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A MAXWELL-EQUATIONS

A.1 Fields and test charges

Fields are a very novel concept in physics as there can be systems without direct
physical contact of their constituent parts which are nevertheless influenced at a
distance, as Newton formulated it. As we do not have any direct sensory perception
of fields, they are indirectly observed by the force they are capable of exerting on
charged 4 test particles. If a test charge g is exposed to the electric field E; and the
magnetic field B’ it experiences a change p; in its momentum p;:

. 1 -
pPi :q(Ei+;€iij]Bk). (A])

This 44 Lorentz-force depends on the magnitude and direction of the velocity v'/c
in units of a velocity scale c. It is possible to measure all components of E; and B
separately as one has the freedom of choosing the state of motion of the test charge.
Clearly, as the velocity v’ depends on the choice of frame, the measurement of E; and
B has to be frame-dependent as well. Therefore, with the concept of a test charge one
links the dynamical and kinematical properties of fields to the mechanics of the test
particles in a consistent way. Historically this was very important, as electrodynamics
showed that Galilean mechanics for the motion of test particles is inconsistent with
the fields, and needed to be replaced by Lorentzian, relativistic mechanics. It is
important to realise that the two fields measured by a test charge are a linear form E;
for the electric component and a vector B! for the magnetic component.

A.2 Physical properties of the electric charge

Electrodynamics is a 44 continuum theory: One can imagine the electric charge
density p to be a fluid so that arbitrarily small volumes contain arbitrarily small
amounts of 44 electric charge. There is no idea of charge carriers such as electrons or
protons, and no concept of a quantisation of charge into multiples of an 44 elementary
charge. Charge is conserved, meaning that the fluid can move and change the charge
density, but there is no spontaneous creation or annihilation of electric charge. This
statement is necessarily an empirical property of charge-carrying matter.

If the local charge density increases, it must be necessarily due to converging
current densities, as expressed in a 44 continuity equation:

8tp+ai]i =0 (A.2)

implying that the charge g contained within a volume V only changes over time if
there are electric currents I transporting the charge through the surface dV:

d d i_ i_
n de_aq_—Jdvai] _—deZ] =-I (A.3)
v \% v

as a consequence of the 44 Gauf3-theorem. The electric charge g appears as the volume
integral over the charge density p, in the same way as the electric current I is the
surface integral over the current density j/, projected along the surface normal dS;.
Specifically, if the currents ;' point outwards and are parallel to the surface normals
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dS; of dV, the enclosed charge g will decrease, which provides a good motivation for
the minus-sign.

A3 Maxwell-equations

The «4 Maxwell-equations are the axiomatic foundation of classical electrodynamics
and they define the relation between the distribution of electric charges and currents
on one side and the electric and magnetic fields on the other, as well as the dynam-
ical evolution of the fields themselves. They are a set of linear hyperbolic partial
differential equations, formulated in terms of first derivatives d; and d; of the fields
with respect to the coordinates x’ and time ¢. Temporal derivatives always appear
multiplied with a constant c, that will turn out to be the speed at which excitations in
the electromagnetic field propagate.

Maxwell’s equations involve the two physically measurable fields E; and B as well
as two auxiliary fields D’ and H;. These auxiliary fields are sourced by the electric
charge density p and the electric current density j/, and can only be related to E;
and B with an assumption on the physical properties of the medium in which the
charges reside. At the time, @ Maxwell isolated his four equations from empirical
observation of magnetic and electric phenomena, but they are much more than that:
They open a path to a geometric description of Nature in terms of relativistic field
theories.

A.3.1 Gaufl-law for electric fields

The electric field D' emanates from the electric charge density p, meaning that wher-
ever there are electric charges, they act as 4 sources of the electric field. The field
lines diverge from a positive charge and converge on a negative charge. Mathemati-
cally speaking, the divergence 9; D’ of the electric field is proportional to the charge
density p with the prefactor 41 in the 44 GauB-system of units:

9;D' = 4mp (A.4)

With the help of the Gau3-theorem the Maxwell-equation can be reformulated in
integral form,

jdvain:jdsi Di:¢:4anVp:4nq (A.5)
\% \%

av

implying that there is a flux 1 of electric field lines through the surface dV of any
volume V which contains a charge 4.

An electric field D' should be spherically symmetric around a point charge of
magnitude g, certainly in the case of an isotropic medium. This means that the
electric field lines should be perpendicular to the surface JV of a sphere of volume V
containing the charge at the centre, and the electric field should be of equal strength
everywhere on the surface. Then,

JdSiDi:4nr2D:4nq - D:rl2 (A.6)
av

with the familiar expression for the Coulomb-field D « 1/r? of a point charge.
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In summary, electric field lines start necessarily on a positive charge and end at a
negative charge, unless they form a closed loop.

A.3.2 Non-existence of magnetic charges

The magnetic field B behaves differently: There are no corresponding <4 magnetic
charges from which the magnetic field lines would emanate, so the divergence of the
magnetic field is necessarily zero,

9;B' = 0. (A7)

In integral form the relation would read

dvo;B = [ dS;B =¢=0 (A.8)
Javae-]

\Y% A%

showing clearly with the Gauf3-theorem that the flux ¢ of magnetic field lines across
the surface dV of a volume V is zero, as it can not contain any magnetic charges.

A.3.3 Faraday-law and induction

Electric field lines can be closed loops, too, and this is necessarily related to time-
varying magnetic fields, as formulated by the <4 Faraday-law

/%9, B = —9, B! (A.9)

with the most famous minus sign of physics: the 44 Lenz-rule. It is a reflection of the
hyperbolicity of the Maxwell-equations and despite many claims otherwise, it has
little to do with energy conservation. Here, the speed of light ¢ makes sure that the
derivative 0; is dimensionally consistent to the derivative d,;, because

act = Eat (AlO)

has units of inverse length just as the spatial derivatives: Please keep in mind, that
in the Gauf3-system of units, all fields E;, D, H; and B’ have identical units. The
corresponding integral form of the Faraday-law is derived by application of the
Stokes-theorem,

, . d i d¢
k)R, = U = g =__ Bl= ——
dele 9B =U J‘dr E; d(ct)jds’B 30D (A.11)
S S S

where one can identify the induced voltage U on the boundary JS of the surface S
as being proportional to the rate of change of the magnetic flux ¢ with respect to
ct. Integrating the rotation eijkajEk along an integration contour would yield the
displacement work necessary to move a charge along this contour, which, normalised
by the magnitude of the charge, is exactly the voltage.
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A.3.4 Ampere-law

Magnetic fields are surely divergence-free, but can they be loops? /4 Ampeére’s law
answers this clearly in a positive way, as

y o 4m
%9 Hy = 494D + — (A.12)
c

implying that the rotation eijkaij is related to two phenomena: There can be a
non-vanishing electric current density ;' with magnetic field lines looping around it,
or the electric field is time-varying. Again, the Stokes-theorem allows to reformulate
the Ampere-law in integral form,

. . d i 4Am i dy  4m

kg H, = | drf H, =+ D *J AP SS T
st,e 9jHy fdr ! +d(ct)st’ T dSij +d(ct)+ c (&.13)
S Js ] S

such that magnetic field collected up on a closed loop JdS becomes equal to the change
of the electric flux ¢ through the surface S and to the electric current I through that
surface. In a static, cylindrically symmetric situation of a straight wire one would
evaluate the integral as IdriHi = 2mr H on a circle with radius r, such that the
magnetic field decreases H « 1/r with increasing distance from the wire.

A4 Linear media for electrodynamics

Maxwell’s equations allow to compute the electric and magnetic fields for a given
distribution of the charge density p and the current density ;/, and to localise the
source distribution p and ' for a given field configuration. In the general case, these
relationships are defined for two auxiliary fields, an electric vector field D' and a
magnetic linear form H;. These two excitations, D’ and H;, are related to the sources
p and j/ in purely geometric relations. For converting them into the measurable fields
E; and B/, one needs to incorporate the properties of matter, in which the charges
and currents as sources of the electric and the magnetic field are embedded.
Restricting the discussion to linear media one assumes a proportionality

D! = €VE;

i © Ei=¢D (A.14)

with a permissivity (or dielectric) tensor €;;, and in analogy a likewise linear relation

B =p/H; o H;=p;B (A.15)

with a permeability tensor p;;. These two relationships between the electric field pair
E; and D’ on one side and the magnetic field pair B’ and H; on the other are referred
to as <A constitutive relations. The permissivity tensor €;j and the permeability tensor
Wij are both symmetric, positive definite tensors. As such, they act as a metric with the
purpose of converting the vectors in linear forms and vice versa. This is made possible
by the fact that €'/ is inverse to €;j, with eije]-k = 6};. Both tensors have a principal axis
frame in which one observes that the fields become elementwise proportional to each
other, scaled by the eigenvalues of €;; or p;;.

If all eigenvalues are equal, the medium is isotropic and the tensors become
proportional to the 44 Euclidean metric ¥ij, with an admittedly weird convention
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A.5. CONSERVATION OF ELECTRIC CHARGE

1 1
€,']' = g]/,] and }4,] = g]/i]‘, (A16)

with the dielectric constant € and the isotropic permeability p. Vacuum is effectively
described to be a medium with € = 1 = p. Because the Euclidean metric y;; mediates
between the pairs E;, D’ and H;, B!, their distinctiveness is lost in a vacuum situation
without a medium. Positive definiteness makes sure that the observable electric and
magnetic fields Bf and E; are pointing in the same direction as the excitations H; and
D': The fields are attenuated in a medium but never reversed.

There are even “d bianisotropic media where dielectric effects are caused by
magnetic fields and effects of permeability by electric fields:

Di = eifE]» + Eiij aswellas B = }Ain]‘ + CijEj, (A.17)

with two additional tensors &/ and '/ in the constitutive relations. The connection
between fields and the microscopic structure of matter can be extremely complicated,
and only in simplified cases one will have a linear, instantaneous and isotropic
response of the fields to the presence of matter. It is quite apparent that there is a
time scale involved in the reaction of the fields E; and B to the excitations H; and D'.
Water, for instance, has a very high dielectric constant e ~ 80 for static electric fields
as a consequence of the polarity of the water molecules, but the dielectric constant
for the rapidly changing electric field in visible light has decreased to a value of about
e~ 1.5.

In contrast to the inhomogeneous equations that get modified in the presence of
matter, the homogeneous relations d;B’ = 0 and eijkc?]- Ei = —dB' are unchanged
in matter. One can almost feel why this should be the case: The inhomogeneous
equations predict, due to their shape, strong fields close to the sources, i.e. D o 1/r2
and H « 1/r which are diverging in the limit r — 0 and which should evoke a
strong response from the medium altering the fields. While this argument sounds
very convincing, it neglects the fact that most materials follow linear relationships
between the fields and the excitations, or equivalently, have constant dielectric and
permeability tensors, and effectively do not distinguish between weak and strong
fields: In fact, the situation is very puzzling to interpret as there are linear responses
evoked by arbitrarily weak fields around sources, but not for induced fields!

For the purpose of this script we will always assume homogeneous media, such
that the material properties do not change as a function of position and all derivatives
dr€l and 9y }/lij are zero. But this is a choice of convenience, as the Maxwell-equations
would be prepared to deal with inhomogeneous media, at the expense of notational
clarity: The GauB-law ;D = 4mp, for instance, becomes ai(ei/Ej) = ;€' . E; +
eifz?,»Ej = 4mp, with a new term d;¢'/ reflecting the change of the dielectric tensor
with coordinate.

A.5 Conservation of electric charge

With the link between the fields and the distribution of charges (and currents) es-
tablished by the Maxwell-equations it should be clear that the fields are not free
and that they should reflect any dynamical laws to which the charges are subjected,
for instance charge conservation: It will never be the case that the electrical field
lines suddenly converge onto a single point in space and form a non-vanishing di-
vergence, without there being an actual charge. Therefore, it should be possible to
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derive a charge conservation law from the field configuration! In fact, computing the
divergence of the rotation e”kz?j Hj as defined by the Ampére-law,

y . 47 iy y .4 .
€17k(9ij = +8”D’ + Tn]l — aie’]kaij = e”kaia]-Hk = a,‘actDl + TT(B,»]’ =0
(A.18)
which is always zero: The contraction of €//¥ which is antisymmetric in the index
pair (ij) with the double derivative d;d;, which is symmetric in the index pair is
necessarily zero. The exchangibility of the partial derivatives d;d; = d;d; and hence

the symmetry of the expression d;0; is made sure by 4 Schwarz’s theorem.
This consideration leads to

9.,0.D' + 4{‘3,,1‘ _o, (A.19)

and by substituting the GauB-law 9;D = 4mp to

4 )
4mdyp + Tnai]l =0, (A.20)

where d.; interchanges with the divergence, as both are partial derivatives. In the
last relation one recovers the conservation law in the shape of a continuity equation

dip+9di) =0 (A.21)
In a very real sense, electrodynamics is the theory of electric and magnetic fields for
conserved charges; if, by any mechanism, there would be spontaneous creation or

decay of charges, or even <A teleportation of charges, the Maxwell-equations would
need to be amended.

A.6 Electromagnetic duality

In vacuum, where the charge density p and the current density j* are zero, the
Maxwell-equations assume a very symmetric shape as all equations are purely homo-
geneous. The divergences read

9;,D' = eijaiEj = eyijz?iEj =0 aswellas 9;B' = }LijaiHj = plyijaiHj =0, (A.22)

and the rotations become:

e’/kajEk = —aCtBl = —}/Ll]actH]' = —;y’fade (A23)

and
€ijkaij = +8”Di = +€ijactEj = eyifactEj, (A24)

where we introduced the permissivity and permeability tensors to map all fields
to the two linear forms E; and H;. In isotropic media, Maxwell’s equation exhibit
invariance under the 4 duality transform

E; - +H; and uH; — —€E;. (A.25)
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A.7. MAXWELL-EQUATIONS UNDER DISCRETE SYMMETRIES

Clearly, there is no influence of the duality transform on the divergences, while the
two equations involving rotations just interchange their roles. Duality is broken by
the presence of p and j'. Without a medium, i.e for the case € = 1 = p, the duality
transform takes on an even simpler form, E; — y;;B/ and B' — —}'/E;, and relates
the vacuum fields directly to each other.

Maxwell’s equations would straightforwardly be able to accommodate 44 magnetic
charges if they are in fact conserved, as can be seen from this argument. Purely driven
by analogy and intuition, one can amend Maxwell’s equations as

;D' =4np and 9;B' = 4mnrt (A.26)

as well as

y 4w . , 4w
%9 Hy = +9,D' + T“]‘ and  €7¥9B; = -9, B/ - 7“11 (A.27)

by introducing a magnetic charge density tand a magnetic current density 1/, making
all Maxwell-equations inhomogeneous PDEs. Clearly, with vanishing t and # one
would recover the true Maxwell-equations, one pair being homogeneous and the other
pair being inhomogeneous. From eijkaiajEk = 0 one recovers a continuity equation
of the magnetic charge

9,1+ 0,7 =0 (A.28)

in complete analogy to the case for electric charges. This realisation is quite sensible:
There are 2 scalar and 2 vectorial equations for 3 components for E; and 3 components
for B'. They have to be determined by p as a scalar source and by j' as a vectorial
source, which might look odd, as there are more field components than source
components (6 > 4), and again more equations than field components (8 > 6)! But
the conservation of the source needs to be respected by the fields as well, reducing
the effective number of equations by two: there is a conservation law for p and one
for t, which Nature has incidentally chosen to be zero (She has good reasons for
doing so!), reducing the effective number of equations from 8 to 6. How exactly the 4
components of the source determine 6 components of the fields (clearly, they can’t all
be independent, otherwise the problem would be underdetermined) will be the topic
of Sect. B on potential theory.

A summary of all quantities appearing in the Maxwell-equations is given in this
diagram Fig. 1, for the general, hypothetical case of both magnetic and electric charges.
For the actual Maxwell-theory with only electric charges, T = 0 = ¢'.

A7 Maxwell-equations under discrete symmetries

The Maxwell-equations show a curious and interesting behaviour under the three
discrete symmetries: (i) 44 charge conjugation C, which replaces every positive charge
+q by a negative one —gq, and vice versa, (ii) 44 parity inversion P, which mirrors
the spatial coordinates +x to —x', and (i11) 4 time reversal 7, which replaces +t
by —t. Particularly relevant will be the classification of vectors (and linear forms)
as being polar, PD’ = —D’ or axial, PB’ = +B'. Under the assumptions of a linear
medium, the two pairs of fields will always be proportional to each other, E; = ¢;; D/
and H; = yi]-Bj and must have pairwise identical behaviour under C, P and 7.
Starting from the realisation that the position x behaves like a polar vector
because its sign change under P leads to the implication that the differentiation 9;
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0
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Figure 1: All quantities and their relationships within the Maxwell-equations.



A.8. ELECTROSTATIC POTENTIAL

behaves as Pd; = —0d;. An identical argument applies to time reversal, leading to
7T d.; = —d,; for the time derivatives. The volume needed for computing the densities
p and T enters in an unoriented way, so it is unaffected by P. The densities do change
sign under C, though. The currents ;' and  change sign under C and reverse their
direction of flow under both P and 7.

A good starting point are the third and fourth Maxwell-equations,

y o 4m y C4m.
é“%Ek:—&Jy—i?ﬂ and dM@H%:+&JY+A;f (A.29)

with the (possible) extension to include a (conserved) magnetic charge density t
and its associated magnetic current density . They suggest that D' and ;' on one
side and B and +' on the other must have identical properties under the discrete
symmetry transformations C, P and 7. But at the same time it is clear that there is
a fundamental difference in the behaviour of the electric and magnetic fields with
respect to P, as the right hand sides acquire additional minus signs because of the
derivative d;: Parity transforms affect electric and magnetic fields in opposite ways.

Because the electric fields result from the gradient of a potential, E; = —9;®, they
must be behave as polar vectors, PD’ = —D’, and the magnetic fields as axial vectors,
PB' = +B'.

The two divergences

9,D' = 4mp aswell as 9;B' = 4mt (A.30)

make sure that the fields change sign under C along with the changes of the charges
p and T under C. Far more interesting is P: Because d; D is parity-even, p must be
scalar, Pp = p, but conversely, Pd;B' = —9;B! implies a pseudoscalar magnetic charge
Pt = —. This translates to a more subtle difference in the transformation property of
the currents ;' and 1': The latter needs to be parity positive, P1* = +1' and therefore
axial, while Pj = —j/, with a polar electric current density, effectively ensuring the
consistency of the two rotational Maxwell-equations.

The two conservation equations 9,7+ d;1 = 0 and d,p + d;j' = 0 are likewise
consistent because 7 changes both the time-derivatives as well as the direction of the
currents, and parity inversion P changes t because of its pseudoscalar property, but
only the sign of d; as Pi' is invariant: The change in sign of the pseudoscalar charge
is cancelled by the inverted direction of flow of the magnetic current. In summary, it
became clear that the Maxwell-equations show a transformation behaviour under C,
Pand 7.

A.8 Electrostatic potential

Maxwell’s equations clarify the relation between the field configuration and the distri-
bution of the charges as sources of the fields. As such, they enable us to compute the
field configuration from the source; in the easiest case this would be an electrostatic
field around an electric point charge 4. Using the Gauf3-law in integral form

de 9,D' = JdV eijaiEj = JdSi eijE]- = 4mer’E = 4anV p=4nq (A.31)

av



A. MAXWELL-EQUATIONS

C P T cp  CT PT |CPT
spatial derivative di |+ - + - T - Z
time derivative Dot | + + _ + _ _ _
electric charge density ) - + + — _ T _
electric current density ol - - - + + + —
magnetic charge density | t - - + + _ — +
magnetic current density | ¢/ - + - - + - +
dielectric displacement D' | - - + + — _ T
electric field E, | - - + + - - +
magnetic induction H; | - + - - + - +
magnetic field B | - + - - ¥ - +

Table 1: Summary of the behaviour of all fields and sources in extended electrodynamics
with electric and magnetic sources.

imposing spherical symmetry and working with an isotropic medium with dielectric
constant e (which implies €'/ = ey"/) leads to a radial field

E= 6—’12 (A.32)

Clearly, the 1/r2-behaviour is a consequence of the growth of the surface area of
spheres with increasing radius r, because the electric flux ¢ through every spherical
shell is conserved. Positioning the charge q; at the position r; and observing the field
E at the position r would yield

9 (r—r) (r—r)
Ei(r) = i =q vii A.33
1( 2?1] |f*1‘1| q1 Vij |r_r1|3 ( )

|r —rq]

where r — ry/|r — r1| is a unit vector pointing from the charge g, to the observation
point, converted with y;; into unit linear form. For a test charge, positive by conven-
tion, this would then yield a repulsive force for positive g; and an attractive force for
negative g;. The electric field of a collection of N charges q,,, n = 1... N follows by
superposition, as the Maxwell-equations are linear:

—-r
an v] B (A.34)

-l

Transitioning to the continuum limit and replacing the discrete charges g, at po-
sitions r, with a continuous charge density p(r) requires to replace summations by
volume integrals

[\”/]z

= Jdv o(r (A.35)

A%

B
I
—_

such that the total charge g in the system is respected. Similar relations should hold
for any weighted integral and weighted sum, such that

10



A.8. ELECTROSTATIC POTENTIAL

N i ’
Ei(r)=) Ul (T Uit (A.36)
i = 1 n Vij Ir— I‘n|3 = % Yij r,|3 .
n= v

Ir—

i.e. the electric field results by convolution of the charge density p with a vectorial
integration kernel. An explicit calculation shows that
1 (r—v) 1
_o: . Y , A.37
lr=7| y”|r—r’|3 =1 ( )

with d; acting on r and d; acting on +’. Then,

E;’(T) = Jdv/ p(r’) yijw — deV’ p(r/)a; —
\%

lr - -7
\%
~9; j av P o) (A38)
v — 1|
\'

with the 44 electrostatic potential @,

D(r) = fdv' o(r’) (A.39)

[r—r'|

A%

which is clearly given as the superposition of the Coulomb-potentials of each element
of the charge distribution p. Mathematically, this relation would be interpreted as a
4 convolution of the distribution of sources p(r) with a kernel 1/r, which is in this
context called the 44 Green-function.

Here, the electric field E; is a gradient field, E; = —d;®, such that

eijkajEk - _eijkajakcp =0 (A.40)

consistent with the induction law eijkc?]- E; = —-94B' = 0 which yields a vanishing
result in the static case. The gradient field E; is rotationless because the contraction
of the antisymmetric €/F with the symmetric 0;dy is necessarily zero.

There is a clear interpretation of the electrostatic potential as the energy needed
to displace a test charge in the electric field

B B B
W= —quri E; = qfdr” 0,0 = qijD = q(D(rg) — D(ra)) (A.41)
A A A

as the field is conservative. The integrand dr'd;® = d® should be interpreted as
the gradient d;® projected onto dr’. Combining the relation E; = —9;® between the
electric field and the potential with the Gaug-law 9;D! = eijaiEj = 4mp yields the
Poisson-equation

9;D' = —€0;0;®=-AD=4np — AD=-4mp (A.42)

11
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A The Choleskyfdecampasition,
valid for any symmetric, posi-
tive definite matrix, is given by
el y’””_gjn for the inverse permis-
sivity €', and by eimym,,ej”for
the permissivity €;;

A. MAXWELL-EQUATIONS

introducing the 44 Laplace-operator, which assumes the general form A = effa,-a]-,
falls back on A = eyijaﬁj in an isotropic medium and ultimately on A = yifaia,- in
vacuum.

