E COVARIANT ELECTRODYNAMICS

E.1 Covariant formulation of electrodynamics

Relativity provides the tools to formulate the Maxwell-equations very compactly,
elegantly, and in a Lorentz-covariant way. For this purpose, one needs to construct
a differential operator d, for derivatives with respect to the coordinates, which
themselves form a Lorentz-vector x*.

P) (Derr +95) (E.329)

m = Txll =

For consistency, the divergence d,x* needs to be equal to the dimensionality

g = X Iixt = E
prt == c(ct)+d;ix' =4 (E.330)

which comes out naturally. With this differential form d,,, the d’Alembert-operator is
given as a Lorentz-square,

O =19,y = 9% - y19;0; = 9% - A, (E.331)

and is in fact a Lorentz-scalar, as shown by the orthogonality relation of the Lorentz-
transforms, X
O= -,]MVQMQV — UWAMD‘AV[ aaaﬁ - Y[aﬁaaa[i =0, (E.332)
N
-

reflecting the fact that wave propagation according to [J takes place at the velocity
c in every frame, which was the defining principle of the Lorentz transforms. The

transformation property d, — A,%d, generalises the transformation J; — R/ djto
the full Lorentz group. In the same way as A is invariant under rotations, (] becomes
invariant under combined rotations and Lorentz transforms.

With the operator d,, it is straightforward to formulate the continuity equation for
the charge density:

= ( (]),C ) with 97" = de(pe) + 2i] =0 (E.333)

where it is interesting to see, that j* = pc has the same units as j, reflecting the
consistency of the units in d,; and d;, with the additional benefit that a charge at rest
in a given frame has a nonzero t-component j' = cp, as it moves with the velocity ¢
along the ct-axis!

As a Lorentz-vector, the 4-current density transforms according to
M= AP (E.334)
and necessarily inversely to d,, such that d,j* is indeed a Lorentz-scalar and has the
same value in all Lorentz-frames: The derivative transforms according to d, — A,%d,

and the vectorial j# inversely, j# — A",;%, such that
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A G contains the fields D' and
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It — AM"‘/\M[%BO‘][5 = E)‘é‘c?a][3 =0dy " (E.335)

with AMD‘A"‘B = 6@‘, as the two Lorentz-transforms are inverse to each other.

This differential formulation with its clear Lorentz-invariance has a giant advan-
tage over an integral formulation within a given frame: Earlier, we would have written

d i
n dvop=- j ds; j'. (E.336)

v %

Observed from a different Lorentz frame, the integration volume V is relativistically
contracted by a Lorentz-factor y, while the charge density p is larger by the same
factor, as the charge is squeezed into a seemingly smaller volume. The two effects
compensate each other, after all, it is the same charge within V. The surface dV of the
volume is smaller by v, too, for this to be true one can easily imagine a cuboid which
is contracted by y along the direction of motion. But for the same reasons as for the
charge density, the current density j is changed by the inverse factor. Lastly, there is
relativistic time dilation appearing in d/dt as well as in the current density ', again
compensating each other: One sees all charge carries changing position at a slower
rate due to their dilated proper time, leading to smaller fluxes j* and smaller rates of
change of p.

E.2 Maxwell’s equations
E.2.1 Inhomogeneous Maxwell equations

The inhomogeneous Maxwell-equations are first of all a divergence d;D = 4mp and a
rotation eijkaij = +d, D' +47/cj'. But with the help of the dual tensor H/ = e//KH,
the first term of Ampeére’s law becomes a divergence as well, eijkaij = ajHij. This
motivates to package the two equations into a single divergence-like tensorial relation,

0 +D* +DY +D?
41 -D* 0 +H* -HY
e i m W —
BMG A 7', in components G DV _HZ 0 +H* (E.337)

-D* +HY -H* 0

with the antisymmetric field tensor G*V. When inspecting the coordinates separately,

one obtains d,GH = d;D! = 4m/c ;' = 4mp and QMGW' =—-d,D! + eifkaij =dw/c .
One of the first conclusion we drew from the Maxwell-equations was that the field

respected charge conservation, which becomes very apparent in this formalism:

9,GH = 47“]v - 0,9,GM = 47“,9”” — 0 (E.338)

implying that the continuity equation d,j" = 0 is valid because of the contraction of
the symmetric operator d,d, with an antisymmetric tensor G'". With 6 free entries
as an antisymmetric tensor, G*¥ can accommodate 3 components of the electric field
D' and 3 components of the magnetic field H;.
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10°

electric fields E, E,, magnetic fields By, B,

10-1 .
107t 10° 10t

rapidity ¢

Figure 24: Electric and magnetic field components under Lorentz boosting F*F —
A"‘MABVI3PW as a function of rapidity 1.

E.2.2 Homogeneous Maxwell equations

Writing the two homogeneous Maxwell-equations as divergences requires a similar
construction: For that purpose, one defines the dual field tensor F*Y with a suitable
arrangement of the fields E; and B’: The rotation appearing in the induction law

is recast into a divergence eijkajEk = ajeijkEk = a,-Eif with the dual E/ = //KE,.

Combining the electric field components in a similar alternating fashion with the
magnetic field components leads to,

0 -B, -B, -B,
- ~ +B 0 +E, -E
Wy _ . W _ x z v
J,F 0, incomponents F B, -E, 0 +E | (E.339)

+B, +E, -E, O

With this definition of the dual field tensor, one can write analogously auﬁvf =

9;B' = 0 (the overall minus-sign does not matter) and 8MFW =d,B + eijkajEk =0.

Electromagnetic duality in vacuum now amounts simply to interchanging G*¥ and
FM, because BMG?“’ = QMFW =0assoonas ;' =0.
Both field tensors transform under boosting according to F#¥¥ — AMO(AVﬁlSO‘ls and

GW — A”aA"ﬁG"‘ﬁ, which has a strong effect oc y? (in fact, two As needed because
the tensors have two indices) on the fields, as illustrated in Fig. 24.
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A Ay contains the electric poten-

tial © and the magnetic potential
A; as a linear form.
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E.3 Relativistic potentials and gauging

The next step would be to package the potentials @ and A; into a 4-potential, accord-
ing to
A= (D,-A)), (E.340)

which allows to write the Lorenz gauge-condition in a very compact way as a diver-
gence: N
n’”&MAV = 3”@ + ]/l]aiA]‘ =0, (E341)

where the minus signs from the spatial part of the metric n*¥ and of the spatial part
of A, cancel each other. Defining the potential A, as in eqn. (E.340) allows to write
wave equation in Lorenz-gauge in a very compact form,

_4Am

OA, = — 1ot (E.342)

which at the same time explains the minus-sign in the spatial part of A, as well as
the cancellation of the additional factor of ¢ in ;' = pc.
Linking the potential A, to the 4 Faraday tensor F,, is possible by writing

duAy — 0yA, = By, (E.343)

because then the the electric field components would be given as F;; = 0;A; — d 1A, =
—0;® ~d;A; = E; as well as F;; = d;Aj — d;A; with mutually different indices (ijk).
It is interesting to see, how the requirement of antisymmetry reduces the number of
free field components from initially 16 in d, A, to 6, corresponding to 3 components
of the electric and 3 components of the magnetic field. Weirdly enough, it’s a bit of a
coincidence that in 3 + 1 dimensions there are as many components of the electric
and of the magnetic field, allowing to write B as a vector:

B = eFFy = /¥ (9, A - 9kA;) (E.344)

albeit with a small caveat: Under parity transform P, B’ does not change its sign,
because both d; and A; change their signs. In contrast, E; does change its sign, because
in d;® only d; changes its sign, and in d.;A; only A;! Consequently, one calls E; a
polar vector and B! an axial vector.

Applying gauge transformations would change the potentials, A, — A, + d,x,
but leaves the Faraday tensor F}w invariant, as

Fuy = 9y (Ay+ 9yX) = 9y (A + 9yx) = duAy — 9yAy + 9,0y x — dydyux = Fyy (E.345)

—_—
=0

as partial derivatives interchange. The same result applies to the tensor GI” as it
originates from F,, through a linear transform. It is well possible to derive F* from

the potential directly, through

= %eVV“ﬁFaﬁ = %ewaﬁ (9aAp — IpAs) = €O Ay, (E.346)
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using an antisymmetry-argument in the second step. Gauge transforms on the
potential imply

e”"“ﬁaaAﬁ — evbo, (Aﬁ + 8[5)() = e’“’o‘ﬁaaA[g + e}”aﬁaaaﬁx = e‘“’“ﬁaaAﬁ = Fw
(E.347)

with the contraction of the symmetric d,dp with the antisymmetric e"eP vanishes.
In consequence, not only F,, but also F¥Y is gauge-invariant, and by extension Gw.

