C GEOMETRIC STRUCTURE OF SPACETIME AND CURVATURE

C.1 Riemann curvature tensor

The connection, which establishes parallel transport of vectors and tensors across
a manifold, defines the covariant derivative of these quantities because a proper
rate of change can be measured through the comparison of e.g. a vector with the
parallel transported counterpart. The <4 Levi-Civita connection is singled out among
all possible connections as the (i) metric compatible Vg, = 0 and (ii) torsion-free
%, =T%, one, in which case the connection coefficients can be computed from the
metric g,, and its first derivatives d,g,, alone. The metric structure of a manifold
8uv With an additional differential structure V,,, defines the Riemann-geometry.

All these ideas and concepts are independent from actual curvature and are rather
an expression of the choice of coordinates as they only use the metric and its first
derivatives, for which there is always a coordinate transform to make them vanish lo-
cally, and because only second derivatives would contain information about curvature,
we should use them to quantify it. Additionally, we would like to have a covariant
quantification of curvature in the form of a tensor: the 44 Riemann curvature. Only if
the Riemann-curvature is nonzero, Ry, = 0 as a properly covariant expression, the
manifold is flat, and this statement would hold in every possible coordinate choice.
None of the statements g, = 1y, Vo = 04, Or %y = 0 are able to make a statement
about curvature, nor in fact about the existence of gravity.

C.1.1 Non-commuting parallel transport

The order of parallel transport of vectors and tensors matters in shifts along different
directions. Starting with the expression for parallel transport by 5",

vh(x + %) = vH(x) - r"aﬁ v%(x) &P (C.245)

we can define two paths: first a shift by 6% followed by a shift by ox,

VH((x + 6%) + Ox) = vH(x + &%) — r"aﬁ (x + 6%)v%(x + 6%)dxP (C.246)

which evaluates to

= v#(x) - T ; (x)v%(x) 5xP - (r”aﬁ + avr“a[3 X )(v*(x) %5 (x) v7(x) 5x0)oxP (C.247)

p

with T”aﬁ (x+6%) = F”aﬁ (x)+ ayFVaB OxY being the Taylor-expansion of the Christoffel-
symbol at x + 6%. Alternatively, the two shifts can be interchanged, for a parallel
transport first by ox and then by ox.

VH((x + 8x) + 8%) = vH(x + Ox) — r*‘a(5 (x + &x)v*(x + dx)dxP (C.248)

yielding

= vH(x) - r”oqa (x)v*(x) dxP — (I"MOLﬁ (x) + ayr"aﬁ éxy)(v“(x) - F”‘yé (%) vY(x) éxé)(‘ﬁ'3
(C.249)

with an equivalent Taylor-expansion. Then, the change ov* in parallel transport to
the point x + dx + 0% along two different paths is given by
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Sul = vF((x + OF) + 8x) — VF((x + 8x) + 6%) = R”aﬁyv“ oxP 5xY (C.250)

at order 0xdx. The usage of a torsion-free connection makes sure that both paths
lead to the identical point on the manifold. From this expression one can isolate the
Riemann-curvature,

RY g, = 9pllay = 9x I + TV, TS, —TH T, (C.251)

after renaming y <> B in the second expression to have 6xP 5x7). Flat manifolds with

vanishing Riemann curvature RMa = 0 would necessarily exhibit no change at all
of the transported vector, i.e. dv* = 0. This is ultimately derived from the fact that
flat manifolds allow globally Cartesian coordinate choices, in which the Christoffel
symbols and their derivatives are zero.

C.1.2 Non-commuting shifts

In the previous section it was shown that vectors obtained by successive parallel
transports depend on the order of the transports. Instead of using the straightforward
parallel transport equation B.130 for that purpose, one can as well employ the parallel
transport operator U, (x, 8x) defined in eqn. B.131,

U (x, ox) = (8h - e (x)oxf), (C.252)

and show that it has a non-vanishing commutator:
U ((x + dx) + 0%) = Ul (x + 0%, 0%) U, (x, 0x)v% (), (C.253)

and
vl‘“((x +0%) + 6x) = UP (x + 6%, 6x) U, (x, 8%)v%(x), (C.254)

will in fact be different by ovH = vl’r((x + 0x) + OX) — U‘T((x + 0X) + dx), depending on
whether the shift in dx or 6% took place first. The expression

UL (x + dx, 08) U, (x, 6x) = U (x + 0%, dx)U", (x, 8%). (C.255)
as a consequence of the Christoffel-symbols at different locations x + 6x and x + 0%
being involved. In fact,

U (x+0x, 8%) U, (x, 8x) = 8h—T(x)"ay0x7 =T (x+6x)", 6x5+r(x+6x)"Tﬁr(x)Tw6xﬁ6xV,

B
(C.256)
whereas
U (x+8%, 9x) U, (x, 8%) = 8 —T'(x)" 4y 0%V =T (x+ 62)”a66x‘3+1"(x+ 632)”Tﬁr(x)Tw6;zY6xﬁ.
(C.257)

The Christoffel-symbols can be Taylor-expanded at the position x, for instance

T(x+ eax)"a[3 ~ r(x)"aﬁ + 9T (x) 07, (C.258)
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such that all terms of order 6x cancel and the remainder at order 0x6x are:

Suk = [U“T(x + ox, 8%), U, (x, 6x)] = R" v oxPox?, (C.259)
with the Riemann curvature tensor Rpam, as before.

