =0 ro =1, r =1

Example 2.3: The positive effect of column pivoting is achieved only if all row sums of
the matrix A are of similar size. As an example, we consider the 2 x 2-system

220000 z1 || 20000
11 T 2 ’

which results from (2.1.8) by scaling the first row by the factor 20.000. Since in the first
column the element with largest modulus is on the main diagonal the Gauf} algorithm
with and without pivoting yields the same unacceptable result (z1,22)7 = (0,1)7. To
avoid this effect, we apply an “equilibration” step before the elimination, i.e., we multiply
A by a diagonal matrix D,

Ar=b — DAr=Db, d;= (i\am)fl, (2.1.9)

j=1

such that all row sums of A are scaled to 1. An even better stabilization in the case
of matrix elements of very different size is “total pivoting”. Here, an equilibration step,
row-wise and column-wise, is applied before the elimination.

Conditioning of Gaussian elimination

We briefly discuss the conditioning of the solution of a linear system by Gaussian elim-
ination. For any (regular) matrix A there exists an LR decomposition like PA = LR.
Then, there holds

R=L"'PA, R'=(PA'L

Due to column pivoting the elements of the triangular matrices L and L~! are all less
or equal one and there holds

condoo(L) = | Lol L7 oo < .
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Consequently,

condo(R) = [ Rl|oc[[ R loo = L7 P Al [[(PA) ™ Lo
< LMo P Ao (PA) Moo | Ll oo < n? condoe (PA).
Then, the general perturbation theorem, Theoreml.8, yields the following estimate for
the solution of the equation LRx = Pb (considering only perturbations of the right-hand
side b):

[0Pblloc _ 4 16Pb]l
——— < n"condy(PA)———.
176 oo

)
192 < condeo(L)condy (R) Phllw =

[elleo

Hence the conditioning of the original system Axz = b is by the LR decomposition, in the
worst case, amplified by n*. However, this is an extremely pessimistic estimate, which
can significantly be improved (see Wilkinson? [23]).

Theorem 2.2 (Round-off error influence): The matriz A € R™*™ be regular, and the
linear system Ax = b be solved by Gaussian elimination with column pivoting. Then, the
actually computed perturbed solution x+dx under the influence of round-off error is exact
solution of a perturbed system (A+§A)(x+dx) =b, where (eps = “machine accuracy”)

16A|
1Al

< 1.01-2"'(n® + 2n?) eps. (2.1.10)

In combination with the perturbation estimate of Theorem 1.8 Wilkinson’s result
yields the following bound on the effect of round-off errors in the Gaussian elimination:

102 00 - cond(A)

con—1/.3 2
T2l = T cond(AV[0A [ /T A (101~ 2" (n" + 2n7) eps} . (2.1.11)

This estimate is, as practical experience shows, by far too pessimistic since it is oriented
at the worst case scenario and does not take into account round-off error cancellations.
Incorporating the latter effect would require a statistical analysis. Furthermore, the above
estimate applies to arbitrary full matrices. For “sparse” matrices with many zero entries
much more favorable estimates are to be expected. Altogether, we see that Gaussian
elimination is, in principle, a well-conditioned algorithm, i.e., the influence of round-off
errors is bounded in terms of the problem dimension n and the condition cond(A) , which
described the conditioning of the numerical problem to be solved.

Direct LR and Cholesky decomposition

The Gaussian algorithm for the computation of the LR decomposition A = LR (if it
exists) can also be written in direct form, in which the elements [;; of L and rj; of

2James Hardy Wilkinson (1919-1986): English mathematician; worked at National Physical Labora-
tory in London (since 1946); fundamental contributions to numerical linear algebra, especially to round-off
error analysis; co-founder of the famous NAG software library (1970).
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2

R are computed recursively. The equation A = LR yields n? equations for the n?

unknown elements ., j <k, ljx, j > k(lj; =1):

min(j,k)

jk = Z Lji ik (2.1.12)

i=1

Here, the ordering of the computation of I, rj; is not prescribed a priori. In the so-called
“algorithm of Crout®” the matrix A = LR is tessellated as follows:

- .
3
21416
The single steps of this algorithm are (I; =1):
1
k=1 n: alkzzl1z‘7“ik=>7“1k1=a1k,
i=1
1
j = 2, Nl ajl = Z ljiril = ljl = rl_llajl,
i=1
2
k=2 n: G = Y loitie = o = gk — T,
i=1
and generally for j=1,--- n:
7j—1
Tik = Qjk —Z itie, k=7,7+1--,n,
= (2.1.13)
j—1
lij: ’f'j_jl akj_zlki'rij y k=]+1,]+2,7n
i=1

The Gaussian elimination and the direct computation of the LR decomposition differ only
in the ordering of the arithmetic operations and are algebraically equivalent.

3Prescott D. Crout (1907-1984): US-American mathematician and engineer; Prof. at Massachusetts
Institute of Technology (MIT); contributions to numerical linear algebra (“A short method for evaluating
determinants and solving systems of linear equations with real or complex coefficients”, Trans. Amer.
Inst. Elec. Eng. 60, 1235-1241, 1941) and to numerical electro dynamics.
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2.1.2 Accuracy improvement by defect correction

The Gaussian elimination algorithm transforms a linear system Az = b into an upper
triangular system Rz = ¢, from which the solution x can be obtained by simple back-
ward substitution. Due to Theorem 2.1 this is equivalent to the determination of the
decomposition PA = LR and the subsequent solution of the two triangular systems

Ly=Pb, Rx=y. (2.1.14)

This variant of the Gaussian algorithm is preferable if the same linear system is succes-
sively to be solved for several right-hand sides b. Because of the unavoidable round-off
error one usually obtains an only approximate LR decomposition

LR # PA

and using this in (2.1.14) an only approximate solution z(®) with (exact) “residual”
(negative “defect”)
d9=b— Az £0.

Using the already computed approximate trianguler decomposition LR ~ PA, one solves
(again approximately) the so-called “correction equation”

Ak =d©®,  LREW =d©, (2.1.15)
and from this obtains a correction k() for 2 :
W = z® 4 O (2.1.16)
Had the correction equation be solved exactly, i.e., k) =k, then
Az = Az® 4+ Ak = Az — b4+ b+dO =1,

i.e., 2 = 2z would be the exact solution of the system Az = b. In general, z()
is a better approximation to z than z(© even if the defect equation is solved only
approximately. This, however, requires the computation of the residual (defect) d with
higher accuracy by using extended floating point arithmetic. This is supported by the
following error analysis.

For simplicity, let us assume that P = I. We suppose the relative error in the LR
decomposition of the matrix A to be bounded by a small number . Due to the general
perturbation result of Theorem 1.8 there holds the estimate

||a:(0) il cond(A) 1A — ZN/R~||
(||| = — A)IA-LR]| Al
x - A
1 — cond(A) Tl -

Here, the loss of exact decimals corresponds to the condition cond(A). Additionally
round-off errors are neglected. The exact residual d© is replaced by the expression
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d® = Az — p where A is a more accurate approximation to A,

14— A

<é<e.
1Al

By construction there holds
2 = 2O 4 W) — 20 4 (L R) 1 — A:v(o)]
=20 4 (LR)™'[Az — Az 4 (A — A) 2],
and, consequently,

e — =20 — 5 — (LR)7'A(z — ) + (L ) (A—A) !

= (LR) LR — Az — z) ( LR)™ A) 2.

Since o o o
LR:A*A+LR:A(17A71(A7LR)),

we can use Lemma 1.15 to conclude

LR < A [T - A (A= LR)™|
- A [ [
Sl AT A LR L= [ATIA = LR 1~ cond(A) A E

This eventually implies

= — =] IA = LR|| [|2© —af| lA—=A[ [«
~ cond(A) ]
[l Al ] A [l
~
~E&  ~cond(A)e ~E

This correction procedure can be iterated to a “defect correction” iteration (“Nachitera-
tion” in German). It may be continued until the obtained solution has an error (usually
achieved after 2—3 steps) of the order of the defect computation, i.e., |2 —z||/||z| ~ &.