An interesting manipulation shows a derivative relation for F,, as it originates
from the potential. Composing a cyclic permutation of indices in J,F,, yields

aAF}“, + QHFM + QVFW = QX(BVAV - QVAM) + QV(QVA/\ - a)LAV) + BV(a)‘AV - BMA/\) =0
(E.348)

with a pairwise cancellation of the terms. This derivative relation is called the 4
Bianchi-identity and is in fact equivalent to the field equation QMFVV = 0 for the dual
tensor FMY,

9 9,
Oy = by = SEeoh(9, Ay - pA) = 9P Ay = PG, Ay = 0,
(E.349)

with the well-used argument that a contraction between a symmetric and an anti-
symmetric index pair, here (a, p), has to vanish. One sees immediately, that working
with a potential is enabled by the condition QVIE”V = 0 instead of F* being sourced
by a magnetic charge density 1", in the spirit of

- 4m

9 = ——7, (E.350)
c

with an associated conservation law d,7¥ = 0. Only then can we make the argument
that a potential A, invalidates a nonzero divergence of FH.

The field tensor GM containing D’ and H; can be related to the field tensor Fuw
containing E; and B by means of a generalised constitutive relation,

G = XVE,, o Fup = XaguG" (E.351)

with the orthogonality relation

XBHX e = 04 05, implying G = XWX, 5 GV1° = 836 G7° = G (E.352)

The tensor XMV is antisymmetric in each index pair (e, p), (4, v) and maps an
antisymmetric linear form F,, to an antisymmetric vectorial tensor G*. Tensors of
that type can be written as being proportional to proper antisymmetrisations of the
metric,
ﬂaunﬁv - navnﬁu

Xa[i)w — ,
2

(E.353)

allowing us to convert the divergence d,G*¥ = 4m/c ;¥ into a wave equation for the
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potentials,
9uGH = 9, X" Py = 9, XM P(d, Ag — dpA,) = 29, XM P Ay =

(Y = ™) 9,90 Ap = 1719, Do Ay~ 190 I Ay = DAy = 47“%

NE— —_—
=0 =0
(E.354)
In summary, under the assumption of Lorenz-gauge, the wave equation
4m

relates potential and source, where we have already discussed solutions in terms
of Liénard-Wichert retarded potentials. Effectively, with the time-component of the
source being cp, and the overall coupling constant being 41/c, one can combine both
potentials into a single linear form and all sources into a single vector.

B.4 Dual field tensors and the Bianchi-identity

The duality transformation interchanges the positions of the electric and magnetic
field components when transitioning from F,, to F'” and vice versa:

1

~ 1 -
FoP = ——e™Ey o By = SeuapF (E.356)

making F,, autodual

eslll

1 Vo 1/ v 5 1
Ve 7Z€Mm{5€aﬁy6Fv6 = dlvFys = 2 (o400~ 030%) Fyo = (B — F

5 w) = B (E.357)

W

where analogous formulas apply to F". For the contraction between the two Levi-
Civita symbols we have used the relation

gk

_ i1...ig
€ P€ky.kyjinjy = TPYY s (E.358)

valid for Minkowksi-spaces, with the dimension n = p + q and the overlap p between
the indices to be contracted. Specifically, we need p =2 = g in n = 4. 62;‘;
the generalised Kronecker symbol. In complete analogy, there is a dual GMV of the

field tensor GMY,

refers to

~ 1 1 ~
G =560GP  © G =——eG,, (E.359)

To make things more concrete, one can follow through how the duality transform
reorganises the tensors F*Y and G isolated from the homogeneous and inhomoge-
neous Maxwell-equations. First of all, eaﬁwF”” maps the antisymmetric (p, v) index
pair to an object F,p, which is likewise antisymmetric, this time in (e, §). For a non-
vanishing contribution, all indices in the Levi-Civita-symbol need to be different,
which implies that there is no linear combination being formed, but simply a remap-
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ping of all components: For instance, choosing (a, f) = (¢, x) for Fyg can only acquire
a combination from F* for (i, v) = (v, z) or (2, y). But F¥? = ~F?¥ due to the antisym-
metry of the field tensor, therefore the two are equal, and are added twice, which in
turn is remedied by the prefactor of 1/2.

Specifically F,, will be set equal to F¥? = E,, and F,, will become Ff? = —B,: We
observe, how the first row and the first column of Faﬁ will accommodate the electric
field components which had been stored in the interior of the tensor F*”, while the
first row and first column of FIV get scattered into the interior of the tensor Fap:
Effectively, the magnetic and electric field components get interchanged up to a sign,
leading to:

0 +E, +E, +E;
-E, 0 -B, +B,
+B, 0 -By,
-E, -B, +B, 0

(E.360)

y

The same rearrangement takes place in the duality transform of the tensor G*#:

0 -H*¥ -HY -H?
N +H* 0 -D* +DV
Gw=| ymy 4DF 0  -D* (E-361)

+H* -DY +D* 0

with the replacement of D and H;, again with a sign change: This sign change is very
important, as it recovers the idea of duality of electromagnetism in vacuum, where
under the replacement of electric and magnetic fields the Maxwell equations do not
change.

The duality transform respects the antisymmetry of F#¥ and F,v, which is impor-
tant because it links charge conservation to gauge invariance of the potentials: Nature
has chosen to have # = 0 and d,i* = 0 which has important implications, as we can
now differentiate between the inhomogeneous and homogeneous Maxwell equations,
which read:

4m -
d,G" = T]" and J,F"=0 (E.362)
With F,, following from a potential A, in an antisymmetrised, gauge-invariant way,
Fo=duA, - d\A, (E.363)
the homogeneous Maxwell equation is automatically fulfilled, as

a1
OFH = =0, Py = 09,9, A3 = 0 (E.364)

through the contraction of the antisymmetric Levi-Civita symbol over the symmetric
index pair («, p).
The equivalence of the Bianchi-identity

dyFap + B + do B, = 0 (E.365)
and the divergence-like field equation for the dual tensor F*”
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2,F" =0 (E.366)

can be shown as follows:

" 1 1
Oy FtY = =P Fyp = +5€™ P9, Fyp (E.367)

by substituting the definition of the duality transform and by interchanging p < vin
the last step, which brings in a minus-sign because of the antisymmetry of e. In fact,
any cyclic permutation of the indices does not change anything, so that one can write

1 1
= g [P ey @] 9, o = e P9, Fop + 9B + AaFy ) =0 (E.368)

=0

making auﬁw = 0 equivalent with eqn. (E.365), after renaming the indices in the
second and third term.

The Bianchi-identity is particularly interesting because it provides a propagation
mechanism for electromagnetic waves: Acting on eqn. (E.365) with the derivative
"o, gives

10, (9, Fup + FpFya + DaFy) = 117949y Fag + 95 110, Fuq —00 119, By = 0, (E.369)
- - =
=0 =0 =0

and substituting the field equation for vacuum twice has us arrive at a wave equation
for the fields,
Oy = 0. (E.370)

It can be solved with a wave ansatz Fy3 o exp(+ik,x"), leading to the null-
condition

2 .
nVk,k, = 0 equivalent with (%) ~Ykikj =0 — w=*ck (E.371)
such that group velocity dw/dk and phase velocity w/k are both ¢, and dispersion
can not occur.

The wave equation for a non-vacuum situation looks a bit weird: Substituting the
sources ;* and ;P gives

4T
DFop = — (attps" = IgMag ") (E.372)

where it is interesting to see that the antisymmetry in the index pair (a, f) appears
consistently in the sources on the right side. The same result could have been derived
from the potentials, too, as DA, = 41/c 11,,7” in e.g. Lorenz-gauge becomes

4n
OFap = 0(9ahp — dpAa) = da0Ag ~ Jp0AG = — (datipys — o). (E-373)
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Actually, eqn. (E.373) is able to explain an interesting fact: Naively, one would
think that it is not entirely clear how the six components of G are sourced by the four
components of j¥, and only going through the potential A, resolves the issue: There
is, in particular in Lorenz-gauge (just for illustration, any gauging term d,,x would
drop from the expression), a one-to-one relation linking A, to j* in A, = 41/c 1, 7",
and the definition of E,, as d,A, - d,A, then generates six mutually independent
field components, to be related linearly to the six free components of G*¥ through the
constitutive relation.