It might be a fun thought to use the positive definiteness of the metric €/ to
i M

carry out a 44 Cholesky-decomposition to €/ = e, y""e,’ such that the Laplace-
operator becomes A = eij8l-8j = e, y""e,’ d;d; = y™" emiaien]c?j. Then, a coordinate
transform with x! — emixi leads to d; — e,,'d;, such that in the new coordinates the
Laplace operator takes on the Euclidean form, y""d,,d,, = A. In essence, the effect of
an anisotropic medium can be absorbed by a (linear) change in coordinates. In the
particular case of an isotropic medium, this amounts to a mere rescaling or to the
usage of a different unit of length or charge, as the two are degenerate in Coulomb’s
law: The situation of an electric field of a charge inside a medium can be mapped
onto a different charge in vacuum

A bit more surprising might be the realisation that the 44 equipotential surfaces of
the electric field around a point charge in an anisotropic medium would be ellipsoids,
but in the change of coordinate suggested by the Cholesky-decomposition of €J
would become perfect spheres!

The Laplace-operator in the Poisson-equation can be used to localise charges:
Evaluating —d;® at any position it determines the electric field E;, whose divergence
eijaiEj = a,»Di must, therefore, reflect the amount of charge 4mp at that point, in
accordance with the Gau8-law. This operation is rather straightforward in the discrete
case of point charges:

n n
_ qi _ AL dra ifr =1
D(r) = > AD= ;%A'r A ifr = (A.43)

= |r =il

and AD = 0 at any other position r # r;. A direct calculation shows that this is in
fact the case: Assuming spherical coordinates and positioning the charge at the origin
implies indeed

Ap=at=lp (rl) -0 (A.44)
r r r

for r = 0, but the expression can not be directly evaluated at the origin, as 1/r
diverges. Instead, one can resort to averaging A® over a small but finite integration
volume V containing the charge and applying the Gauf3-theorem:

= |avae=< [aveigom=< [ds; o =-< | 2do = =-F,
v v v v ey
\Y% v A% ) IV —ds
=Dix1/r?
(A.45)

rewriting A as eifa,»aj, making use of spherical symmetry and using V(1/r) =
d,(1/r) = =1/r?. This implies that the Laplace-operator A applied to 1/r yields either
zero (if there is no charge at the location at which A® is evaluated) or diverges (in
the limit of V — 0 if one has caught the charge in the integration volume). These two
results can be summarised using 4 Dirac’s dp-function

——— = —4ndp(r - 1. (A.46)
lr—7|
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A.8. ELECTROSTATIC POTENTIAL

But electrodynamics is a continuum theory, and the computation has to work out
for a charge density p as well: Integrating p over a volume V has to be the total charge
g contained within that volume, such that the definitions

p(r)=qop(r—r) — dVop(r)=q | dVép(r—1')=gq (A.47)
Jovon=a]

become consistent due to the normalisation of the dp-function. Then,

D(r) = jdv’ o(r’) (A.48)

r—r'|

\%

is the solution for the potential, as it solves the Poisson-equation

AD(r) = JdV' p(r')A
v

|,_17rf| = JdV' p(r)(—41)dp(r — ') = —4mp(r)  (A.49)
\%

because of the shifting property of the dp-function

jdV' p(r')op(r— ') = p(r) (A.50)
A collection of discrete point charges can be written as a charge density

p(r) =) qidp(r—r;) (A.51)
i=1

as a generalisation of equation (A.47), because

AD(r) = ;“ﬁ =)_(-dmsolr—r) = dneln)  (A52)

making the concept of discrete point charges and a continuous charge distribution
compatible. Unitwise, the dp-function is an inverse volume, because it is normalised
to unity, jdV op(r) = 1, such that g;0p(r — r;) becomes the charge density p(r).

Clearly, both ® and E; = —9;® can exist at points where p vanishes, but at these
positions, the divergence eifaiEj and consequently A®D are necessarily zero. From this
point of view one could argue that the tensor d;d;® would naturally decompose into
a traceless part and a trace,

9,0, = (aia]«D - %A@) + %A@ (A.53)
where the trace AD reflects the contribution to the field generated by the charge
density at the same point where A® is evaluated, whereas the traceless part is the

contribution to the electrical field sourced elsewhere. The relationships between
source p, potential ® and the fields E; and D’ is summarised concisely in this diagram:

13



A. MAXWELL-EQUATIONS

(A.54)

A.9 Potential energy of a static charge distribution

The potential @ is in the electrostatic case related to the 44 energy needed to displace
a charge in the electric field. If one assembles a charge distribution, one would need
to invest energy for doing so, as all charges would need to be moved from infinity
(where the potential vanishes) to their dedicated positions. Let’s do this step by step:
The first charge g, is located at r; and generates a potential ®; at position r

_ .4
DO (r) = ] (A.55)

Then, moving g, from infinity to r; in the electric field that is already generated by
q1 requires the energy W, = g,®;(r;), and continuing with a third charge g3 to be
taken from infinity to r3 requires W3 = g3 (P;(r3) + ®,(r3)), which generalises to

n—-1
Wy =y ) Dulry) (A.56)
m=1

Adding up the amounts of work W, needed for assembling the charge distribution
suggests for the total energy W
n—1 n—1

N N 1 S Amn
:ZWn:an D,y (ry,) anZ|rn_rm| EZZ‘ = Tl

n=1 n=1 m=1 n= n=1n :1
(A.57)
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A.10. BOUNDARY CONDITIONS FOR FIELDS ON SURFACES

with a correction factor 1/2 due to the double counting, where we implicitly avoid
the case n = m. In the continuum limit the relation becomes

1 ,p(mp(r) 1 _ 1
W, = EJdv jdV pe Ejdv o(r)d(r) = Snjd\/ O(r)AD(r) (A.58)
\% \% \% \%

inserting the definition of the potential in the first and the Poisson equation in the
second step, replacing p by A®. By making use of the Leibnitz-rule one can rewrite

DAD = De'19,0;® = €'19;(P2; @) - €'19;® - 9, (A.59)
and arrive at the reformulation by virtue of the Gauf3-theorem,

1 Iy 1 .
Wel = —g J dv 61]81'(@8]'@) + g J dv 61]91‘(13 . 8]<13 =
\Y%

1 N 1 N 1 N
- g J dS, GIJ((Da](D) + Q j dv GIJBiCD . 8](13 = g j dv GIJEI‘E]' (A60)
\Y%

A% v

where the first term typically vanishes faster than the surface area dV increases, as
@ o 1/r and 0 o« 1/r? at large distances from the charge distribution, dominating
over the increase of dV « r2. This result implies that the electric field can be assigned
an energy density

é/E;E; E.D! ¢,D'DI
We = 871( ! = én = 1]8n with WQI:Jdeel, (A.61)
\%

where the dielectric tensor now acts as a metric for computing the energy density
from the fields, making it invariant under transformations. Positive definiteness of €ij

(and consequently, of €//) ensures that the energy density for electric fields comes out
as positive. The energy density associated with magnetic fields is given in complete
analogy by

wW/H;H; H;B BB
wmag = = =
8 81 8T

with  Winag = jdv Winag- (A.62)
\

A.10 Boundary conditions for fields on surfaces

Maxwell’s equations allow a direct statement about the behaviour of the electric fields
at boundaries in the static case: If a surface carries a charge surface density o, an
application of the Gauf3-theorem to a small volume V situated on the surface yields

JdvaiDi = deiDi = 471de0: 4moAS = AS(Dy -Di) — Dj =Dj +4no

v A% A%
(A.63)

if the height of the integration volume is neglected; effectively one deals with a very
flat box. Similarly, because e’]kajEk = —e‘]kaj d; @ = 0 for electrostatic fields,

15
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jdsi ¢i*9;E, = fdri E;=Ar @ -Eh=0 - El=§ (A.64)
S s
as an application of the Stokes-theorem to a small and flat area S perpendicular

to the surface. The constitutive relations D! = eijEj and its inverse then allow the
computation of E+ and DI.

16



B POTENTIAL THEORY

B.1 Potential theory

Computing the field configuration E;(r) for a given distribution of electric charges
p(r) in the case of electrostatics requires the solution of the Poisson-equation through
a convolution integral

, p(r’)
|r— 7]

AD(r) = -4mp(r) — D(r) = JdV
v

(B.65)

with subsequently determining the gradient E;(r) = —d;®(r). The reason for taking
the detour over the potential @ is that Poisson-problems of the form

AD(r) = —4mp(r) (B.66)

are scalar and very well understood, with a plethora of solution methods. They map

a single scalar source p onto a scalar field @, and from this perspective it is clear that
the components of E; = —d;® can not be independent from each other, as they have to
have a vanishing rotation, eifkajEk = 0 in the static case. Please note that the inverse
operation, i.e. determining the charge density p at a given position from the potential
is straightforward: It suffices to compute the divergence of the gradient of the electric
potential, A® = eifaiajd) to obtain p up to a factor of —4.

Essentially, one needs to worry about three issues: (i) the inversion of the differen-
tial operator A for isolating @, which is achieved with the Green-function method,
(ii) dealing with a possibly complicated geometry of the charge distribution p, and
(iii) including boundary conditions typical for elliptical partial differential equations
such as the Poisson-equation. The second issue is less severe and almost automatically
taken care of if the first and third issue are solved: As the Poisson-equation is linear,
the potential of an entire charge distribution should result from the superposition of
the potentials generated by each infinitesimal element of charge.

B.2 Systematic construction of Green-functions

Formally, the solution to the Poisson-equation can be thought of as applying an
inverse operator A~! for isolating @ from the relation A® = —41p: The well-known

convolution integral
O = J_dv' lrp(_'r),| (B.67)

A

provides a solution to the Poisson-equation and therefore, consistency requires

® = ATTAD = —4nAlp. (B.68)

In this sense, the convolution

1

jdV’| TR is an inverse operationto A[...], (B.69)
r—r

%
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B. POTENTIAL THEORY

perfectly encapsulated in the relation

m = —41op(r—1r'). (B.70)

In this context, the integration kernel 1/|r — 1’| is called the Green-function of the dif-
ferential operator A (in three dimensions), and corresponds to the potential of a unit
point charge. Although it is bad style (in my opinion), the notation A~! can be used for
denoting the convolution eqn. (B.69), and one formally solves the Poisson-equation
by application of the A~!-operator, ® = A~ A® = —41t A~!p, through convolution.

Up to this point, the approach was very intuitive: The Gauf3-law suggests that
the electrostatic field around a point charge should be o« 1/r? and conservative, such
that a potential exists. The potential has to have a scaling oc 1/r for its gradient to
describe the electric field. But there should be a general way of constructing the
Green-function A™! for any differential operator A. For that purpose, one introduces
the #d Fourier-transform of the potential

d3k
(21

D(k) = jdV D(r) exp(—ikiri) o O(r) = j CD(k)exp(+ik,»ri) (B.71)

v \%

as well as of the charge density

p(k):jd\/p(r)exp(—ikiri) o p(r fda]; k) exp(+ik;r?) (B.72)
\% \%

Then, the Poisson-equation becomes

3 3
AD(r) = AJ (;53 (k) exp(+ik; ') j d 1;3 k)A exp(+ik;r =
Y

3
j d’k D(k)(—y* bk Jky) exp(+ikir?) J
Y v

2 exp(+ikiri) = —4mp(r)

(B.73)
as A = y°Y9,0, acts on the plane wave exp(+ik;r') twice and generates a pre-factor

—y*k,k;, = —k?, for an isotropic medium for simplicity. Comparing the two Fourier-
transforms suggests that

AD(r) = —4mp(r) — k*d(k) = 4mp(k), solvedby P(k)= %p(k) (B.74)

Most interestingly, the (partial) differential equation has become a straightforward
algebraic equation, which is readily solvable. Clearly, one can isolate @ through
division by —k? in Fourier-space, as illustrated by the diagram:
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B.2. SYSTEMATIC CONSTRUCTION OF GREEN-FUNCTIONS
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Figure 2: Green-functions G(r) of the Laplace-operator A in different dimensions n.

O(r) 7! D(k)
A —yiikik; (B.75)
o(r) £ o(k)

which suggests that ® = F~! (4Tc/k2 .7-'(9)), as the complication of solving the Poisson-
equation is replaced by finding the Fourier-transform and its inverse. There are even
performance advantages of taking the detour through Fourier-space, as there are very
powerful and efficient 44 Fourier-transform algorithms.

In fact, multiplications in Fourier-space are convolutions in real space, which
implies for our case that the product between the Fourier-transformed Green-function
471/k? and the Fourier-transformed charge distribution p(k) = F (p) yields the Fourier-
transformed potential (k) in this detour. At the same time, the Fourier-transform of
471/k* must be equal to 1/, which we already know to be the Green-function for A in
3 dimensions.

Let’s repeat this construction for the Laplace-operator and derive an expression
for the Green-function which is generalisable beyond n = 3 dimensions: In general,
the Green-function G(r—1’) is defined as the potential for a unit point charge element,
represented by a Dirac-dp, so the Poisson-equation needs to be fulfilled:

AG(r —1') = —41dp(r — 1) (B.76)

Both the Green-function as well as the Dirac-0p have a Fourier representation:

3

O , ] 43k
c;<r—r’):J-(2ﬂ)3 G(k) exp(ik;(r—r’)') and bD(r_r,>:_[(2n)3

exp(ik;(r - ),
(B.77)
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B. POTENTIAL THEORY

where op has a constant amplitude in Fourier-space. Substituting into the Poisson-
equation yields

d3k
(273

d3k
(2m)3

AG(r—+') = AJ G(k) expl(iki(r—1')') = J (—k?)G(k) exp(iki(r—+)') =

&Sk N o
_ 4“_[ (303 PUk(r —r')) = ~dTop(r —r') (B78)

such that
_ 47

Glk) = 15

(B.79)

because each differentiation d; generates a prefactor of ik;. While the proportionality
o 1/k? is valid in any number of dimensions, transforming back according to

G(r—-+) = j (gn')‘n G(k) exp(iki(r — ') (B.80)

leads to different results due to volume element d"k oc k"~!dk depending on dimen-
sionality. In addition, 47 is just the full 44 solid angle in three dimensions, and would
need to be changed if the dimensionality is different.

B.3 Green-theorems

For showing the uniqueness of solutions to potential problems and for incorporating
boundary conditions one needs the two Green-theorems, which are readily derived
as particular cases of the Gauf3-theorem. Defining

Ai(r) = ¢(r')d}P(r')  with two scalar fields ¢, P (B.81)
that all depend on the primed coordinate for convenience in the derivations later on,

gives

VIGiA; = yI19;(99}0) = ¥9;0 jip + pA"p (B.82)

due to the Leibnitz-rule, and by writing yifa;a;. = A’. Applying the Gauss-theorem
yields the first Green-theorem

f dV' Y1 9/A; = j AV’ 19} (9} b) = f AV’ (Y194 90+ oA D) =

A% v v

Jasiviag= [asivilony) e
oV av

The right side of the first Green-theorem,

[ vy (9op0) = [ asi v (0970), (B.84)
\Y%

av
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8.3. GREEN-THEOREMS

can be interpreted as the scalar product of 4)8}1}) with the surface normal dS; of the
area element.

The second Green-theorem is obtained by interchanging the fields ¢ < ¢ in the
first Green-theorem and by subtracting both expressions:

jdV’ (070950 - 1y'19,9¢) = deE Y1 (92— vdid)  (B.85)

v %

as the symmetric mixed term /9 9;4) =19¢ 8}1}) cancels.

The potential of an electrostatic problem is unique: For a given p there can be only
a single potential @, defined up to an at most additive constant, which can be proved
by contradiction. If there were two solutions

AD) = —4mp aswellas APy =-4np — AP -Dy)=A0=0 (B.86)

their difference 6 = ®; — @, would fulfil the Laplace-equation Ad = 0, as shown by
subtraction. Substituting 6 into the first Green-theorem gives

Jdv’ [6v/19,9;5 ~ v'19;59;5] = fds; ¥78975=0 (B.87)

v A%

The surface-integral vanishes if proper boundary conditions are chosen on JV:
Either, if ®; = @, or & = 0 on JV is set (Dirichlet) or if 8}(1)1 = 8}@2 or 8]’-6 =0on JdV
(Neumann). With A’d = 0 being zero because both ®; and ®, are solutions for the
same source one arrives at

rAiisy s
J-dV % bajb =0 (B.88)
v
which implies that 8’79;68}6 = 0, as the integrand is positive definite and must

vanish over any specified volume. As a consequence, @, = ®; + const at most, and
the constant must vanish for Dirichlet-conditions because of & = 0 on JV.

The solution to the Poisson-equation did not yet incorporate boundary conditions
like specified values on surfaces or specified gradients. Setting

7 —  AY(r') = —-4ndp(r - 1) (B.89)

as well as
) =) —  Ad(r') = —4mp(r’) (B.90)
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suggests for the volume integrals

[av (eviaz;0- wriaia0) -

A%

jdV' ((D(r')(—4‘r(6D(r )] +

) )
—4nd(r +4T(J P —T'| (B.91)
v
and for the surface integrals
’ Q] ’ ’ Ji ’ 1 ) )
deiY1](¢8i¢*¢3j¢):jdsiw( (r )ajlr |f|r_r,|8jCD(r )) (B.92)

v A%

Assembling the entire expression gives the relation

= / p(f’) s’ ij 1 ’ Y 1
q)(r)—jdv =7 4njd v/ (| — ,|z9]q)( r') - O(r )aj|r—r’|) (B.93)
v v

with the volume integral reiterating the conventional way of computing @ from p,
augmented by two additional contributions, one representing 4 Neumann-boundary
conditions with V@ on dV and the second representing 44 Dirichlet-boundary condi-
tions with @ on dV. If the boundary is at infinity, both 1/r V® and ® V1/r tend to zero
as 1/r3, so the first term is the only one to survive. Interestingly, the formula suggests
that there can be a nontrivial potential ® even though p might be zero: Then, the
potential is determined by ® and V® on the boundary. It might be a surprisingly sen-
sible question, if one can construct a charge distribution that replaces the boundary
conditions in an otherwise unconstrained potential problem, and the question can be
positively answered: Any potential ® is linked to a distribution of sources p through
the Poisson-equation AD = —4mp, so setting p = —AP/(41) would be consistent with a
potential fulfilling the boundary conditions, which is exactly the method of 4 mirror
charges.

B.4 Spherical multipole expansion

The Green-function 1/|r — #’| is the correct convolution kernel for computing the
potential @ for any charge distribution p in fulfilment of the Poisson-equation
A® = —4mp. But there might be cases where an approximate computation of ®
is sufficient, in particular because intuitively, any localised charge distribution should
generate a Coulomb-like spherically symmetric 1/r-potential at large distances, with
deviations only appearing at smaller distances: This is shown in Fig. 3, where one of
isopotential surfaces is given for a uniformly charged cube. With increasing distance
(and correspondingly, lower values for @), the surfaces become more and more spher-
ical, as expected from the Coulomb-potential of a point charge. The effect is more
pronounced in Fig. 4, where the isocontours of the potential of a charge distribution
with four equal charges in the corners of a tetrahedron is shown.
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B.4. SPHERICAL MULTIPOLE EXPANSION

In fact, expanding the Green-function leads to

1 1 1 1
- 4 - T / 7,
Ir=r \/r2—2rr’p+ 2 r\/l -20p+ ’722

where p = cos 0 1is the cosine of the angle between r and r’. If one assumes now that
the observation point r is far away from the charge distribution (and " points by
definition of the convolution relation to every charge element), then r > r’ and the
root can be expanded:

(B.94)

o %4
L 12(1) P(p) (B.95)
=0

[r—r| ri&=\r

where Py(y) are the Legendre-polynomials. They follow explicitly from the relation

1
— =) Ppy(pxf B.96)
V1= 2px + x2 ;’ ar (

by ¢-fold differentiation with respect to x = r’/r < 1 and successive setting of x = 0.
Explicitly, this would result in Py(p) = 1, Py () = pand Py(p) = (3p% - 1)/2.

Now, one can bridge between the Legendre-polynomals Py(cos y) and the spherical
harmonics Yg,,,(6, ¢) with the addition theorem

4 e
Pelcosy) = 5= 3 Yeul0 @)Y;,,(0),¢) (B.97)
m=—C

with y being the angle between (6, ) and (6, ¢’). These spherical harmonics are
waves on the surface of the sphere

AYe(6, @) = —0(€+1)Y;,,(6, @), analogousto A exp(iikiri) = —y“bkﬂkb exp(iikiri)
(B.98)

so that ¢ plays the role of a wave number, and its inverse reflects the wave length (in
radians) of the waves. The spherical harmonics (for details, see Sect. X.6) constitute
therefore a harmonic system and are naturally related to Fourier-transforms, and
generalise the idea of harmonic analysis to functions defined on the surface of a
sphere.

Replacing the Legendre-polynomials by spherical harmonics leads to
|r— 7l Z Z 2g+1 o ng(e 9)Y;,, (6, ¢") (B.99)

which can be substituted into the expression of the potential

v

(B.100)
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Figure 3: Isopotential surfaces of the potential sourced by eight equal charges, situated at
the corners of a cube, at decreasing distance
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Figure 4: Isopotential surfaces of the potential sourced by four equal charges, situated at
the corners of an tetrahedron, at decreasing distance
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B. POTENTIAL THEORY

This formula is remarkable because it separates properties of the charge distribution
from the field that it would generate: Sorting the variables into primed and unprimed
leads to the definition of multipole moments gy,

dem = de' o)X, (6, ). (B.101)
\Y%

The multipole moments are a complete characterisation of the charge distribution
and contain information about the magnitude of the charge, the spatial size, the shape,
asphericity and orientation. Each of the multipoles is an independent contribution to
the potential @, whose influence decreases as 1/r6+1

[ +(

4t 1
®(r) = éZ Zg 57 ot Yen(® Qe (B.102)
=0 m=—

which is amazingly practical, as higher-order multipoles generate contributions to
@ which decay faster and faster with increasing distance. At large distances, only
the lowest order multipole can contribute, and it is sensible to expect that this
contribution should be a spherically symmetric potential determined by the total
charge. In fact, there is only m = 0 permissible for ¢ = 0, so that there is a single
coefficient gqq,

q00 = JdV’ PO o(r) Yoo (6, ) = —— (B.103)

2

Therefore, the monopole g is the total charge of the system g, up to a factor of
1/V4m. At large distances, this term would dominate the multipole expansion and
generate a 1/r-like contribution to the potential @, in agreement with intuition that
the potential, viewed from a large distance of a somehow localised charge distribution,
should have this form.