Example 2.4: The linear system

1.05 1,02 o] [
1.04 1,02 To 2

has the exact solution z = (—100, 103.921...)". Gaussian elimination, with 3-decimal
arithmetic and correct rounding, yields the approximate triangular matrices

. 10 - [ 105 102
L= . R= :
lo.990 1] l 0 0.01]
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0 0

LR— A=
[5-10—4 2.10~*

] (correct within machine accuracy).

The resulting “solution” z(® = (—97,1.101)7 has the residual

4O — p— 4g© (0,0)" 3-decimal computation,
=b— Ax —
(0,065,0,035)"  6-decimal computation.

The approximate correction equation

1 o[1o5 o2 | [&"] [o0.065
0.990 1 0 001 || &Y 0.035
has the solution k1) = (—2.9,102.899)” (obtained by 3 decimal computation). Hence,
one correction step yields the approximate solution

2@ =20 4 W = (-99.9,104)7,

which is significantly more accurate than the first approximation z(®.

2.1.3 Inverse computation and the Gauf3-Jordan algorithm

In principle, the inverse A~! of a regular matrix A can be computed as follows:

i) Computation of the LR decomposition of PA.

ii) Solution of the staggered systems
Ly(i) = Pem7 Rz = y(i), 1=1,...,n,

with the Cartesian basis vectors e’ of R™.

iii) Then, A~' = [z, ... ()]
More practical is the simultaneous elimination (without explicit determination of the
matrices L and R), which directly leads to the inverse (without row perturbation):

forward elimination

1 0 ri1 o Tip | 1 0

0 1 Ton | * 1
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backward elimination scaling
T11 0 1 0
_)
* AL
0 Tnn 0 1

Example 2.5: The pivot elements are marked by [-].

forward elimination

316
Al 1 s 1 6/10 0
D11 2 1 3/0 1 0
1 11/00 1
row permutation forward elimination
3 1 6 1 0 0 3 1 6 1 0 0
0 1/3 -1/-2/3 1 0 - 0 2/3 —-1]-1/3 0 1
0 |2/3] -1/-1/3 0 1 0 1/3 -1{-2/3 1 0
backward elimination backward elimination
3 1 6 1 0 0 3 1 0 -5 12 -6
0 2/3 -1 ]-1/3 0 1 - 0 2/3 0 2/3 -2 2 -
0o 0 -1/2|-1/2 1 -1/2 0 0 -1/2(-1/2 1 -1/2
scaling
3 0 0 -6 15 -9 10 0|—-2 5 =3
0 2/3 0 2/3 =2 2 - 010} 1 -3 3
0o 0 -1/2/-1/2 1 -1/2 00 1] 1 -2 1
-2 5 =3
= Al = 1 -3 3.
1 -2 1

An alternative method for computing the inverse of a matrix is the so-called “exchange
algorithm” (sometimes called “Gauf-Jordan algorithm”). Let be given a not necessarily
quadratic linear system

Ar =y, where A e R™" zeR" yeR™ (2.1.17)

A solution is computed by successive substitution of components of = by those of y. If
a matrix element a,, 7# 0, then the p-th equation can be solved for z,:

ap1 Ap,g—1 1 Opq+1 Apn
— xq+1—...—a—xn.

Pq Pq pq pq
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Substitution of z, into the other equations

a1 + ...+ Aj.q—1Tg—1 + Cqu + A5 q+1Tg+1 + ...+ AjnTy = Yj,

yields for j=1,...,m, j # p:

A5q0n1 Aiap g—1 a;
797"p 797°pP,q J4q
{aﬂ - } T+t {aj,w - ] Tg+ Yy +
a a
rq Pq Pq

Ao Q. AiqQ

Jjq%p,g+1 jq“pn _

+ |:Clj7q+1 — 7:| LTg+1 + ...+ |:ajn — —:| Tp = Yj-
Upq Apq

The result is a new system, which is equivalent to the original one,

1 Y1
Aly | =1 2 |, (2.1.18)
| Tn | L Ym |

where the elements of the matrix A are determined as follows:

pivot element : Gy, = 1/a,,,

pivot row DGk = Qprfapg, k=1,....n, k#q,

pivot column : @j, = ajq/a, j=1,...,m, j#p,

others DGk = Qi — QjgQpk/Gpg, T =1,...om, j#p, k=1....n,k#q.

If we succeed with replacing all components of x by those of y the result is the solution
of the system y = A~'z. In the case m = n, we obtain the inverse A~!, but in general
with permutated rows and columns. In determining the pivot element it is advisable, for
stability reasons, to choose an element a,, of maximal modulus.

Theorem 2.3 (GauB-Jordan algorithm): In the Gaufi-Jordan algorithm r = rank(A)
exchange steps can be done.

Proof. Suppose the algorithm stops after r exchange steps. Let at this point z4,...,x,
be exchanged against y1,...,%, so that the resulting system has the form
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U1 r1
* *
T
I Yr _ s
Tr41 Yr+1
m—r * 0 :
L T ] L Ym ]
e e
r n—r
If one chooses now y; = -+ =9y, =0, xpy1 = A1, , Ty = A\ s0 are all 1, -, 2,
uniquely determined and it follows that ¢,..1 = --- = vy, = 0. For arbitrary values
AL, -+, An—, there also holds
xl()\la"' 7)\7177”) r T
. 0
A l'r(/\h"' a/\nfr) _
A1
0
)\n—r - -

Hence, dim(kern(A)) >

7. On the other hand, because yi, - - - , ¥, can be freely chosen,

n_
we have dim(range(A)) > r. Further, observing dim(range(A)) + dim(kern(A)) = n it
follows that rank(A) = dim(range(A)) = r. This completes the proof. Q.E.D.

For a quadratic linear system with regular coefficient matrix A the GauB-Jordan

algorithm for computing the inverse A~! is always applicable.

Example 2.6:
1 2 1 T U1
-3 -5 -1 To = | vy
-7 =12 =2 T3 Y3

Exchange steps: The pivot elements are marked by [-].

1 L2 3 ‘ 1 Y3 3 ‘

1 2 1|y ~-1/6  —1/6 |2/3]|n
-3 =5 —1|u —1/12 5/12 —1/6 |y

—7 -2 |y3 —7/12 —1/12 —1/6| z9
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1 Y3 n ‘ Y2 Y3

—2 -8 3
/4 1/4 3/2 | 2 1 1 |a _

inverse: 1 5 —2
3/8 —1/4 |y -8 3 —2|x Lo
—5/8 —1/8 —1/4 |z, 5 -2 1 |a

Lemma 2.2: The inversion of a reqular n X n-matriz by simultaneous elimination or the
Gauf-Jordan algorithmalgorithmus requires

Naug-Jordan() = n* +0(n? a. op. (2.1.19)

Proof. i) The n — 1 steps of forward elimination at the matrix A require in®+ O(n?)
a. op. The simultaneous treatment of the columns of the identity matrix requires addi-
tional %n3 + O(n?) a. op. The backward elimination for generating the identity matrix
on the left requires again

(n=1n+n-2)n+...4+n=inln—1)n=1n"+0n
multiplications and additions and subsequently n? divisions. Hence the total work count

for computing the inverse is
Ninvcrsc = %713 + én3 + %TL3 + O(?’L2) = TL3 + O(?’L2)

ii) In the Gaufi-Jordan algorithm the k-th exchange step requires 2n + 1 divisions in
pivot row and column and (n — 1)? multiplications and additions for the update of the
remaining submatrix, hence all together n?+O(n) a. op.. The computation of the inverse
requires n exchange steps so that the total work count again becomes n®+ O(n?) a. op..
Q.E.D.

2.2 Special matrices

2.2.1 Band matrices

The application of Gaussian elimination for the solution of large linear systems of size
n > 10* poses technical difficulties if the primary main memory of the computer is not
large enough for storing the matrices occurring during the process (fill-in problem). In
this case secondary (external) memory has to be used, which increases run-time because
of slower data transfer. However, many large matrices occurring in practice have special
structures, which allow for memory saving in the course of Gaussian elimination.