C.1.3 Non-commuting covariant derivatives

Covariant derivatives (into different directions), in contrast to partial derivatives, do

not commute:
(VVy = YV )o* = [V, V, Jo® = R, o, (C.260)

and the commutator defines, as before, the Riemann curvature R% ,- Concerning
the index structure, it is best to remember that for every choice of p and v there is an
transformation in a and p acting on the vector vP. As vectors are rotated in parallel
transport with a Levi-Civita connection, a and f are an antisymmetric index pair
because they effectively encode a rotation matrix. p and v are likewise an antisym-
metric index pair, due to the commutator in the definition of the Riemann curvature,
[vw Vil =-[Vy VM]'
Acting on a vector v¥ with covariant differentiation Vj yields

Vpul = dpot + r"ﬁé W= Mg" (C.261)

with a tensor M, as a result. In further covariant differentiation V, one needs
to watch out for co- and contravariant indices with their different signs in their
respective Christoffel-symbols:

po_ B
VoM = 9, M, - T

" M, + "0 Mp® (C.262)

B

Substituting eqn. C.261 into eqn. C.262 gives:

Vy(Vpot) = 9,950 = 9Tl v° = T 9, 00 =T (940" + TP 0°) (C.263)
If one interchanges the order of differentiation and builds the antisymmetric combi-
nation V,V, - V,V,, one can isolate the Riemann tensor,
® _ ® P Ko 3 o

Ry = 9play — ) + T Ty = Ty T (C.264)

as the partial derivatives of v* drop out, according to d,dgv¥ = dgd, VM.
The two approaches are related to each other as parallel transport of a vector v, is
performed using the covariant derivative as an operator, 1 + 6xP Vg. One can think

about extending this infinitesimal parallel transport to parallel transport operator for
finite distances by exponentiation. Then, parallel transport with a shift operator

exp(dxP V)t = vl’lA(x + &%) (C.265)

produces a shifted vector, and shifts would follow the Baker-Hausdorff-Campbell
formula,

51
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1
exp(dxP Vg)exp(6x¥ V,) = exp(dxP Vg +0x7 V) exp (—Eéxﬁ oxV [Vg, Vy]), (C.266)

where translations into different directions would be sensitive to the presence of
curvature in the case [V, V, ] ~ RMLXBY #0.

C.1.4 Tensors derived from the Riemann-curvature

It is worth noting that the definition of the Riemann-tensor in eqn. C.260 is likewise
possible with the loop-transport of a linear form p,, instead of a vector v®:

(Vu¥y = Vo V,0pa = [Vy, Valpa = ~Raguppy (C.267)

with an additional minus-sign due to the antisymmetry of the Riemann-tensor in the
first index pair. Of course, the contravariant index v can be lowered with a contraction,

Ryapy = SR Va0 (C.268)

And it is important to memorise the antisymmetry of the Riemann tensor in every
index pair,
R -R

napy = ~Rappy = ~Ruagp = +Regpp (C.269)

as well as the algebraic Bianchi-identity,

R}wﬁy + R}A[ﬂya + Rplya(i =0 (C270)

with cyclic index permutation of the last three indices while keeping the first index
fixed.

Tensors that are derived from the Riemann-curvature by contraction with the
metric include the 44 Ricci-curvature RM;

RV"S = gav RD(}W[S' (C271)

where the contraction over the first and third index is the only sensible one, given
the antisymmetry of the Riemann-tensor in the first and last index pair. Further
contraction yields the 4 Ricci-scalar R

R = g" Ryp = ¢ ¢° Ryyup (C.272)

which is a quantification of the (local) curvature, similarly to the 44 Kretschmann-
scalar K, )
K= R Ry = %7 8" 8" 8% Rayip Rypos (C.273)

Both curvature scalars are independent from the coordinate choice and are a conve-
nient quantification of curvature.
The Ricci-tensor and the Ricci-scalar define the 44 Einstein-tensor GMV,

R
Gy = Ry = 5 8 (C.274)
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Figure 3: Number of free entries in the metric g,,, the Christoffel symbol I, and the
Riemann-curvature R"‘ﬁw, as a function of the total number of dimensions of spacetime.

which is surprisingly the only rank-2 tensor with vanishing covariant divergence,
gV,Gy,y = 0 (the other one being the metric itself, g*'V,g,, = 0, due to metric
compatibility).

The total number of independent entries in the metric, the Christoffel-symbol
and the Riemann-curvature is summarised in Fig. 3 (with a subtlety: The algebraic
Bianchi-identity provides formally a new constraint only in four or more spacetime
dimensions; it is redundant with the conventional exchange symmetries below).
While the metric as a symmetric tensor has n(n + 1)/2 free entries, and the Christoffel
symbol #%(n + 1)/2 (it is in the Levi-Civita case symmetric in the lower two indices,
and there are n choices for the upper index), the Riemann-tensor’s argument is a
bit more involved: It is antisymmetric in the first and second index pair, leading to
(n(n—1)/2)* = 36 entries in 4d. But then, the first index pair can be exchanged with
the second index pair, Ryp = Rpa with an index container A = af and B = pv. Hence,
Rap is a symmetric 6 x 6-matrix, and the N(N — 1)/2 = 15 entries (for N = 6 resulting
from N = n(n — 1)/2) in the upper triangle are equivalent to those the the lower
triangle, reducing the number from 36 to 21. Then, the algebraic Bianchi-identity
provides a single additional constraint, bringing the number down to 20. At the same
time, the plot illustrates the number of degrees of freedom of the Ricci-tensor, which
due to its symmetry is always equal to that of the metric itself, i.e. 10 in 4d. The
remaining degrees of freedom are grouped in the Weyl-tensor, which has likewise
10 free entries in 4d. More importantly, though, is the fact that the number of free
entries of the Riemann only surpasses those of the Ricci-tensor if there are more
than 4 dimensions, implying that there can only be Weyl curvature in more than 4
dimensions. Conversely, there is only Ricci-curvature in 2d and 3d, and no curvature
atallin 1d.
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C.1.5 What happens to vectors in parallel transport?
Parallel transport around an area