On the other hand, eqn. (E.373) may be interpreted in a way that it is not the
current density j* that sources F,g, but rather its antisymmetric derivative dq 1, j* —
dptau st Its six components determine each individually and independently the six
components of Fyg, even in a physical and gauge independent way.

A summary of the two field tensors and their duals, along with all four possi-
ble quadratic Lorentz-invariants (three of which are distinct, and reduce to two in
vaccum) is given by this diagram:

A, FofG,p = E;D' - H;B!
= N
appv 7z \\

cabirg, e .

~ - Xopyo A

/Faﬁ Gys
e da NS
K’ N
FoPEyg oc BjB' —eo¥r2 0 —aryy Gy GFY o H; D'
T o~
N aFys+0y Bog+sFay i
wv
Fyb R XWvro /G
. o 9,
T K
F, G = E;D' - H;B' 7
(E.374)
E.5 Covariant electrodynamics
Summarising the results from the previous chapters shows that there is a clear vector
conceptual picture defining Maxwell-electrodynamics: A matter GV

vacuum  FWY
* The 4-potential A, and the 4-current ;" are a Lorentz-linear form and a Lorentz-
vector, respectively.

* The inhomogeneous Maxwell-equation take on the form d,G"¥ = 41t/c ;" and
the homogeneous Maxwell-equations are written as QMF”V =0, as there are no
magnetic charges.

* Equivalent to the homogeneous Maxwell equation is the Bianchi-identity, d\F,,+
9, Fy\ + d,Fyy, = 0, which is automatically fulfilled if F,, = d,A, - d,A,.
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A The Maxwell-field has a sin-
gle, scalar quadratic invariant,
FW,GV"; there are two pseu-
doscalar quadratic invariants,
F”VF}W and GG, where the
last two coincide in vacuum.
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* Charge is conserved and the inhomogeneous Maxwell-equation d,;* = 0 re-
spects it through the antisymmetry of GM".

* Gauging with a gauge function x implies the transformation A, — A, + d,x,
leaving the Faraday tensor F,, invariant through its antisymmetry.

* Under the Lorenz-gauge condition #*'d, A, = 0 one obtains a typical wave
equation [JA, = 41/c 1,,7" from the inhomogeneous Maxwell-equation, with
Lorentz-invariant propagation speed c.

* The geometry is defined by the metric tensor 1,, which is relevant for the
vacuum fields in F,,. The constitutive relation X links GM to F,, and falls
back onto the metric in vacuum.

It is amazing to see how clearly gauge-transforms and Lorentz-transforms are
incorporated into the formalism, and how the mathematical structure of the Maxwell-
equations results from the antisymmetry of the field tensor, as well as its gauge-
independence. It’s worthwhile to contemplate, how the Lorenz-gauge condition
d, A, = 0 is at the same time a Lorentz-invariant: As a Lorentz-scalar it has the
same value, zero in this case, in all frames. The electromagnetic field, too, possesses
Lorentz-invariants, which are necessarily quadratic or of higher order in the fields,
as all contractions FMM = q”VF}w =0, I:‘MM = nwl:‘”" =0, GVM = n”véw = 0 and lastly
GMM = 1yG"Y = 0 vanish because of the antisymmetry of F,,, G and their respective
duals.

Quadratic invariants are first of all

E,G'" = "G, = E;D' - H;B/, (E.375)

which is a properly scalar quantity which is in addition parity-positive: The product
of two parity-even magnetic fields is parity-even and the product of two parity-odd
electric fields is likewise parity-even. Mixed contractions involving a single dual,

F"E, =4EB' and G,,G" = 4H,;D’ (E.376)

are parity negative, as products of a parity-even magnetic field and a parity-odd
electric field.

In particular the first invariant does not reflect an energy density T o E;D' +
H;B!, which should depend on the choice of frame and can not be invariant. Its
numerical value is actually zero for all vacuum solutions, as can be quickly verified
by considering a plane wave: The electric and magnetic energy densities are equal
at every point and instant, E,Di = HiB[, making sure that FWGW’ = 0. Furthermore,
the electric and magnetic fields are orthogonal to each other, such that E,—Bi =0and
H;D = 0.

The invariant discussed above are contractions between the vectorial tensors GM”
and F* on one side and the linear forms F,, and G,,, on the other. In a vacuum
situation, all vectorial quantities are trivially related to their linear forms through the
Minkowski-metric, so it is possible to construct 4 more invariants

”aMY][SVFa[SFyv = ”a}'{ﬂﬁvéaﬁéyv = ﬂau”l[ﬂvGaﬁGw = ﬂau*’l[ﬂvlﬁaﬁﬁw o YijEiEj - VijBiBj-
(E.377)
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E.6 Lagrange-density for the dynamics of fields

To our knowledge, all fundamental physical theories can be derived from «4 varia-
tional principles, and electrodynamics is no exception. At the basis of all variational
principles is the notion that the action is invariant under a certain relativity prin-
ciple, in our case Lorentz-relativity, which leads to a covariant equation of motion,
where all quantities are consistently behaving under changes in the frame: This was
already the case for Galilean dynamics, as a rotationally invariant Lagrange-function
L(x, %) = Yijxixf/z — @(x') with the Euclidean, rotationally invariant scalar product
y,-]-x"xf gave rise to a equation of motion %' = —yifajCD relating two vectors to each
other. From this point of view one would hope to arrive at a Lorentz-covariant equa-
tion of motion from a Lorentz-invariant Lagrange function. As the Euler-Lagrange-
equation usually reduces the powers by one in the derivative process, one would like
to begin with quadratic Lorentz-invariants in order to arrive at a linear field equation
which respects the superposition principle. Then, if the Lagrange-function does not
depend explicitly on the coordinates x#, i.e. if x* is a cyclic variable, one has reasons
to expect that the theory is conserving energy and momentum. And lastly, charge
conservation should result from gauge-invariance as the symmetry principle.

E.6.1 Scalar field on a Euclidean background

Let’s illustrate how variational principles work with a simpler example than the full
Maxwell-theory. Electrostatics is fully characterised by a potential ® which is linked
to the source p by means of the Poisson-equation AP = —4tp, in other words: We're
looking for a variational principle for a scalar field ¢ on a Euclidean background, that
is coupled to a source and does not have any dynamics on its own. Writing the action
S as an integral over a Lagrange-density £ would give

S= Jd3x L, 2;¢) (E.378)
\%

and Hamilton’s principle 8S = 0 then suggests the variation

) oL oL
— 3 _ 3 S
6S_bjd xﬁ_fd x (a(pé(p+aaiq)ba,<p (E.379)
v

Vv

Interchanging the partial derivative and the variation, dd;¢ = 0d;0¢, allows an
integration by parts. One can isolate the Euler-Lagrange-equation for a scalar field ¢

oL oL oL oL

= 3 —_——d;— = - — = —

6S_fdx(9@ 8’39i<p)6cp 0 9’%(9 de (E.380)
v

because the variation d¢ is zero by construction on the boundary 9V,

L L oL
jdV d; (%b(p) = JdSi (mb(p) =0 as mb(p . 0. (E.381)
v v

The Poisson-equation as a second order partial differential equation should result
from an action that contains squares of first derivatives of the potential ¢, for instance
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ab
£(¢,9;9) = T-0499,9 - 4repe. (E.382)

Concerning the invariance-covariance principle, we note that the first term is as
a scalar product, invariant under rotations. Substitution into the Euler-Lagrange
equation gives

oL

Er = —4mp (E.383)

as well as (please always rename the indices when you’re doing this)

oL Y (99, 4\
T (Tog e o) -
')/ub . . 1 ib . ib
> (6;8bcp+ aaq)a;]) =5 (y’ dp + y‘”(?,,cp) =v"d,¢ (E.384)

such that one arrives precisely at the Poisson-equation

oL

% 99

— aﬂ/ibab(P - A(P = % = 74719, (E.385)

where the Laplace-operator A is scalar and does not change under rotations.