The dipole ¢ = 1 allows the three choices m = -1, 0, +1, therefore, there are three
dipole moments

Gim = JdV' r'o(r) Yy, (6, @) (B.104)
v

whose fundamental functional form is that of “charge x distance”, and carrying the
sequence further one defines 5 quadrupole moments g;,, for m = -2¢, -, 0, +¢, +2€

Gom = JdV’ 2 o(r')Y;,,(6, @) (B.105)
v

with a fundamental scaling “charge x area”, and it is obvious how this would gen-
eralise to higher order multipoles such as octupoles and hexadecupoles. The idea is
always that the charge distribution is split up into coefficients g,,, that by construc-
tion look for smaller and smaller structures and that are sensitive to the spatial extent
(through the weighting with r’g) of the charge distribution, and to its asphericity and
orientation (through projection onto the spherical harmonics Yz,,,(6', ¢")).
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Formally, one needs the full set of multipole moments for writing down the
multipole expansion, but there is a hermiticity constraint just as in the case of the
Fourier-components of negative frequency for a real-valued function. Fundamentally,
one has

Y7,,(6,¢) = (=1)"Yg, (6, ¢) (B.106)
which maps onto the relation

Gim = f dV’ o) Yo (0, @) = (~1)" f dv’ Cp(r)Y; (0 @) = (<1)" g0,
v A\
(B.107)

so that there are not 2¢ + 1 but rather only ¢ + 1 independent multipole coefficients
for a real-valued charge distribution. With this realisation it is clear that the charged
cube in Fig. 3 can only exhibit a monopole and an octupole at lowest order. While the
monopole gives rise to a straightforward spherically symmetric Coulomb-potential,
the octupole contribution falls of very quickly « 1/r%, so that it only matters very
close to the surface of the cube, and renders the isopotential surface non-spherical.

B.5 Cartesian multipole expansion

There is an alternative approach to multipole expansions in terms of Cartesian
coordinates, where the Green-function of a charge distribution localised around
the origin of the coordinate system is Taylor-expanded at ' = 0 with respect to the
variable r’, while r is kept fixed:

G(r, )~ G +0/G

r'=0

(x)(x'V 4 (B.108)
=0

i 1 ’
(x) +E¢91¢9]G

r'=0

The necessary derivatives of G(r, #’) at ' = 0 are easily computed to be

1 L oaa 3v: x%y; xb _ 1/-2 ..
G| =1, g =Y and gog =T VRETTV (o)
=0 r =0 r ] =0 r
using the explicit form of the Green-function in Cartesian coordinates
-1/2
Glr, 7') = [yap(r =) (r = )] . (B.110)

Here, we abbreviate 2 = y,»jxixf as the Euclidean norm of r. Then, the potential ® is
given at r > r’ as

4 W ToWAY 3v: x%v: b_ 2, ) )
D(r) = jdvl p(r’) ~ J‘dv/p(r/)[i " Yiax*(x") N YiaX“YjbX" — 17Yij () (Y + -
\%

|r — 7| r3 r5

(B.111)
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Applying the integration to each term in the series while interchanging summation
and integration gives

1 ’ ’ x4 ’ ’ i
D(r) ~ - J-dV o(r') + 3 JdV p(r')yia(x")' +
v \%
1 3iax“yjpx” = r’yij
21 o

jdv’ p(r)(x) (x'Y  (B.112)
\%

where we can identify the Cartesian multipole moments: The total charge g in the
first term, the dipole moment g, in the second term, and the quadrupole moment in
the last term. They contribute to the potential @ with increasing powers of 1/7, so
that their influence at large distance decreases with multipole order.

There might be an aesthetic issue, as 3y,;x%ybjx? — r?yij is not mirrored in the
primed coordinate in the quadrupole term, likewise one might be irritated why there
seem to be six Cartesian multipole moments (There are 6 independent choices for i
and j in the tensor (x’)'(x’)/) but only five in spherical coordinates (The index m can
assume the 5 different values -2, —1, 0, 1 and 2 for ¢ = 2). In order to remedy this
issue, one adds a zero in the expression for the quadrupole moment

becomes zero
—_—

Jdv'(pw’)<x’>"<x'>f—r’2%']+ P ey
\%

b_ 2
3Vai X yjpX” = 17Yij
7>

=0

The last term in particular can be simplified, as in its contraction with the prefactor

one can write: b 2

3y xf i xb — 2y ij

Yai Y]bs Yij jdv/ p(r')r’”%:o (B.114)
r

v

because of yuiybjyijx“xb = vapx*x? = r? and because yijyij = b; = 3. Therefore, only

the combination of the first two terms remain, explicitly

b_ 2
3YVaix ypjx” = r7yij
75

JdV’ o(r) (3(x) (') = 12y =
v

3Xuxb - r2 ab ’ ’ ’ ’ ’
EESEY v o) 3yt - 2y7) (8115
v

establishing an identical structure in the quadrupole term. Summarising all terms
then yields the final result for the potential

x! 3xixi — rzyij

CD(r):%+qir—3+ql] (B.116)

75

with the monopole that shows the expected 1/r-behaviour, followed by the dipole
term with a fundamental scaling oc 1/r? and an angular cosine-like behaviour en-
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Figure 5: Potential ® of the tetrahedron as a function of distance r, in the representation
D x r1t, therefore, a flat section indicates a scaling @ o 1/r1¥¢,

capsulated in the scalar product g;x'. The quadrupolar term decreases o 1/r% with
distance. The moments read

0= [ avier a= [ aver) v, (8.117)
\% \%
and ,
’ ’ ’ ’ T’
qij = IdV p(r’) (Yai(x ) yp(x)? - 5 Vi (B.118)
\

The typical scaling of the potential ® proportional to 1/r for the monopole, 1/r2
for the dipole and 1/r® for the quadrupole is illustrated in Fig. 5 for the example
of the tetrahedron. Any flat section of ® x !*¢ as a function of r indicates exactly
the behaviour ® o 1/r*¢. If there are four positive charges in the corners of the
tetrahedron, one sees a dominating Coulomb-potential at large distances, while at
shorter distances there is a dipole and a quadrupole contribution. If there are two
positive and two negative charges, however, the total charge is zero and there can not
be a Coulomb-type contribution to the potential: In fact there is no section with a flat
@ x r as a function of r in this case. There is, however, a dominating dipole potential
for large radii, and a quadrupolar contribution at small distances.

And additionally, this new definition of the quadrupole moment is traceless,

q';= Yijqij = JdV’ p(r) (3Yai(x’)a}’jh(x')b - r'zyi]-)yjj =0 (B.119)
v

such that the Cartesian quadrupole moment g;;, as a symmetric, traceless tensor in 3
dimensions has 5 instead of 6 degrees of freedom, commensurate with g, for £ = 2
in spherical coordinates.
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B. POTENTIAL THEORY

B.6 Potential energy of a charge distribution in a potential

The same result, perhaps with a bit more physical insight, can be reached by consid-
ering the interaction between a charge distribution p and an external field ®. The
associated energy W is given by

W = % JdV o(r)D(r) (B.120)
v

where p acts now as a test charge distribution situated at ¥ = 0 in a potential ® that
gets Taylor-expanded around r = 0:

] .
X+ 53,-31@ x'x! (B.121)
. r=0

+ 9,CI>
r=0

r=0

But for keeping the distinction between test charge and external potential we need
to make sure that @ is not actually sourced by p itself: The Poisson-equation would
stipulate that

AD = —4mp (B.122)

and because the Laplace-operator acting on @ is identical to the trace of the tensor of
second derivatives of @, y’Jaia,-@ = A®, it should not be contained in W. Therefore,
one defines a traceless tensor

AD

by subtracting out the trace A®, such that the potential becomes

+ B,CD

Xi + éa,a]q)

(Sxixj - rzyij). (B.124)
r=0 r=0

Inclusion of the rzyij -term does not make any difference, because

AD

x'xl (a,ajCD - T‘yI]) =X x181-8]»CD -

Y yijxixj = xixjaz-ajCD as AD=0.
—_

=r2

(B.125)

The definitions of total charge g, dipole moment ¢’ and quadrupole moment g’/ are
then identical to those discussed before, and the final expression of the interaction
energy would be

2
\

1 1 1 1 .
W == J dV p(r)®(r) ~ qu)(r) + Eq’«?,-@ + ﬁq’faiajq) (B.126)

with the interpretation that the interaction energy of nth order multipoles of the
charge distribution is sensitive to the nth derivatives of ®, and that they depend on
the magnitude and relative orientation of the eigensystems of the tensors. This point
of view is genuinely new, because the energy W can be changed by reorienting the
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charge distribution, in addition to displacing it. Additionally, the nth derivatives of
the potential become measurable through their interaction energy with a multipole
of order n, separate by order.

B.7 Magnetic vector potential and gauging

Magnetostatic problems, i.e. the computation of the magnetic fields for a given current
density ;' with no contribution from time-varying electric fields require the solution
of the fourth Maxwell-equation

y 470 -
¢ikoH, = 21 (B.127)
C

where this solution needs to fulfill the second Maxwell-equation d;B = 0 as a
constraint. This constraint would be automatically fulfilled if B is derived from a
magnetic potential A; according to B! = eifkajAk, because 9;B! = effka,-a]-Ak =0,
again through contraction of an antisymmetric with a symmetric object. Introducing
the constitutive relation H; = p;; B/ brings the fourth Maxwell-equation into the form

eijkaij = pkleijkajB] = }Ak;eijke]’””aj&mA,, (B.128)

which, for isotropic media with py; = yx;/p leads to the Grassmann-relation

1, . . o 1, . . o
= ; (_)/zm,V]n - _ym_y]m) ajamAn = ; (‘Y”nam(y]”ajAn) - Y”Z(V]majamAn)) . (B129)

There exists the possibility to set the divergence yj”z?]-An =0, called the Coulomb-
gauge, showing that in fact a Poisson-type equation relates A; and j':

4ty ;

AA; = Viit (B.130)

c

after multiplication of the equation with the inverse metric. Perhaps this is the right
moment to emphasise that the ”"vector” potential A; is in fact a linear form, and
that the metric ;; is needed to convert the vector 7 to a linear form, to make the
Poisson-equation notationally consistent.

To illustrate the power of a gauge-assumption one could write eqn. (B.129) in
matrix-vector notation, for the case of an isotropic medium and brushing slightly
over the differences between vectors and linear forms, by using A’ = yijA]- as a vector,

A0 0 (A 905 00y 3\ (A} g hs
0 A 0|4, 9ydx 9,9, 9,9 |-| Ay |===E| gy | (B.13D)
00 A A, 0.0y 0.0, 9.9, ) | A, i

While the first term, where A; gets multiplied with a diagonal matrix that contains
the Laplace-operator A, defines a one-to-one mapping of each component of A; to
its corresponding source j/, the association is broken by the second term, which
is non-diagonal and supplies all kinds of mixed derivatives. But the assumption
Coulomb-gauge makes these contributions vanish.

The assumption of Coulomb-gauge yj”BjA,, = 0 provides an astounding sim-
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B. POTENTIAL THEORY

plifaction, as each entry of A; is sourced from each corresponding entry of j' in
three independent Poisson-equations. Without Coulomb-gauge, the term ai(yj”Qj A,)
would, as the gradient in the i-direction of the divergence of A, couple all three
equations. The interplay between the magnetic potential A; (in Coulomb-gauge), the
magnetic fields H;, B’ and the source ;' is summarised by this diagram,

1
jdV m‘yn,‘...

(B.132)

The physically measurable magnetic field B’ does not change under 44 gauge
transforms

Aj —>Ai+8ix (3133)
because
B = €750, Ar — €7%0(Ax + dkx) = €750, A + €7%0,;0,x = B! (B.134)
————
=0

using that the gradient of a scalar field is always curl-free, eifkajak vanishes as a
contraction between an antisymmetric and symmetric tensor. This implies that the
potential is only determined up to the gradient d; x of a scalar field x (the gauge field).
A particularly constructed field d;x can always be added onto A; for computational
convenience, without ever changing the actually measurable field B'. This conve-
nience might be the assumption of a 44 gauge condition, for instance yijBiAj =0
(called Coulomb-gauge), which is necessary to have Poisson-type potential problems
in magnetostatics.
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B.7. MAGNETIC VECTOR POTENTIAL AND GAUGING

The Coulomb-gauge condition transforms as

‘)/l]alA] =0—- ’Vlja,(A] + ajx) = y”a,A] + )/118,8] X = 0. (B135)
[—
=A

If the vector potential A; should be free of any divergence, one can construct x as a
solution to the Poisson-type equation

Ax =—y10;A;, (B.136)

effectively sourcing the gauge function x with the yet nonzero divergence of the vector
potential. It has, due to the Green-theorems, always a unique solution. Applying the
gauge-transformation with this gauge field x effectively cleans up the vector potential
and makes it perfectly divergence-free. We can always assume that this has already
been taken care of, just by writing v/ diA;=0.
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C DYNAMICS OF THE ELECTROMAGNETIC FIELD

C.1 Potentials and wave equations

Working with static fields was a tremendous simplification of the Maxwell-equations
and yielded, at least under the assumption of Coulomb-gauge, Poisson-type relations
between the potentials @ and A; and the sources p and j/, with easily computable
fields E; and B'. In taking the detour over the potentials one enables the full toolkit
around Green-functions including the treatment of boundary conditions. But the
existence of potentials, clearly at this point unrelated to energies as in the electrostatic
case, follows from the homogeneous Maxwell-equations in a much more general
argument: The second Maxwell-equation @;B’ = 0 suggests that there is a vector
field A; with B = eifkajAk, as then 9;B = e"f"a,-ajAk = 0 is automatically fulfilled.
Consequently, the induction law eijkaj Ex+dB' = 0 becomes eiika]- Er+ QCteijkaj Ay =
eijkaj(Ek + d.1Ag) = 0, suggesting a potential ® with E; + d,,A; = —9;P (the minus-
sign is conventional).

Therefore, the homogeneous Maxwell-equations ensure the existence of potentials
in the general case, which again are only determined up to a gauge transform: As
before, we write A; — A; + d;x (which leaves B’ invariant) and investigate the
necessary changes to ®: The electric field E; is gauge-invariant only if

Ei = —aiCD - actA,» bd —81-(1) + actaix —8ct(A,» + 8,»)() = E,‘ (C137)
——
for consistency

i.e. if we include an additional term d;x, implying the transformation rule

O —> d-d,;x alongside A; > A;+9;x (C.138)

for consistency, keeping in mind that partial derivatives interchange, d.;d;x = 9;d¢; X-

While the homogeneous Maxwell-equations safeguard the existence of potentials,
the inhomogeneous Maxwell-equations couple the fields to the charges, be it static or
dynamic. But while the homogeneous Maxwell-equations make statements about the
observable fields E; and B’ and derive them from potentials ® and A;, the coupling to
sources is clarified by the inhomogeneous Maxwell-equations in terms of the auxiliary
fields D and H;. Hence, constitutive relations are needed.

In fact, the first Maxwell-equation makes a statement about the divergence of
D, which is given in terms of the potentials by E; = —9;® — d.,A;, followed by
D' =€ Ei = % E;, where we assume an isotropic medium. Consequently,

9;,D' = eyija,»Ej = —eyijaiz?]-CD - eyijQCtQiAj = 4mp (C.139)

where we recover the conventional Poisson-equation eAD = —eyijc?,-aj(l) = —4mp
in Coulomb-gauge, y/d;A; = 0. The fourth Maxwell-equation links the magnetic
field H; to ; and the time derivative of the electric fields d.;D’, implying with
B = eijkajAk and the constitutive relation H; = pt,-ij = ‘}/iij/}zl

y A 1 .. y A .
e”kz?ij = +d,D! +TT(]l - fe’/kank,e"""amAn = +8”ey”Ej+Tn]’. (C.140)
n
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The contracted Levi-Civita symbol can be expanded in terms of the Grassmann-
idenity,

1 ii 1 i i o
;’yklel]kelm”ajamAn _ a (Yzmy]n _ anyjm) ajamAn —
1 im in in|.jm
;(Y am [V] ajAn] - [Y] ajamAn]) (C.141)
where one recognises the Coulomb-gauge term in the first and the Laplace-operator

in the second square bracket. Substitution of the expression E; = —9;® — d.;A; on the
right side leads to

y 4t . . y 4t .
dceyE; + Tn]’ =0 ey ;P - eagty”A]- + Tn]l (C.142)

By assuming a different gauge condition, namely <4 Lorenz-gauge'

1 ..
Gact(D + ;Yual‘A]‘ =0 (C143)

the two field equations decouple into a perfectly symmetric shape. Starting with
eqn. (C.139), one obtains by substitution of the Lorenz-gauge condition

y 4
~Y/19;0,® + epd?,® = ?T(p, (C.144)

i.e. a perfectly viable wave equation for @, sourced by p/e. The same procedure
applied to eqns. (C.141) and (C.142) leads likewise to a wave equation,

~Y"9;0,y" Ay + epdZy A = 47nw" (C.145)

With the definition of the d’Alembert-operator
O=epd? - A (C.146)

as a generalisation to the Laplace-operator A for dynamic situations, the two equa-
tions can be written as

O = 4?“9 and OA; = 4—2‘”%].]!' (C.147)
and become two decoupled linear partial hyperbolic differential equations, providing

4 relations between 4 sources and 4 potentials, all decoupled by virtue of the Lorenz-
gauge condition.

IThe Lorenz-gauge is named after Ludvig @ Lorenz while the Lorentz-transformation was proposed by
Hendrik Antoon @ Lorentz, hence the different spelling.
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c.1. POTENTIALS AND WAVE EQUATIONS

Differential equations involving the d’Alembert-operator typically have wave-like
solutions, propagating at the velocity c, in this case modified to c¢/+/€ji, where one
recognises n = \/€p as the index of refraction:

2?2 ep 9?2 c \72 a2 92 c
82: _— | — 7:7232; h /:7
Wt = Ko en? T 2 ar (\/a) o2~ oo et N T
(C.148)

The gauge function x for achieving Lorenz-gauge can be computed by considering
the transformation of the expression ed ;@ + y'/d; A;/p = 0:

eactq) + é?ijaiAj - eact (® - actX) + %‘yijai (Aj + (9])() =

1 1
€l @ + ;y”&,-A]- —ed%x+ ;Ax =0 (C.149)

which is equivalent to

Ox = epd?x — Ax = epd® + Y1 9;A, (C.150)

This is a wave-equation for x, sourced by a possibly nonzero €d ;P + yijBiAj/}A. Asa
hyperbolic partial linear differential equation, it has again a unique solution for ¥,
such that Lorenz-gauge can be imposed. Determining x through Ay = '/ d;Aj/p for
Coulomb-gauge in the static case and Ox = epd ;D + yija,-A]- for Lorenz-gauge in the
dynamic case are completely analogous.

It is important to realise that the gauge freedom only provides a mathematical
convenience for computing the potentials from the sources, and it can be used to
set terms in the potential equations to zero. Nowhere there is anything physical
happening: Purely by the act of imagining a new gauge condition the physically
observable fields can not change. In addition, it is just practicality that persuades us
to use Coulomb-gauge for the static case and Lorenz-gauge for the dynamical case,
and not a physical requirement. In fact, it is perfectly reasonable to use the Coulomb-
gauge yijaiA]- = 0 for the dynamical equations. Then, eqns. (C.139) and (C.141)
become

AD = —4?“9 and AA; - 9%A; = —471-(}4%']‘]]' +€0d;0,P (C.151)

and deserve some explanation: The Poisson-equation provides an instantaneously
changing ® at any distance from the dynamically changing source p, while there is
a wave-equation linking A; to y,-]-]i. But A; depends as well on 0;d.;® as a dynamic,
vectorial source, hence the two equations are not yet fully decoupled. Coulomb-gauge
might still be attractive though, because of the particularly easy expression for @!

The relationship between source, potential and fields are summarised for the case
of static fields in Coulomb-gauge and for the dynamical case in Lorenz-gauge, where
additional terms are indicated by dashed arrows:
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(C.152)

The fields E; and B are obtained from the potentials ® and A; by differentiation,
and applying a second differentiation gives the sources p and ;'. The direct path from
the potentials to the sources is given by application of the A. The dynamic case is
slightly more complicated, as E; obtains a contribution —d.;A; and as eifka]- Hj not
only depends on j/, but also on d;D’. The gauge function x transforms only A; in the
static case, but both A; and @ in the dynamical case.

While we already know the Green-function inverting A from electrostatic and
magnetostatic potentials and have encountered a systematic way of its construction,
we now have to turn to O and find a suitable time-dependent Green-function: the
Liénard-Wiechert potentials.

C.2 Solving the wave equation for potentials

Intuitively it is clear that a changed charge distribution does not immediately affect
the fields at any distance, but that there needs to be some time passing until the
field configuration has adjusted itself to changes in the source distribution. For
this purpose, let’s assume Lorenz-gauge €d P + yijaiAj/yt = 0 such that the field
equations become

4 .
OO =4np and OA; = T“y,ﬂf (C.153)

These equations are decoupled hyperbolic partial differential equations, with the
charge density p and the current density ;' as sources. Clearly, in vacuum p and
vanish, such that one falls back onto two homogeneous PDEs

O0=0 aswellas 0A; =0 (C.154)

which can be solved with a plane wave ansatz

D, A; o< exp (i(wt - kir')). (C.155)
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Substitution yields for both @ and A; the result that

iw

Dexp (£i(wt - ker')) = [(i?)z — " (Fiky) (Fiky) | exp (#i(wt — k;r')) =

[— (%)2 + y”bkﬂkl,] exp (i(wt - kir')) =0 (C.156)

i.e. the plane wave is a valid solution as long as the dispersion relation

w? = AyPkoky = (ck)? - w=xck (C.157)

is fulfilled, which requires a strict proportionality between angular frequency w and
wave number k,, with the speed of light c as the constant of proportionality. With this
particular dispersion relation one can immediately show that the phase and group
velocities are identical and have the value of c:

w _do

Uph:?zc—ﬂ—vgr

(C.158)
which implies that wave packets in @ and A; propagate 44 dispersion-free, i.e.
without changing their shape. But perhaps more importantly, the wave equations
suggest that excitations of the fields travel at a finite speed c in the potentials ® and
A; (at least in Lorenz-gauge, the statement would not be true in Coulomb-gauge!).

C.3  Wave equation for fields

While propagation and the form of the propagation equations depends on the level
of the potentials A; and @ on the assumed gauge, the fields E; and B’ as physical
observables can never depend on a certain gauge and always exhibit propagation at
the speed of light c. In a vacuum situation with ' = 0 as well as p = 0 both fields are
divergence-free d;D' = 9;B' = 0 and the rotations are defined, up to a sign arising
from duality invariance, by

¢/%9,Ey = -94B' and €7%0;Hy = +9,D". (C.159)

Taking a further rotation of any of the two equations, using rot rot = Vdiv — A,
setting the divergence-term to zero and substituting the time derivative of the other
equation leads to

(9% - A)E; =0E; =0 and, in parallel, (2% —A)H; =0H; =0 (C.160)

i.e. perfectly symmetric wave equations for the electric and magnetic fields, with
excitations travelling at the speed of light c. The symmetry in the shape of the
equations is perhaps not too surprising, as one can always replace the fields in
a duality transform E; — H; and H; — -E; valid in vacuum. Solving the wave
equations with a plane wave ansatz o exp (ii(wt - kiri)) is perfectly general: Due to
the linearity of the PDEs, any field configuration can be written as a superposition of
plane waves that solve the wave equation.
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amplitude v(z,t)

z-coordinate

Figure 6: Harmonic wave as a function of x; the shading indicates evolution with time t.