Levi-Civita connections are constructed to be metric-compatible which will imply
that vectors, if transported around a closed loop, will conserve their norm. The only
way in which they can be affected in by curvature is a rotation: The rotation

vl = RY o v*oxPoxY (C.275)

experienced by the vector v is proportional to the enclosed area of the loop around

which it was transported. With a (large) grain of salt one might make the following
intuitive argument: The term xPxY is an area, so the expression could be generalised
to an integral over the area S,

Sut =~ R"amua sxPoxY > szw YTV V. ok, (C.276)
S

with a rewritten form of the commutator with the Levi-Civita symbol,

. 1
Rualivva = (VpVy - Vvvﬁ) vt = ( §oy — oy é)VGVT”a = 7Z€ﬁwv€'mﬂ VoVl
(C.277)

with the peculiar contraction

T i
e e ki, = _p!q!bj]...jz (C.278)

involving the generalised Kronecker-symbols, and a minus sign that reflects the
Lorentzian signature of the metric. The two Levi-Civita symbols serve two separate
purposes in the derivation: The first one allows a definition of the area element,
dX¥,, = eﬁwvéxﬁéﬂ, and the second symbol €*'°" encodes the antisymmetric combi-
nation of second covariant derivatives.

Now, Stokes theorem relates the area integral over a rotation to the line integral
on the boundary:

Sl =~ jdzw eIty (V 0t) = Jdr‘ Vool (C.279)
S a5

Again, the vector v* is transported by dr™ V around the loop JS, giving rise to a
nonzero change dv* as soon as curvature is present: In some sense, the last relation
is a continuum version of the loop transport discussed earlier. Here, there is no
requirement on the particular geometric shape of dS, such as a parallelogram as
before.

Norm of vectors

We can compute explicitly that the norm of a vector v does not change, expressing
parallel transport by dx" with the covariant derivative 0x'V,, as an operator acting on
a geometric object like a vector or a scalar product. Bringing in the commutator of V,
is a convenient way of interchanging the order of parallel transport from the starting
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point to the destination and to subtract the two results from each other: If the norm
is conserved, the result should be zero.

8apV 0P = 8xHOXV[V,, V] (gap v*0F) = 0x6%(V,,V, = VoV, )(8ap v70F)  (C.280)

Metric compatibility ensures that V, g, = 0, so we obtain, dropping the common
prefactor ox"6x”,
= gap VuVy (V70F) = gop V¥, (v*0F) (C.281)

Expanding the expression with the Leibniz-rule yields

= Sap (VMV\, v* 0P+ vV, 0%V 0P VvV, vf 40 V.V, vﬁ')—

13
8ap (VoVu v - 0P 4V, 0V, 0F 4V, 0 V0P 4+ 0¥ V7, 0F)(C.282)
and reordering the terms

= Zap (Vi Vo = Vo V) 0% 0P + gog v%(V,V, = V7, ) 0F (C.283)

Finally, identifying the Riemann curvature and renaming the indices in the second
term gives:

= gap R 070P + o 0 Ry 07 = 2 Ragyy 007 = 0, (C.284)

which is zero as a consequence of the antisymmetry of the Riemann-tensor in the
first index pair: The norm of v* is conserved, as expected from metric compatibility.

Scalar products

In exactly the same way one can show that the scalar product gaﬁvo‘wf5 between two
vectors v* and wP is conserved. Indeed, repeating the entire calculation shows that

[Vu ,Vv](gaﬁ v“wﬁ) = (vav - V\,V”)(gaﬁ v“wﬁ) =...=Royw (v“‘wy + vyw“) =0,
(C.285)

keeping in mind that the tensor (v"‘wy + vyw"‘) is perfectly symmetric.

With these results, we can revisit the defining equation of Riemann-curvature:

(Vi VyJo® = R“ﬁwvﬁ (C.286)

where the antisymmetry in the pv-index pair is obvious because of the commutator,
Vi V] = =[V,, V,]. If a vector v* is transported in a loop and compared to the
original vector, it can not have changed its norm because of metric compatibility, and
it exists (if the manifold is torsion-free) at the same point and can be decomposed in
terms of the basis of the identical, initial tangent space. The only possible difference
between the vectors is a rotation, and this is exactly the meaning of the Riemann-
tensor (and which gives you a great way to memorise its antisymmetry in the index
pair af): It is essentially a rotation matrix in ap for every pv-pair.
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Scalar fields

It is important to realise that parallel transport and covariant differentiation are only
sensible concepts for objects that have internal degrees of freedom. In fact, repeating
the derivation for a scalar field ¢ would give

(Vi Vile = (V. Vy = Vo V)@ = 0,0, — T, da9 = 9,0, 9 + T4, dgp =0 (C.287)

keeping in mind that V,¢ = d,¢ is a linear form, so the subsequent covariant
differentiation is well defined and brings in a Christoffel symbol. The Christoffel
symbol in turn is symmetric in the lower index pair I'Y,, = I'%, because of the
torsion-free connection: There is no effect on the scalar field in parallel transport, as it
does not possess internal degrees of freedom, and it is unsuitable to probe curvature
on manifolds.