Definition 2.3: A matric A € R™" is called “band matriz” of “band type” (my,m,)
with 0 < my,m, <n—1, if

aj, =0, for k<j—m or k>j+m, (jk=1,...,n),
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i. e., the elements of A outside of the main diagonal and of m;+m, secondary diagonals
are zero. The quantity m = m;+m, + 1 is called the “band width” of A.

Example 2.7: We give some very simple examples of band matrices:
Typ (n—1,0): lower triangular matrix
Typ (0,n—1): upper triangular matrix
Typ (1,1): tridiagonal matrix

Example of a (16 x 16)-band matrix of band type (4,4):

B I 4 -1 1
-I B -I -1 4 -1 1
A= 16, B= 4, I= 4.
I B -I 1 4 -1 1
-I B -1 4 1

Theorem 2.4 (Band matrices): Let A € R™*" be a band matriz of band type (my, m,.),
for which Gaussian elimination can be applied without pivoting, i. e., without permutation
of rows. Then, all reduced matrices are also band matrices of the same band type and
the matriz factors L and R in the triangular decomposition of A are band matrices of
type (my,0) and (0,m,), respectively. The work count for the computation of the LR
decomposition A = LR is

Nig = snmym, + O(n(m; +m,))  a. op. (2.2.20)

Proof. The assertion follows by direct computation (exercise). Q.E.D.

In Gaussian elimination applied to a band matrix it suffices to store the “band” of the
matrix. For n ~ 10° and m ~ 10? this makes Gaussian elimination feasible at all. For
the small model matrix from above (finite difference discretization of the Poisson problem)
this means a reduced memory requirement of 16 x 9 = 144 instead of 16 x 16 = 256 for
the full matrix. How the symmetry of A can be exploited for further memory reduction
will be discussed below.

An extreme storage saving is obtained for tridiagonal matrices

ap by
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Here, the elements of the LR decomposition

1 ar B

1 an-1 Bna

Yo 1 Qnp

are simply be obtained by short recursion formulas (sometimes called “Thomas?® algo-
rithm”),

ap = a1 . Bo= by,
1=2,...,n—1: Yi = Ci/OéiA s = a; — Yo . Bi o= b,
Tn = Cn/anfl , Qp = Gp — 'Ynﬁnfl

For this only 3n — 2 storage places and 2n — 2 a. op. are needed.

Frequently the band matrices are also sparse, i.e., most elements within the band
are zero. However, this property cannot be used within Gaussian elimination for storage
reduction because during the elimination process the whole band is filled with non-zero
entries.

It is essential for the result of Theorem 2.4 that the Gaussian elimination can be carried
out without perturbation of rows, i.e., without pivoting, since otherwise the bandwidth
would increase in the course of the algorithm. We will now consider two important classes
of matrices, for which this is the case.

2.2.2 Diagonally dominant matrices

Definition 2.4: A matriz A = (a;;); ;= € R™™ is called “diagonally dominant”, if there
holds

n

Z laje| <lagl, j=1,....n. (2.2.21)
k=1,k+#j

Theorem 2.5 (Existence of LR decomposition): Let the matriz A € R™™ be reg-
ular and diagonally dominant. Then, the LR decomposition A = LR exists and can be
computed by Gaussian elimination without pivoting.

4Llewellyn Thomas (1903-1992): British physicist and applied mathematician; studied at Cambridge
University, since 1929 Prof. of physics at Ohio State University, after the war, 1946, staff member at
Watson Scientific Computing Laboratory at Columbia University, since 1968 Visiting Professor at North
Carolina State University until retirement; best known for his contributions to Atomic Physics, thesis
(1927) “Contributions to the theory of the motion of electrified particles through matter and some effects
of that motion”; his name is frequently attached to an efficient version of the Gaussian elimination method
for tridiagonal matrices.



2.2 Special matrices 73

Proof. Since A is regular and diagonally dominant necessarily a;; # 0. Consequently,
the first elimination step A := A©® — AW can be done without (column) pivoting. The

elements a;? are obtained by a&) =ay, k=1,...,n,and
. aj1
j=2....n, k=1,...,n: (k)—a]k—qﬂalk, qﬂ:i.
aii
Hence, for j = 2,...,n, there holds
n n n
Do olapll< D0 dapl+lanl Do laud
k=2,k#j k=2,kj k=2,k#j
n n
< Y lagl —lapl + gl Z |aw| —lgji|la]
k=1,kj ~ k=
\’—,_/ ‘ajl
< layyl a | < fan|
< Jajj| — lgjiay| < laj; — gay| = |af7)].

The matrix A = G;A© is regular and obviously again diagonally dominant. Conse-
quently, aélz) # (. This property is maintained in the course of the elimination process,
i.e., the elimination is possible without any row permutations. Q.E.D.

Remark 2.1: If in (2.2.21) for all j € {1,...,n} the strict inequality holds, then the
matrix A is called “strictly diagonally dominant” . The proof of Theorem 2.5 shows that
for such matrices Gaussian elimination is applicable without pivoting, i.e., such a matrix
is necessarily regular. The above model matrix is diagonally dominant but not strictly
diagonally dominant. Its regularity will be shown later by other arguments based on a
slightly more restrictive assumption.

2.2.3 Positive definite matrices

We recall that a (symmetric) matrix A € R™*" with the property

(Az,2)2 >0, xze€R"\{0},
is called “positive definite”.
Theorem 2.6 (Existence of LR decomposition): For positive definite matrices A €
R™™ the Gaussian elimination algorithm can be applied without pivoting and all occurring
pivot elements ag) are positive.
Proof. For the (symmetric) positive matrix A there holds aj; > 0. The relation

( ) aj1 Gkl 1)
G = Qjk — —— Q1 = Gj — — 015 = Qg7
a11 11



74 Direct Solution Methods

for j,k =2,...,n, shows that the first elimination step yields an (n—1) x (n —1)-matrix
AN = (aﬁ))j’kzgw.’n, which ia again symmetric. We have to show that it is also positive
definite, i. e., a%) > (0. The elimination process can be continued with a positive pivot
element and the assertion follows by induction. Let 7 = (x,...,2,)T € R*1\ {0} and

= (z1,2)" € R" with
1 n
ry = —— Zalkxk.

a
i
Then,
n n n
2
0< E A TT) = g T + 227 E 1T + 1127
k=1 k=2 k=2
n n
1 1 2
Tl E k101 TT5 + e E 11Tk
1 k=2 1 k=2
=0 (ajr = ax;)
n n
ap101; 1 2
= Ak — Tk + a1 |21+ — E a1,T
— an i =
Jik=2 e —— k=2
_ .M
ajy =0
and, consequently, z7AMz > 0, what was to be proven. Q.E.D.

For positive definite matrices an LR decomposition A = LR exists with positive pivot
elements 7 = az(»? >0,i=1,...,n. Since A= AT there also holds

A=A"=(LR)T = (LDR)" = R"DL"

with the matrices

1 rg/run - T1n/T11
. . . T 0
R= : : : , D=
1 Tn—l,n/rn—l,n—l
0 Tnn
0 1

In virtue of the uniqueness of the LR decomposition it follows that
A=LR=R"DL",

and, consequently, L = RT and R = DL” . This proves the following theorem.
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Theorem 2.7: Positive definite matrices allow for a so-called “Cholesky® decomposition”.
A=LDL" = LL", (2.2.22)

with the matriz L := LDY?. For computing the Cholesky decomposition it suffices to
compute the matrices D and L. This reduces the required work count to

Nholesky(n) = %nS +0(n* a. op. (2.2.23)
The so-called “Cholesky method” for computing the decomposition matrix

1 0

starts from the relation A = LL”, which can be viewed as a system of n(n + 1)/2
equations for the quantities [;;, & < j. Multiplicating this out,

i1 0 g - ay; - Ay

lnl T lnn 0 lnn (4275 BN 7Y 0)

yields in the first column of L:

- -~ -
111=a117 lor b1 = aor cee lnllllzanlu

from which, we obtain

= . ¥ Q41 41

In=an, j=2....n: I =24t_ %1 9.9.24

11 an J n j1 i \/ﬂ ( )
Let now for some i € {2,--- ,n} the elements ij, k=1,...,i—1,j5=k,...,n be

already computed. Then, from

Z?1+Z?2++Z?Z:azz7 Zii>07
Zjlii1+l~j2l~i2+~--+l~jil~ii = Qji,

the next elements /; and le¢, j=1i+1,...,n can be obtained,
Zii: \/aii_iizl_iz%_"'_iz?,ifl?
Zji = Zﬁl{aji - Zjliil - ijim — ... Zj,i—lzi,i—l}v J=i+1,....n,

5 Andre Louis Cholesky (1975-1918): French mathematician; military career as engineer officer; con-
tributions to numerical linear algebra, “Cholesky decomposition”; killed in battle shortly before the end of
World War I, his discovery was published posthumously in ”Bulletin Géodésique”.
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Example 2.8: The 3 x 3-matrix

4 12 —16
A= 12 37 —43
—-16 —43 98

has the following (uniquely determined) Cholesky decomposition A = LDL = LLT:

1 00 4 00 1 3 —4 2 00 2 6 =8
A=1 3 10 010 01 5 =1 6 10 01 5
-4 5 1 009 00 -8 5 3 00 3

2.3 Irregular linear systems and QR decomposition

Let A € R™*™ be a not necessarily quadratic coefficient matrix and b € R™ a right-hand
side vector. We are mainly interested in the case m > n (more equations than unknowns)
but also allow the case m < n. We consider the linear system

Az =b, (2.3.25)

for € R”. In the following, we again seek a vector & € R"™ with minimal defect
norm ||d||s = ||b — AZ||2, which coincides with the usual solution concept if rank(A) =
rank([A, b]). In view of Theorem 1.4 such a generalized solution is characterized as solution
of the “normal equation”

AT Az = A", (2.3.26)

In the rank-deficient case, rank(A) < n, a particular solution Z of the normal system is
not unique, but of the general form Z + y with any element y € kern(A). In this case
uniqueness is achieved by requiring the “least error-squares” solution to have minimal
Euclidian norm, ||Z||s.

We recall that the matrix AT A is symmetric and positive semi-definite, and even
positive definite if A has maximal rank rank(A) = n. In the latter case the normal
equation can, in principle, be solved by the Cholesky algorithm for symmetric positive
definite matrices. However, in general the matrix A” A is rather ill-conditioned. In fact,
for m = n, we have that

condy(ATA) ~ condy(A)?. (2.3.27)
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Example 2.9: Using 3-decimal arithmetic, we have

1.07 1.10 243 360
A= 107 1.11 —  ATA = ' ' .
3.60 3.76
1.07 1.15

But AT A is not positive definite: (—1,1) - ATA - (—1,1)T = —0.01, i.e., in this case the
Cholesky algorithm will not yield a solution.

We will now describe a method, by which the normal equation can be solved without
explicitly forming the product AT A. For later purposes, from now on, we admit complex
matrices.

Theorem 2.8 (QR decomposition): Let A € K™ be any rectangular matriz with
m >n and rank(A) = n. Then, there exists a uniquely determined orthonormal matriz
Q € K"™*™ with the property

Q"Q=1 (K=0C), Q"Q=1 (K=R), (2.3.28)

and a uniquely determined upper triangular matric R € K™™ with real diagonal ry; >
0,7i=1,...,n, such that

A=QR. (2.3.29)

Proof. i) Existence: The matrix @ is generated by successive orthonormalization of the

column vectors ag, k =1,...,n, of A by the Gram-Schmidt algorithm:

k—1

¢ = lailltar, E=2,..m: G = a - Z(am%h G, ar = [llz" G-

i=1
Since by assumption rank(A) = n the n column vectors {ai,...,a,} are linearly in-
dependent and the orthonormalization process does not terminate before k& = n. By
construction the matrix @ = [qi, ..., ¢,] is orthonormal. Further, for kK =1,...,n, there
holds: - o

ar = qr + Z (ar, 4i)2 ¢i = ||Gkll2 ar + Z (ar, ¢i)2 g

i=1 =1

and
k
ap = Z Tik Gk » e = |Gellz € Ry rie = (ak, @i)2 -
i1

Setting 7 = 0, for ¢ > k, this is equivalent to the equation A = QR with the upper
triangular matrix R = (r;) € K™

ii) Uniqueness: For proving the uniqueness of the QR decomposition let A = Q1 R; and
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A = Q2Ry be two such decompositions. Since R; and R, are regular and (det(R;) > 0)
it follows that

Q = QYQ, = RyR;' right upper triangular,
QT = QTQ, = RiRy" right upper triangular.

Since QTQ = RiRy;'RyR;' = I it follows that Q is orthonormal and diagonal with
|\l = 1. From QR; = Ry, we infer that A\;rl, = r% > 0 and, consequently, \; € R and
A =1. Hence, Q =1, i.e.,

Ri=R,, Qi =AR"'=AR;"=Q,.

This completes the proof. Q.E.D.

In the case K = R, using the QR decomposition, the normal equation AT Az = ATb
transforms into
AT Az = RTQTQRx = RTRx = RTQ™b,

and, consequently, in view of the regularity of RT,
Rx = Q"b. (2.3.30)

This triangular system can now be solved by backward substitution in O(n?) arithmetic
operations. Since

ATA=R"R (2.3.31)

with the triangular matrix R, we are given a Cholesky decomposition of AT A without
explicit computation of the matrix product AT A.

Example 2.10: The 3 x 3-matrix

12 51 4
A= 6 167 —68
-4 24 41

has the following uniquely determined QR decomposition

6/7 —69/175 —58/5 14 21 —14
A=QR=| 3/7 158/175 6/175 |-| 0 175 —70
—-2/7  6/35 —33/35 0 0 35

2.3.1 Householder algorithm

The Gram-Schmidt algorithm used in the proof of Theorem 2.8 for orthonormalizing
the column vectors of the matrix A is not suitable in practice because of its inherent
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instability. Due to strong round-off effects the orthonormality of the columns of @ is
quickly lost already after only few orthonormalization steps. A more stable algorithm for
this purpose is the “Householder® algorithm”, which is described below.

For any vector v € K™ the “dyadic product” is defined as the matrix

(%1 |U1|2 U11_12 cee Uﬂjm
VU = [171’ . 7'Dm] = c Km><m7

U UmU1 Uz - |Up|?

(not to be confused with the “scalar product” v7v = ||v||2, which maps vectors to scalars).

Definition 2.5: For a normalized vector v € K", ||v||2 =1, the Matriz
S=1I-2v0" e K™

is called “Householder transformation”. Obviously S = ST =S i.e., S (and also ST)
is Hermitian and unitary. Further, the product of two (unitary) Householder transforma-
tions is again unitary.

For the geometric interpretation of the Householder transformation S, we restrict us
to the real case, K = R. For an arbitrary normed vector v € R?, ||v||s = 1, consider the

basis {v, v}, where vTvt = 0. For an arbitrary vector u = av + Sv+ € R? there holds

Su = (I —2v07) (v + fot)

= av+ fvt —2a(wol)v—28wvT) vt = —av + But.
] =0

Hence, the application of S = I —2vv? to a vector u in the plane span{v,u} induces a
reflection of u with respect to the orthogonal axis span{v'}.

Starting from a matrix A € K™*" the Householder algorithm in n steps generates a
sequence of matrices

A:A(O)%_)A(l_l)_)%A(n) ::R7

where AC~Y has the followimg form:

6 Alston Scott Householder (1904-1993): US-American mathematician; Director of Oak Ridge National
Laboratory (1948-1969), thereafter Prof. at the Univ. of Tennessee; worked in mathematical biology,
best known for his fundamental contributions to numerics, especially to numerical linear algebra.
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W T
A1) — * i
* e *
0
* o e >(<

i
In the i-th step the Householder transformation S; € K™*™ is determined such that
S; A = A0,
After n steps the result is

R=AM=8,5, - SiA = QTA,

where Q € K™™ as product of unitary matrices is also unitary and R € K" has the
form

T11 Tin

- e : n

R = m.
0 T'nn
0 --- 0

This results in the representation
A= 5T R -0k

From this, we obtain the desired QR decomposition of A simply by striking out the last

m —n columns in ) and the last m —n rows in R:

0 m-—n

——
n m-n
We remark that here the diagonal elements of R do not need to be positive, i.e., the
Householder algorithm does generally not yield the “uniquely determined” special QR
decomposition given by Theorem 2.8.