Substituting the plane wave-ansatz into the divergences shows that

Y7k;E;j=0 and y7kH;=0 (C.161)

implying that the fields are transverse, i.e. the amplitudes are perpendicular to the
direction of propagation, and substituting into the rotation equations suggests

eijkkjEk = —%Bi = —%yink as well as eijkijk = +%)Di = +%€yijE]- (C.162)

such that the amplitudes of the fields themselves are perpendicular to each other.

Please note that the statements of transversality and perpendicularity can not be
independent: Pictorially, there is simply no other direction in which k could point:
Multiplying the latter two equations with k; already implies that y/ kiH; = Yk =
0. It is quite instructive to multiply with the linear forms H; and E;, leading to

¢H KBy = —%)HiBi aswellas €/*E;kH, = +%E,’Di (C.163)

showing that the volume of the rectangular cuboid spanned by the linear forms E;,
H; and k; is proportional to the energy densities, which are equal for a plane wave.

While the amplitudes E; and H; are always perpendicular to the direction of
propagation, the analogous statement for vector potential A; is only true under
Coulomb-gauge, yifkiA]- = 0: This is the reason why sometimes one refers to this
gauge condition as transverse gauge. It is quite funny to go through all vector orienta-
tions for a duality transform. As plane electromagnetic waves are vacuum solutions,
this transform must yield a physically sensible field configuration: Even the fact that
ki, E; and H; from a right-handed system in the sense that eijkkiEij is positive is
conserved under duality transforms.

Fig. 6 shows how a wave of the type exp(+i(wt — k;r')) propagates: Not only is
it an oscillation in t at fixed r' and an oscilation in r at fixed ¢, but the two are
coupled: Defining the phase velocity vp, = w/k makes the argument assume the
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form vyt — r, and moving along with this velocity with the wave an observer would
always perceive the phase function ¢ = wt — k;r' to be constant. The phase function
¢ has an interesting geometric shape as k;r’ — wt = const corresponds to the %4
Hesse normal form of a plane, specifically in our case the plane of constant phase.
As time progresses, this plane of constant phase moves along its surface normal k;,
which allows the identification of the wave ”vector” k; (actually a linear form) as the
direction of propagation.

C.4 Electromagnetic waves in matter and the telegraph equation

Electromagnetic waves in matter experience two effects: Firstly, € and p can differ
from one, such that one has to work with D' = €/ E;and Bf =yl H; in a potentially
anisotropic way, and secondly, the electric field E; might be able to move the charge
carries in the medium, giving rise to a current density j/, where the two are related
by A Ohm'’s law. It reads in its differential formulation

J = o'E; (C.164)

with the conductivity tensor ¢’/. As in the case of the dielectric constant ¢ and
the permeability p, the conductivity o is scalar only in the case of isotropic media
(perhaps one can imagine a somehow layered material as a counter example, in which
the charges are movable at different rates in the different directions), and a linear
relationship is essentially a first order approximation.

Faraday’s induction law in an isotropic medium assumes the form

¢7%9, By = ~94B' = -y 9 H; (C.165)
and Ampére’s law takes on the shape

y 4 y AT
€59 Hy = 404D + i = +ey9E; + —— I (C.166)
c C

so that taking the time derivative of the first equation, and the rotation of the second
equation, again by using the Grassmann-relation leads to a wave equation with a
damping term, the so-called 44 telegraph equation

41op
c

(epd? - A)H; = OH; = - d.+H; (C.167)

The effective speed of propagation ¢’ is given by

=" C.168
ol (C.168)
as effectively all known transparent media have permeabilities close to one. The
latter relation suggests that the #4 refractive index # is given by +/¢, relating electrical
to optical properties of a medium. The damping is determined by the conductivity
o: Non-conductive media do not show any attenuation of incident electromagnetic
waves, but if the conductivity is nonzero, the motion of the charges in the medium
dissipate the energy of the electromagnetic waves.
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c. DYNAMICS OF THE ELECTROMAGNETIC FIELD

Dimensional analysis shows that the term

4miop

= Loy (C.169)

must have units of a length scale L,;; on which the amplitude of the wave decreases
by a factor exp(-1).

C.5 Energy transport and the Poynting vector

We have already seen that the electric and magnetic fields are real in the sense that
they accelerate test charges and contain energy at the densities

E;D d anal | H;B
nd an , = —
pyo and analogously, wmag -

wey = (C.170)

The corresponding energies, obtained by integration over space, would from a
combined energy conservation law together with the mechanical energies. As the
fields can dynamically evolve, the questions how energy is conserved by a dynamically
evolving field configuration and how it is transported through space arises naturally.

A good starting point are the two inhomogeneous Maxwell-equations that contain
time derivatives:

e']kajEk =—-0d,B" aswellas e‘]kBij =+d,D'+ —n]'. (C.171)
c

Multiplying the first equation with H; and the second equation with E; in the sense
of a scalar product and subsequent subtraction yields

E;e*0;Hy - H;e'*0,By = —E;) + E;9,D' + H;0.B' (C.172)
c NN —_
=39(E;D¥) =39 (H;B')

where the reshaping in the last two terms with the constitutive relation suggests
substitution of the energy densities:

1 | - -
410w = 59c,(EiD') = 5 (0uE; - D' + E;9e, DY) =

5 (9ctE; - Ej + E;0B;) = E;0c€E; = B9, D', (C.173)

relying on the symmetry of the dielectric tensor €'/, and likewise

1 1 ; ;
59c(HiB') = = (9o H; - B' + H;dB) =

A0 4 Wiag = 5

ij iy .
”7 (9cH; - H; + H;dH)) = Hide ' H; = Hid B, (C.174)
for the magnetic fields with a symmetric permeability u'/. The left hand side of the
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equation can be written as

EjGijka]‘Hk _ H,'GijkajEk - E,-eiijij _ Hkajia]‘Ei =
€ijk(Ei(9ij + HkajEi) = 8]'€ijkEin = —aieijkEij (C'175)
with renaming the indices i < k in the second term, before reordering kit = ki =

—€'k, with a cycling permutation in the first and an interchange in the second step.
Defining the 44 Poynting-vector P

pi = ﬁeijkEij (C.176)

one arrives at the final result

9;P' = -E;j' -0, (Wel + wmag) (C.177)

The Gauf3-theorem allows to recast this differential conservation law into integral
form,

Jdv 9;P! = st,-P" = —Jdv E;j - %Jdv (Wel + Winag) (C.178)
\% ’A% v \'%

such that the change in energy content of the inside the volume V is given by two

terms. The first term describes the energy flux integrated over the surface JV: If the
Poynting-vector P has a nonzero divergence and points outwards, the energy content
will decrease. The second term is attributed to the dissipation inside the volume:
Introducing Ohm’s law in differential form,

J = o'E; (C.179)

with the conductivity tensor o'/, the integral over the volume V = A¢

. . - A U?
dVE;) = [ dVoE;E; =0 | dVy/E;E; ~ B>V = 92 (Bl = — (C.180)
¢ R
v v v — _y
=1/R

This is exactly the energy per time interval which is dissipated into heat inside the
volume V. Alternatively, one could have replaced E; instead of j*, leading to

i ij_1 i IV _ ¢ 2 _pp2
dVE;j' = | dVojj'f = 5 AV = == As ( JA )*=RI* (C.181)
v v v —_

=R =1

Only if the conductivity o vanishes, or the resistance R is infinite, the terms is inactive
and the ideal energy conservation law is given by

. . d
0iP' = =0, (el + Winag) — fdsi = j dV (wel + Wmag)  (C.182)
av A%
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C.6 Momentum transport and the Poynting linear form

Similarly to the Poynting-law for energy conservation of the electromagnetic field
there is an associated momentum conservation law: Starting at the Lorentz-equation
for a volume element that contains a charge density p and a current density ;' allows
to express the rate of change of the volume’s momentum

dp; 1 ik
8 :jdV (pEi+E€j]vk]/B ) (C.183)
\'

which would fall back onto eqn. (A.1) by setting dg = pdV, q = qu = JdV 0
As in the calculation for the energy density of the electromagnetic fields we can
replace the charge density p and the current density j' by using the two inhomoge-
neous Maxwell-equations d; D’ = 41p and €/""9,,H, = d;D/ + 41/c ji leading to the
change of the momentum associated with the fields themselves
dp;

1 . . .
4 = 4—njdv (Ei 9D + €;jxe/™"9,,H,, - B* - 9, DI - BY) (C.184)
\'

Aiming at making the expression more symmetric, it is clearly possible to add the
term H;0; B/ as 9;B’ = 0, and replacing the last term d.,D/ - B¥ using the Leibnitz-rule
according to

det (D/B*) = 94D - B* + DIg, BX. (C.185)

Then, the penultimate term requires the time-derivative of the magnetic field, which
suggests to substitute the induction equation d,,B* = —""9, E,:

€ijxdD/ - BF =9, (eijijBk) —€;xD/9B* = 9, (GijijBk) + €D/ e 9,0, E,,
(C.186)

The formula suggests a Poynting linear form Y;

C .
Yi = HeijkD]Bk (C187)

analogous to the vector P! = ¢/(4m) eijkE]- Hj, but composed of the two vectorial fields
D' and B'. The missing ¢ suggests that it has units of a momentum density, and hence
it describes the 4 momentum content associated with the fields inside volume.

The expression for the momentum change presents itself in a wonderfully sym-
metric form

d

E Pi+jdVYi =
L
4m

A%
jdv (Ei9;D/ + H;0;B - €jx"™"9,,E, - DI + €™ 9, H, - BY) (C.188)
\'

If the right side of this equation could be written as a divergence, one would
recover the archetypical form of a continuity equation, this time for the momentum
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of the field configuration inside the volume V. As the left side of the equation is
vectorial and because taking a divergence reduces the rank of a tensor by one, we
are looking for a tensor of rank two on the right side. Treating the electric fields first,
shows that

E;0;D/ - €;j """ 9,,E, - DI = E;9; D — (85} - 6}”6?) OnE, Dl =
E;0;D/ - 0,E;- D/ + 9;E; - D/ = E;0;,D) + 9;E; - D/ - 9;E;-D/ , (C.189)
N N

=d;j(E; D) =50, (E(D¥)/2

after a reordering of terms. While the first combination is just an application of the
Leibnitz-rule, the rewriting of the last term deserves a more thorough argument:

. . ¥ 1
9;E; - D/ = 8/0;E - D* = 8ley,,d;E - By = Eéfek"'a]- (ExE,,) =

%6{3,» ("' ExEy) = %6{aj(Eka). (C.190)

The terms involving magnetic fields are treated in complete analogy up to a difference
in sign, caused by the different contraction. This is quickly remedied by interchanging
the indices efk = —¢ki:

H;0;B/ + €;jxe/""9,,H, - B* = H;0;B/ - €;;¢/""9,,H,, - BF (C.191)
The subsequent steps are identical:

H;0;B/ - e/, H,, - BY = H;0,B) — ("5} - &}'5!") 9, H,, - B =
H;0;B/ - 9;H - B + 9, H; - B* = H;0;B/ + o H; - B - 9;H,-B* . (C.192)
—_——— ——

=9;(H;Bf) :é}aj(HkBk)m

where an identical argument applies to the last term:

. . . 1
aiHj -B/ = 65‘9ij : Bk = 6;}’lkmaij . Hm = Ebgukmaj (Hka) =

Loy (,km L k
5919; (W HH,,) = 5919; (FBY). (C.193)
Collecting all terms finally gives the sought-after divergence

d . .
T pi+jdVYi :fdvajTl.]:jdsj T, (C.194)
\' \% A%

where the GauB8-theorem was applied in the last step, yielding a surface integral over
the 44 Maxwell stress tensor Tl.]

. 1 . . 1.
T/ = L (B0i e 1B - Lol (5D + ) (C.195)
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The Maxwell-tensor is symmetric, TiJ = Tji in the case of isotropic media, but in

general not: Examining EiDj , for instance, shows with the substitution

E,D' = ¢/E;E; = ¢;D'D (C.196)

that it can only be symmetric if €'/ and E;E j, despite being both symmetric on their
own, have coinciding eigensystems. This would be the case for isotropic media, as
¥ and E;E; are simultaneously diagonalisable. A straightforwardly mathematical

condition would be a vanishing commutator [eif, EiEj] =0.
It is striking that in an anisotropic medium the direction of energy transport and
momentum transport are not collinear, as

Y, = —— e D/BF _4ie, & ME,, ik (C.197)
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Forming the scalar product between the Poynting vector P/ and its associated linear
form Y; gives

2 2

k€™ DIB'E, H, = T 5 (878} — o8 ) DIB*E,, H, =

(4n) > (D"E,,B"H, - D/H;BE;) = W(ei"’EiE,,le"HjH,l—ei"’EiHmyj”HjEn),

(C.198)

with the squared norms of the two fields in the first and the scalar products in the
second term: This suggests that the scalar product Y;P is positive definite, as a result
of the 44 Cauchy-Schwarz inequality. After rewriting the expression in terms of the
two constitutive tensors instead of the fields one arrives at

2 2
7¢"w" (EHEnH, — EHEH,) = oo (e

1m}4]n inl’ljm)EiHjEmHn
(C.199)

For a plane wave with perpendicular electric and magnetic fields one would obtain,
under the assumption of an isotropic medium, a vanishing second term, yielding the
largest possible result for Y;P?, which indicates a parallel momentum and energy
transport.

The trace tr(T) = 6’ T, J =T’ " computes to the negative energy density of the fields,
as

j

1 ) LY
T, = —|ED +H;B - 2] (ExD* + HB) | =

1 . .
i 410 Py (EiD1 + HiB’) = _(wel + wmag)

8

(C.200)
as 65 o = 6:: = 3. To be honest, this result can only be understood later, when we
derive the Maxwell-tensor for electrodynamics as a relativistic field theory.

Looking at the mechanical aspect of the continuity equation for the momentum
density as the change of momentum needs to be equal to the force acting on the
volume element, and because dp; is given as
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dpi = T/ds; — Tﬂ:%, (C.201)
Sj

one would associate Tl-] with a force per unit area: Those elements are referred to as
stresses, of which the isotropic component is called 44 radiation pressure. Depending
on the field configuration, the stresses into different coordinate directions do not
need to be equal. Commonly, one would expect radiation pressure to be exerted in
the direction of propagation of an electromagnetic wave, but not perpendicularly to
it. On the other hand, an isotropic superposition of plane electromagnetic waves, as
for instance in a blackbody, can be assigned a radiation pressure. The combined term
on the left side of the equation is the mechanical momentum p; of the matter inside
the volume V and the volume-integrated Poynting linear form Y; as the momentum
content of the electromagnetic field.

We will see that the four entities energy density w = we] + Wmag, Poynting vector pi
or energy flux density, Poynting linear form Y; or momentum density and the Maxwell
stress tensor Tl-] can be assembled into a larger object, the 44 energy momentum-
tensor T, ":

T v (2] C.202
v =i [ ) (C.202)

which will, when a combined derivative d,, = (d, d;) is applied to it, yield energy
conservation in the first column, and the three components of momentum conser-
vation in the second, third and fourth columns. All conservation laws would then
follow jointly from the divergence BVTP" = 0, for media of zero conductivity, and the

entire tensor is traceless, BETHV = TMM =0=w+ 6§Ti] =w+T; i

In summary, there is a clear notion of energy and momentum conservation in the
electromagnetic field. One can associate energy and momentum densities to any field
configuration, and as the configuration evolves dynamically, energy and momentum
is transported through space in a way that is described by continuity equations.
Possible dissipation can be described by Ohm’s law, and would convert field energy
into heat. The Poynting-vector plays the role as energy flux and is constructed from
the linear forms E; and H;, while the transport of momentum density is encapsulated
in the related linear form Y;, which depends on the two vectors D' and B'. It is
straightforward to see and not unexpected that for a plane electromagnetic wave
the energy transport proceed along the wave vector, as P’ is collinear with k;, which
in turn is poynting (pardon me!) into the direction eijkE]- Hy. In metric spaces or
spacetimes it is always possible to write the Maxwell stress-tensor and the energy-
momentum tensor with one type of index, covariant for instance,

Ty =y T,* and Ty = haT,% (C.203)

such that the traces read yijTij and 1Ty, and the divergences y“iBaTij = 0and
19 Ty = 0.

C.7 Time-dependent Green-functions and retardation

Clearly, the propagation speed of excitations in the electromagnetic field is finite, so
any change in the source configuration is not perceived instantaneously at any point
at nonzero distance: In fact, the changed field configuration only arrives after a time
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c. DYNAMICS OF THE ELECTROMAGNETIC FIELD

cAt = Ar at distance Ar, which is referred to as retardation. The same is true for the
potentials ® and A; if one assumes Lorenz-gauge €d, @ +y'/d;A;/p = 0, because then
the wave equations for the potentials

4 .
O =4rp and OA; = TT(]/,-]- J (C.204)
are identical to those of the fields E; and B'. This particular form of an inhomoge-
neous wave equation, where we always verified that the homogeneous differential
equation is solved by a plane wave, is referred to as the Helmholtz differential equa-

tion
O, t) = (92 — A) ¥(r, 1) = dmq(r, 1) (C.205)

where 1 could be either of the potentials ® and A;, and g the corresponding source,
ie. por yij]j. The Helmholtz differential equation is a hyperbolic linear partial
differential equation of second order with an inhomogeneity. As a linear differential
equation, a suitable solution strategy would be a Green-function, that depends both
on space and time coordinates:

OG(r—r',t —t') = 4wdp(r — r)op(t — t') (C.206)

As before, the Green-function is the formal solution for the potential at r and t to a
point-like source existing at +’ and t’, such that

Ouv(r, t) = 4nq(r,t) —  P(r,t) = jdV’ J-dt’ G(r—7,t,—t')q(r',t') (C.207)
in a convolution relation, which is consistent because of
OY(r, t) = J- dv’ j dt'OG(r -7/, t,—t')gq(r', ') =

4TcJ av’ Jdt’éD(r - 1)op(t —t)q(r',t') = 4mq(r,t) (C.208)

as a consequence of the shifting relation of the dp-function.

In Fourier-space, the Green-function is given by
G(w, k) = J‘dV Jdt G(r—1',t — t')exp(—iw(t — t')) exp(—ik;(r — ')))  (C.209)

with the inversion

1
(2m)*

Glr-r,t—t)= de Jd3k G(w, k) explin(t — 1)) exp(ik;(r — #')') (C.210)
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so that the application of the d’Alembert-operator gives
1 )
OG(r-r,t-t') = DW j dw dek G(w, k) exp(iw(t — t')) exp(iki(r — ')") =

_ ﬁ J- dw J-d3k [%2 - kz} G(w, k) exp(io(t — ') exp(ik;(r — ¥))), (C.211)

as d¢ acts on exp(iw(t — '), and @, on exp(ik;(r — r')’), yielding iw/c and ik, each
twice; and we abbreviate k? = y*'k,k;:

—1
W(r, 1) —F——— (k@)
O W/ —yiikik; (C.212)

qrt) —— 5 q(k, w)

On the other hand, this expression needs to be equal, according to eqn. (C.206), to
the Fourier-representation of the dp-distributions,

dp(t —t)op(r—1') = ﬁ j dw jd3k explio(t — t')) exp(ik;(r — ')')  (C.213)

with all frequencies appearing at equal amplitude. By comparing the latter two
expressions, one can extract the Fourier-transformed Green-function G(w, k) to be

c?

G((,O, k) = 47'((")2_7(61()2

(C.214)

But transforming back to configuration space reveals a problem: Formally, one writes
down

Glr—r,t—t)= 4%3 J dw J-d3k u)z—Ci?ck)z explio(t — t')) exp(iki(r — ')') (C.215)

where one encounters two singularities of the integrand at w = +ck when performing
the dw-integration, for every value of k, as indicated by Fig. 7. This issue is most
elegantly solved by the methods of complex integration.

For carrying out the dw-integration one can extend the function to complex
arguments and close the integration path along the real axis by a loop: In this way,
one deals with a closed loop integral over a holomorphic function, where the two
poles can be shifted inside the integration contour by adding +ie to them, which does
not change the final result. Then, the value of the integral is entirely fixed by the
values of the two residuals associated with the two poles:

2 . 4
de (Ck)fi_wz explie(t = ') — —c2 gﬁdw e"f}ffiw, (C.216)
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Figure 7: Function 1/(w?* — (ck)?) over the complex plane w = Re(w) + i Im(w), for ck = 1,
with color indicating phase and hue indicating the absolute value. The two singularities at
w = *ck are clearly visible.

where the denominator factorises (w? — (ck)?) = (w + ck)(w — ck), by virtue of the
binomial formula.

Let’s investigate the residues at the two poles at w, = w + ck and w_w — ck
separately: Computing the residues requires the limits

= 1i _ expuwlt = 1)) I(lw(tt/)) -_° i —t
Res, thk(w ck)( H@=ch) . exp(+ick(t —t')) (C.217)
and
Res_ = lim (w+ k)—e plalt =) _ = (~ick(t—t")) (C.218)
es_= lim (w+c ( R@—ck) ~ "% exp(-ic .