Curvature tensors
Generalising eqn. (C.286) to tensors of higher rank leads to

[V Vil Ty =

R Tep = R Taes (C.288)
keeping in mind that covariant indices require a negative Riemann-curvature while
contravariant indices need a positive Riemann-tensor for transformation, as a remain-
der of the inverse transformation properties.

One very notable exception to this is the metric itself: Already because of metric
compatibility there can not be any effect of parallel transport in a loop, but this comes
out algebraically, too:

(Vi Vil8ap = “Ran8ep — R pyv8ar = ~Rpapy ~ Ragv = Ry — Ry =0 (C289)

using index lowering, followed by the antisymmetry in the index pair af. The same
applies to the inverse metric, too, as metric compatibility V,g,, = 0 implies V,g"" = 0
(see Appendix Z.4).

An almost funky second example is the Kronecker-symbol ég‘, which we can
think of as a mixed tensor 6"‘ﬁ. It has the curious property of never changing under
coordinate transforms:

COx® 9yt axY Iyt axt  dy®
B 9xF " axh oy T axtgyh  gpf O W (C.290)

N4

because one needs one Jacobian for « and one inverse Jacobian for f, the Kronecker-
tensor is the same in every coordinate choice; numerically there are only 0 and 1 as
entries. Then, parallel transport implies for the Kronecker-symbol

[V Va18% = R%,,07 = R%,,0% = R%,, ~R% , =0, (C.291)

as it can never change. The final example of tensors that never change is, perhaps
surprisingly, the Riemann-tensor itself! Transporting it in a loop amounts to

(Vi ValRagyo = ~“RanResys = RpnRarye = R yuvRages = RRapye (C:292)
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Replacing the second Riemann-tensor in each term by the algebraic Bianchi-identity
yields:

[VW Vv]Ra[i)/é = +RTtx}4v (R'[yéﬁ + Rtb[iy) + RT[B}W (Raybﬁ + Rabty)

+R7,, (Rm(3 + Raérh) + R, (Rawﬁ + RMM). (C.293)

Interestingly, there is now a pairwise cancellation of terms: For instance, the second
and eighth term read:
R R oy + R0 Ry = 0 (C.294)

and vanish, because of the antisymmetry in the (a, T) index pair. By extension,
all contractions of the Riemann-tensor, in particular the Ricci-tensor R, and the
Einstein-tensor Gug, have the same property [V}, V,]Rqp = 0 and [V, V,]Ggp = 0. As
the Einstein field equation will set Gy to be proportional to the energy momentum
tensor Ty, it too will have the property that [V, V,]Tyg = 0. Taking this argument to
extremes, one arrives at [V}, V,]R = 0 for the Ricci-scalar R, essentially by perform-
ing all contractions or equivalently, by arguing that R is scalar. At the same time,
parts of the relation [V, V,] T, = 0 are realised in Nature on different arguments:
g”"‘g"ﬁ[vw V,|Tsg = 0 already because of covariant energy momentum conservation
gV, Top = 0.

Returning to the mathematical experiment of transporting a vector v* around
an infinitesimal loop in plain defined by the coordinate pair (y, v) and measuring
its rotation R"‘ﬁ}wvi5 as quantification of the Riemann-curvature requires the vector
to be a non-gravitational field. otherwise, starting from the loop-transport of the
Riemann-curvature and the metric compatibility condition, the Riemann-tensor itself
and every contraction would come out to be unaffected.

C.2 Tensors, tensor densities and integration on manifolds
C.2.1 Invariant volume elements and covolumes

The integration measure for volumes needs to be independent of the coordinate
choice: This is clearly a physical requirement, as the physical volume of a region V
cannot depend on the choice of coordinates. Coordinate transforms change vectors
according to

axt

dxt =
x aIx"v

dx”, (C.295)

while volume elements transform with the functional determinant as a prefactor,

oxt
v

d*x = det ( EP

)d*x” = (det]) d*x’ (C.296)
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At the same time, the metric transforms inversely to vectors and requires two inverse
Jacobians,

o B i v
ox’® dx g ox dx® ox 4y =
dxt dxv o gxe ox’°
—_—

=8y =dxH =dxv

ds? = guv dxtdx? =

Ix/® Ixt I oxv
5xF 920 Ix 9y Sapdx’Pdx"? = giodx"dx B (C.297)

=0 =

Collecting these observations, the determinant of the metric transforms according to

&

2
g’ = det(g),) = det(g,) (det (aixv)) = g (det])? (C.298)

implying the definition of an invariant volume element as

d"x g — d"x' det] - — Y& __ V722 =d"x'\ ¢’ (C.299)

V(det])

with the functional determinant det ] = det (ax”/ax’v).

Therefore, the combination d*x4/=g of the coordinate volume element and the
covolume /=g give rise to an invariant quantity, which we identify with the physical
volume, dV = ﬁd“x as it does not depend on coordinate construction— just like
in the case of the metric g,,, which relates coordinate differences dx* to physically
measurable distances ds?2, the covolume V-8 relates a coordinate volume d%x (which
does not even need to have units of length?*) to a physical volume dV = Hd4x
(which most certainly has units of length*). For instance, the covolume V-8 = cr’sin 0
computed from the metric Sy = dia(cz, -1,-r2,—7%sin? 0) of Minkowski space in
spherical coordinates elevates the coordinate volume dt dr dOde (in units of time x
length x radian?) to the proper volume element dV = cdt r?dr sin 6d6d¢ (in units
of length®).