2.3 Irregular linear systems and QR decomposition 81

Now, we describe the transformation process in more detail. Let a; be the column
vectors of the matrix A.

Step 1: S; is chosen such that Sja; € span{e;}. The vector a; is reflected with respect
to one of the axes span{a; + ||ai|le1} or span{a; — ||ai|le1} ) into the x;-axis. The choice
of the axis is oriented by sgn(aj;) in order to minimize round-off errors. In case a3 >0
this choice is

a1 + ||lai[l2ex 1 a1 — [lai]zex

V| =7, =
' a1 + [lazl|2e1]l2 ! |ar — [Ja]|2e1 |2

Then, the matrix A® = (I —2v;97)A has the column vectors

1 1

ag ) = —lla1]|2e1 , a,(c> =a — 2(ag,v1)v1, k=2,...,n.
Spiegelungsachse

a;—la|le; a) arHlay|lLe

- y) >
N s
~
N -
N ~
~
- @ - -
—layll2e, llall2¢1 X

Figure 2.1: Scheme of the Householder transformation

Let now the transformed matrix AG~Y be already computed.

i-th step: For S; we make the following ansatz:

0
I 0
: i-1
Si = :I—Qvi@?, (e m
_ 0
0 I — 2507 i
Ui
——
i-1

The application of the (unitary) matrix S; to A®Y leaves the first ¢ — 1 rows and
columns of A®Y unchanged. For the construction of v;, we use the considerations of
the 1-st step for the submatrix:
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At B 1Ca
A = : = [afY,.. &b,
ath o aln!

It follows that

_al T A ey a e e

ool e

and the matrix A® has the column vectors

a,(f)Za;(f_l), k=1,...,i—1,
a(ifl) ||d§i—1)|’ .0,..., 0)T7

@ _ (a(liifl) gy Uiy,

a

1
al) =a"V — 2@ 5o, k=i+1,...,n.

Remark 2.2: For a quadratic matrix A € K" the computation of the QR decom-
position by the Householder algorithm costs about twice the work needed for the LR
decomposition of A, i.e., Nor = 2n*+ O(n?) a. op.

2.4 Singular value decomposition

The methods for solving linear systems and equalization problems become numerically
unreliable if the matrices are very ill-conditioned. It may happen that a theoretically
regular matrix appears as singular for the (finite arithmetic) numerical computation or
vice versa. The determination of the rank of a matrix cannot be accomplished with suf-
ficient reliability by the LR or the QR decomposition. A more accurate approach for
treating rank-deficient matrices uses the so-called “singular value decomposition (SVD)”.
This is a special orthogonal decomposition, which transforms the matrix from both sides.
For more details, we refer to the literature, e.g., to the introductory textbook by Deufl-
hard & Hohmann [33].

Let A € K™ be given. Further let @ € K™ and Z € K"*" be orthonormal
matrices. Then, the holds

IQAZ||2 = [ All2- (2.4.32)

Hence this two-sided transformation does not change the conditioning of the matrix A.
For suitable matrices ) and Z, we obtain precise information about the rank of A
and the equalization problem can by accurately solved also for a rank-deficient matrix.
However, the numerically stable determination of such transformations is costly as will
be seen below.
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Theorem 2.9 (Singular value decomposition): Let A € K™*™ be arbitrary real or
complex. Then, there exist unitary matrices V€ K" and U € K™*™ such that

A=UxVT ¥ =diag(o,...,0,) € R™" p=min(m,n), (2.4.33)

where o1 > 09 > -+ > 0, > 0. Depending on whether m <n or m > n the matriz X
has the form

01

Remark 2.3: The singular value decomposition A = UXV” of a general matrix A €
K™ is the natural generalization of the well-known decomposition

A=WAWT (2.4.34)

of a square normal (and hence diagonalizable) matrix A € K™ where A = diag(\;),
Ai the eigenvalues of A, and W = [w!,... ,w"], {w!,...,w"} an ONB of eigenvectors.
It allows for a representation of the inverse of a general square regular matrix A € K**"
in the form

ATl = UVt = vinTigT, (2.4.35)

where the orthonormlity of U and V' are used.

From (2.4.33), one sees that for the column vectors uf, v* of U, V, there holds

Av' =o', AT =o', i=1,...,min(m,n).
This implies that
AT AV = o', AATY = ou,
which shows that the values o;, i = 1,..., min(m,n), are the square roots of eigenvalues
of the Hermitian, positive semi-definite matrices A7 A € K™ and AAT € K™*™ corre-

sponding to the eigenvectors v’ and u’, respectively. The o; are the so-called “singular
values” of the matrix A . In the case m > n the matrix ATA € K"*" has the p = n

eigenvalues {02, i = 1,...,n}, while the matrix AAT € K™™ has the m eigenvalues
{62, ...,02,0041,...,0,}. In the case m < n the matrix ATA € K™" has the n
eigenvalues {02,...,02, 0pmi1,...,0,}, while the matrix AAT € R™™ has the p = m
eigenvalues {o%,...,0%}. The existence of a decomposition (2.4.33) will be concluded

by observing that AT A is orthonormally diagonalizable,

QT (ATA)Q = diag(c?).
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Proof of Theorem 2.9. We consider only the real case K = R.

i) Case m > n (overdetermined system): Let the eigenvalues of the symmetric, positive
semi-definite matrix A7”A € R™ " be ordered like A\ > Xy > - > A\ > Ay = -+ - =
A, = 0. Here, r is the rank of A and also of ATA. Further, let {v!,... ;v"} be a
corresponding ONB of eigenvectors, AT Av’® = \;0%, such that the associated matrix V :=

[vl,...,v"] is unitary. We define the diagonal matrices A := diag()\;) and ¥ := diag(o;)
where o; := )\1-1/2, i =1...,n, are the “singular values” of A. In matrix notation there
holds

AV = AV.
Next, we define the vectors u’ := o; *Av’ € R™ i = 1,...,n, which form an ONS in R™,

(u',u)y = o a; Y Av', AvT)y = o7t o; Yot AT Av?)y
=0, Ujl)\j(v,vj)gzéij, ,j=1,...,n

The ONS {u',...,u"} can be extended to an ONB {u!,... ,u™} of R™ such that the
associated matrix U := [u',... u™] is unitary. Then, in matrix notation there holds

ATU =S UATAV =5 AV =3V,  UTA=xVT,  A=UxV7.

ii) Case m < n (underdetermined system): We apply the result of (i) to the transposed
matrix AT € R™™ obtaining

AT =Uxvt, A=VvYTOT

Then, setting U := V,V:=U, and observing that, in view of the above discussion, the
cigenvalues of (AT)TAT = AAT € R™*™ are among those of A" A € R™" besides n—m
zero eigenvalues. Hence, X7 has the desired form. Q.E.D.

We now collect some important consequences of the decomposition (2.4.33). Suppose
that the singular values are ordered like oy > -+ > 0, > 0,4y = -+ =0, = 0, p =
min(m, n). Then, there holds (proof exercise):

rank(A) =r,

kern(A) = span{v™*t ... o™},

- range(A) = span{ul, ... u"},

-A=U% V=% oo™ (singular decomposition of A ),

HA||2 = 01 = Omax ,

- |Al|p = (62 + -+ 02)Y/?  (Frobenius norm).

We now consider the problem of computing the “numerical rank” of a matrix. Let

rank(A,¢) = min rank(B).

|A—Bll2<e
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The matrix is called “numerically rank-deficient” if
rank(A,e) < min(m,n), e = cpsl| A2,

where eps is the “machine accuracy” (maximal relative round-off error). If the matrix
elements come from experimental measurements, then the parameter € should be related
to the measurement error. The concept of “numerically rank-deficient” has something in
common with that of the e-pseudospectrum discussed above.