Cauchy’s 44 residue theorem now states that the value of the loop integral is equal to
the sum of the residues, up to a factor of 21,

9de EXZ?T—((Z;);’)) = 2mi(Res, + Res_) =

ZT“ (2—Ck exp(+ick(t — ') - 2—Ck exp(—ick(f - t’))) - % sin(ck(t— ') (C.219)

The remaining d°k-integration reads:

Glr—t,t—t)= 2Ln2 J d3k w explik;(r — 7')") (C.220)

and can be most sensibly carried out in spherical coordinates: d*k = k2dkdpd¢, with
azimuthal symmetry and p being the cosine of the angle between k and r —r’.
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Then,
+1
kdk sin(ck(t - t')) j dp exp(ipk |-r - 7')) (C.221)

-1

Glr-r,t-t)=

Ao
°—3

The dp-integral has an elementary solution in term of the sine, so we arrive at

_r/

Glr—t,t—t) = %J dk sin(ck(t — ') sin(k |r — #'|) (C.222)
0

The integral can be carried out by rewriting both sines as differences of complex
exponentials, multiplying out the expression and integrate. For convenience, we
abbreviate At =t — " and Ar = |r—1’|:

(o) +00
ZIdk sin(ckAt) sin(kAr) = Jdk sin(ckAr) sin(kAr) =
0 —00

22 j dk (exp (+ickAt) — exp (—ickAt)) x (exp (+ikAr) — exp (-ikAr)). (C.223)

Rearranging the terms leads to

+00
.= (21.)2 J dk exp(+ik[cAt + Ar]) + exp(—ik[cAt + Ar])—
i

exp(+ik[cAt — Ar]) — exp(—ik[cAt — Ar]), (C.224)

where one recognises the sum and difference of the two frequencies cAt and Ar. The
integrals are effectively the Fourier-representation of the dp-function,

+0o0

jdk exp(ikx) = 2mdp(x) (C.225)
so that one arrives at
4Tt _ .
.= wbD(CAt + Ar) — 41dp(cAt — Ar) (C.226)

as each term appears twice. By applying the scaling property of Dirac’s dp-function

Sp(ak) = ééD(k) (C.227)

one arrives at
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dm -rl\, 4, -r
..:——“bp(t—t’+u)+—nbn(t—t’—u) (C.228)
c Cc c c

where the factors ¢ and 7 cancel with the corresponding factors in eqn. (C.222).
Putting everything together yields as a final result for the Green-function

Ir—r'|

’ ’ 1 ’ ’ T—T/
Gi(r—r,t—t):m[élj(t—t— )—6D(t—t+|7c|)] (C.229)

retarded advanced

with the conventional Green-function of A as a prefactor, modified by dp-functions.
They take care of the fact that changes in the fields propagate at finite speed, such
that the source configuration at distance |r — #’| contributes to the potential at most at
a time |r — r’| /c later than t’, which necessitates that one of the terms is discarded as
being acausal: It would have the effect, that a source configuration at a time difference
|r — ¢’| /c in the future contributes to the fields. Finally, one arrives at the expression
for the retarded Green-function G_(r — 1/, t — t’),

1 ) _ /
G,(r—r’,t—t’):WbD(t—t'—lr C”), (C.230)

which serves for determining the potential {(r, t) from the source g(/, '),

q)(r,t):jdv’fdt’ ! 6D(t—t'—|r_cr/|)q(r',t’):

lr—7|
’ 1 ’ |1’—1”|
JdV |r—r’|q(r't . ) (C.231)

C.8 Liénard-Wiechert potentials

With the Green-functions for the d’Alembert-operator [J,

1 B — ’
Gi(rfr',tft'):mb]g(tft'i Ir C") (C.232)

it is possible to solve the wave equation

Oy(r, t) = 4mg(r, t) (C.233)

in a convolution relation,

Pyu(r, 1) = Jdt' JdV' Gu(r—7/,t=t)q(r,t") (C.234)

where changes to the source configuration g(r’, t’) (to be interpreted as the charge
distribution p(r, t) or the current density yij]i(r, t)) can only influence the fields
(or potentials @(r, t) and A;(r, t), even though this statement depends on the gauge
choice) after a time |r — 7’| /c has elapsed, and not instantaneously, due to the finite
propagation speed ¢ of excitations in the electromagnetic field.
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Substituting the A retarded Green-function G_ into the convolution relation for
the potentials for obtaining them from the source distribution one arrives at

P(r, t) = JdV' J-dt' G.(r—7,t-t)q(r, V)=

’ 1 S ’ |T—T,| VN ’ 1 ’ |1’—1',|
JdV |r—r’|jdt bD(t—t —f)q(r,t)_J‘dV |r_r,|q(r,t— .

(C.235)

because the Dirac-dp fixes ¢’ to the value t — |r — #’| /c. This expression applied to the
potentials

D(r, 1) = jdv' lr_lr,lp(r’,t— "‘C' ') (C.236)

and

1 ; [r—7|
A; = i [t - .
i(r, 1) J‘dV = r’ly”] (r Lt C ) (C.237)

is referred to as the 44 Liénard-Wiechert potentials, which provide a solution in the
case a time-varying source distribution, taking retardation, i.e. the finite speed of
propagation of the fields (or potentials in Lorenz gauge) into account. Clearly, in the
limit ¢ — oo the fields and potentials would change instantaneously. Already now
a causal structure becomes apparent, with a finite propagation speed at which the
fields react to changes in the source. Taking the derivatives B! = ei/kajAk and E; =
—9;®—d,,A; then leads to #4 Jefimenko’s equations, if one interchanges differentiation
d; and d,; with the dV’-integration for an expression for the fields for the case of time
varying sources.

C.9 Anatomy of partial differential equations

Differential equations are the natural language in which laws of Nature are formu-
lated: They set the rates of change of quantities into relation and depend crucially
on initial and boundary conditions. Many different categories are relevant in the
classification of differential equations:

* ordinary vs. partial:

In ordinary differential equations, only derivatives with respect to a single
variable or coordinate appear, whereas partial differential equations consist of
derivatives with respect to two or more variables.

* homogeneous vs. inhomogeneous:

If all terms depend on the field and its derivatives, the differential equation is
homogeneous, but if a term appears that does not depend on the field or its
derivatives, the equation is inhomogeneous.

¢ linear vs. nonlinear:

If all terms in a differential equation are proportional to the field or its deriva-
tives, the equation is linear, but if there are higher-order powers or nonlinear
functions of the field, then the differential equation is nonlinear.
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¢ derivative order:

The highest derivative that appears in the differential equation sets the deriva-
tive order.

Given these definitions, the damped harmonic oscillator equation for the amplitude
x(t) with external driving a(t)

%+ % + wix(t) = a(t) (C.238)

is an ordinary, inhomogeneous, linear differential equation of second order. The 4
Schrodinger equation

0, = —%AQ) + D(r) (C.239)

on the other hand is a partial, homogeneous and linear differential equation, but its
derivative order is likewise two.

C.9.1 Hyperbolic, parabolic and elliptical differential equations

We have already encountered two partial differential equations of second order, the
Laplace-equation N
AD = y”a,-ajq) =0 (C240)

as the field equation of electrostatics, and the wave equation

0P = 19,0, ® = (97, — A) P =0 (C.241)

of electrodynamics, here obtained in Lorenz-gauge. It suffices to consider the case of
homogeneous partial differential equations because any inhomogeneity +4mp could
be dealt with the Green-formalism. Comparing O® = 0 as a wave equation with
AD = 0 as a static field equation shows that the signs of the derivative operators
(+,— — —) and (+, +, +) matter a lot, as one obtains oscillatory solutions for the wave
equation, and (decreasing, at least in 3 dimensions or more) power-law solutions for
the Poisson-equation. Please note that the choice of gauge does not have any influence
at all on the derivative order (it is a statement involving only the first derivatives of
the fields), but that it can change the character between hyperbolical and elliptical.

The classification of differential equations borrows many ideas from curves, here
in particular from the theory of 44 conic sections. A quadratic form of two coordinates
x and y would be given by

' b/2
( ;( ) ( bjz c )( ; )= ax® + bxy + cy® = const. (C.242)
N
=D

Depending on the structure of eigenvalues, which decide on the sign of the deter-
minant of the (discriminant) matrix D, the quadratic form describes very different
curves: If b = 0 (for simplicity) and @ = ¢ = 1 > 0 one obtains x? + y? = const, which
can be rewritten in a parametric form by setting x = cos @ and y = sin ¢ such that
the quadratic form describes a circle as a consequence of cos? @ +sin? @ = 1, and in
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the peculiar case of a # c an ellipse. If 2 = 1 and ¢ = -1, the quadratic form becomes
x% — y% = const, i.e a hyperbola with the hyperbolic functions as parametric forms,
using cosh? ¢ — sinh? | = 1. More generally, the picture arises that det D > 0 for the
elliptical conic section and conversely, det D < 0 for the hyperbolic conic section.

Applying this idea to the classification of partial differential equations, we start
with a homogeneous second-order PDE for the field ¢ in two coordinates in full
generality,

9? 9? 9?
(% y) = 7 b(xy) + b(xry)mdxx,y) +c(x, V)a—yz¢(x,y) = A%, 9)0(x,9) (C.243)

and assemble the matrix D

{ almy) by
P={ 1oy cxy) (C-244)

The determinant of D then establishes, whether the PDE is elliptical, detD > 0,
parabolic, det D = 0 or hyperbolic, det D < 0. A visual impression is provided by
Fig. 8 which shows these curves, actually conic sections, for various choices of the
parameters.

Sticking to 2 dimensions, a PDE like the Poisson-equation

02 02
A= 5500 3) + 55w y) =0 (C.245)

would be elliptical, as the determinant of D would come out positive: 2 = ¢ = 1 and
b = 0: 4 elliptical differential equations have only unique solutions after boundary
conditions are specified. They can be of the Dirichlet-type, the Neumann-type or be
of mixed type. Please note that vacuum boundary conditions, where the fields and
their derivatives approach zero at infinity, are perfectly admissible. Typical solutions
are decreasing (for Poisson-like problems, at least in 3 dimensions or higher) with
increasing coordinates and parity invariant, as (x,y) — (—x,-v) does not change
anything.
On the other hand, a wave-equation exhibits a sign change,
2

Od(t, x) = e

(92
(1, x) - ﬁ(b(t, x)=0 (C.246)

witha =1, ¢ = -1 and b = 0 in these coordinates and would be “4 hyperbolic as
det D < 0. In this case, it is enough to specify initial conditions and the PDE evolves
them in a well-defined and unique way into the future. Specification of boundary
conditions as in the case of elliptical PDEs is unnecessary, and in contrast to elliptical
PDEs, hyperbolic PDEs show typically wavelike-solutions.

There is clearly the notion of a light-cone due to retardation, which persists even
when a change of coordinates is carried out: Switching to <4 light-cone coordinates
dy =9 + dy and 9, = di; — J, brings the wave equation into the form

0?

O¢(u,v) = m({)(u,v) =0 (C.247)
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this time with a = ¢ = 0 and b = 1, but the determinant det D < 0 nonetheless. It
is actually the case that the metric structure of spacetime, which we focus on in the
next chapter, with the Minkowski-metric is uniquely suited for hyperbolic PDEs: It is
even the fact. The Lorentzian spacetime is the only metric spacetime with naturally
hyperbolic evolution!

C.9.2 Wave-equation and its reductions

Central to electrodynamic theory was the wave-equation
Od(r, t) = 4nq(r,t) with O=1"d,0,=0%-A and A=y70;0; (C.248)
as a linear, inhomogeneous, hyperbolical, partial differential equation of derivative

order two. Separating out oscillations in time with an ansatz ¢ o« exp(+iwt) leads to
the 4 Helmholtz-equation

AP+ k2 = —4mq(r, t) (C.249)

with k = w/c. Under the stronger assumption of a static solution, where neither ¢
nor g depended on t, one arrives at the Poisson-equation,

Ad = —4nq(r) (C.250)

further reducing to the Laplace-equation

Ap=0 (C.251)

for the vacuum case with vanishing sources. In all cases is the incorporation of an
inhomogeneity g(r, t) straightforwardly possible by means of the Green-formalism.
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Figure 8: Conic sections: circles (det(D) = 1), ellipses (det D > 0) and hyperbole(det(D) <
0), from top to bottom.






D SPECIAL RELATIVITY

D.1 Lorentz-transforms

The relativity principle stipulates that the laws of Nature and the constants of Nature
should be the same in all frames, or in other words: There is no preferred frame in
which the laws of Nature should be formulated. Space, or spacetime is homogeneous
as there neither a particular location nor a particular instant in time for the formula-
tion of laws of Nature, and the transition between one coordinate choice and the next
one should be a linear, affine function: Any nonlinearity would single out a particular
location or instant, breaking homogeneity. In short, the transition between frames S
and S’, with their associated coordinates x* and x’",

S:x”:(xti) - S':x":(;,i) (D.252)

is necessarily an affine transformation.

There is a very good physical argument why this needs to be the case: Imagine
now that an observer with a clock moves through spacetime on a trajectory with
coordinates x"t as seen by S, and coordinates x’*(t) as seen by S/, where the parameter
T by which the trajectory is parameterised, is the proper time of the observer - the time
displayed on her or his wrist watch. For an inertial trajectory, where all accelerations
are zero, the velocity v = dx'/d7 is constant, as well as the size of the time intervals
dt/dt. In summary,

dxt d2xt
—— =const and

dt dr?

=0 (D.253)

But that statement needs to be true within the frame S’ just as well:

dx’* dzx’t
dLT = const and T:Z =0 (D.254)

Coordinate transforms can be written as an invertible, and differentiable functional
relationship between the coordinate sets, i.e. in the form x’(x). In this case, the velocity
in the new coordinate choice becomes

dx¥ ox'Mdx¥
dt = 9Jxv dt

(D.255)

with a Jacobian dx’!/dx" mediating the coordinate change. The acceleration though

acquires two terms, as both the Jacobian as well as the velocity could change with T,
albeit indirectly through the trajectory x¥():

d2x’t ox'td%xY N >t dx¥dxP

dv2  9x¥ di®  IxvdxP dt dt

NS

Ab

(D.256)
vp

Only if the term AMVp is equal to zero, one can conclude from d?x#/dt?> = 0 that
d2x’*/d? = 0. But then, the transformation between the two coordinate frames is
linear:
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PR Wt
_C _ - o AP i
Trvaxd - pre A"y - P =A M+ D (D.257)

with integration constants A", and b".

To be more specific one needs some empirical, physical input: Let’s assume that
the two frames S and S” move at a constant relative speed v. Without loss of generality,
the two frames should be oriented in the same direction and the relative displacement
should be along the x-axis of the coordinate frame, and the two frames should coincide
in their origins at t = t' = 0. Then, the origin of S has the coordinate x’ = —vt’ seen
from S’, whereas the origin of S’ is at x = +vt from the point of view of S.

Linearity of the transforms commands that x” = ax + bt with two constant coef-
ficients a and b, that can be functions of v. Because x = vt implies x’ = 0, one can
write: x’ = 0 = avt + bt = (av + b)t, from which follows that b = —av and therefore
x’ = a(x — vt). Reversing the roles of S and S’ then requires from x = ax’ + bt’ that
x’ = —vt if x = 0 should hold, implying x = 0 = —avx’ + bt’ = (—av + b)t’, and conse-
quently b = +av and x = a(x’ + vt’). The symmetry of the transform has effectively
reduced the number of free parameters from two to a single one.

At this point Nature can make a choice. Most straightforwardly, she might choose
the time to be universal, t = t/, and humans thought this was the case until 4 1905.
x” = a(x — vt) and x = a(x’ + vt) can only be compatible if a = 1, leading us straight to
the Galilei-transforms. Or, the speed of light could be the same in all frames, ¢ = ¢/,
with x = ctin S and x” = ct’ in §’, as the distance a light signal covers in the two
respective frames. Then,

ct’ =a(ct’ + vt’') = a(c + v)t (D.258)
ct’ =a(ct—vt) =a(c—v)t
Multiplying both equations leads to c2tt’ = a?(c + v)(c — v)tt’, such that
1 . v
a=y= 17—[52 with B = = (D.259)

The quantity y is known as the Lorentz-factor, and by convenience one works with a
dimensionless velocity p = v/c.

A 4 Taylor-expansion for small velocities p,
factor yields

[3| < 1, or |v| < c of the Lorentz-

dy d’y,  # p>
y:1+d—ﬁ|ﬁ:0ﬁ+d—ﬁ2|ﬁ:07+-~:1+7+-~- (D.260)

showing that the Lorentz-factor depends to lowest order quadratically on the velocity
before diverging as  approaches unity.

The definition of = v/c allows a more consistent notation for Lorentz transforms:
ct as a time coordinate is then measured in units of length, just as x, there is no
ambiguity as ¢ has by virtue of the relativity principle the same value in all frames.
The term vt in the Lorentz transform becomes pct, leading to

{ ct’ =y(ct+px) (D.261)
’ ,V .
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T
— Lorentz factor v
— parabolic approximation
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Figure 9: Lorentz vy-factor as a function of dimensionless velocity B, and the parabolic
approximation for small p.

Alternatively, the transformation reads in matrix notation,

x’ By v J\ x
— —
x'# AVV xV

with a clearly common transformation of the ct and x coordinates, that are now
combined into a single vector x*, following the transformation law x* — x* = A¥ x".
For small velocities, y ~ 1 and one obtains

c”\ (1 B ct
[ )= ) o253

With either positive or negative off-diagonal elements it is clear that a coordinate
frame undergoes a shearing under Lorentz transforms, in contrast to antisymmetric
transformation matrices in the case of rotations. Quantitatively for small velocities
U < ¢ the relation reduces to t’ = t (neglecting px = vx/c for v < ¢) and x’ = vt + x in
recovery of the Galilei transform.

D.2 Lorentz-invariants

While the coordinates depend on a chosen frame and undergo a joint change under
Lorentz tranforms, one might wonder whether there are quantities that remain
constant and offer the possibility to say something true for a system that would not
depend on the choice of frame. Clearly, rotations leave the length of a vector, defined
as its norm r2 = 6,-]-xix7 unchanged, and in this vein one can construct the quantity

(ct')?=(x')? = y? ((ct)2 — 2ctPx + pPx% — x + 2ctpx — ﬁz(ct)z) =y*(1-p% ((ct)2 - x2)

B (D.264)
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ct. ¢t ct,

Xy

\:

Figure 10: Spacetime diagrams under Lorentz transform for positive velocities (ct,, x, ) and
negative velocities (ct_, x_) relative to the frame (ct, x). Reproduction with kind permission
of I. Neutelings.

which remains in fact constant under Lorentz transforms. In order to write the
invariant quantity s> = (ct)? - d;jx'x!, extended to three spatial dimensions, one
introduces the Minkowski-metric,

+1
-1

s2 = NoX'x" with 1, = -

(D.265)
-1

which combines the Euclidean scalar product r? = yijxixj mediated by by the
Euclidean metric y;; to the new invariant s = 1uyxFx?, as soon as Lorentz boosts are
involved.

D.3 Rapidity

Rotations of the coordinate frame can be written in terms of a rotation matrix,
x’ cosa  sina x
= : (D.266)
Y —sina  cosa Y

which begs the question whether (i) a similar parameterisation of the group of
Lorentz transforms is possible, and if yes, (ii) which parameter {) would replace the
rotation angle a. A Lorentz-boost, written in matrix notation, would be

LTI e
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where a notable structural difference is of course the different sign in the lower
left corner. But clearly, we are not looking for a rotation, as the Lorentz invariant s>
differs from the invariant 72! The values of the entries of the matrix are 1 < y < +co as
well as —co < By < +0co, which an additional symmetry of y for positive and negative
velocities, and a sign change of fy. With a bit of intuition, one might be tempted to
use the hyperbolic functions to set y = cosh { and py = sinh { (compare Fig. 11) with
the so-called rapidity ¢,

Sinh\b_ﬁzﬁ — P =artanh p =

coshy ~ y

1, 1+p
tanh { = —In—-. D.268
anh P B ( )
where the inverse hyperbolic tangent has a surprising representation in terms of
elementary functions. More accurately, one might use the relation y*(1 + ) = 1 to

verify that
Y*(1 - p?) = y* — y?p% = cosh? P —sinh? P = 1 (D.269)

as the defining characteristic of the hyperbolic functions.

The rapidity { diverges as p — 1 and keeps, due to the antisymmetry of the
hyperbolic sine, information about the direction of the boost velocity. With the
rapidity as a parameter, the Lorentz-boost can be written as a hyperbolic “rotation”,

ct’ \ _( coshyp sinh¢ \[ ct
( x’ )7( sinh{ cosh )( x ) (D.270)

Then, the invariant s? = (ct)? - x? is unchanged because cosh? i — sinh® ) = % —
B2y? = y*(1 - #?) = 1, just as the invariant r> = x? + y? is unchanged because of
cos” a +sin” & = 1. For a more geometric intuition, one can imagine that any point
(ct, x) follows a hyperbola, purely in the timelike region for a positive norm or in the
spacelike region of the spacetime diagram in the case of a negative norm. Along these
hyperbolae, the norm is strictly conserved. Taking things to extremes would be a
point with a lightlike norm s? = 0, which moves along the diagonals of the spacetime
diagram.

D.4 Spacetime symmetries

A notion of spacetime was established fusion of the spatial and temporal coordinates
into a coordinate tuple x* and the extension of the Euclidean scalar product x;y’ =
yijxiyf to the Minkowski scalar product x,y# = 1,,x#y". Lorentz-transforms and
rotations act on these coordinate tuples, x* — A" x®* and x* — R/ x%, respectively,
leaving the scalar products invariant, #,,x¥x" — rhWA”o‘A"ﬁx"‘xrS = no‘[g‘x“xf3 and
yi]-xixj - yi]-RiaR]bx“xb = Yapx°x?, expressed in coordinates s> = My xHx? = (ct)? -
x?—y?2-z%2and r? = y,'jx"xj =x2+p%+ 22

Clearly, the Lorentz-transforms as well as the rotations form groups: Successive
transforms can be summarised into a single transform, for each transform there is an
inverse (boosting with the negative velocity and rotating by a negative angle), and
the neutral element is part of each group (corresponding to a boost with velocity zero
or a rotation by an angle of zero). But there seems to be a peculiarity: The groups
contain uncountably many elements and are parameterised by a continuous, real
valued parameter (rapidity ¢ or rotation angle «). As such, they are examples of
Lie-groups.
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Figure 11: Hyperbolic functions y = cosh({) and py = sinh({) with exponentials as their
asymptotics, as a function of the rapidity .
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Figure 12: Rapidity { as a function of velocity p with the clear divergence as f — 1.
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Because of the real-valued parameter, one can actually perform a differentiation of
the group element with respect to that parameter, consider an infinitesimal transform
and assemble all possible group elements from this infinitesimal transform as a
building block:

In the case of rotations in 2 dimensions by a small angle « one could expand the
rotation matrix R’,(a) into a Taylor-series,

i i d _; 1 [ 1 0 0 1 (0) (2)
1 — 1 1 —_ — —
Ra(oc)_Ra|0‘:0+—daRﬂ,|a:00¢_(_oc 1)_(0 1)+oc( 1 0)_0 + oo\

(D.271)
Such a construction with two of the Pauli-matrices
(0) _ +1 0 (2) _ 0 +1
o ( 0 41 and o© 1o (D.272)

for an infinitesimally small angle suggest that any finite rotation by an angle a should
be composable from # rotations by a/# in the limit n — oo:

. n
R' (o) = lim (0(0) + %0‘(2)) = exp (occr(z)) (D.273)

n—oo

where the matrix-valued exponential function is explained in terms of its series,

n 2n a2n+1

Ria = eXp(O(O'(Z)) = Z% (0'(2))” = 0'(0) Z((;T)'(_l)n + 0'(2) ZW(—l)n

n n

cosa sina

=0®cosa+ 0@ sina = .
—sina cosa

) (D.274)

which is the reason why 6(?) is referred to as the generator of all rotations, or equiva-
lently, as the basis of the rotations as a Lie-group.