C.2.2 Covariant divergences

The covariant divergence V,v* of a vector v* is a contraction of the covariant deriva-
tive,

Vot = 9, + T v* (C.300)

n

In particular, for a Levi-Civita connection one would have

up

1
I‘M;wc = gT(apL 8pa T da 8up — a[ﬂ gwx) = E(gw3 au 8pa T gl‘ﬁ da 8up — gMﬁ a[ﬂ gya) (C.301)

for the needed Christoffel symbol FMW , .e. due to cancellation essentially only

1
e = ngﬂ 9o 8- (C.302)

58



c.2. TENSORS, TENSOR DENSITIES AND INTEGRATION ON MANIFOLDS

There is a curious relation between the covariant divergence and the metric
determinant g = det(g,,). My third most favourite formula in theoretical physics says
that

g = det(g,,) = expln det(g,,) = exp tr In(g,,) (C.303)

relating the logarithm of the determinant with the trace of the matrix-valued loga-
rithm, which is easily checked in the principal axis frame. Then,

do § = g04tr ln(g}w) =gtr d, ln(g}w)) = gg"d, 8pv (C.304)

using the linearity of the derivative as well as the inverse metric. With the derivative
of the square root one then obtains

1
8" 0 gy = §8a g=0d4Ing, and therefore ——3dy V-8 (C.305)

1
Eg'w da uv = \/—
With this result one can write for the contracted Christoffel-symbol

1
M = N (C.306)

and finally for the covariant divergence

Vot =4 v"+1‘wv =d, vt + dN-g- v = 8}4(\/%1)") (C.307)

1
FOE

using the Leibniz-rule and renaming indices; in summary,

Vot = —0, (v=gvt) (C.308)

1
Ve
which allows the computation of covariant divergences by a simple partial differenti-
ations. It is worth emphasising, how economical eqn. C.308 is, as the determination
of the determinant g from the metric g, is much faster than the determination of the
Christoffel-symbols FMW , of which 16 are needed in the general case.

C.2.3 Divergences and applications in physics

As seen before, continuity-type conservation equations can be formulated as a covari-
ant divergence,

Vit —F 2u(v=gs) =0 (C.309)

and reformulated in terms of a partial divergence using the covolume /=g. Interest-
ingly enough, the same divergence formula applies to antisymmetric tensors F*¥. They
have the covariant divergence

V=9 FV"+F”[3F‘3V+1“V F*f, (C.310)
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where the last term cancels: F#f is antisymmetric by construction, and the Christoffel-
symbol I“"MS is symmetric in the index pair p, p for a torsion-free Levi-Civita connec-
tion. Then, the same steps as above lead to

1
V,EM = ﬁau (v=gF"), (C.311)

which for instance implies a Maxwell-equation of the type

4 4
VB = T“]V 9, (vgF) = TRHJV' (C.312)

While the first version is fully covariant, the second version relates the partial

divergence of /=gF"" to the source /=g;": The density /=g in ;¥ makes it a vector
density of weight 1 and factually describes the charge and current density with
respect to a particular coordinate system: It is the amount of charge crossing the
(coordinate) volume element d*x divided by that volume. On the left side of the
equation, one simply computes the partial divergence with respect to the chosen
coordinate frame, but the tensor F*Y needs to be transformed into the tensor density
\~8F", as it should correspond to the flux of field lines through the (coordinate)
volume element, normalised again by that element.

The compatibility of the Maxwell-equation with charge conservation is realised in
an interesting way: Applying V,, to

4
V,EF = T“]V (C.313)
leads to a continuity equation
Vyt=0 (C.314)
on the right side, but only if
V,V,F¥ = 0. (C.315)

While on a flat background one could immediately argue d,d, F**¥ = 0 as the partial
derivatives interchange and form a symmetric differentiation operator, applied to an
antisymmetric field tensor F*”, one needs to proceed in a formal way on a potentially
curved manifold. The covariant derivatives do not interchange, but require a Riemann-
tensor for every index,

V,V,E% = V.V, FP L RBP4 RP L FOY, (C.316)

in general, and for our case:

V.V, ER = VR 4 RE VBT 4 RY, FRY = VOV FR 4 R Y - Ry, BFY,(C317)

where the contraction of the antisymmetric F*¥ with the symmetric Ricci tensor R,
vanishes, and ensures that
V,.V,F¥ = V.,V F", (C.318)
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implying that covariant derivatives in the particular case of being applied to an
antisymmetric tensor with a full contraction do commute! The same result can be
obtained with double application the magic divergence formula, which applies to
vectors and antisymmetric tensors alike, yielding some insight into the working
principle of the covolume 4/~g:

YV, E = v%av ﬁ%au(ﬁpm - V%QVQM(QF”V), (C.319)

as V, F"is a vector in vand because the divergence formula applies to antisymmetric
tensors as well. Immediately it is obvious that this term needs to vanish, as a contrac-
tion between the symmetric operator d,d,, and the antisymmetric F**. When equated
with a continuity equation whose divergence has been prepared in an analogous way,

1
Vit = fgav(ﬁ]v)' (C.320)

ﬁ

one arrives at the expression
" 41 v
avau(\/_gF )= c av(\/_g] )- (C.321)

The quantity 4/=g;" is the physical amount of charge crossing the coordinate volume
d*x, and the divergence dy(1/=8}") corresponds to the imbalance of the flow of charge
through the surface of that volume, indicating a net change in the charge contained
in d*x. Continuity makes sure that the only reason for changes in the amount of
charge are in fact fluxes through the surface, so the result is necessarily zero, V,,j# = 0.
On the other hand, y/=gF"” corresponds to the physical flux of the field lines of the
electric field E; and magnetic field B’ through the same coordinate volume.