E.6.2 Scalar field on a Lorentz background

Repeating the entire derivation for a relativistic field theory with the Lagrange density

v

i
L(e, 9, @) = %%(p&vcp-kéhtp(p (E.386)

leads with the Euler-Lagrange equation

L _ dL
am = % (E.387)
for varying the action
S= fd‘*x L(, Iu) (E.388)
v

that results as an integral over the spacetime volume d*x = cdtd3x. Carrying out the
variation S = 0 implies the wave equation

Op=4mp with 0O=1n"9,0,. (E.389)
as a generalisation to the Poisson-equation.
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E.6.3 Maxwell field on a Lorentz background

The Maxwell-equations expressed in terms of the potential A, are likewise second or-
der differential equations, where the action should contain squares of first derivatives
of the potential. The new aspect now is that the potential has (4) internal degrees
of freedom and is not scalar as in the previous two examples. The squares of the
first derviatives of AM should be Lorentz-invariants, and we will only utilise the
parity-positive one for the time being.

Driven by analogy, one would write for a vacuum situation

= J-d‘lx L(A,, d4A,) = jd4x NP BB+ 1iT(A # (E.390)
V V — S~———

square of first derivatives coupling to the source

Please keep in mind that it is only through broken duality and the non-existence
of magnetic charges that the potentials A, exist such which ultimately enables a
Lagrangian description as in eqn. (E.390). A suitable Euler-Lagrange equation would
result from variation S of the action S with respect to A, which becomes

e . aL oL
_ 4, 4 [ 9L
OS_dexﬁ_jdx(a bA 96’ 66(9A;,)
v v

aL aL
4 _— 5As =
J‘d X (a . avaay b)bAb 0 (E.391)

where as always we wrote 697Ab = d,,0A; for the integration by parts, finally allowing
the extraction of the Euler-Lagrange equation by means of Hamilton’s principle 6S = 0:

oL oL

Yooy " TAy (E.392)

again keeping the variation d0Aj fixed on the boundary,

aL aL aL
J‘dV d (aa Abf)Aa) st (aa Ab 6A5) =0 as méAé av =0. (E393)
v av

Substitution of the Lagrange-density £ is rather straightforward for the dAs-
derivative,
IL _ 16m Ay 167 167
b= 8 =—) E.394
8A6 c 0A; 9A,) c o ( )

but involves handling many indices for the derivatives with respect to d,, As.
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E. COVARIANT ELECTRODYNAMICS

Instead, one can rewrite the derivative as

d 0F;: 0 0(d;A—0:A;) 0 (ddAr DA\ Id
aayAa dd Az OFyr dd,As JF aayAb dd Az OFyr
d d d d
Vsd _ sVsd __ Y Y _H,_ Z
(5308 — 5703) T, = by, 9Fy, oty (E.395)
In both cases, the elementary derivatives give either 0 or 1 according to
dd, A JA
Y oves Iy _ gy
99, A, = 6,0y aswellas A, O (E.396)

because the field components and their derivatives into the different coordinate
directions are all independent. The derivatives aFaﬁ/aFw of the field tensor with
respect to itself are slightly more involved, because of the antisymmetry of both Fgg
and E,,. The necessary (anti-)symmetrisation reads

JF, 1 1
e = s o o) Sk a) e
}LV

with a simplification due to the pairwise identity of terms.

Then, application of the differentiations to the kinetic term required by the Euler-
Lagrange equation yields:

JF

9L IF, v
(1 Fap B —2”a””ﬁv(a F’Fuv*FaﬁaFvé,):
Y

/.
99, As ’3F o

(5§~ 525) o o (8- 850)) = B (6300

Collection of all results suggests as the field equation the relation

aL " L 16
d = 40, 1" ™VF,, = =—P = y*F

SLP
YBYA dAs c v = T ey (E-399)

which one immediately recognises as the inhomogeneous Maxwell-equation in
vacuum, with the divergence of the field tensor being equated to the source. The
invariance of the Lagrangian description and the covariance of the field equation is
summarised by this diagram,

S = Jd4x q”‘”r]ﬁ"Faﬁ + MT“AM]V
| |
185=0 195=0 (E.400)
<+ v
Ylauylﬁva}AFaﬁ _ 4711]\) =0,

and substitution of the expression for F,, = d, A, - d, A, finally leads to
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41
0y Byy = 119, (9, A, = DyA, ) = N9, d, A, 0y NI, A, = qub, (E.401)
-
=0A, =0

which clearly demonstrates a covariant wave equation with the potential A, as a
linear form related to the source Ylévjé, a vector converted into a linear form, with the
assumption of Lorenz-gauge 10, A, = 0 for making the second term disappear.

Formal application of the variation to the action integral would be an expression

8S = 6f d*x 1 P VEogEyy = 2 j d*x 11 Eyp OF,, = 0 (E.402)
\Y% \%

where one can interpret the requirement of Hamilton’s principle, namely 6S = 0, as an
orthogonality condition between F,g and its variation dF,g, as a modern embodiment
of the 4 principle of virtual work.

It might be an interesting endeavour to understand how exactly the structure
ﬂ““qﬁVFaﬁFw in the kinetic term of the Lagrange density is to be interpreted, beyond
the fact that it is a quadratic Lorentz-invariant. With the antisymmetry of F,, = -F,
one can write

1
S = jd4x VB By = fd4x q%ﬁvi (FopFuv — FapFoy) (E.403)
\% \%

which becomes, after renaming the indices p <> vin the second term,
1 OBV _ v B
5=3 J A4 PP By By — 111 By By = Jd4x w% v (E.404)
% v

which can be written as
ylaMy]ﬁV — y]avylﬁl‘

5 (E.405)

S= Jd4x X“ﬁ“"FaﬁFw with a measure XM =
v

as tensor with two antisymmetric index pairs (o, p) and (p, v). Perhaps the index
structure reminds you of the Grassmann-relation y; e//kel™" = yimkn _ yinykm of
a square of a vector product, which quantifies the area spanned by two vectors: In
some sense, the same happens in the Lagrange density, which is an abstract measure
of the area between d, and A,, induced by the metric #"”.

E.6.4 Maxwell field in matter

For the behaviour of the Maxwell field in matter a suitable starting point could be

the action »
S= Jd4x FyGHY + T“AM]” (E.406)

A%

where the Lorentz invariant in matter constitutes the kinetic term. Expressed in
terms of the fields it reads F,,G'" = E;D’ — H;B'. On possible pathway to carry out
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the variation and to perform the derivatives with respect to A, and d, A is provided
by the constitutive relation,
G = XPE,,, (E.407)

that relates the fields D’ and H; contained in G*” to the vacuum fields E; and B in
F,,. After all, only E,, follows from the derivation of the potential A, and is accessible
to variation. As both tensors are antisymmetric, X**¥ has to be antisymmetric in
each index pair, XoPry = _xapvi = _xPBanv = XPaVi Then, the action integral reads

16
S= jd4x XOPIVEF,, + T“AM]M (E.408)
v
Variation proceeds as in the previous case, as
aL d aFa[% Jf v
o = 2= XOPWEE, = 2X OB Ey + Ep=te | =
9d,As  IFy B Tpv OF,5 17 P OE 5

X (515~ 5251 o + B (3120~ ) = £X09°R = 4075 (.409)

Combined with the previous result on the derivative with respect to A;, the Euler-

Lagrange equation yields:

oL
V9,As

5 oL 16w g
_ 5 _ S _ _ 5 5 _
= 48VXV MVFMV = 487G7 =3 : = ] — QYGY =

an s

0 c 7°, (E.410)

which is in fact the Maxwell field equation in matter. While the Lagrange density
eqn. (E.406) is the source of the field equation and links ultimately of the fields D’
and H; to the sources, the dynamics of the dual field tensor F*¥ with E; and B' is
already fixed by the Bianchi-identity.

E.7 Optics

It is fair to say that the covariant constitutive relation falls back in isotropic media on
the antisymmetrised metric,

Y|aV 11(?:v _ navrlﬁu

Xa[i}w —
2

(E.411)

possibly with (ep) as a prefactor in isotropic media in the spatial part of the metric.
In fact, in isotropic media one gets for the effective metric

2 PN 1/|VV = - (E.412)

with the refractive index n = /€.
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In this particular case, a plane-wave ansatz exp(+ik,x®) yields a modified null-
condition

w\2  k? ck
T]ka}dkv =0= (?) - ﬁ w = i? (E.413)
Consequently, the velocities are diminished by the refractive index n,
do ¢
Ve =k T % - Ueh (E.414)

and the light cone becomes narrower by the factor n. As constitutive tensor X+
is composed of the two contributions, namely the permissivity tensor €'/ and the
permeability tensor p'/, on the spatial components are affected: This effectively means
that in a medium, the wave length A = 27/k is affected by the refractive index and
not the angular frequency w.