The same line of reasoning applies to Lorentz-transforms: They form likewise a
Lie-group, parameterised by the rapidity ¢,

n " on 2n+1
A = exp(po™) = ) L (o) = o) Fa oy B

n n n
_ (0 (3) o _ cosh{ sinh¢
¢/ cosh P + 0"’ sinh ¢ ( sinhd cosh ¥ (D.275)
where the Pauli-matrix o3,
(3) _ 0 +1
o ( a0 (D.276)

can now be identified as the generator of the Lorentz-transforms. Comparing to the
rotations one notices that the powers of 6(3) do not show changes in sign, but alternate
between ¢(® for odd and ¢(”) for even powers of 7.
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ct

N

7 AN

Figure 13: The rapidity \ corresponds to the arc length that is covered by the end point of a
vector with unit Minkowski norm s? = (ct)2 — x2 = +1 under Lorentz transforms, in the
same way as the rotation angle o is the arc length (or radian) covered by a point with unit
Euclidean norm r? = x* + y? = 1 under a rotation. Reproduction with kind permission of
I. Neutelings.

D.5 Lorentz-group as a Lie-group

It is intuitively clear that rotations form a group as subsequent rotations can be
combined into a single rotations, and likewise, combinations of Lorentz transforms
are Lorentz transforms again, Mathematically speaking, this is expressed by the group
structure that is defined by the axioms: closedness, the existence of a unit element,
the existence of an inverse element and lastly associativity.

For the closedness of a group one needs to show that the combination of group
elements is again a group element. In a Lie-group, where the elements are generated
by means of an exponential, one gets for instance for rotations

R(a)R(B) = exp (ao' ) exp (pa'? ) = [Z ‘z‘—: (6(2))i] [Z d (0(2))j]. (D.277)

il
i j I

Multiplying the two exponential series can be achieved by application of the Cauchy-
product

- Z JZ?'] (iﬁr;‘)! (o) ()7 =) % [Z(;)o&ﬁ”] (c?)  (D.278)

1

]

by using the definition of the binomial coefficient

(l) = 17', (D279)
jl =)
which leads to ; .
_ ZM (6®) =R(a+p) (D.280)
1!
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by virtue of the generalised 44 binomial formula,

(a+p) = Z(;)ajﬁi’j, (D.281)
]

which confirms the intuitive expectation that combining two rotations leads to a
rotation again. In complete analogy one can show that A(P)A(¢p) = A(P + @) for
Lorentz transforms, with the rapidity as an additive parameter.

The unit element, which leaves a vector unchanged, is the quite obviously obtained
for a rotation by the angle zero or a boost by zero rapidity:

R(a = 0) = exp(0 x ?) = exp(c!?)? = id (D.282)

Alternatively, one might argue that

R = 0) = 69 cos(0) + 6 sin(0) = 6 = id (D.283)

and likewise obtain the unit matrix.
Associativity is very obvious for Lie-groups as their additive parameters naturally
obey associativity:
R(a+(p+7y)=R((a+p)+7v) (D.284)

which implies

Ria+(p+7) = RWR(B+7y) = R(«) [RB)R(y)] =
[R(WRB)IR(Y) = R(a + PR(y) = R((a+p) +y) (D.285)

Conservation of the norm of vectors under transformations, or equivalently, the
orthogonality of the transform is realised in the following way, keeping in mind that

(6!t = —6(2),
Rf(a)R(a) = exp (occr(z))t exp (ao(z)) =exp (a(a(z))t)exp ((w(z)) =
exp (—occ(z))exp (acm) =exp ((—oc + oc)c(z)) =id (D.286)

which differs slightly in the case of Lorentz-transforms, as they are orthogonal with
respect to the the Minkowski-metric 1 = o1 instead of the Euclidean metric ¢(® = id,

+10)

AW)A(P) = with 11:0(1):( 0 _1 (D.287)

Invariants of the transform such as determinants are realised in a funky way in
Lie-groups: As an auxiliary result, we need that for any transform A with eigenvalues
Ais

Indet(A) = In ]_[ A= Zln A; = trln(A) (D.288)
i i

where the matrix-valued logarithm In(A) is naturally defined in terms of its series.
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Because the logarithm can not be expanded at zero, where it is undefined, one uses
this neat trick,

In(A) = In(id + (A —id)) = Z%(A—id)n. (D.289)

n

Then,
explndet(A) = det(A) = exp trIn(A), (D.290)

and with the substitution B = In(A) one arrives at

detexp(B) = exp tr(B), (D.291)

which is particular suitable for our purpose, as the determinant of a Lie-generated
group element is related to the trace of its generator. Applied to the rotations this
implies

det(R) = detexp (occ(z)) = exp tr(aa(z)) = exp (cxtr (5(2)) =exp(0) =1 (D.292)

because the Pauli-matrix o(? is traceless. The same result for the Lorentz-transforms
A()) follows in complete analogy,

det(A) = detexp (11)0(3)) =exp tr(¢0(3)) = exp (q)tr 0(3)) =exp(0)=1. (D.293)

Essentially, the determinant of the Lie-group is fixed to unity by the tracelessness of
the generator.

Up to this point, we have been dealing with a single generator, but in 3+1 dimen-
sions there might be cases where one combines rotations about different axes, boosts
in different directions or even considers combinations between boosts and rotations!
In these cases commutativity plays an important role, as it provides a correction factor
to the rule exp(A) exp(B) = exp(A + B) known as the 44 Baker-Hausdorff-Campbell
formula:

exp(A)exp(B) = exp(A + B)exp (—% [A, B]), (D.294)
with the commutator [A, B] = AB — BA.

D.6 Adding velocities

Subsequent Lorentz-transforms can be combined into a single transformation, and
we already know that the Lorentz-transforms form a Lie-group with the rapidity {
as an additive parameter instead of the velocity p = tanh . Luckily, there is a handy
addition theorem for the 44 hyperbolic tangent function:

tanh ¢ + tanh ¢

tanh( + @) = 1+ tanh - tanh ¢

(D.295)
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Figure 14: Relativistic addition theorem for velocities, with the particular case of By, = B,
along the diagonal. B, remains strictly below unity, excluding superluminal velocities.
Clearly the relation needs to be linear if one of the velocities is zero, as seen at the edges.

Therefore, one obtains for the velocities

By + Bo

By = T+ hy b <1 (D.296)

leading to a combined velocity strictly smaller than the speed of light. Linearising
the relationship shows a straightforward addition of velocities,

By = By + By (D.297)

as one would expect from Galilean physics. A proof that the added velocities are
strictly smaller than ¢ might be done along these lines: Writing fy, = 1 - x and
By = 1 —y with positive x and y lead to

(I-x)+(1-y) = 2-x-y

Pore = T I m(1oy)  2-x-p+xp

<1 (D.298)

because the product xy is larger than zero.

D.7 Relativistic effects

There are quite a number of relativistic effects, and they all hinge on the fact that
spatial and temporal coordinates change jointly under Lorentz transforms, while
only invariants constructed from them are truly fixed. If one chooses to ignore that
the coordinates transform jointly and only looks at a single coordinate, surprising
things will happen. Invariants will have identical values in all frames and take into
account all coordinates. As such, they are the means for making statements that do
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ct
timelike vector
2
s2>0
tardyonic spacelike vector
separation s2<0
As® >0
\ tachyonic ¥

separation
As? <0

Figure 15: Classification of distances as spacelike As? < 0, timelike As® > 0 and lightlike
As? = 0. Reproduction with kind permission of I. Neutelings.

not depend on a particular coordinate choice and hence transcend frames. Personally,
I like skewed spacetime diagrams where the rapidities are chosen to be +1)/2 because
then the relative lengths in both frames are equal, and one can compare distances
directly.

D.7.1 Constancy of the speed of light

In every frame, the speed of light comes out as constant, to the same numerical
value, as illustrated by Fig. 16. This is no surprise, was it was the defining choice that
differentiated Lorentz- from Galilei-transforms. In the diagram one immediately sees
that a point on the diagonal, which corresponds to the light cone, acquires x- and
ct-coordinates that change in proportionality to each other, indicating that their ratio
is constant — the speed of light.

D.7.2 Relativity of simultaneity

Events at nonzero spatial separation, which take place at the same time (but at
different positions), i.e. simultaneously on one frame, take place at different times in
another frame, as shown in Fig. 17.

D.7.3 Time dilation

A time interval ct’ taken at constant spatial coordinate x” gets mapped onto a time
interval ct with differing spatial coordinates. The ratio between the two time intervals
is proportional to the Lorentz-factor y > 1. Fig. 18 shows how the time interval
appears longer in projection.
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|

Figure 16: Constancy of the speed of light: The ratio of the two coordinates of a light-like
event is always constant.

/ X

Figure 17: Relativity of simultaneity: Events that take place at the same time ct’ in one
system (blue), take place at different times in another system (green).
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ct ct

Figure 18: A duration ct’ of a process in one system (blue), seems to take more time when
viewed from another system (green)

D.7.4 Length contraction

An object with a given length on one frame will appear to have a shorter length
as viewed from another frame. This is ultimately traced back to the relativity of
simultaneity: The length of an object is defined as the distance between its ends at the
same time, but in a different frame, one effectively combines coordinates at different
times, as demonstrated in Fig. 19. The contraction effect is proportional to the inverse
Lorentz-factor 1/y < 1.

D.7.5 Causal ordering inside the light cone

The temporal order of time-like events is conserved under Lorentz-transforms,
lightlike-events take place simultaneously, while the order of space-like separated
events depends on the frame. To formulate this in a more extreme way, there is causal
ordering only inside the light cone, and no causal ordering outside the light cone, as
shown in Fig. 20.

D.8 Proper time

If a particle moves through spacetime along a trajectory x*(t) in the sense that it
passes by the coordinates x! as its proper time T evolves, one can define the 4-velocity
ut of the particle as a tangent to the trajectory

_ dxt

I3 -
ur =
d(

(D.299)

which is consistent with the definition of infinitesimal arc length ds along the
trajectory, as
ds? = Hdxtdx = r]wu"u"drz = c?d7? (D.300)

i.e. if the 4-velocity is defined with proper time t as an affine parameter, it is
normalised to 1, utu" = ¢?, and the arc length is measurable by means of a clock.
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|

Figure 19: A yardstick at rest in the primed system (blue) seems to be contracted as viewed
from another system (green).

|

Figure 20: Spacelike separated events do not have an absolute causal ordering. The event
seems to have a positive time coordinate ct (blue) and takes place after the event at the

origin, but a negative coordinate ct’ (green) in the other frame and precedes the event at
the origin.

73



p. SPECIAL RELATIVITY

ct, xM(rt)= J'dr uh

=
V)

ngent utt
spacelike spacelike
region region

Figure 21: Spacetime diagram with spacelike (both left and right) and timelike (both past
and future) regions, along with the worldline x*(t) of a massive particle, with 4-velocity
ut = dxt/dv As nyutu” = % > 0, the massive particle necessarily moves inside the light
cone. Reproduction with kind permission of I. Neutelings.

Proper time is the time elapsing on a clock that is carried along with the particle:
The infinitesimal arc length can be expressed in terms of the coordinate differentials

ds? = Hndxtdx = c2de? - y,»]»dxidxj = c?d? (D.301)

as the change of spatial coordinates dx' is zero for the comoving clock. This implies
three things: Proper time measures the arc length of the trajectory of a particle

through spacetime,
B B B
s= st = ch’c = j uydxtdxy (D.302)
A A A

and is, as a Lorentz scalar, invariant under Lorentz transforms. And in addition, the
normalisation of the 4-velocity is ¢? if Tis used as the affine parameter for x*().

Returning to the expression of s in terms of the infinitesimal coordinate changes
leads to

B B - B B B
_ _ Yijdx' dx/ [ ia 1
S—de—CJdt 1_67235_6 dt 1—']/”61[3]—C dt;—c dt £
A A A A A
(D.303)

which can be used to compute arc lengths through spacetime.
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Trajectories that have extremal values for s would result from a variational princi-
ple applied to £ = 1/y. Hamilton’s principle 8S = 0 implies

B B
6Jdt L(x',v') = J-dt 9L sxi+ 25 50| = 0 (D.304)
dx! vt
A A
with the typical replacement
coodxt d
i_ _ P osa
ov _6dt = dtéx (D.305)

which enables integration by parts, yielding the Euler-Lagrange equation

B
6S:jdt(aﬁ—ia—£):0 o 4oL _of (D.306)
A

oxi  dt vl dtdvi  oxi

The identical calculation can be done if the velocities are 4-velocities, expressed
in terms of proper time t

B B
aL oL
Boyh) = —— oxt 4+ ——dut| =
éfdtﬁ(x,u )_de(axl‘éx +8uP‘6u =0 (D.307)
A A
with the typical replacement
dxt d
syt = 5 = Lg,n
oul = o s = ox (D.308)

which enables integration by parts, yielding the Euler-Lagrange equation

B
L d IL d o 9L
65—Jd’[ (ﬁ_aw)—o - am—w (D.309)
A

for motion through 4-dimensional spacetime.

D.9 Relativistic motion

It would be a good idea to see if relativistic motion with the correct transformation
property of all quantities involved would result naturally from a variational principle:
This will be the case, and sometimes it appears to me that variational principles,
always presented as the pinnacle of classical physics, are in fact relativistic: In some
sense they are a piece of mathematics that has been discovered a few hundred years
too early to appreciate them properly. They incorporate the idea that an invariant
(under coordinate transforms) Lagrange-function gives rise to a covariant equation of
motion. To see how this works, let’s start at a classical Lagrange-function L(x, v

L(x',v') = ?vivj — d(x') (D.310)
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where both terms are invariant under e.g. rotations, @ is scalar anyways and vy;; viv/
as the norm of the vector x. Hamilton’s principle S = 0 with the action

tf
S:jdtﬁ(xi,vi) (D.311)

ti

yields the Newtonian equation of motion

i =y (D.312)

which sets the vector ¥ in relation with the gradient d®, which is likewise a vector.

While this is perfectly nice, there are some points of criticism for the variational
principle that one can not answer from a classical point of view: There is no obvious
interpretation of £ or S, they are not measurable in a direct way and they behave
funnily under Galilei transforms:

x' — x' +u’t and consequently v — v’ +u’ for a constant relative velocity u’
(D.313)

This implies for the Lagrange function

L(x', V) —> %vlv]+yijv’u] +%u’u7 = %v’v1+ (yi]-x’u] + %ulu]t) (D.314)

dt

In fact, the Lagrange function is not invariant under Galilei-transforms, but the
additional term appearing is a total time derivative and does therefore not play a
role in the variational principle. It might strike you as odd (and rightfully so), that
rotations and Galilei-transforms are treated so differently.

Thinking about a relativistic Lagrange-function that should be intuitive, measur-
able and invariant leads to proper time

B B
cr:cjdr:jdsz
A A

It is the time that is displayed as elapsed on a clock that is moving along with the
particle and is, geometrically, the arc length of the trajectory through spacetime,
measured with the Minkowski-metric 1,,. As this metric defines an invariant, the
arc-length ct = s will be identical in any Lorentz frame, and it will be a convex
functional in the velocity v = ¢f, making sure that the variational principle finds a
uniquely defined minimum and enabling Legendre-transforms to find the associated
energy. As affine transformations £ — a£ + b of the Lagrange-function or the action
do not have any influence on the Euler-Lagrange-equation, we can include a prefactor
—mc to yield

B B B
S:fmCZJ_defchds:fch‘
A A

A

ydxtdxY (D.315)

P

~|&
s
o

> [=-— (D.316)
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Figure 22: Relativistic Lagrange function L(B) = £+/1 — p? in comparison to its classical
limits L(B) = +1 F p?/2.

where the difference between the arc length s and the action S has vanished, or in
other words: We’ve found a geometric interpretation of the action.

It is very instructive to reformulate time proper time integral in terms of the
4-velocity ut,

uuideidtﬂ: ( c

== -3 . ) for XM:( ;f ) (D.317)

with the definition of the conventional velocity as v = dx’/dt. Then,

dxt dx” ;

d? = 2 (2 —viv' ) de? = 2 v2(1 — B2 d2 = 2d?

I ac9" y(c v,v)T c“y (1 -p7)dt” =c“dt
=1

ds? = Hndxtdx? = ny,

(D.318)
and the normalisation of the 4-velocity is timelike, 1, u"u" = % > 0, as the particle

moves necessarily inside the light cone.

D.10 Relativistic dispersion relations

With the relativistic Lagrange function £ being equal to the inverse Lorentz-factor,

L= % N (D.319)

one can derive the canonical momentum p
oL
= v such that v= —F _ (D.320)

P=9v " 2 _ 12 1+ p2
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Figure 23: Relativistic dispersion relation H = +/p? + m? for m = 1, in comparison to the

massless dispersion relation H = p, the classical dispersion relation H = p?/2 + 1 and a
tachyonic dispersion relation H = +/p? — 1, which is only defined for p > 1.

Carrying out the Legendre-transform for obtaining H from £

H = v(p)p ~ L(v(p)) (D.321)
then implies
v v 1 p  1+p?
H=v——+Vc2-1v?=v +f:v( +7)267 =41 +p?
c2—v? P p P p J1+p2 P P
(D.322)

and if one would include mc as a prefactor,

H = /(cp)? + (mc?)? (D.323)

which is exactly the relativistic dispersion relation. Surprisingly, the energy H is not
zero even for p = 0, which is why we associate this energy mc? to the rest mass of a
particle. With this dispersion relation it is straightforward to compute the group and
phase velocities of a wave packet associated with a relativistic particle,

2P

_an_ d _H D.324
Vgy dp c and  vpp » ( )
such that their geometric average is exactly c*:

Ugr X Uppy = c? (D.325)

Because for any momentum H > cp, it is the case that vy, < ¢ while v > c. It
is reassuring to see that the group velocity, associated with the motion of massive
particles, is always subluminal.
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The Euler-Lagrange equation for minimising the arc-length s = jds reads

d o _ oL
Teopc = gpa for L= \[nutue (D.326)

where the right side is automatically zero in this case, because £ does not depend on
x®. Evaluating the left side gives:

d (1 dut | ou” d /1 ; )
T N 3 a F— 1= —(— v nsv]) =
dr(zcn”"[auau +u au“]) dr(2cn'”[6"u +u ba])

1d 1du

oz (e + ) = == =0 (D.327)

implying that in the absence of forces, the particle moves through spacetime at a
constant 4-velocity, or equivalently, that a straight line corresponds to motion free
of acceleration: This is exactly the relativistic version of Newton’s law of inertia.
And it remains true, even in Minkowski-space, that inertial motion along a straight
line minimises the arc length: The straightest trajectory is the shortest. It is quite
astonishing to see the geometric picture behind Newton’s axioms that is somewhat
hidden in classical mechanics.
Expanding the arc length s in terms of a Taylor-expansion for small velocities

B

B B B
®dxVv 2
s:fds:cjdt dxt dx :cht\/cz—UZZJdt (1—%) (D.328)
A A A A

LTI

recovering the square of the velocity familiar from classical mechanics, in the ap-
proximation /1 — 2 =~ 1 — p%/2 for p < 1. Weirdly enough, we see that it doesn’t
have anything to do with kinetic energies, it is just the lowest-order Taylor-expansion
of the relativistic arc length and is a purely geometrical object. With the suggestive
identification of the arc length as the action and the line element or proper time
interval as the Lagrange function, one really falls back onto the kinetic energy as the
Lagrange function of classical mechanics, because it is only ever defined up to an
affine transform, negating the influence of the additive 1, and allowing to multiply
the line element with the negative mass.
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E COVARIANT ELECTRODYNAMICS

E.1 Covariant formulation of electrodynamics

Relativity provides the tools to formulate the Maxwell-equations very compactly,
elegantly, and in a Lorentz-covariant way. For this purpose, one needs to construct
a differential operator d, for derivatives with respect to the coordinates, which
themselves form a Lorentz-vector x*.

P) (Derr +95) (E.329)

m = Txll =

For consistency, the divergence d,x* needs to be equal to the dimensionality

g = X Iixt = E
prt == c(ct)+d;ix' =4 (E.330)

which comes out naturally. With this differential form d,,, the d’Alembert-operator is
given as a Lorentz-square,

O =19,y = 9% - y19;0; = 9% - A, (E.331)

and is in fact a Lorentz-scalar, as shown by the orthogonality relation of the Lorentz-
transforms, X
O= -,]MVQMQV — UWAMD‘AV[ aaaﬁ - Y[aﬁaaa[i =0, (E.332)
N
-

reflecting the fact that wave propagation according to [J takes place at the velocity
c in every frame, which was the defining principle of the Lorentz transforms. The

transformation property d, — A,%d, generalises the transformation J; — R/ djto
the full Lorentz group. In the same way as A is invariant under rotations, (] becomes
invariant under combined rotations and Lorentz transforms.

With the operator d,, it is straightforward to formulate the continuity equation for
the charge density:

= ( (]),C ) with 97" = de(pe) + 2i] =0 (E.333)

where it is interesting to see, that j* = pc has the same units as j, reflecting the
consistency of the units in d,; and d;, with the additional benefit that a charge at rest
in a given frame has a nonzero t-component j' = cp, as it moves with the velocity ¢
along the ct-axis!

As a Lorentz-vector, the 4-current density transforms according to
M= AP (E.334)
and necessarily inversely to d,, such that d,j* is indeed a Lorentz-scalar and has the
same value in all Lorentz-frames: The derivative transforms according to d, — A,%d,

and the vectorial j# inversely, j# — A",;%, such that
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A Sometimes, oV is used, defined
as ot = nVa,, but please avoid
notations like o = 9/dx,,.

A ¥ contains the electric charge
density p and the current density

j' as a vector.



A G contains the fields D' and
H; (effectively as H') = elikHy)
in matter.

A 1t follows from the antisymme-
try of GMY that in n + 1 dimen-
sions, there would be n compo-
nents for D' but n(n—1)/2 com-
ponents for Hj.
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It — AM"‘/\M[%BO‘][5 = E)‘é‘c?a][3 =0dy " (E.335)

with AMD‘A"‘B = 6@‘, as the two Lorentz-transforms are inverse to each other.

This differential formulation with its clear Lorentz-invariance has a giant advan-
tage over an integral formulation within a given frame: Earlier, we would have written

d i
n dvop=- j ds; j'. (E.336)

v %

Observed from a different Lorentz frame, the integration volume V is relativistically
contracted by a Lorentz-factor y, while the charge density p is larger by the same
factor, as the charge is squeezed into a seemingly smaller volume. The two effects
compensate each other, after all, it is the same charge within V. The surface dV of the
volume is smaller by v, too, for this to be true one can easily imagine a cuboid which
is contracted by y along the direction of motion. But for the same reasons as for the
charge density, the current density j is changed by the inverse factor. Lastly, there is
relativistic time dilation appearing in d/dt as well as in the current density ', again
compensating each other: One sees all charge carries changing position at a slower
rate due to their dilated proper time, leading to smaller fluxes j* and smaller rates of
change of p.