C.2.4 Scalar, vector and tensor densities

Covariant derivatives harmonise well with tensors: After covariant differentiation,
a tensor is still a tensor, albeit of higher rank, and it transforms consistently under
coordinate transforms (see Appendix Z.1) including the newly acquired index. Partial
differentiations do not guarantee that, and the tensorial property of a differentiation
would only be given in a Minkowski-space with Cartesian coordinates, because
the Christoffel-symbol vanishes. Statements involving tensors including covariant
derivatives are, well, covariant under coordinate changes, whereas partial derivatives
break this property.

The laws of physics are defined covariantly, i.e. any expression needs to be com-
posed of physical quantities that transform consistently to each other when transi-
tioning from one coordinate frame to another. Better still are statements that are
scalar, by themselves or as inner products or contractions between tensors. They are
invariant under coordinate transform and assume the same value in every frame, or
every coordinate choice. Because of that, these invariants are very attractive for the
formulation of conservation laws, for instance of electric charge: The 4-current j* has
a vanishing covariant divergence, V,,j* = 0. While V,, transforms as a linear form and
j* as a vector, their inner product is identical in every frame.

Reformulating continuity for charge conservation in terms of a partial derivative,
i.e. with a straightforward differentiation with respect to the coordinates, shows that
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1

vVt =
YoV

Iy (\/—7gﬂ‘) =dylny~g- - +d, " =0. (C.322)

Now, two terms actually make up the covariant divergence: There is a partial diver-
gence d,,j* corresponding to the flux of electric charges across the coordinate volume,
and the (logarithmic) rate of change of covolume d, In /=g projected along j*.

To illustrate this point, we can compute the change in charge density p in a homoge-
neously and isotropically expanding spacetime (effectively an FLRW-universe, see sec-
tion G): Using an expanding coordinate grid with a metric g, = dia(1, —a%,—a?% —a?)
with a scale factor a(t) and charge carriers that are at rest with respect to the expand-
ing coordinate grid, j* = (pc, 0, 0, 0) leads to

0=V =0d,"+9d,Iny=g " = di(pc) + d; In/~g - pc = 0, (C.323)

as the only relevant coordinate is t and j' = pc. The covolume is given by \/=g = a5,
so that the divergence takes on the concrete form

dip=—0d;In as- p — Jdilnp=-dilIn @ > po a3, (C.324)

as expected: With the volume of space increasing proportionally to 4> and conserved
charge, the density must scale oc a=3. This scaling is clearly enforced by the change
d,\/=g in covolume along ;*.

At the same time, the statement V,,j* = 0 is equivalent to d,, (Hﬂ‘) =0, from
multiplication of the continuity equation C.322 with the covolume /~g: While the
first statement is properly invariant and involves only tensors, the second uses a
partial derivative. From that one would conclude that the flux through the surface of
a coordinate volume is zero, by application of the Gauf3-theorem.

This brings us to the categories of absolute tensors and tensor densities. j is called
an absolute vector, in a very unfortunate choice of language: It follows a straightfor-
ward tensorial transformation rule and needs a Jacobian for transitioning into another
coordinate choice. It transforms covariantly and is in this sense not absolute, unlike
an invariant! The quantity /=g is a vector density: It describes the flux of charge
through a 4d coordinate volume. Changes in coordinate affect both j* and /=g, the
latter in a very interesting way.

There is a second very unfortunate choice of language when dealing with tensors
and tensor densities: Physical densities reflect density of a substance with respect
to the spatial volume. These quantities can be perfectly scalar though in the sense
of differential geometry! For instance, the electric charge density p would result
from the projection p = g,,/*u" on the an observer’s world line x"t with the tangent
ut = dx"/dr; likewise, the electric current density is the projection of j* on a plane
perpendicular to u”, effectively through (o) — uuu"/cz)]”. p is the electric charge per
3-volume, and it is a scalar - evaluation of g,,u";" would yield the same value in
every frame.

A third bit of relativity lingo concerns conservation laws: The continuity equation
can be written covariantly and with a partial divergence,

VV]P‘ - V%a”(ﬁ]”) =0. (C.325)

The inverse density 1/4/~g seems to convert the partial derivative of the vector
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density y/=g;* back to a fully covariant expression V,j# involving the absolute vector

J- As such, it dedensitises the expression d, (ﬁ]“) A.

Distinguishing between absolute tensors and tensor densities generalises to more
complicated objects. The trace g''T,,, of the energy momentum tensor T,,, of an ideal
fluid is the quantity p — 3p. It simplifies to p for pressureless matter, and is a scalar
in the sense of differential geometry: p = ¢""T,,,, even though the matter density
is the amount of matter per 3-volume. A corresponding tensor density, however,
written as 4/=gT,,, is a density in the sense of differential geometry. It quantifies the
energy momentum content with respect to the coordinate 4-volume, and the trace
v=88" T, is the flux of matter through the coordinate volume in 44.