Theorem 2.10 (Error estimate): Let A, U, V, ¥ be as in Theorem 2.9. If k < r =
rank(A), then in the truncated singular value decomposition,

k
A = ZaiuiviT7
i=1
there holds the estimate

min |4 = B2 = [[A = Apll2 = o411
rank(B)=k

This implies for r. = rank(A,¢e) the relation
0'12"'20-75>520—rs+12"'20pa p:nlin(m7n)'
Proof. Since
UTAkV = di&g(Ul, vy Oy O, ey 0)
it follows that rank(Ay) = k. Further, we obtain
UT(A — Ap)V = diag(0,...,0,0%41,...,0,)

and because of the orthonormality of U and V that

|A = Agll2 = okt

It remains to show that for any other matrix B with rank k, the following inequality
holds
||A - B||2 > Ok+1-

To this end, we choose an ONB {z!,... 2" *} of kern(B). For dimensional reasons
there obviously holds

span{z', ..., 2" *} Nspan{v',... v} £ 0.

Let z with ||z]]2 =1 be from this set. Then, there holds

k+1

Bz =0, Az = Zai(viTz)ui
i=1
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and, consequently,

k+1
1A= BJI5 = [I(A = B)z[l3 = |4zll3 = Y 07(v"2)* = 0.
i=1

Here, we have used that z = Y% (v"72)0’ and therefore
k+1
L=l2ll3 = > (v"2)
i=1
This completes the proof. Q.E.D.

With the aid of the singular value decomposition, one can also solve the equalization
problem. In the following let again m > n. We have already seen that any minimal
solution =,

[|Az — b||2 = min!

necessarily solves the normal equation A7 Ax = A”b. But this solution is unique only in
the case of maximal rank(A) = n, which may be numerically hard to verify. In this case
AT A is invertible and there hold

z = (ATA) AT,

Now, knowing the (non-negative) eigenvalues \;, i = 1,...,n, of AT A with corresponding
ONB of eigenvectors {v!,...,v"} and setting ¥ = diag(o;), 0; := )\;/2, V=[vl,..., 0",
ul = A;l/QAvi, and U := [u',... u"], we have

(ATA)AT = (vvh) AT = v v AT = v AVt = vet ot
This implies the solution representation
n uwiTh :

r=VEUTh =Y = (2.4.36)

i=1

o

In the case rank(A) < n the normal equation has infinitely many solutions. Out of these
solutions, one selects one with minimal euclidian norm, which is then uniquely determined.
This particular solution is called “minimal solution” of the equalization problem. Using
the singular value decomposition the solution formula (2.4.36) can be extended to this
“irregular” situation.

Theorem 2.11 (Minimal solution): Let A = UXVT be singular value decomposition
of the matriz A € R™"™ and let r = rank(A). Then,

r .

B usz ;

T = E v
- g;

i=1
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is the uniquely determined “minimal solution” of the normal equation. The corresponding
least squares error satisfies

P =lAT = b3 =D (b
i=r+1
Proof. For any = € R" there holds
|Az — b]|3 = |AVV T2 — b])3 = |[UTAVV T2 — U] = |SVT2 — UTb|3.

Setting z = V'x, we conclude

Az = b)) = |52 = UTBI3 = > (0:2" —u"0)* + > (u"b)™
=1 i=r+1

Hence a minimal point necessarily satisfies

02 =uTh, i=1,...r
Among all z with this property z* = 0,7 = r 4+ 1,...,m has minimal euclidian norm.
The identity for the least squares error is obvious. Q.E.D.

The uniquely determined minimal solution of the equalization problem has the follow-
ing compact representation

=A%,  p=|(I—AADD|s, (2.4.37)

where
At =vytut, ©t =diag(oy,...,0,4,0,...,0) € R™™

T

The matrix
At =vetuT (2.4.38)

is called “pseudo-inverse” of the matrix A (or “Penrose’ inverse” (1955)). The pseudo-
inverse is the unique solution of the matrix minimization problem

min ||AX — I,
XeRnxm

with the Frobenius norm || - || . Since the identity in (2.4.37) holds for all b it follows
that

"Roger Penrose (1931-): English mathematician; Prof. at Birkbeck College in London (1964) and since
1973 Prof. at the Univ. of Oxford; fundamental contributions to the theory of half-groups, to matrix
calculus and to the theory of “tesselations” as well as in Theoretical Physics to Cosmology, Relativity
and Quantum Mechanics.
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rank(A) =n = AT =(ATA)TAT
rank(A) =n=m = AT=A""

In numerical practice the definition of the pseudo-inverse has to use the (suitably defined)
numerical rank. The numerically stable computation of the singular value decomposition
is rather costly. For details, we refer to the literature, e. g., the book by Golub & van Loan
[36].

2.5 “Direct” determination of eigenvalues

In the following, we again consider general square matrices A € K"*". The direct way of
computing eigenvalues of A would be to follow the definition of what an eigenvalue is and
to compute the zeros of the corresponding characteristic polynomial x(z) = det(z] — A)
by a suitable method such as, e. g., the Newton method. However, the mathematical task
of determining the zeros of a polynomial may be highly ill-conditioned if the polynomial is
given in “monomial expansion”, although the original task of determining the eigenvalues
of a matrix is mostly well-conditioned. This is another nice example of a mathematical
problem the conditioning of which significantly depends on the choice of its formulation.

In general the eigenvalues cannot be computed via the characteristic polynomial. This
is feasible only in special cases when the characteristic polynomial does not need to be
explicitly built up, such as for tri-diagonal matrices or so-called “Hessenberg® matrices”.

Tridiagonal matrix Hessenberg matrix
ap b am - A1n
G2t as1

bn—l . Ap—1,n
Cp, Gy, 0 Qpn—1 Qpp

2.5.1 Reduction methods

We recall some properties related to the “similarity” of matrices. Two matrices A, B €
C™™ are “similar”, in symbols A ~ B if with a regular matrix 7" € C"*™ there holds
A =T7'BT. In view of

det(A — 2I) = det(T'[B — 2I|T) = det(T") det(B — zI) det(T) = det(B — zI),

similar matrices A, B have the same characteristic polynomial and therefore also the
same eigenvalues. For any eigenvalue A of A with a corresponding eigenvector w there

8Karl Hessenberg (1904-1959): German mathematicians; dissertation “Die Berechnung der Eigenwerte
und Eigenl”osungen linearer Gleichungssysteme”, TU Darmstadt 1942.
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holds
Aw =T'BTw = \w,

i.e., Tw is an eigenvector of B corresponding to the same eigenvalue A. Further, al-
gebraic and geometric multiplicity of eigenvalues of similar matrices are the same. A
“reduction method” reduces a given matrix A € C"*" by a sequence of similarity trans-
formations to a simply structured matrix for which the eigenvalue problem is then easier
to solve,

A=AQ =77A0T = Q... =T AOT, = ... (2.5.39)

In order to prepare for the following discussion of reduction methods, we recall (without
proof) some basic results on matrix normal forms.

Theorem 2.12 (Jordan normal form): Let the matriz A € C™™ have the (mutually
different) eigenvalues N, i = 1,...,m, with algebraic and geometric multiplicities o; and
pi, respectively. Then, there exist numbers 7',(:) eNE=1....p, 0, = T{Z-) + ...+ 7',(3?
such that A is similar to the Jordan normal form

)

[ G, )

C (M)

P1

Jy =

C om (Am)
pm 4

Here, the numbers 7'](:) are up to their ordering uniquely determined.

The following theorem of Schur® concerns the case that in the similarity transformation
only unitary matrices are allowed.

Theorem 2.13 (Schur normal form): Let the matriz A € C™"™ have the eigenvalues
Ai, i =1,...,n (counted accordingly to their algebraic multiplicities). Then, there exists
a unitary matriz U € C™™ such that

9Issai Schur (1875-1941): Russian-German mathematician; Prof. in Bonn (1911-1916) and in Berlin
(1916-1935), where he founded a famous mathematical school; because of his jewish origin persecuted
he emigrated 1939 to Palestine; fundamental contributions especially to the Representation Theory of
Groups and to Number Theory.
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)\1 *
UTAU = . (2.5.40)
0 An

If A e CY™ is Hermitian, AT = A, so is also UT AU Hermitian. Hence, Hermitian
matrices A € CY™ are “unitary similar” to a diagonal matriz UT AU = diag(\;), i.e.,
“diagonalizable”.