The notion, that wave length changes in a medium according to A — n\ with
the refractive index n, paving the way for 44 Fermat’s principle for refraction: The
optical path length is effectively increased by the same factor of n. The spatial distance
between two point A and B is given by

B B B
Tdd
s:jds = jdsn:fdhw/yij%%n(x’) (E.415)
A A A

and is extremised according to s = 0 to yield the actual light path, technically
through application of the Euler-Lagrange equation albeit for a rather unusual form

of the Lagrange-function
[ dxidx
L =1/7ij I dn n(x") (E.416)

with no additive separation in a kinetic and potential part. Instead, in applying the
Euler-Lagrange equation (abbreviating x' = dx’/d})

d o o
dxJxe ~ oxf

(E.417)

one needs to be careful because after the dx'-differentiation, £ still depends on X,
which yields additional terms involving x' in the dA-differentiation, in particular the
gradient of the refractive index dn/dA = d,n x°. The first two derivatives are

oL L oL 1y X
Ser =\ YiEHdn, followed by = = % (E.418)

but increase dramatically in their complexity in the dA-differentiaton. Ultimately,
these equations lead to the concept of 44 Lagrangian optics and can only be solved
sensibly either through numerical methods or in approximations. While we commonly
assumed homogeneous media, the formalism is still applicable in the limit of <4
geometric optics where the scale on which n changes is large compared to the scale
on which the fields vary, i.e. the wave length A.
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While it is clear that the metric in an anisotropic medium can show different light
propagation speeds along the three coordinate directions, the constitutive tensor
XKV The wave equation in the most general case reads

9,G* = X9 F,, = 2X*F1V9, 9, A, = 0, (E.419)

which suggest for an ansatz A o ALO) exp(#ik,xY), with an amplitude A;O) that
contains information about polarisation. Then, the null-condition reads

XBAY Kk, = 0 (E.420)

and is effectively a polarisation-dependent dispersion relation, with differences in
propagation speeds even into the same direction for different polarisations: This
phenomenon is known as 4 birefringence, and can be observed in e.g. 4 calcite
crystals.

E.8 Gauge-invariance and charge conservation

Gauge-invariance of the term n“”q‘”FaﬁFw is clearly given, as F,, does not change
under gauge-transformation anyways. But it is interesting to see how gauge-invariance
is recovered in the entire Lagrange-formalism. In fact, with A, — A, +d, x one obtains

l6m 161
S= Jd4x L—S+ Tjd4x dux =S+ Tjd4x [au(x]”) - xau]“] (E.421)
v % v

where d, j# = 0 due to continuity of the charge density. The first term can be converted
into a surface integral with the Gauf3-theorem,

16T
S—>S+ TJdSM (x*)=S (E.422)
A%

i.e. one recovers gauge invariance when assuming a localised charge distribution:
moving the integration surface JV out leads to xj" vanishing faster than dV increases,
and consequently, the integral approaches zero. Hence, the action is gauge invariant if
charge is conserved. To show the opposite is impossible for our current understanding
of charge as a source of the electromagnetic field and requires a more detailed model
for the charge-carrying matter in the form of a quantum theory.

B.9 Conservation of energy and momentum
E.9.1 Scalar field on a Lorentz background

The Lagrange-density of the electromagnetic field does not depend explicitly on
the coordinates x*, meaning that it is truly universal: The way in which the field is
coupled to its charges and the internal dynamics is the same everywhere and at every
time. As a consequence of the translation invariance along the ct- and x'-coordinates,
energy and momentum are conserved, which we should derive first for a scalar field
¢. There, the Lagrange-density is given by L(¢, d,¢) but not by L(¢, dy,¢, x#). The
Euler-Lagrange equations follow from the variation of the action S
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oL oL
= 4 — 5S = 4 _— = —1op =
S= jd x L(¢p, d,9) oS = jd x (‘9({) Iy aé‘uq)) dp=0 (E.423)
v v

such that Hamilton’s principle 6S = 0 implies

L L
"33, " 99 (E.424)

If the Lagrange density £ depends only on the fields themselves and not on the
position, meaning the functional principle of the field theory as defined by L is the
same everywhere and at very time, there is only one way in which the Lagrange
density can change is moving through spacetime to a new point where the fields and
their derivatives are different: The fields themselves need to change. This implies that
under an infinitesimal shift in the coordinates into the direction €V,

x* - xt+ et (E.425)

one expects a variation of the field ¢ to be

3¢ = @(xt + &) — p(xt) = €%y (E.426)

and the corresponding variation of the Lagrange density would become

8L = €99, L (E.427)

On the other hand, the variation of the Lagrange density is given by

! oL aL aL . aL \. aL
oL = a—(pb(p+ maaw = (a—q)éxp— aym) o + ap(mb(p) (E.428)

using the Leibnitz-rule. As the physical fields fulfil the Euler-Lagrange equation in
the first term, only the second term remains, implying

5 =9, (%6({)) (E.429)

Assembling the final expression from the variation 8L in eqn. (E.429) with the
expression eqn. (E.427) and the variation ¢ in eqn. (E.426) leads to

oL N
aM (mé({)) — € aa[: =0 (E.430)
such that, using d, = 6&8}4,
L
« _ sk —
e d, ( aap(paa(p baﬁ) 0 (E.431)

implying that there is a covariant divergence which vanishes,
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2, TF =0 (E.432)

with the energy-momentum tensor T,"

aL

W_
T = 29, ¢

Do — ShL. (E.433)

Effectively, this suggests a multidimensional Legendre-transform with the canonical
field momentum m*

kil such that T,"=m" 00— 6};{5(@, ) (E.434)

oL
e

where the structural similarity to the relation H = p;x’ — £ from classical mechanics
is quite apparent.

If the Lagrange density had an additional dependence on the coordinates x*, it’s
variation (E.428) when transitioning form x* to x* + e/ would not only be caused by
the different field amplitudes and their derivatives, but there would be a new term

Qa

0L = €“d,L(field variation) + €*Q,(explicit coordinate dependence) (E.435)

where this new term is effectively a source term to the otherwise vanishing continuity
equation,
9, To" = Q. (E.436)

The identification of T," with the energy-momentum tensor becomes sensible for
the case of a standard Lagrange-density for a scalar field ¢,

Wy
£(0,949) = -0,99,0 = V(@) (E.437)

with a self-interaction potential V(¢) that would contain e.g. a coupling to sources.
Variation by substitution into the Euler-Lagrange equation yields directly the Klein-
Gordon equation

O¢ = v because T = ;—fp =n"d, and 9L __ N
3

7o 5= 70 (E.438)

with the next differentiation generating O = d, 7 = #Vd,,d,¢. Then, the tensor
T", becomes

Yo
To" = 1 9qp — ShL(@, ) = "9y pdop - 6&%%@95@ +8hV(p)  (E.439)
with the sign change in front of V(¢) which is typical for the Legendre transform.
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E.9.2 Maxwell field on a Lorentz background

There is a very important detail in the derivation of the energy-momentum tensor
of the electromagnetic field, which otherwise proceeds exactly as in the case of the
scalar field ¢: When shifting the potential to compute A5 one should not use the
derivative d,As for forming dAs = €*d,As because it is not gauge-invariant. Rather,
the variation should be given by the antisymmetrised form,

6A5 = €aaaA5 — e (aaAé - aéAa) = €O(Fa6 (E440)
as the Faraday tensor F,; is the gauge-invariant derivative of Ay . The variation in
the Lagrange-density becomes formally

SL = €9, L (E.441)

but expressed in terms of the fields, by virtue of the Leibnitz-rule,

r r
oL = aAbE’A‘S 99,A;

oL oL

99.A; %A = (aAé ~ 93,A,

oL
)6A5+9 (aa AbaAé) (E.442)

where the first bracket disappears as it fulfils the Euler-Lagrange equation, that
appears after the usual replacement 59, A; = d,0A;. The divergence in the second
term can be reformulated as

oL oy (9L N\ s an o asVy s an ST
¢ (88 AabA") € (aayAaF“")‘ BL = 9L = €DLIyL = O, BL  (E.A443)

so that the combination of the second and the sixth term suggest, as the shift € was
arbitrary:

P (aa A Fe = z:)_ 0, (E.444)

i.e. a conservation law for the energy momentum tensor,

oL

Y _ Y _
0, T, =0, with T, = oA Ab

Y —orL. (E.445)

The energy-momentum tensor T, ” is the relativistic generalisation of the Maxwell-

tensor Tv] which makes up the spatial part of it. In vacuum, it is symmetric, T, ” = "
and traceless, T,," = n*¥T,, = 0: The physical meaning of this is not straightforward
to understand, but essentlally corresponds to the fact that there is no mass associated
with the photons, i.e with excitations of the electromagnetic field. The components
of T, " contain the energy density, T,! = E;D' = H;B = wy + Wmag and the Poynting-
vector, 41/cP? = T, . In particular, the formulation of the Poynting-law would become
9, T," = 0 (Wel + Winag) + ;P = 0.