Searching for a corresponding continuity equation leads to a very interesting bit
of physics and geometry: The covariant conservation law

§MV, T, =0, (C.326)

does not lead to an analogous partial divergence of a flux, as in the examples of the
vector j! and the antisymmetric tensor F'". Instead, we write (working with TH” to
bring out the similarity to the previous two conservation laws)
1
Wy _ wv P ™ v nT _ — nv v
VU TH = 0, TH + TH TY 4 T, T = _gau(wﬁgT )+ 7, (C.327)
_
=tv

where only the first two terms can be combined into a partial divergence, leaving
additional vector-like quantity t" = I'},; TF" - which is not a vector in the sense of
differential geometry, as the Christoffel-symbol itself is, in contrast to T"”, not a
tensor!

C.2.5 Integration on manifolds and the Gauf3-theorem

Divergences of vectors

Distinguishing between physical volumes d*x/~g and coordinate volumes d*x paves
a way to linking them to absolute tensors in the first and tensor densities in the second
csae, through application of the Gauf3-theorem. A completely coordinate invariant
formulation of the Gauf3-theorem would be

Jd%ﬁ Vit = JdSMM]” or abstractly
v

A%

jdV V= ‘[d):” J' because d¥, = \/Mdsw (C.328)
v

where the physical, invariant volume element dV = d*xy/=g is used to integrate
over the invariant divergence Vj¥. It is related to the integration of the absolute
tensor j* over the physical surface element d¥,. The physical surface element d¥, is
linked to the coordinate surface element dSH by means of d):” = Ndsw with the
induced metric y;; on the integration surface JV: After all, the metric only ever gets
evaluated on the surface dV. It is convenient to write the associated covolume (or
better, coarea) \W as an absolute value, as the induced metric can have a positive or
negative determinant, depending on the coordinates involved.
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In the other hand, the same integrations can be carried out with coordinate volume
and surface elements:

(i) ii) iii
jd%ﬁvwv 0 jd‘*x 3, (v=g1") jdsu N szu #(C.329)

\Y% A% av A%

by using the magic divergence formula,

1
V' = = (v=g), (C.330)

\?

which leads in step (i) to a cancellation of the covolume and has the Gauf3-theorem
fomulated in terms of invariant quantities and covariant derivatives fall back onto
the formulation for coordinate volumes and partial derivatives — with one important
detail! The quantity to be integrated over is the vector density 4/~g# and not the
vector j! itself. But that is sensible, as the vector density is the physical amount of
charge that crosses the coordinate volume. Step (ii) is a direct application of the
Gauf3-theorem for converting the integral over the coordinate volume to a surface
integral. Here, the covolume /=g is only ever evaluated on the surface dV, so it
can be computed from the induced metric y;; on dV. Lastly, step (iii) has us absorb
the coarea \/m with the coordinate surface element dS,, to yield the physical area

elementdX¥, = \/MdSM. Effectively, N/MJM is the physical flux of charge through the a
coordinate surface element dS,, with consistent interpretation compared to /=g "

and d*x. The final expression is an integral over d¥,j#, which involves absolute
tensors and the physical area, and is invariant under coordinate frames as an inner
product.

Divergences of antisymmetric tensors

With the divergence formula for antisymmetric tensors F*¥ = —F¥,

1
V,FrY = \nga*‘ (v=gF"), (C.331)

an analogous integral formulation is possible,

Jd‘*xﬁ V,ErY = Jd4x 9y (v=gF") = j ds,iyl F*Y = szuw. (C.332)

v \4 A% av

Divergences of symmetric tensors

Symmetric tensors like the energy momentum tensor T, on the contrary, do not
allow such an application to of the Gauf3-theorem. With eqn. C.327 one would write

f d*xy=g V, T = J d*x (9, (v=gT") + y=gt*) =

A% A%

jdsu V=gTH + j d4x \=gt¥ = jd):” T + j d*x \V-gt" (C.333)

%% v 1A% A%
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as the term involving t* can not be converted into a surface integral. But more
importantly, it is a term with unclear, i.e. non-tensorial transformation properties.

Under the particular condition of isometries in spacetime £,g,, = 0, as quantified
by a Killing-vector a, (see eqn. B.237),

Vyay + Vya, =0, (C.334)

however, one can construct the covariant divergence of TH¥ projected onto a,:

V. (ay,T") = V,a, - TH + a,V, T = 0, (C.335)

by application of the Leibniz-rule. Both terms are actually zero, the second one due
to covariant energy momentum conservation V, T*” = 0 and the first one due to the
contraction over a symmetric index pair in T*¥ with an antisymmetric index pair in
V,a, = -V,a,. Then,

YV, (a,T")=V,Q¥ =0 with Q" =a,TH, (C.336)

i.e. there is a conservation law for the projection Q" of the energy momentum tensor
onto the Killing vector:
1

ﬁau(ﬁQM) =0, (C.337)

V,QF =

with a corresponding integral formulation,

Jd‘*x\/% V,Q" = jd‘lx 9, (v=gQ") = stM V=8Qt = JdZMQ” =0. (C.338)

\4 \% av av

This relation, referring to the conservation of T, projected onto the Killing field a,,
mirrors the previous statement of the conservation of the scalar product u*a, along a
geodesic B.244 with tangent uk.