E.2 Maxwell’s equations
E.2.1 Inhomogeneous Maxwell equations

The inhomogeneous Maxwell-equations are first of all a divergence d;D = 4mp and a
rotation eijkaij = +d, D' +47/cj'. But with the help of the dual tensor H/ = e//KH,
the first term of Ampeére’s law becomes a divergence as well, eijkaij = ajHij. This
motivates to package the two equations into a single divergence-like tensorial relation,

0 +D* +DY +D?
41 -D* 0 +H* -HY
e i m W —
BMG A 7', in components G DV _HZ 0 +H* (E.337)

-D* +HY -H* 0

with the antisymmetric field tensor G*V. When inspecting the coordinates separately,

one obtains d,GH = d;D! = 4m/c ;' = 4mp and QMGW' =—-d,D! + eifkaij =dw/c .
One of the first conclusion we drew from the Maxwell-equations was that the field

respected charge conservation, which becomes very apparent in this formalism:

9,GH = 47“]v - 0,9,GM = 47“,9”” — 0 (E.338)

implying that the continuity equation d,j" = 0 is valid because of the contraction of
the symmetric operator d,d, with an antisymmetric tensor G'". With 6 free entries
as an antisymmetric tensor, G*¥ can accommodate 3 components of the electric field
D' and 3 components of the magnetic field H;.
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10°

electric fields E, E,, magnetic fields By, B,

10-1 .
107t 10° 10t

rapidity ¢

Figure 24: Electric and magnetic field components under Lorentz boosting F*F —
A"‘MABVI3PW as a function of rapidity 1.

E.2.2 Homogeneous Maxwell equations

Writing the two homogeneous Maxwell-equations as divergences requires a similar
construction: For that purpose, one defines the dual field tensor F*Y with a suitable
arrangement of the fields E; and B’: The rotation appearing in the induction law

is recast into a divergence eijkajEk = ajeijkEk = a,-Eif with the dual E/ = //KE,.

Combining the electric field components in a similar alternating fashion with the
magnetic field components leads to,

0 -B, -B, -B,
- ~ +B 0 +E, -E
Wy _ . W _ x z v
J,F 0, incomponents F B, -E, 0 +E | (E.339)

+B, +E, -E, O

With this definition of the dual field tensor, one can write analogously auﬁvf =

9;B' = 0 (the overall minus-sign does not matter) and 8MFW =d,B + eijkajEk =0.

Electromagnetic duality in vacuum now amounts simply to interchanging G*¥ and
FM, because BMG?“’ = QMFW =0assoonas ;' =0.
Both field tensors transform under boosting according to F#¥¥ — AMO(AVﬁlSO‘ls and

GW — A”aA"ﬁG"‘ﬁ, which has a strong effect oc y? (in fact, two As needed because
the tensors have two indices) on the fields, as illustrated in Fig. 24.
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A Ay contains the electric poten-

tial © and the magnetic potential
A; as a linear form.
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E.3 Relativistic potentials and gauging

The next step would be to package the potentials @ and A; into a 4-potential, accord-
ing to
A= (D,-A)), (E.340)

which allows to write the Lorenz gauge-condition in a very compact way as a diver-
gence: N
n’”&MAV = 3”@ + ]/l]aiA]‘ =0, (E341)

where the minus signs from the spatial part of the metric n*¥ and of the spatial part
of A, cancel each other. Defining the potential A, as in eqn. (E.340) allows to write
wave equation in Lorenz-gauge in a very compact form,

_4Am

OA, = — 1ot (E.342)

which at the same time explains the minus-sign in the spatial part of A, as well as
the cancellation of the additional factor of ¢ in ;' = pc.
Linking the potential A, to the 4 Faraday tensor F,, is possible by writing

duAy — 0yA, = By, (E.343)

because then the the electric field components would be given as F;; = 0;A; — d 1A, =
—0;® ~d;A; = E; as well as F;; = d;Aj — d;A; with mutually different indices (ijk).
It is interesting to see, how the requirement of antisymmetry reduces the number of
free field components from initially 16 in d, A, to 6, corresponding to 3 components
of the electric and 3 components of the magnetic field. Weirdly enough, it’s a bit of a
coincidence that in 3 + 1 dimensions there are as many components of the electric
and of the magnetic field, allowing to write B as a vector:

B = eFFy = /¥ (9, A - 9kA;) (E.344)

albeit with a small caveat: Under parity transform P, B’ does not change its sign,
because both d; and A; change their signs. In contrast, E; does change its sign, because
in d;® only d; changes its sign, and in d.;A; only A;! Consequently, one calls E; a
polar vector and B! an axial vector.

Applying gauge transformations would change the potentials, A, — A, + d,x,
but leaves the Faraday tensor F}w invariant, as

Fuy = 9y (Ay+ 9yX) = 9y (A + 9yx) = duAy — 9yAy + 9,0y x — dydyux = Fyy (E.345)

—_—
=0

as partial derivatives interchange. The same result applies to the tensor GI” as it
originates from F,, through a linear transform. It is well possible to derive F* from

the potential directly, through

= %eVV“ﬁFaﬁ = %ewaﬁ (9aAp — IpAs) = €O Ay, (E.346)
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using an antisymmetry-argument in the second step. Gauge transforms on the
potential imply

e”"“ﬁaaAﬁ — evbo, (Aﬁ + 8[5)() = e’“’o‘ﬁaaA[g + e}”aﬁaaaﬁx = e‘“’“ﬁaaAﬁ = Fw
(E.347)

with the contraction of the symmetric d,dp with the antisymmetric e"eP vanishes.
In consequence, not only F,, but also F¥Y is gauge-invariant, and by extension Gw.

An interesting manipulation shows a derivative relation for F,, as it originates
from the potential. Composing a cyclic permutation of indices in J,F,, yields

aAF}“, + QHFM + QVFW = QX(BVAV - QVAM) + QV(QVA/\ - a)LAV) + BV(a)‘AV - BMA/\) =0
(E.348)

with a pairwise cancellation of the terms. This derivative relation is called the 4
Bianchi-identity and is in fact equivalent to the field equation QMFVV = 0 for the dual
tensor FMY,

9 9,
Oy = by = SEeoh(9, Ay - pA) = 9P Ay = PG, Ay = 0,
(E.349)

with the well-used argument that a contraction between a symmetric and an anti-
symmetric index pair, here (a, p), has to vanish. One sees immediately, that working
with a potential is enabled by the condition QVIE”V = 0 instead of F* being sourced
by a magnetic charge density 1", in the spirit of

- 4m

9 = ——7, (E.350)
c

with an associated conservation law d,7¥ = 0. Only then can we make the argument
that a potential A, invalidates a nonzero divergence of FH.

The field tensor GM containing D’ and H; can be related to the field tensor Fuw
containing E; and B by means of a generalised constitutive relation,

G = XVE,, o Fup = XaguG" (E.351)

with the orthogonality relation

XBHX e = 04 05, implying G = XWX, 5 GV1° = 836 G7° = G (E.352)

The tensor XMV is antisymmetric in each index pair (e, p), (4, v) and maps an
antisymmetric linear form F,, to an antisymmetric vectorial tensor G*. Tensors of
that type can be written as being proportional to proper antisymmetrisations of the
metric,
ﬂaunﬁv - navnﬁu

Xa[i)w — ,
2

(E.353)

allowing us to convert the divergence d,G*¥ = 4m/c ;¥ into a wave equation for the

85


https://en.wikipedia.org/wiki/Curvature_form
https://en.wikipedia.org/wiki/Curvature_form

E. COVARIANT ELECTRODYNAMICS

potentials,
9uGH = 9, X" Py = 9, XM P(d, Ag — dpA,) = 29, XM P Ay =

(Y = ™) 9,90 Ap = 1719, Do Ay~ 190 I Ay = DAy = 47“%

NE— —_—
=0 =0
(E.354)
In summary, under the assumption of Lorenz-gauge, the wave equation
4m

relates potential and source, where we have already discussed solutions in terms
of Liénard-Wichert retarded potentials. Effectively, with the time-component of the
source being cp, and the overall coupling constant being 41/c, one can combine both
potentials into a single linear form and all sources into a single vector.

B.4 Dual field tensors and the Bianchi-identity

The duality transformation interchanges the positions of the electric and magnetic
field components when transitioning from F,, to F'” and vice versa:

1

~ 1 -
FoP = ——e™Ey o By = SeuapF (E.356)

making F,, autodual

eslll

1 Vo 1/ v 5 1
Ve 7Z€Mm{5€aﬁy6Fv6 = dlvFys = 2 (o400~ 030%) Fyo = (B — F

5 w) = B (E.357)

W

where analogous formulas apply to F". For the contraction between the two Levi-
Civita symbols we have used the relation

gk

_ i1...ig
€ P€ky.kyjinjy = TPYY s (E.358)

valid for Minkowksi-spaces, with the dimension n = p + q and the overlap p between
the indices to be contracted. Specifically, we need p =2 = g in n = 4. 62;‘;
the generalised Kronecker symbol. In complete analogy, there is a dual GMV of the

field tensor GMY,

refers to

~ 1 1 ~
G =560GP  © G =——eG,, (E.359)

To make things more concrete, one can follow through how the duality transform
reorganises the tensors F*Y and G isolated from the homogeneous and inhomoge-
neous Maxwell-equations. First of all, eaﬁwF”” maps the antisymmetric (p, v) index
pair to an object F,p, which is likewise antisymmetric, this time in (e, §). For a non-
vanishing contribution, all indices in the Levi-Civita-symbol need to be different,
which implies that there is no linear combination being formed, but simply a remap-
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ping of all components: For instance, choosing (a, f) = (¢, x) for Fyg can only acquire
a combination from F* for (i, v) = (v, z) or (2, y). But F¥? = ~F?¥ due to the antisym-
metry of the field tensor, therefore the two are equal, and are added twice, which in
turn is remedied by the prefactor of 1/2.

Specifically F,, will be set equal to F¥? = E,, and F,, will become Ff? = —B,: We
observe, how the first row and the first column of Faﬁ will accommodate the electric
field components which had been stored in the interior of the tensor F*”, while the
first row and first column of FIV get scattered into the interior of the tensor Fap:
Effectively, the magnetic and electric field components get interchanged up to a sign,
leading to:

0 +E, +E, +E;
-E, 0 -B, +B,
+B, 0 -By,
-E, -B, +B, 0

(E.360)

y

The same rearrangement takes place in the duality transform of the tensor G*#:

0 -H*¥ -HY -H?
N +H* 0 -D* +DV
Gw=| ymy 4DF 0  -D* (E-361)

+H* -DY +D* 0

with the replacement of D and H;, again with a sign change: This sign change is very
important, as it recovers the idea of duality of electromagnetism in vacuum, where
under the replacement of electric and magnetic fields the Maxwell equations do not
change.

The duality transform respects the antisymmetry of F#¥ and F,v, which is impor-
tant because it links charge conservation to gauge invariance of the potentials: Nature
has chosen to have # = 0 and d,i* = 0 which has important implications, as we can
now differentiate between the inhomogeneous and homogeneous Maxwell equations,
which read:

4m -
d,G" = T]" and J,F"=0 (E.362)
With F,, following from a potential A, in an antisymmetrised, gauge-invariant way,
Fo=duA, - d\A, (E.363)
the homogeneous Maxwell equation is automatically fulfilled, as

a1
OFH = =0, Py = 09,9, A3 = 0 (E.364)

through the contraction of the antisymmetric Levi-Civita symbol over the symmetric
index pair («, p).
The equivalence of the Bianchi-identity

dyFap + B + do B, = 0 (E.365)
and the divergence-like field equation for the dual tensor F*”
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2,F" =0 (E.366)

can be shown as follows:

" 1 1
Oy FtY = =P Fyp = +5€™ P9, Fyp (E.367)

by substituting the definition of the duality transform and by interchanging p < vin
the last step, which brings in a minus-sign because of the antisymmetry of e. In fact,
any cyclic permutation of the indices does not change anything, so that one can write

1 1
= g [P ey @] 9, o = e P9, Fop + 9B + AaFy ) =0 (E.368)

=0

making auﬁw = 0 equivalent with eqn. (E.365), after renaming the indices in the
second and third term.

The Bianchi-identity is particularly interesting because it provides a propagation
mechanism for electromagnetic waves: Acting on eqn. (E.365) with the derivative
"o, gives

10, (9, Fup + FpFya + DaFy) = 117949y Fag + 95 110, Fuq —00 119, By = 0, (E.369)
- - =
=0 =0 =0

and substituting the field equation for vacuum twice has us arrive at a wave equation
for the fields,
Oy = 0. (E.370)

It can be solved with a wave ansatz Fy3 o exp(+ik,x"), leading to the null-
condition

2 .
nVk,k, = 0 equivalent with (%) ~Ykikj =0 — w=*ck (E.371)
such that group velocity dw/dk and phase velocity w/k are both ¢, and dispersion
can not occur.

The wave equation for a non-vacuum situation looks a bit weird: Substituting the
sources ;* and ;P gives

4T
DFop = — (attps" = IgMag ") (E.372)

where it is interesting to see that the antisymmetry in the index pair (a, f) appears
consistently in the sources on the right side. The same result could have been derived
from the potentials, too, as DA, = 41/c 11,,7” in e.g. Lorenz-gauge becomes

4n
OFap = 0(9ahp — dpAa) = da0Ag ~ Jp0AG = — (datipys — o). (E-373)
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Actually, eqn. (E.373) is able to explain an interesting fact: Naively, one would
think that it is not entirely clear how the six components of G are sourced by the four
components of j¥, and only going through the potential A, resolves the issue: There
is, in particular in Lorenz-gauge (just for illustration, any gauging term d,,x would
drop from the expression), a one-to-one relation linking A, to j* in A, = 41/c 1, 7",
and the definition of E,, as d,A, - d,A, then generates six mutually independent
field components, to be related linearly to the six free components of G*¥ through the
constitutive relation.

On the other hand, eqn. (E.373) may be interpreted in a way that it is not the
current density j* that sources F,g, but rather its antisymmetric derivative dq 1, j* —
dptau st Its six components determine each individually and independently the six
components of Fyg, even in a physical and gauge independent way.

A summary of the two field tensors and their duals, along with all four possi-
ble quadratic Lorentz-invariants (three of which are distinct, and reduce to two in
vaccum) is given by this diagram:

A, FofG,p = E;D' - H;B!
= N
appv 7z \\

cabirg, e .

~ - Xopyo A

/Faﬁ Gys
e da NS
K’ N
FoPEyg oc BjB' —eo¥r2 0 —aryy Gy GFY o H; D'
T o~
N aFys+0y Bog+sFay i
wv
Fyb R XWvro /G
. o 9,
T K
F, G = E;D' - H;B' 7
(E.374)
E.5 Covariant electrodynamics
Summarising the results from the previous chapters shows that there is a clear vector
conceptual picture defining Maxwell-electrodynamics: A matter GV

vacuum  FWY
* The 4-potential A, and the 4-current ;" are a Lorentz-linear form and a Lorentz-
vector, respectively.

* The inhomogeneous Maxwell-equation take on the form d,G"¥ = 41t/c ;" and
the homogeneous Maxwell-equations are written as QMF”V =0, as there are no
magnetic charges.

* Equivalent to the homogeneous Maxwell equation is the Bianchi-identity, d\F,,+
9, Fy\ + d,Fyy, = 0, which is automatically fulfilled if F,, = d,A, - d,A,.
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* Charge is conserved and the inhomogeneous Maxwell-equation d,;* = 0 re-
spects it through the antisymmetry of GM".

* Gauging with a gauge function x implies the transformation A, — A, + d,x,
leaving the Faraday tensor F,, invariant through its antisymmetry.

* Under the Lorenz-gauge condition #*'d, A, = 0 one obtains a typical wave
equation [JA, = 41/c 1,,7" from the inhomogeneous Maxwell-equation, with
Lorentz-invariant propagation speed c.

* The geometry is defined by the metric tensor 1,, which is relevant for the
vacuum fields in F,,. The constitutive relation X links GM to F,, and falls
back onto the metric in vacuum.

It is amazing to see how clearly gauge-transforms and Lorentz-transforms are
incorporated into the formalism, and how the mathematical structure of the Maxwell-
equations results from the antisymmetry of the field tensor, as well as its gauge-
independence. It’s worthwhile to contemplate, how the Lorenz-gauge condition
d, A, = 0 is at the same time a Lorentz-invariant: As a Lorentz-scalar it has the
same value, zero in this case, in all frames. The electromagnetic field, too, possesses
Lorentz-invariants, which are necessarily quadratic or of higher order in the fields,
as all contractions FMM = q”VF}w =0, I:‘MM = nwl:‘”" =0, GVM = n”véw = 0 and lastly
GMM = 1yG"Y = 0 vanish because of the antisymmetry of F,,, G and their respective
duals.

Quadratic invariants are first of all

E,G'" = "G, = E;D' - H;B/, (E.375)

which is a properly scalar quantity which is in addition parity-positive: The product
of two parity-even magnetic fields is parity-even and the product of two parity-odd
electric fields is likewise parity-even. Mixed contractions involving a single dual,

F"E, =4EB' and G,,G" = 4H,;D’ (E.376)

are parity negative, as products of a parity-even magnetic field and a parity-odd
electric field.

In particular the first invariant does not reflect an energy density T o E;D' +
H;B!, which should depend on the choice of frame and can not be invariant. Its
numerical value is actually zero for all vacuum solutions, as can be quickly verified
by considering a plane wave: The electric and magnetic energy densities are equal
at every point and instant, E,Di = HiB[, making sure that FWGW’ = 0. Furthermore,
the electric and magnetic fields are orthogonal to each other, such that E,—Bi =0and
H;D = 0.

The invariant discussed above are contractions between the vectorial tensors GM”
and F* on one side and the linear forms F,, and G,,, on the other. In a vacuum
situation, all vectorial quantities are trivially related to their linear forms through the
Minkowski-metric, so it is possible to construct 4 more invariants

”aMY][SVFa[SFyv = ”a}'{ﬂﬁvéaﬁéyv = ﬂau”l[ﬂvGaﬁGw = ﬂau*’l[ﬂvlﬁaﬁﬁw o YijEiEj - VijBiBj-
(E.377)
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E.6 Lagrange-density for the dynamics of fields

To our knowledge, all fundamental physical theories can be derived from «4 varia-
tional principles, and electrodynamics is no exception. At the basis of all variational
principles is the notion that the action is invariant under a certain relativity prin-
ciple, in our case Lorentz-relativity, which leads to a covariant equation of motion,
where all quantities are consistently behaving under changes in the frame: This was
already the case for Galilean dynamics, as a rotationally invariant Lagrange-function
L(x, %) = Yijxixf/z — @(x') with the Euclidean, rotationally invariant scalar product
y,-]-x"xf gave rise to a equation of motion %' = —yifajCD relating two vectors to each
other. From this point of view one would hope to arrive at a Lorentz-covariant equa-
tion of motion from a Lorentz-invariant Lagrange function. As the Euler-Lagrange-
equation usually reduces the powers by one in the derivative process, one would like
to begin with quadratic Lorentz-invariants in order to arrive at a linear field equation
which respects the superposition principle. Then, if the Lagrange-function does not
depend explicitly on the coordinates x#, i.e. if x* is a cyclic variable, one has reasons
to expect that the theory is conserving energy and momentum. And lastly, charge
conservation should result from gauge-invariance as the symmetry principle.

E.6.1 Scalar field on a Euclidean background

Let’s illustrate how variational principles work with a simpler example than the full
Maxwell-theory. Electrostatics is fully characterised by a potential ® which is linked
to the source p by means of the Poisson-equation AP = —4tp, in other words: We're
looking for a variational principle for a scalar field ¢ on a Euclidean background, that
is coupled to a source and does not have any dynamics on its own. Writing the action
S as an integral over a Lagrange-density £ would give

S= Jd3x L, 2;¢) (E.378)
\%

and Hamilton’s principle 8S = 0 then suggests the variation

) oL oL
— 3 _ 3 S
6S_bjd xﬁ_fd x (a(pé(p+aaiq)ba,<p (E.379)
v

Vv

Interchanging the partial derivative and the variation, dd;¢ = 0d;0¢, allows an
integration by parts. One can isolate the Euler-Lagrange-equation for a scalar field ¢

oL oL oL oL

= 3 —_——d;— = - — = —

6S_fdx(9@ 8’39i<p)6cp 0 9’%(9 de (E.380)
v

because the variation d¢ is zero by construction on the boundary 9V,

L L oL
jdV d; (%b(p) = JdSi (mb(p) =0 as mb(p . 0. (E.381)
v v

The Poisson-equation as a second order partial differential equation should result
from an action that contains squares of first derivatives of the potential ¢, for instance
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ab
£(¢,9;9) = T-0499,9 - 4repe. (E.382)

Concerning the invariance-covariance principle, we note that the first term is as
a scalar product, invariant under rotations. Substitution into the Euler-Lagrange
equation gives

oL

Er = —4mp (E.383)

as well as (please always rename the indices when you’re doing this)

oL Y (99, 4\
T (Tog e o) -
')/ub . . 1 ib . ib
> (6;8bcp+ aaq)a;]) =5 (y’ dp + y‘”(?,,cp) =v"d,¢ (E.384)

such that one arrives precisely at the Poisson-equation

oL

% 99

— aﬂ/ibab(P - A(P = % = 74719, (E.385)

where the Laplace-operator A is scalar and does not change under rotations.

E.6.2 Scalar field on a Lorentz background

Repeating the entire derivation for a relativistic field theory with the Lagrange density

v

i
L(e, 9, @) = %%(p&vcp-kéhtp(p (E.386)

leads with the Euler-Lagrange equation

L _ dL
am = % (E.387)
for varying the action
S= fd‘*x L(, Iu) (E.388)
v

that results as an integral over the spacetime volume d*x = cdtd3x. Carrying out the
variation S = 0 implies the wave equation

Op=4mp with 0O=1n"9,0,. (E.389)
as a generalisation to the Poisson-equation.
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E.6.3 Maxwell field on a Lorentz background

The Maxwell-equations expressed in terms of the potential A, are likewise second or-
der differential equations, where the action should contain squares of first derivatives
of the potential. The new aspect now is that the potential has (4) internal degrees
of freedom and is not scalar as in the previous two examples. The squares of the
first derviatives of AM should be Lorentz-invariants, and we will only utilise the
parity-positive one for the time being.

Driven by analogy, one would write for a vacuum situation

= J-d‘lx L(A,, d4A,) = jd4x NP BB+ 1iT(A # (E.390)
V V — S~———

square of first derivatives coupling to the source

Please keep in mind that it is only through broken duality and the non-existence
of magnetic charges that the potentials A, exist such which ultimately enables a
Lagrangian description as in eqn. (E.390). A suitable Euler-Lagrange equation would
result from variation S of the action S with respect to A, which becomes

e . aL oL
_ 4, 4 [ 9L
OS_dexﬁ_jdx(a bA 96’ 66(9A;,)
v v

aL aL
4 _— 5As =
J‘d X (a . avaay b)bAb 0 (E.391)

where as always we wrote 697Ab = d,,0A; for the integration by parts, finally allowing
the extraction of the Euler-Lagrange equation by means of Hamilton’s principle 6S = 0:

oL oL

Yooy " TAy (E.392)

again keeping the variation d0Aj fixed on the boundary,

aL aL aL
J‘dV d (aa Abf)Aa) st (aa Ab 6A5) =0 as méAé av =0. (E393)
v av

Substitution of the Lagrange-density £ is rather straightforward for the dAs-
derivative,
IL _ 16m Ay 167 167
b= 8 =—) E.394
8A6 c 0A; 9A,) c o ( )

but involves handling many indices for the derivatives with respect to d,, As.
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Instead, one can rewrite the derivative as

d 0F;: 0 0(d;A—0:A;) 0 (ddAr DA\ Id
aayAa dd Az OFyr dd,As JF aayAb dd Az OFyr
d d d d
Vsd _ sVsd __ Y Y _H,_ Z
(5308 — 5703) T, = by, 9Fy, oty (E.395)
In both cases, the elementary derivatives give either 0 or 1 according to
dd, A JA
Y oves Iy _ gy
99, A, = 6,0y aswellas A, O (E.396)

because the field components and their derivatives into the different coordinate
directions are all independent. The derivatives aFaﬁ/aFw of the field tensor with
respect to itself are slightly more involved, because of the antisymmetry of both Fgg
and E,,. The necessary (anti-)symmetrisation reads

JF, 1 1
e = s o o) Sk a) e
}LV

with a simplification due to the pairwise identity of terms.