Perhaps it’s a weird and funny thought that @ Kirchhoff’s #4 mesh and knot rules
for electric circuits are essentially reflections of the coordinate-independence of the
Lagrange-function £ giving rise to energy conservation, and of the gauge invariance
of £ compatible with charge conservation. And as a last remark in this context I would
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C PT | CPT
derivative R - -
electric 4-current J + -
magnetic 4-current | — - +
Faraday tensor By | - + -
field tensor FW | - - +

Table 2: Summary of the behaviour of all fields and sources in extended electrodynamics
with electric and magnetic sources.

like to add that the construction with the infinitesimal shift of the Lagrange-density is
in some sense a trick: Actually, one would like to construct a gradient d£ of £ which is
caused by the fact that the fields and their derivatives have gradients. But one usually
works with the convention that partial derivatives of functionals only apply to their
explicit dependence on the coordinates, not their ”indirect” position-dependence
through the fields (and their derivatives). With this convention, auﬁ would be zero,
even though of course £ changes as a function of position, because the fields do
change. On a larger scale, the derivation of a conserved energy-momentum tensor
from the Lagrange-density or the action is an example of a 44 Lie-derivative.

B.10 Maxwell’s equations under discrete symmetries, revisited

The behaviour of the Maxwell-equations under the three discrete symmetries charge
conjugation C, parity inversion P and time reversal P was already the subject of
Sect. A.7, but can be extended to deal with covariant objects like G, FM or 814 ina
straightforward way. As before, we will treat the general case with electric charges j*
as well as magnetic charges 1t

4T,

9,G" = +4—n]V and 9, F" = -—— (E.446)
I c

In both cases the antisymmetry of the field tensors G* and F#¥ makes sure that the
currents are conserved, i.e. d,j¥ = 0 and d,1" = 0.

aw combining spatial and temporal derivatives, transforms sensibly only under
the combined PT -operation: Clearly, P7 x# = —x* and in consequence, P7 9, = —d,.
The electric 4-current j* transforms under PT like a velocity, P7 j* = j*, and under
C as Cj* = —j#, and therefore CP7 j* = —j* under the full CP7 transform. Magnetic
charges, however are pseudoscalar such that P7 1* = —i#, but in fact the additional
minus sign does not matter when considering the continuities d,j* = 0 and d,;#* = 0.

Please note that one can only invoke arguments that relate G*” to the potential A,
if there are no magnetic charges and duality is broken. It will be sufficient to consider
the Faraday tensor F,, as its properties are identical to G because the two are related
in a linear way by a mere prefactor. If there are only electric charges, F,, = d,A,-d, A,
suggests that PTF,, = -F,,, using the wave equation [JA, = 47/c v,,j", such that A,
inherits its properties from j¥, in summary P7 A, = +A,,. This is consistent with the
field equation d,GM = 4m/c ¥, as the minus signs brought in by d,, and G"¥ cancel.
Similarly, P7 F* = +FP to reflect the plus-sign in P7 ¥ = +iF.
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E.11 Links to particle physics
E.11.1 Axions and pseudoscalar particles

There is a second quadratic field invariant, FWF'” o« E,-Bi, which is pseudo-scalar: de-
spite being “just” a number, it changes its sign under application of parity-transforms
P and time reversal 7. This is the reason why we disregarded this particular term,
despite being quadratic, as a contender for the Lagrange density £ for electrodynam-
ics. But multiplying with a field 6 which itself is pseudoscalar, would amend this
problem:

ap BV B nv
L= %Paﬁpw + QOF,, F1 + %“AV]V + %ave 9,6-V(6) (E.447)

with a coupling strength a. This 4 axion field 8 needs its own dynamics and interacts
with itself through the potential V(6). Looking at the Taylor-expansion of V(6) one
can only admit even powers

V(6) = ; (‘;‘—i’;!ez" (E.448)

as only those are invariant under parity transform: Essentially, this is a very strong
restriction on the form of the potential for self-interaction of the axion field: it is
necessarily an even function. Please note that a mass term of the type

2
V() = ’%ez (E.449)

would be naturally contained in the interaction potential V(6) even in the restriction
to parity positive terms, by setting a, = m? for n = 1.

Variation of the Lagrange-density with respect to A, yields an extension to the
Maxwell field-equation, and the variation with respect to 0 a corresponding equation
of motion for 6, which is coupled to Fw, i.e. a modified field equation

NP9, By = 4%(]V +ady, (915'”) = 4%[]“ +ad,6- F (E.450)

because 8}4?}” = 0, if duality is properly broken, and alongside a dynamical equation

for 6,

L, dv
06 = af, F - =& (E.451)

Therefore, 0 obeys a wave equation that is coupled to the electromagnetic field
and driven by the potential gradient —dV/d6. Experiments with axions are always
great and fascinating, for instance 2 light through wall-type experiments. There,
one tries to take a very strong photon source, such as a laser beam, and convert the
photons by means of the GFWFP”—term to axions. Clearly, FWFW is zero for a plane
electromagnetic wave, so one provides an additional magnetic field to make the
scalar product between the laser’s electric field E; and the external magnetic field Bf
nonzero, enabling the conversion. The experimental setup continues then to block the
laser beam by a wall and invert the conversion behind the wall, hopefully recoving
photons from the axion field by supplying again a strong magnetic field.
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E.11.2 Massive fields, Proca-terms and the Higgs-mechanism

For a scalar field ¢ it is rather straightforward to make it massive. In fact, it suffices to
add a term that is quadratic in the field amplitude ¢ to the Lagrange-density. Then,

of

Ul m? 2
L9 9y 9) = 5-da9dpe - Z-¢" (E.452)

Substitution into the Euler-Lagrange equation gives the equation of motion, which
now reads
O = m%p (E.453)

and a plane-wave ansatz of the type @ o exp(+ik,x®) would yield as a dispersion
relation

w\2

1k, = (7) ~yiikikj=m? suchthat « = +cVi2 + m? (E.454)
C

The wave number kM has clearly a time-like normalisation, n’”kukv =m? >0, such
that the propagation takes place inside the future light cone, as expected from a
massive object. In addition, the group- and phase velocities are

Vk? + m?

_do_ k. d =9 > E.455)
vg,_a_cm ¢ an vph_%_cT c (E.

because Vk2 + m? > k, but their geometric mean is exactly

Uph X Vgp = c? (E.456)

i.e. the phase velocity is superluminal, but the group velocity which is associated
to the propagation speed of wave packets representing massive particles, remains
subluminal. This is nicely illustrated by Fig. 25, where both velocities reach the same
limiting value of ¢ for k — oo, i.e. for k > m, as the mass becomes less and less
relevant in that limit.