C.2.6 Covariant differentiation of tensor densities

Absolute tensors have clearly defined covariant derivatives, and if they are converted
to tensor densities by multiplication with the covolume, their covariant divergence is
given by

VM(\/%]”) = y-gV,uj" because V,/-g=0. (C.339)

The last statement is a consequence of metric compatibility V, g, = 0. In fact,

-1 -1 1
V=g = Zi—gv“g = HVM( exp trlngalg) = Eﬁ g% Vig€ap =0, (C.340)

by writing the determinant as ¢ = exp trIn gup.

While V, gqp = 0 for Levi-Civita-based covariant derivative, the partial derivative
dyu8ap is nonzero in the general case, as it is given by ', . Linking the covariant and
partial derivatives by a typical relation involving a Christoffel-symbol would lead to
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the requirement

Viy8 = g ~T%, =g =0 (C.341)

which relates the vanishing V,,1/=¢ with the nonzero I',, = d,+/=g/y/=§ (c.f. C.306)
for reasons of consistency. This relation can be generalised to tensor densities of

weight w:
Viv=8" = 9uv=g" - wl, v=g". (C.342)
In fact,

VR = R T VY = O E v VR

IyV=8" —wI =g V=" = 98" - 9,V=g" = 0, (C.343)

such that, for instance,

v, (ﬁwﬂi) - ﬁwku. (C.344)

C.3 Lie-differentiation and tensor densities
C.3.1 Conformal Killing fields

The standard definition of an isometry is £,g,,, = 0 and it implies the Killing condition
Vyay + Vya, = 0. There is a second notion of isometry, conformal isometry, which
applies to the density-weighted metric,

£4(V78"8w) = V8" £a8y + w8 g £aV"E = 0, (C.345)

here with tensor weight w in the general case. A vector field a* for which this
condition is fulfilled is called a w-Killing field. The interest in this type of density,
specifically for ﬁfl/zgw with w = -1/2, is derived from its invariance under
conformal transformations:

v — ngw, with a conformal factor Q? > 0, (C.346)
implies
_ _ -1/4 _
V=& Uzgyv =(-g) l/4g}4v - (Qs(_g)) ng}w (-g 1/4 =V~ Uzgyw

(C.347)

respecting multilinearity of the determinant, here in 4 dimensions.

Assuming a vanishing Lie-derivative for \/=g" g, implies
w

£, ( V_gwguv) =0 - £ugy.v = _ﬁgyv £.\-8 (C.348)

from eqn. C.345. The derivative has to be treated by the book, by rewriting the
determinant of the metric as an exponential of a trace, g = det(g) = exp(trln g,),

g =- g(g”vfag;w) = \—gVyat. (C.349)

Lo 1
PN N =
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In the last step the argument

8" Eaguy = 81 (g Vo + g Vyat + a'Vigyy) = 8YV,at + 8\ Ve’ = 2Va* (C.350)

was used, leading to the covariant divergence Vya" of the conformal Killing vector.
Restarting at eqn. C.345 with these results suggests

£48uv = Vyay + Vyay = —wgy, Vyat, (C.351)

and taking the trace by contraction with the inverse metric g"¥ results in

gV E g = 2V, at = ~wghgy, Vya* = —4w V,a*, (C.352)

because of gtVg,, = 6}}: = 4. Collecting the results yields

(2 + 4w)Vya* = 0. (C.353)

This particular relationship can be fulfilled in two different ways: Either there was
the particular choice of w = —1/2, or the divergence Vya* of the w-Killing vector
vanishes. The particular value w = —1/2 defines the conformal Killing condition

1
Vyay + Vi = =y Vya. (C.354)

In contrast to the conventional Killing-condition, which alludes to shift symmetries
of the metric, the conformal Killing equation refers to conformal transformations as a
second class of symmetries. Looking again at flat 3d Euclidean space as an example
that is easy to imagine, the equation reads

2
a,'al' + Bja,- = gyl] Qkak, (C355)

as the trace of the Euclidean metric yifyij is three, not four. The ansatz a' = Mijxi
with a symmetric matrix M’ i (the antisymmetric part gives rise to rotations, which
were already covered) leads to

2 1
aia]‘ + aja,» = Mij + Mji = 2M,‘j = g‘)/l‘ijk — Mij = g‘yiijk, (C356)

meaning that a dilation takes place: The matrix M, is proportional to the metric
itself, such that a' = M’jxf = )\6} x) = Ax" with a real-valued scaling factor A.

C.3.2 Conservation along null-geodesics

While the conventional Killing vectors provide a natural conserved quantities through
their projection u*a, along a timelike geodesic (eqn. B.244) and play an important
role in the definition of a conserved energy-momentum tensor (eqn. C.336), conformal
Killing vectors do the same for null-geodesics, with k¥ as their tangent:

d

ﬁ(auk”) = KMy (aukt) = KAVAK! -y + kKM ay, (C.357)
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A The projection of a conformal
Killing vector onto a null-geodesic
is conserved, in the same way as
the projection of a conventional
Killing vector onto a time-like
geodesic.
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where the first term drops out due to the geodesic condition, k*Vyk* = 0. The second
term can be split up into a symmetric and antisymmetric part,

Vaa, = % (Vaay + Vyay) + % (Vaay = Vyuay). (C.358)

When contracting with the (symmetric) k#k*, the antisymmetric second term drops
out and the symmetric first term can be written as being proportional to the metric, as
we are considering the case of a conformal Killing field: (V)\aM + Vwa)\) o gy, leading
to the norm gwk*k” = 0. In summary, a, k¥ is conserved along a null-geodesic.
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