Lemma 2.3 (Diagonalization): For any matric A € C"™ the following statements
are equivalent:

i) A is diagonalizable.
ii) There exists an ONB in C" of eigenvectors of A.

iii) For all eigenvalues of A algebraic and geometric multiplicity coincide.

In general, the direct transformation of a given matrix into normal form in finitely
many steps is possible only if all its eigenvectors are a priori known. Therefore, first one
transforms the matrix in finitely many steps into a similar matrix of simpler structure
(e.g., Hessenberg form) and afterwards applies other mostly iterative methods of the form

A=A0 5 AD =71 AO 7 5 AM — gD

Here, the transformation matrices 7T; should be given explicitly in terms of the elements
of AW=Y. Further, the eigenvalue problem of the matrix A® = T, AT, should not
be worse conditioned than that of AG—D.

Let || - || be any natural matrix norm generated by a vector norm || - || on C". For
any two similar matrices, B ~ A, there holds

B=T"'AT, B+éB=T ' (A+6A)T, 6A=T§BT*,

and, therefore,
|B]| < cond(T) [[A]l,  [I6A[| < cond(T) [|5B].

This implies that

164] _

0Bl|
conar )
i

ond(T) Bl

(2.5.41)

Hence, for large cond(T) > 1 even small perturbations in B may effect its eigenvalues
significantly more than those in A. In order to guarantee the stability of the reduction
approach, in view of

cond(T) = cond(Ty ... Ty,) < cond(Ty) - ... - cond(T,,),

the transformation matrices T; are to be chosen such that cond(T;) does not become too
large. This is especially achieved for the following three types of transformations:
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a) Rotations (Givens transformation):

1

cos(¢) —sin(y)
T = = condy(T) = 1.

sin(¢p) cos(p)

b) Reflections (Householder transformation):
T =1-2uu’ = condy(T) = 1.

The Givens and the Householder transformations are unitary with spectral condition
condy(T) = 1.

¢) Elimination

T= . kgl <1 = conde (T) < 4.

In the following, we consider only the eigenvalue problem of real matrices. The fol-
lowing theorem provides the basis of the so-called “Householder algorithm”.

Theorem 2.14 (Hessenberg normal form): To each matriz A € R™™ there exists
a sequence of Householder matrices Ty, i = 1,...,n—2, such that TATT with T =

T,_o... T\ is a Hessenberg matriz . For symmetric A the transformed matriz TATT is
tri-diagonal.

Proof. Let A = [al,...,a"] and a* the column vectors of A. In the first step u; =
(0,12, ..., u1,)" € R, |luglla = 1, is determines such that with T} = I —2uu? there
holds Tia' € span{e’,e2}. Then,
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a1 aip ... Qip 1 ‘ O P a1 *
A =T ATy = | J/)) | 0« = |/
: ‘ AW
TIA TT

In the next step, we apply the same procedure to the reduced matrix AW After n—2
steps, we obtain a matrix A2 which has Hessenberg form. With A also A = Ty AT,
is symmetric and then also A™ 2 . The symmetric Hessenberg matrix A™ 2 is tri-
diagonal. Q.E.D.

Remark 2.4: For a symmetric matrix A € R"*" the Householder algorithm for reduc-
ing it to tri-diagonal form requires 2n* + O(n?) a. op. and the reduction of a general
matrix to Hessenberg form 2n® 4+ O(n?) a.op. For this purpose the alternative method
of Wilkinson using Gaussian elimination steps and row permutation is more efficient as
it requires only half as many arithmetic operations. However, the row permutation de-
stroys the possible symmetry of the original matrix. The oldest method for reducing a
real symmetric matrix to tri-diagonal form goes back to Givens'® (1958). Tt uses (uni-
tary) Givens rotation matrices. Since this algorithm requires twice as many arithmetic
operations as the Householder algorithm it is not further discussed. For details, we refer

to the literature, e. g., the textbook by Stoer & Bulirsch IT [50].

2.5.2 Hyman’s method

The classical method for computing the eigenvalues of a tri-diagonal or Hessenberg matrix
is based on the characteristic polynomial without explicitly determining the coefficients
in its monomial expansion. The method of Hyman'! (1957) computes the characteristic
polynomial xa(-) of a Hessenberg matrix A € R™™. Let as assume that the matrix
A does not separate into two submatrices of Hessenberg form, i.e., aj11,; # 0,j =
1,...,n—1. With a function ¢(-) still to be chosen, we consider the linear system

(@11 — 2)x1 + @122 + - - + A1 p—1Tno1 + ATy = —C(2)

anxy + (asg — 2)xe + -+ - + G2p—1Tp—1 + A2, Ty, = 0

Ann—1Tn—1 + (ann - Z)xn =0.

10James Wallace Givens, 1910-1993: US-American mathematician; worked at Oak Ridge National
Laboratory; known by the named after him matrix transformation “Givens rotation” (“Computation of
plane unitary rotations transforming a general matrix to triangular form”, STAM J. Anal. Math. 6,
26-50, 1958).

HMorton Allan Hyman: Dutch mathematician; PhD Techn. Univ. Delft 1953, Eigenvalues and
eigenvectors of general matrices, Twelfth National Meeting A.C.M., Houston, Texas, 1957.
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Setting x, = 1 the values z,_1,...,21 and ¢(z) can be successively determined. By
Cramer’s rule there holds

(_1)nc(z)a21a32 s Upn—1
det(A — 2I)

l==xa, =

Consequently, c¢(z) = const. det(A — zI), and we obtain a recursion formula for deter-
mining the characteristic polynomial x4(z) = det(z — A).

Let now A € R™"™ be a symmetric tri-diagonal matrix with entries b; # 0,7 =
1,...,n—1:

a1 bl 0
b
A= "
bnfl
0 bn—1 Qnp

For the computation of the characteristic polynomial y4(-), we have the recursion for-
mulas

po(2) =1, pi(2) =a — 2, pi(2) = (a; — 2) pi—1(2) — b?—lpi72(z)7 1=2,...,n.

The polynomials p; € P; are the i-th principle minors of det(z] — A), i.e., p, = xa. To
see this, we expand the (i 4+ 1)-th principle minor with respect to the (i 4+ 1)-th column:

ay — z b1

by

bi1 = (aip1 — 2)pi(2) — bipi1(2).
bi_1 a; —z b; = pi+1(z)

Often it is useful to know the derivative x’4(-) of xa(:) (e. g., in using the Newton
method for computing the zeros of y(-)). This is achieved by the recursion formula

w(2) =0, q(z)=-1
Gi(2) = —pii1(2) + (@ — 2)qi1(2) = b2 1qio(2), i=2,...,n,
an(2) = Xa(2) -

If the zero A of x4, i.e., an eigenvalue of A, has been determined a corresponding
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eigenvector w (\) is given by

wo (2) woe(z) =1 (by
w(z) = : ,
wi(z) = (7;) lE )

=1)
2D (2.5.42)
wy1(2) 1=1,...,n.

For verifying this, we compute (A — zI)w(z). For i =1,...,n—1(by := 0) there holds

bi_qwi_o(2) + aqjw;_1(2) + bjw;(2) — zw;_1(2) =

o (_1y\i—2 _Pi- (Z) o qyi-1 Pi- 1(2) YRR pi(2) -~ o1 Pie1(2)
= b () e el e () T AT
12 _1)i—2 Pi— (Z . i-1 DPi— (Z) _1\e (a’l - Z)pZ—l(Z) - bz 1Pi (Z
- bz—l( 1) b b1 | + al( 1) b bz L + ( 1) b1 ] bi_l

_ Z( 1)1—1 pi—l(’z) — O

Further, for i =n (b, :=1):

by 1Wn—2(2) + apw,_1(2) — 2 wp_1(2) =

(1 Pr2E) gyt Pai(2)

bi...bp2 bi...by 1
= )
= (-1 blp"_(f)i_l = —u,(2)
Hence, we have
0
(A—zDw(z) = 0 . (2.5.43)
—wn(2)

For an eigenvalue A of A there is w,(\) = const. ps(A) =0, i.e., (A—A)w(\) =0.