Motivated by this example one could think of a modified Lagrange density for the
Maxwell field of the form

oo

2
m
TFD(ﬁFMV + 7ﬂaMAaAM (E457)

with a so-called 4 Proca-term A4 A,. Variation with the corresponding Euler-
Lagrange equation would yield a seemingly sensible result, as

N9, Fy = OA, = m?A, (E.458)
in Lorenz-gauge, where the same plane-wave ansatz exp(+ik,x*) would give a time-
like normalisation 1*kqk, = m? > 0 that corresponds to subluminal motion inside

the light cone. But there is a fundamental problem already present in the Lagrange
density: It is not gauge-invariant,

NHFAA, = FAA, + 21 x Ay + 1M Iax 9 (E.459)
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Figure 25: Dispersion relation, i.e. group and phase velocity as a function of wave number,
for different masses.

so the choice of a suitable gauge is not possible. In fact, the problem of gener-
ating masses dynamically in a gauge-invariant way is solved only by the <4 Higgs-
mechanism for field theories and misses yet a complete solution for 44 massive gravity.
Electrodynamics as a theory without masses is backed up by stringent experimental
upper bounds on the <4 photon mass.
One should add, though, that Lorenz-gauge is still a very sensible choice for cases
with a non-zero Proca-mass. Clearly, constructing the action S from the Lagrange-
density eqn. (E.457) includes the additional terms

S= J dx (271‘”‘80()(Ayl + n“”&axayx) =- J dx (2)( rﬁ"&mAM +x qavaaapx) (E.460)
7 N —_— —
=0 =0x

after integration by parts: In fact, Lorenz-gauge then makes the first term disappear
and forces the gauge field x to obey a wave-equation Oy = 0.

E.11.3 Modifications of the Coulomb-potential

Scalar fields ¢, even in the case of linear field equations, show an interesting phe-
nomenology on large scales: Starting from the most general Lagrange-density £(¢, d,,¢)
including all terms up to ¢? would ensure a linear field equation, as in the variation

process the powers get reduced by one:

i m’
L(9, dy@) = —-dup dyp — — 9" — dmpe + Ag, (E.461)
leading by variation to the field equation
(O +m?)Q = 4mp+ A (E.462)
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Figure 26: Field amplitude @(r) for the most general linear scalar field theory.

where one admits a source term p and an inhomogeneity A, which would be present
even in a charge free space and which would, in a gravitational theory, correspond to
the 44 gravitational constant. Focusing on a static, spherically symmetric situation
for a point charge one recovers from the field equation

(A—m*)p=—4np— A with Ag= riza, (rzar(p), (E.463)

depending on the choice of the two parameters, the classical Coulomb-potential

1
@(r) = p (E.464)
for m = 0 = X. Admitting a nonzero mass leads to the 4 Yukawa-potential
o(r) = M (E.465)

for m = 0 = A, where the field amplitude ¢ is suppressed at large r. The full theory
implies
exp(—mr)

- + Ar? (E.466)

¢(r) =

for m = 0 = A, with modifications large scales, while X alone gives rise to

o(r) = % +Ar? (E.467)

for m = 0 # A, which would, up to a sign, be the gravitational potential of a point
mass in the classical limit including a cosmological constant. Common to the results
are the definition of two additional length scales 1/m and 1/VX, which modify the
otherwise 4 scale-free Coulomb-solution. Fig. 26 summarises these modifications.
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Figure 27: Field gradients —d/dr for the most general linear scalar field theory.

The gradient —d@/dr would, if @ is interpreted as a potential, accelerate a test
charge. The acceleration as a function of r is shown in Fig. 27, illustrating how on
small scales r < 1/m and r < 1/\5, the unaffected Coulomb-potential is recovered,
while there are modifications on large scales r 3 1/m and r > 1/V. It should be
noted that the generalised inhomogeneity X is not admissible in a non-scalar theory
like electrodynamics, as a term linear in the 4-potential AA,, is clearly non-scalar.

E.12 Conformal invariance of the Maxwell-theory

Apart from Lorentz- and gauge-invariance, and the spacetime shift symmetries of the
Lagrange-density of Maxwell-electrodynamics there is, at least for vacuum-solutions,
a weird scale-symmetry. Applying a rescaling of the spacetime coordinates

1
x* - Ax® and consequently, Jd, — Xaa‘ (E.468)

The fields obey homogeneous wave equations in vacuum,

OF,=0 and OGM =0, (E.469)

where in fact the A~2 factor generated in (0 — [J/A? drops out because of the vanishing
right hand side of the two equations. This is an example of 44 conformal symmetry.
It is broken because the charge density p changes under the scaling o A~ instead of
oc A—2 as the differential operators.

E.13  Gauge-invariance as a geometric concept

The relationship between the fields and the derivatives in a relativistic notation
are summarised by this diagram: The potential A, has an antisymmetric derivative
Fob = e“ﬁ?“’apAV, and this dual is divergence-free in fulfilment of the Bianchi-identity:
d Fob = e“ﬁ‘“’f)aa”Av, with an exchange symmetry in the index pair (o, p) which
makes the expression disappear in conjunction with the antisymmetry of the Levi-
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Civita symbol: This is quite important because of two reasons: Not only does one
recover the homogeneous Maxwell-equations, but it is clear that the potential A is
incompatible with a hypothetical nonzero magnetic source P.

Converting Fof into F,; and bringing in the constitutive relation yields the field
tensor GY®. The divergence 9},G?"S is the source ;°, as an expression of the field
equation. And finally, charge conservation in the sense of ds;® = 0 is ensured by
ByabGV‘%, again with a contraction of a symmetric with an antisymmetric tensor.

The gauge function x changes A, but leaves F,, invariant: This is accomplished
by the derivative e"‘ﬁ""avaux = 0, as the two derivatives interchange, d,d, = 9,0

ul
but e* is antisymmetric in the index pair (, ).
. dy
B GV ——— Maxwell
0
!
Capyo |
|
!
apuvy !
A, 0 po oL 0 Bianchi (E.470)
+ +
N etxﬁwa’ .
X adyx 0 gauging

Finding a gauge function x for a given gauge condition, usually a derivative
property of the potential like a particular value for #¥d, A, as in the Lorenz gauge
requires the solution of a wave equation: Substitution A, — A, + d, x into the gauge
condition leads to 1Vd,d,x = —b with b = 19, A,. Wave-equations of this type are
readily solvable by means of the retarded Green-functions.

1o, .
Ay T sy condition
_ - (E.471)
14 "o, .
X r dux i Ox gauging

The same diagram with identical arguments can be more concisely expressed in
the language of 44 differential forms: Starting from the 4-potential A, as a one-form
A, application of the exterior derivative d leads to the two-form F, corresponding
to the field tensor F,,. The co-differential 5, which can be expressed as *dx with the
Hodge-star operator %, leads to the source j, again a one-form. The Hodge-dual of the
field two-form F would be #F, whose co-differential 9% F = xd**F = *dF = xddA = 0,
recovering the Bianchi-identity. The gauge field x has an exterior derivative dx, which
can be added to the one-form A without changing the observable fields contained in
the two-form F, as dA — d(A + dx) = dA + ddx = dA. On the other hand, F = dA is
only sensible if 0% F = 0 physically, i.e. that the magnetic charges are non-existent:
The existence of a potential A requires broken duality.
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o

*F ———— 0 Bianchi
l
*|
|
l

A d F,G o Ji Maxwell (E.472)

+ +

X d dx d 0 gauging

The construction of a (scalar) gauge function x for ensuring e.g. Lorenz-gauge
O0A = 0 implies that dx, now a one-form, is added to A and leads to odx = —b, with
a source b = dA after substitution into the gauge condition. ddx, however is the
Laplace-de Rham-operator, which for our case of a Lorentzian metric background is
the d’Alembert-operator [J, up to a symmetrisation.

A—2 b condition
- - (E.473)
X d dx o Ox gauging

E.14 Motion of particles through spacetime
E.14.1 Fermat’s or Hamilton’s principle?

The relativistic expression for the arc length s through spacetime, as mapped out by
proper time, can be amended by a second term, gA, dx* which should incorporate the
accelerating effects of electric and magnetic fields on a test particle with charge g:

B
s= de mc, /r]wul‘u" +qAdx! - LM, uf) = me nputuY + gA,ub, (E.474)
A

where in isolating the Lagrange function one rewrites dx* = u*dr, from the definition
ut = dx"/dr. Variation of the arc-length, now a function of both u" and x* (through
the coordinate dependence of A,) is achieved with the Euler-Lagrange equation,

doc o
dtou® = Ix’

(E.475)

The expression (E.474) for the relativistic arc length is remarkable, as it combines
the metric distance in the first term with a second distance measure A,dx" mediated
by the vector potential, called 4 Finsler geometry.

An intuitive (but gauge-dependent) picture might be, that different paths through
spacetime have the particle change its proper time according to the magnitude and
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direction of A, relative to its velocity u¥, like a tail- or headwind that changes travel
time. The necessary derivatives are

oL

o = qu"aaAM (E.476)
and
L d JdC dut
e = mieut +qA,  — Tege = Mgy qutd Ay (E.477)

where the last term appears in the time derivative through the coordinate dependence
of A,:

dA, _dxtdA,
Tc " dc o ¥ Iyhq (E.478)
Collecting all results yields
dut
M = q(9aBy - IyAg) ut = gy ut (E.479)

by identifying the Faraday-tensor in the last step: Finally, we recover the Lorentz
equation of motion, and the appearance of F,, makes sure that the acceleration does
not depend on gauge. Multiplying both sides of the equation with u® leads to an
interesting result:

odut

m d
a5 = 5 gz (et ut) = qFyutut = 0, (E.480)

where the last term is necessarily zero as the contraction between the symmetric
tensor u%ut and the antisymmetric F,,. This safeguards the norm 1,,u®ut = c? from
any changes, and keeps the particle from being accelerated to superluminal velocities
outside the light cone.

While the equation of motion is perfectly gauge-invariant (and Lorentz-covariant),
the gauge-invariance of the Lagrange-function requires additional arguments: Per-

forming a gauge transform A, — A, + d,x with a gauge function x changes the
relativistic arc length according to

B B
jdr mc nwu”u"+qA ) - s+qfdr dux ut. (E.481)
A A

This new term can be rewritten, by falling back onto the form how it was introduced,

B B B

J‘d’[ dux ut = jdx”aux:jdx: (XB — XA)» (E.482)

A A A

using dx = auxdx?‘. In summary, there is a constant, additive term that becomes
irrelevant for the variation for obtaining the trajectory.

110



E.14. MOTION OF PARTICLES THROUGH SPACETIME

coordinate ct
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Figure 28: Trajectory through spacetime, with the metric contribution 1,,dx"dx" to the

line element ds? in the background shading and the Finsler contribution A, dx¥ generated
by the potential A, as arrows.

An impression on the contributions to the line element ds? given by the metric
1yydx#dx” and the Finsler-term A, dx" is given in Fig. 28.

E.14.2 Relativistic horizons

We can probe the limits of special relativity by looking at accelerated, non-inertial
motion through spacetime. Starting from the coordinates x* we already defined the

4-velocity ut,
dxt d [ ct dt d [ ct c
b= = — =—— =
ST dx( x ) drdt( x ) V( v) (E.483)

with v = x and y = dt/dt. Repeating this argument one computes the 4-acceleration

at as
du* d c dt d c va 4 ¢ 2( 0
| = —— = —
“ dt dTY( v ) d"cdty( v ) Ry ( v )+y ( a ) (E.484)

with a = 0 = %, and the derivative dy/dt = y3va/c?. This system of equations
can be integrated numerically for e.g. an assumed constant acceleration a, giving
a parametric solution (ct(t), x(7)). The resulting trajectories in x*(t) are shown in
Fig. 29, where the accelerated trajectory evades light signals that are emitted at x = 0
later than ct > 4, which is impossible for inertial motion. Effectively, evading light
signals means that there is a relativistic 44 horizon between the emitter of light signals
and the accelerated particle.
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A "The concept of "relativis-
tic mass” is subject to misunder-
standing. That’s why we don’t use
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— belonging to the magnitude of a
4-vector — to a very different con-
cept, the time component of a 4-
vector. Second, it makes increase
of energy of an object with velocity
or momentum appear to be con-
nected with some change in inter-
nal structure of the object. In real-
ity, the increase of energy with ve-
locity originates not in the object
but in the geometric properties of
spacetime itself.”, E. F. Taylor and
J. A. Wheeler, Spacetime Physics
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Figure 29: Paths through spacetime at constant velocity, and in comparison a path with
constant acceleration, with the emergence of a relativistic horizon.

The 4-acceleration a* is always perpendicular to the 4-velocity ut,

Huta’ =0, (E.485)

as a direct computation with the above expression shows. This has in fact dramatic
consequences, as

dut du?

d u
e (") = ”'”( @ e ) = 2ijuta” =0, (E.486)

implying that the (timelike) norm 1, utu" = ¢? > 0 of u* is conserved. At this point
it is worth mentioning that many texts attribute the impossibility of accelerating a
massive object past ¢ to the <4 relativistic mass increase, which is really superfluous
as a concept as it is completely covered by the geometric, kinematical structure of
spacetime. Proper acceleration is defined in terms of proper time T, which is dilated
relative to the coordinate time t by the Lorentz-factor y. A faster-moving system
reacts to an accelerating force as if it had more inertia and therefore a higher mass,
but it is really the conversion between proper time and coordinate time that brings in
the Lorentz-factor, and one does not need to invoke a new relativistic effect on mass,
and surely the number of atoms inside an object would be unchanged under Lorentz
transforms!

E.14.3 Tachyons and tardyons

4 Tachyons are hypothetical, superluminally moving particles with 4-velocities
ut outside the light cone, nwu”u" = —c? < 0. On the other side, A4 tardyons are
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Figure 30: Curves of constant Minkowski-norm 1),,x¥x" = *1, or equivalently, curves
traced out by the endpoint of a timelike and spacelike unit vector under Lorentz-transforms.

conventional, massive particles with subluminal velocities inside the light cone,
rhwu”u" =+c2>0. Naturally, these norms are conserved under Lorentz-transforms,
as illustrated by Fig. 30, where the hyperbolic curves traced out by the unit vectors
along the x- and ct-axes never leave their associated timelike or spacelike quadrants.
For a timelike vector this would be,

¢t ) _( coshd sinhi 1)\ _{ coshi
( X )_( sinh{ cosh ¢ )( 0 )_( sinh ) (E.487)

and for a spacelike vector correspondingly,

ct ) _( cosh sinhi 0) ( sinhy
( x )_( sinh{ cosh ¥ )( 1 )_( cosh P ) (E.488)

For a particle moving on a spacelike trajectory one would write down a line
element

crde® = Hdxtdx? = c2de? - yijdx;dx; = (cz - yi]-v’i)j)dt2 (E.489)

with v = dx'/dt. Negative norms would then imply that Yij viv/ > 2, and hence that
the magnitude of v exceeds c. The velocity u! for such a particle would necessarily
have the same negative norm, as one writes u" = dx!/dt, and because c2d7? =
nwu”uvdrz has to have the same overall sign.

The relativistic dispersion relation H? = (cp)? + (mc?)? suggests the definition of
a relativistic 4-momentum p, (as a linear form), whose norm is positive for tardyonic
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and negative for tachyonic particles, according to the location of the corresponding
velocities in the respective quadrants in a spacetime diagram,

Py = ( H, cp; ) with  n""p,p, = Hz—czyijpipj = H%—(cp)* = +(mc?)?, (E.490)
resulting in a funny shape of the dispersion relation,

H(p) = y/(cp)? = (mc?)?, (E.491)

for the negative sign: This is in fact consistent with their superluminality, as p? is

bounded from below by (11c)?: Tachyons need to be faster than the speed of light, and
if they brake down to approach the speed of light from above, they can only reach
mc. In a weird sense, this is analogous to the non-vanishing energy associated with
the rest mass for normal, tardyonic particles: While for them the energy is nonzero
even for vanishing momenta, tachyons have a minimal momentum even at zero
energies. To some degree of overinterpretation, tachyons have a minimal momentum
mc whereas the tardyons have a minimal energy mc?. Reexpressing the tachyonic
dispersion relation in terms of wave number and angular frequency would be

w = +cVk2 — m? (E.492)

Group and phase velocities for tachyons come out as

dw ck w cVkZ-m?
vgrfﬂfm>c and vph7%7T<c, (E.493)

exactly inverted compared to massive particles: The group velocity, associated with
particle propagation, is always superluminal because Vk? — m? < k, and the phase
velocity subluminal. Their geometric average, though, comes out as

Vg X Vph = €7 (E.494)

Of course one should keep in mind that outside the light cone there is no causal
ordering due to the relativity of simultaneity, so it would be problematic to have
tachyons influence the causal world inside the light cone. To conclude, there is no
place for tachyons in a Galilean world: In the formal limit of ¢ — oo, the future light
cone opens up: The timelike region increases while the spacelike region decreases,
until all of spacetime reaches an absolute causal ordering according to the universal,
Galilean time. And of course, every velocity is subluminal as ¢ — oo.
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