2.5.3 Sturm’s method

We will now describe a method for the determination of zeros of the characteristic polyno-
mial x4 of a real symmetric (irreducible) tridiagonal matrix A € R™*". Differentiating
in the identity (2.5.43) yields
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(A= 2DNw(2)]' = —w(z) + (A — z2Dw'(z) = 0

—wy,(2)

We set z = A with some eigenvalue A of A and multiply by —w()) to obtain
0 < (w5 = ([A = Mw\), w'()
| —

=0
’ ()\) _ _pnfl()‘)pil()‘).

= wn,1(/\)wn b% . .672171

Consequently, p/,(\) # 0, i.e., there generally holds
(S1) All zeros of p, are simple.

Further:

(S2) For each zero A of pn:  pa_1(N)pL(A) < 0.

(S3) For each real zero ¢ of pi1:  pi(QO)pi2(C) <0, i=2,...,m;

since in this case p;(¢) = —b? p;—2(¢) and were p;(¢() = 0 this would result in the
contradiction

0=pi(() =pi1(Q) =pi2(() = ... =po(¢) = 1.
Finally, there trivially holds:

(S4) po # 0 does not change sign.

Definition 2.6: A sequence of polynomials p = pn,Pu_1,--.,po (0r more general of con-
tinuous functions fu, fn_1,..., fo) with the properties (S1)-(S4) is called a “Sturm'?
chain” of p.

The preceding consideration has led us to the following result:

Theorem 2.15 (Sturm chain): Let A € R™" be a symmetric, irreducible tri-diagonal
matriz. Then, the principle minors p;(z) of the matrix A — zI form a Sturm chain of
the characteristic polynomial xa(z) = pn(z) of A.

The value of the existence of a Sturm chain of a polynomial p consists in the following
result.

12 Jacques Charles Franois Sturm (1803-1855): French-Swiss mathematician; Prof. at Ecole Poly-
technique in Paris since 1840; contributions to Mathematical Physics, differential equations, (“Sturm-
Liowville problem”) and Differential Geometry.
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Theorem 2.16 (Bisection method): Let p be a polynomial and p = pn,pn_1,---,P0 a
corresponding Sturm chain. Then, the number of real zeros of p in an interval [a,b] equals
N(b) — N(a), where N(C) is the number of sign changes in the chain p,(C),...,po({).

Proof. We consider the number of sign changes N(a) for increasing a. N(a) remains
constant as long as a does not pass a zero of one of the p;. Let now a be a zero of one
of the p;. We distinguish two cases:

i) Case p;(a) =0 fori # n: In this case p;11(a) # 0, p;_1(a) # 0. Therefore, the sign of
pj(a), j € {i—1,i,i+ 1} for sufficiently small h > 0 shows a behavior that is described
by one of the following two tables:

‘afh a a+h ‘a—h a a+h
i—-1] = = = =1 + 4+ +
i | +/- 0 —/+ i | +/— 0 —/+
i+1 + 4+ o+ i+1] — - =

In each case N(a —h) = N(a) = N(a + h) and the number of sign changes does not
change.

ii) Case pn(a) = 0: In this case the behavior of p;(a), j € {n —1,n}, is described by
one of the following two tables (because of (S2)):

‘a—h a a+h ‘a—h a a-+h
n — 0 + n + 0 —
n—-1 — - = n—1, + + +

Further, there holds N(a — h) = N(a) = N(a+ h) — 1, i.e., passing a zero of p,
causes one more sign change. For a < b and h > 0 sufficiently small the difference
N(b) — N(a) = N(b+ h) — N(a — h) equals the number of zeros of p, in the interval
[a—h,b+ h]. Since h can be chosen arbitrarily small the assertion follows. Q.E.D.

Theorem 2.15 suggests a simple bisection method for the approximation of roots of the
characteristic polynomial y4 of a symmetric, irreduzible tridiagonal matrix A € R™*".
Obviously, A has only real, simple eigenvalues

AM <A <o < Ay
For x — —oo the chain

po(x) =1, pi(x)=a —x
i=2,...,n: pi(x)=(a; — 2)pi_1(x) — bipi—a(x),

has the sign distribution +,...,+, which shows that N(z) = 0. Consequently, N(¢)
corresponds to the number of zeros A of y4 with A < (. For the eigenvalues \; of A
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it follows that
N <( < N() > (2.5.44)

In order to determine the i-th eigenvalue A;, one starts from an interval [ag, bo] containing
Ais e, ag < Ay < A, < bg. Then, the interval is bisected and it is tested using the Sturm
sequence, which of the both new subintervals ); contains A;. Continuing this process for
t=0,1,2,..., one obtains:

ap, for N(u) >
b e for N(p) <i
pe, for N(p) <i
Wy = at—ﬂ, ' ' (2.5.45)
2 o f e for N(u) i
. by, for N(w) <i
By construction, we have \; € [a;41, bi41] and
[arir, bera] C la,be],  Jars = bl = 5lae —bil,

i.e., the points a; converge monotonically increasing and b; monotonically decreasing to
A; . This algorithm is slow but very robust with respect to round-off perturbations and
allows for the determination of any eigenvalue of A independently of the others.

2.6 Exercises

Exercise 2.1: a) Construct examples of real matrices, which are symmetric, diagonally
dominant and regular but indefinite (i.e. neither positive nor negative definite), and vice
versa those, which are positive (or negative) definite but not diagonally dominant. This
demonstrates that these two properties of matrices are independent of each other.

b) Show that a matrix A € K™ for which the conjugate transpose AT is strictly
diagonally dominant is regular.

c¢) Show that a strictly diagonally dominant real matrix, which is symmetric and has
positive diagonal elements is positive definite.

Exercise 2.2: Let A = (ay)i;—; € R™" be a symmetric, positive definite matrix. The
Gaussian elimination algorithm (without pivoting) generates a sequence of matrices A =
AO 5 AW 5 AD = R where R = (rij) j—1 is the resulting upper-right
triangular matrix. Prove that the algorithm is “stable” in the following sense:

k k=1) .
k=1,..,n—1: a? <oV =1, n,  max 73] < max |ag;).
1<ij<n 1<ij<n

(Hint: Use the recursion formula and employ an induction argument.)

Exercise 2.3: The “LR decomposition” of a regular matrix A € R™™ " is the represen-
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tation of A as a product A = LR consisting of a lower-left triangular matrix L with
normalized diagonal (I;; = 1,1 < i < n) and an upper-right triangular matrix R.

i) Verify that the set of all (regular) lower-left triangular matrices L € R™*" | with normal-
ized diagonal (I;; = 1,7 =1,...,n), as well as the set of all regular, upper-right triangular
matrices R € R™" form groups with respect to matrix multiplication. Are these groups
Abelian?

ii) Use the result of (i) to prove that if the LR decomposition of a regular matrix A € R™*"
exists, it must be unique.

Exercise 2.4: Let A € R™" be a regular matrix that admits an “LR decomposition”.
In the text it is stated that Gaussian elimination (without pivoting) has an algorithmic
complexity of %ns + O(n?) a.op., and that in case of a symmetric matrix this reduces
to #n® 4+ O(n?) a. op. Hereby, an “a.op.” (arithmetic operation) consists of exactly one
multiplication (with addition) or of a division.

Question: What are the algorithmic complexities of these algorithms in case of a band
matrix of type (my, m,) with m; = m, = m? Give explicit numbers for the model matrix
introduced in the text with m = 102, n = m? = 10*, and m = 10%, n = m? = 108,
respectively.

Exercise 2.5: Consider the linear system Az = b where

1 —4 1
T

3 —2 1
i) -

4 12 -6 1
T3

2 6 2 1

a) Investigate whether this system is solvable (with argument).
b) Determine the least-error squares solution of the system (“minimal solution”).
c) Is this “solution” unique?

d) Are the matrices ATA and AAT (symmetric) positive definit?