Then, application of the differentiations to the kinetic term required by the Euler-
Lagrange equation yields:

JF

9L IF, v
(1 Fap B —2”a””ﬁv(a F’Fuv*FaﬁaFvé,):
Y

/.
99, As ’3F o

(5§~ 525) o o (8- 850)) = B (6300

Collection of all results suggests as the field equation the relation

aL " L 16
d = 40, 1" ™VF,, = =—P = y*F

SLP
YBYA dAs c v = T ey (E-399)

which one immediately recognises as the inhomogeneous Maxwell-equation in
vacuum, with the divergence of the field tensor being equated to the source. The
invariance of the Lagrangian description and the covariance of the field equation is
summarised by this diagram,

S = Jd4x q”‘”r]ﬁ"Faﬁ + MT“AM]V
| |
185=0 195=0 (E.400)
<+ v
Ylauylﬁva}AFaﬁ _ 4711]\) =0,

and substitution of the expression for F,, = d, A, - d, A, finally leads to
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41
0y Byy = 119, (9, A, = DyA, ) = N9, d, A, 0y NI, A, = qub, (E.401)
-
=0A, =0

which clearly demonstrates a covariant wave equation with the potential A, as a
linear form related to the source Ylévjé, a vector converted into a linear form, with the
assumption of Lorenz-gauge 10, A, = 0 for making the second term disappear.

Formal application of the variation to the action integral would be an expression

8S = 6f d*x 1 P VEogEyy = 2 j d*x 11 Eyp OF,, = 0 (E.402)
\Y% \%

where one can interpret the requirement of Hamilton’s principle, namely 6S = 0, as an
orthogonality condition between F,g and its variation dF,g, as a modern embodiment
of the 4 principle of virtual work.

It might be an interesting endeavour to understand how exactly the structure
ﬂ““qﬁVFaﬁFw in the kinetic term of the Lagrange density is to be interpreted, beyond
the fact that it is a quadratic Lorentz-invariant. With the antisymmetry of F,, = -F,
one can write

1
S = jd4x VB By = fd4x q%ﬁvi (FopFuv — FapFoy) (E.403)
\% \%

which becomes, after renaming the indices p <> vin the second term,
1 OBV _ v B
5=3 J A4 PP By By — 111 By By = Jd4x w% v (E.404)
% v

which can be written as
ylaMy]ﬁV — y]avylﬁl‘

5 (E.405)

S= Jd4x X“ﬁ“"FaﬁFw with a measure XM =
v

as tensor with two antisymmetric index pairs (o, p) and (p, v). Perhaps the index
structure reminds you of the Grassmann-relation y; e//kel™" = yimkn _ yinykm of
a square of a vector product, which quantifies the area spanned by two vectors: In
some sense, the same happens in the Lagrange density, which is an abstract measure
of the area between d, and A,, induced by the metric #"”.

E.6.4 Maxwell field in matter

For the behaviour of the Maxwell field in matter a suitable starting point could be

the action »
S= Jd4x FyGHY + T“AM]” (E.406)

A%

where the Lorentz invariant in matter constitutes the kinetic term. Expressed in
terms of the fields it reads F,,G'" = E;D’ — H;B'. On possible pathway to carry out
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the variation and to perform the derivatives with respect to A, and d, A is provided
by the constitutive relation,
G = XPE,,, (E.407)

that relates the fields D’ and H; contained in G*” to the vacuum fields E; and B in
F,,. After all, only E,, follows from the derivation of the potential A, and is accessible
to variation. As both tensors are antisymmetric, X**¥ has to be antisymmetric in
each index pair, XoPry = _xapvi = _xPBanv = XPaVi Then, the action integral reads

16
S= jd4x XOPIVEF,, + T“AM]M (E.408)
v
Variation proceeds as in the previous case, as
aL d aFa[% Jf v
o = 2= XOPWEE, = 2X OB Ey + Ep=te | =
9d,As  IFy B Tpv OF,5 17 P OE 5

X (515~ 5251 o + B (3120~ ) = £X09°R = 4075 (.409)

Combined with the previous result on the derivative with respect to A;, the Euler-

Lagrange equation yields:

oL
V9,As

5 oL 16w g
_ 5 _ S _ _ 5 5 _
= 48VXV MVFMV = 487G7 =3 : = ] — QYGY =

an s

0 c 7°, (E.410)

which is in fact the Maxwell field equation in matter. While the Lagrange density
eqn. (E.406) is the source of the field equation and links ultimately of the fields D’
and H; to the sources, the dynamics of the dual field tensor F*¥ with E; and B' is
already fixed by the Bianchi-identity.

E.7 Optics

It is fair to say that the covariant constitutive relation falls back in isotropic media on
the antisymmetrised metric,

Y|aV 11(?:v _ navrlﬁu

Xa[i}w —
2

(E.411)

possibly with (ep) as a prefactor in isotropic media in the spatial part of the metric.
In fact, in isotropic media one gets for the effective metric

2 PN 1/|VV = - (E.412)

with the refractive index n = /€.
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In this particular case, a plane-wave ansatz exp(+ik,x®) yields a modified null-
condition

w\2  k? ck
T]ka}dkv =0= (?) - ﬁ w = i? (E.413)
Consequently, the velocities are diminished by the refractive index n,
do ¢
Ve =k T % - Ueh (E.414)

and the light cone becomes narrower by the factor n. As constitutive tensor X+
is composed of the two contributions, namely the permissivity tensor €'/ and the
permeability tensor p'/, on the spatial components are affected: This effectively means
that in a medium, the wave length A = 27/k is affected by the refractive index and
not the angular frequency w.

The notion, that wave length changes in a medium according to A — n\ with
the refractive index n, paving the way for 44 Fermat’s principle for refraction: The
optical path length is effectively increased by the same factor of n. The spatial distance
between two point A and B is given by

B B B
Tdd
s:jds = jdsn:fdhw/yij%%n(x’) (E.415)
A A A

and is extremised according to s = 0 to yield the actual light path, technically
through application of the Euler-Lagrange equation albeit for a rather unusual form

of the Lagrange-function
[ dxidx
L =1/7ij I dn n(x") (E.416)

with no additive separation in a kinetic and potential part. Instead, in applying the
Euler-Lagrange equation (abbreviating x' = dx’/d})

d o o
dxJxe ~ oxf

(E.417)

one needs to be careful because after the dx'-differentiation, £ still depends on X,
which yields additional terms involving x' in the dA-differentiation, in particular the
gradient of the refractive index dn/dA = d,n x°. The first two derivatives are

oL L oL 1y X
Ser =\ YiEHdn, followed by = = % (E.418)

but increase dramatically in their complexity in the dA-differentiaton. Ultimately,
these equations lead to the concept of 44 Lagrangian optics and can only be solved
sensibly either through numerical methods or in approximations. While we commonly
assumed homogeneous media, the formalism is still applicable in the limit of <4
geometric optics where the scale on which n changes is large compared to the scale
on which the fields vary, i.e. the wave length A.
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While it is clear that the metric in an anisotropic medium can show different light
propagation speeds along the three coordinate directions, the constitutive tensor
XKV The wave equation in the most general case reads

9,G* = X9 F,, = 2X*F1V9, 9, A, = 0, (E.419)

which suggest for an ansatz A o ALO) exp(#ik,xY), with an amplitude A;O) that
contains information about polarisation. Then, the null-condition reads

XBAY Kk, = 0 (E.420)

and is effectively a polarisation-dependent dispersion relation, with differences in
propagation speeds even into the same direction for different polarisations: This
phenomenon is known as 4 birefringence, and can be observed in e.g. 4 calcite
crystals.

E.8 Gauge-invariance and charge conservation

Gauge-invariance of the term n“”q‘”FaﬁFw is clearly given, as F,, does not change
under gauge-transformation anyways. But it is interesting to see how gauge-invariance
is recovered in the entire Lagrange-formalism. In fact, with A, — A, +d, x one obtains

l6m 161
S= Jd4x L—S+ Tjd4x dux =S+ Tjd4x [au(x]”) - xau]“] (E.421)
v % v

where d, j# = 0 due to continuity of the charge density. The first term can be converted
into a surface integral with the Gauf3-theorem,

16T
S—>S+ TJdSM (x*)=S (E.422)
A%

i.e. one recovers gauge invariance when assuming a localised charge distribution:
moving the integration surface JV out leads to xj" vanishing faster than dV increases,
and consequently, the integral approaches zero. Hence, the action is gauge invariant if
charge is conserved. To show the opposite is impossible for our current understanding
of charge as a source of the electromagnetic field and requires a more detailed model
for the charge-carrying matter in the form of a quantum theory.

B.9 Conservation of energy and momentum
E.9.1 Scalar field on a Lorentz background

The Lagrange-density of the electromagnetic field does not depend explicitly on
the coordinates x*, meaning that it is truly universal: The way in which the field is
coupled to its charges and the internal dynamics is the same everywhere and at every
time. As a consequence of the translation invariance along the ct- and x'-coordinates,
energy and momentum are conserved, which we should derive first for a scalar field
¢. There, the Lagrange-density is given by L(¢, d,¢) but not by L(¢, dy,¢, x#). The
Euler-Lagrange equations follow from the variation of the action S
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oL oL
= 4 — 5S = 4 _— = —1op =
S= jd x L(¢p, d,9) oS = jd x (‘9({) Iy aé‘uq)) dp=0 (E.423)
v v

such that Hamilton’s principle 6S = 0 implies

L L
"33, " 99 (E.424)

If the Lagrange density £ depends only on the fields themselves and not on the
position, meaning the functional principle of the field theory as defined by L is the
same everywhere and at very time, there is only one way in which the Lagrange
density can change is moving through spacetime to a new point where the fields and
their derivatives are different: The fields themselves need to change. This implies that
under an infinitesimal shift in the coordinates into the direction €V,

x* - xt+ et (E.425)

one expects a variation of the field ¢ to be

3¢ = @(xt + &) — p(xt) = €%y (E.426)

and the corresponding variation of the Lagrange density would become

8L = €99, L (E.427)

On the other hand, the variation of the Lagrange density is given by

! oL aL aL . aL \. aL
oL = a—(pb(p+ maaw = (a—q)éxp— aym) o + ap(mb(p) (E.428)

using the Leibnitz-rule. As the physical fields fulfil the Euler-Lagrange equation in
the first term, only the second term remains, implying

5 =9, (%6({)) (E.429)

Assembling the final expression from the variation 8L in eqn. (E.429) with the
expression eqn. (E.427) and the variation ¢ in eqn. (E.426) leads to

oL N
aM (mé({)) — € aa[: =0 (E.430)
such that, using d, = 6&8}4,
L
« _ sk —
e d, ( aap(paa(p baﬁ) 0 (E.431)

implying that there is a covariant divergence which vanishes,
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2, TF =0 (E.432)

with the energy-momentum tensor T,"

aL

W_
T = 29, ¢

Do — ShL. (E.433)

Effectively, this suggests a multidimensional Legendre-transform with the canonical
field momentum m*

kil such that T,"=m" 00— 6};{5(@, ) (E.434)

oL
e

where the structural similarity to the relation H = p;x’ — £ from classical mechanics
is quite apparent.

If the Lagrange density had an additional dependence on the coordinates x*, it’s
variation (E.428) when transitioning form x* to x* + e/ would not only be caused by
the different field amplitudes and their derivatives, but there would be a new term

Qa

0L = €“d,L(field variation) + €*Q,(explicit coordinate dependence) (E.435)

where this new term is effectively a source term to the otherwise vanishing continuity
equation,
9, To" = Q. (E.436)

The identification of T," with the energy-momentum tensor becomes sensible for
the case of a standard Lagrange-density for a scalar field ¢,

Wy
£(0,949) = -0,99,0 = V(@) (E.437)

with a self-interaction potential V(¢) that would contain e.g. a coupling to sources.
Variation by substitution into the Euler-Lagrange equation yields directly the Klein-
Gordon equation

O¢ = v because T = ;—fp =n"d, and 9L __ N
3

7o 5= 70 (E.438)

with the next differentiation generating O = d, 7 = #Vd,,d,¢. Then, the tensor
T", becomes

Yo
To" = 1 9qp — ShL(@, ) = "9y pdop - 6&%%@95@ +8hV(p)  (E.439)
with the sign change in front of V(¢) which is typical for the Legendre transform.
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E.9.2 Maxwell field on a Lorentz background

There is a very important detail in the derivation of the energy-momentum tensor
of the electromagnetic field, which otherwise proceeds exactly as in the case of the
scalar field ¢: When shifting the potential to compute A5 one should not use the
derivative d,As for forming dAs = €*d,As because it is not gauge-invariant. Rather,
the variation should be given by the antisymmetrised form,

6A5 = €aaaA5 — e (aaAé - aéAa) = €O(Fa6 (E440)
as the Faraday tensor F,; is the gauge-invariant derivative of Ay . The variation in
the Lagrange-density becomes formally

SL = €9, L (E.441)

but expressed in terms of the fields, by virtue of the Leibnitz-rule,

r r
oL = aAbE’A‘S 99,A;

oL oL

99.A; %A = (aAé ~ 93,A,

oL
)6A5+9 (aa AbaAé) (E.442)

where the first bracket disappears as it fulfils the Euler-Lagrange equation, that
appears after the usual replacement 59, A; = d,0A;. The divergence in the second
term can be reformulated as

oL oy (9L N\ s an o asVy s an ST
¢ (88 AabA") € (aayAaF“")‘ BL = 9L = €DLIyL = O, BL  (E.A443)

so that the combination of the second and the sixth term suggest, as the shift € was
arbitrary:

P (aa A Fe = z:)_ 0, (E.444)

i.e. a conservation law for the energy momentum tensor,

oL

Y _ Y _
0, T, =0, with T, = oA Ab

Y —orL. (E.445)

The energy-momentum tensor T, ” is the relativistic generalisation of the Maxwell-

tensor Tv] which makes up the spatial part of it. In vacuum, it is symmetric, T, ” = "
and traceless, T,," = n*¥T,, = 0: The physical meaning of this is not straightforward
to understand, but essentlally corresponds to the fact that there is no mass associated
with the photons, i.e with excitations of the electromagnetic field. The components
of T, " contain the energy density, T,! = E;D' = H;B = wy + Wmag and the Poynting-
vector, 41/cP? = T, . In particular, the formulation of the Poynting-law would become
9, T," = 0 (Wel + Winag) + ;P = 0.

Perhaps it’s a weird and funny thought that @ Kirchhoff’s #4 mesh and knot rules
for electric circuits are essentially reflections of the coordinate-independence of the
Lagrange-function £ giving rise to energy conservation, and of the gauge invariance
of £ compatible with charge conservation. And as a last remark in this context I would

101

A watch  out for gauge-
independence in the derivative


https://en.wikipedia.org/wiki/Gustav_Kirchhoff
https://en.wikipedia.org/wiki/Kirchhoff%27s_circuit_laws

E. COVARIANT ELECTRODYNAMICS

C PT | CPT
derivative R - -
electric 4-current J + -
magnetic 4-current | — - +
Faraday tensor By | - + -
field tensor FW | - - +

Table 2: Summary of the behaviour of all fields and sources in extended electrodynamics
with electric and magnetic sources.

like to add that the construction with the infinitesimal shift of the Lagrange-density is
in some sense a trick: Actually, one would like to construct a gradient d£ of £ which is
caused by the fact that the fields and their derivatives have gradients. But one usually
works with the convention that partial derivatives of functionals only apply to their
explicit dependence on the coordinates, not their ”indirect” position-dependence
through the fields (and their derivatives). With this convention, auﬁ would be zero,
even though of course £ changes as a function of position, because the fields do
change. On a larger scale, the derivation of a conserved energy-momentum tensor
from the Lagrange-density or the action is an example of a 44 Lie-derivative.

B.10 Maxwell’s equations under discrete symmetries, revisited

The behaviour of the Maxwell-equations under the three discrete symmetries charge
conjugation C, parity inversion P and time reversal P was already the subject of
Sect. A.7, but can be extended to deal with covariant objects like G, FM or 814 ina
straightforward way. As before, we will treat the general case with electric charges j*
as well as magnetic charges 1t

4T,

9,G" = +4—n]V and 9, F" = -—— (E.446)
I c

In both cases the antisymmetry of the field tensors G* and F#¥ makes sure that the
currents are conserved, i.e. d,j¥ = 0 and d,1" = 0.

aw combining spatial and temporal derivatives, transforms sensibly only under
the combined PT -operation: Clearly, P7 x# = —x* and in consequence, P7 9, = —d,.
The electric 4-current j* transforms under PT like a velocity, P7 j* = j*, and under
C as Cj* = —j#, and therefore CP7 j* = —j* under the full CP7 transform. Magnetic
charges, however are pseudoscalar such that P7 1* = —i#, but in fact the additional
minus sign does not matter when considering the continuities d,j* = 0 and d,;#* = 0.

Please note that one can only invoke arguments that relate G*” to the potential A,
if there are no magnetic charges and duality is broken. It will be sufficient to consider
the Faraday tensor F,, as its properties are identical to G because the two are related
in a linear way by a mere prefactor. If there are only electric charges, F,, = d,A,-d, A,
suggests that PTF,, = -F,,, using the wave equation [JA, = 47/c v,,j", such that A,
inherits its properties from j¥, in summary P7 A, = +A,,. This is consistent with the
field equation d,GM = 4m/c ¥, as the minus signs brought in by d,, and G"¥ cancel.
Similarly, P7 F* = +FP to reflect the plus-sign in P7 ¥ = +iF.
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E.11 Links to particle physics
E.11.1 Axions and pseudoscalar particles

There is a second quadratic field invariant, FWF'” o« E,-Bi, which is pseudo-scalar: de-
spite being “just” a number, it changes its sign under application of parity-transforms
P and time reversal 7. This is the reason why we disregarded this particular term,
despite being quadratic, as a contender for the Lagrange density £ for electrodynam-
ics. But multiplying with a field 6 which itself is pseudoscalar, would amend this
problem:

ap BV B nv
L= %Paﬁpw + QOF,, F1 + %“AV]V + %ave 9,6-V(6) (E.447)

with a coupling strength a. This 4 axion field 8 needs its own dynamics and interacts
with itself through the potential V(6). Looking at the Taylor-expansion of V(6) one
can only admit even powers

V(6) = ; (‘;‘—i’;!ez" (E.448)

as only those are invariant under parity transform: Essentially, this is a very strong
restriction on the form of the potential for self-interaction of the axion field: it is
necessarily an even function. Please note that a mass term of the type

2
V() = ’%ez (E.449)

would be naturally contained in the interaction potential V(6) even in the restriction
to parity positive terms, by setting a, = m? for n = 1.

Variation of the Lagrange-density with respect to A, yields an extension to the
Maxwell field-equation, and the variation with respect to 0 a corresponding equation
of motion for 6, which is coupled to Fw, i.e. a modified field equation

NP9, By = 4%(]V +ady, (915'”) = 4%[]“ +ad,6- F (E.450)

because 8}4?}” = 0, if duality is properly broken, and alongside a dynamical equation

for 6,

L, dv
06 = af, F - =& (E.451)

Therefore, 0 obeys a wave equation that is coupled to the electromagnetic field
and driven by the potential gradient —dV/d6. Experiments with axions are always
great and fascinating, for instance 2 light through wall-type experiments. There,
one tries to take a very strong photon source, such as a laser beam, and convert the
photons by means of the GFWFP”—term to axions. Clearly, FWFW is zero for a plane
electromagnetic wave, so one provides an additional magnetic field to make the
scalar product between the laser’s electric field E; and the external magnetic field Bf
nonzero, enabling the conversion. The experimental setup continues then to block the
laser beam by a wall and invert the conversion behind the wall, hopefully recoving
photons from the axion field by supplying again a strong magnetic field.
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E.11.2 Massive fields, Proca-terms and the Higgs-mechanism

For a scalar field ¢ it is rather straightforward to make it massive. In fact, it suffices to
add a term that is quadratic in the field amplitude ¢ to the Lagrange-density. Then,

of

Ul m? 2
L9 9y 9) = 5-da9dpe - Z-¢" (E.452)

Substitution into the Euler-Lagrange equation gives the equation of motion, which
now reads
O = m%p (E.453)

and a plane-wave ansatz of the type @ o exp(+ik,x®) would yield as a dispersion
relation

w\2

1k, = (7) ~yiikikj=m? suchthat « = +cVi2 + m? (E.454)
C

The wave number kM has clearly a time-like normalisation, n’”kukv =m? >0, such
that the propagation takes place inside the future light cone, as expected from a
massive object. In addition, the group- and phase velocities are

Vk? + m?

_do_ k. d =9 > E.455)
vg,_a_cm ¢ an vph_%_cT c (E.

because Vk2 + m? > k, but their geometric mean is exactly

Uph X Vgp = c? (E.456)

i.e. the phase velocity is superluminal, but the group velocity which is associated
to the propagation speed of wave packets representing massive particles, remains
subluminal. This is nicely illustrated by Fig. 25, where both velocities reach the same
limiting value of ¢ for k — oo, i.e. for k > m, as the mass becomes less and less
relevant in that limit.

Motivated by this example one could think of a modified Lagrange density for the
Maxwell field of the form

oo

2
m
TFD(ﬁFMV + 7ﬂaMAaAM (E457)

with a so-called 4 Proca-term A4 A,. Variation with the corresponding Euler-
Lagrange equation would yield a seemingly sensible result, as

N9, Fy = OA, = m?A, (E.458)
in Lorenz-gauge, where the same plane-wave ansatz exp(+ik,x*) would give a time-
like normalisation 1*kqk, = m? > 0 that corresponds to subluminal motion inside

the light cone. But there is a fundamental problem already present in the Lagrange
density: It is not gauge-invariant,

NHFAA, = FAA, + 21 x Ay + 1M Iax 9 (E.459)
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Figure 25: Dispersion relation, i.e. group and phase velocity as a function of wave number,
for different masses.

so the choice of a suitable gauge is not possible. In fact, the problem of gener-
ating masses dynamically in a gauge-invariant way is solved only by the <4 Higgs-
mechanism for field theories and misses yet a complete solution for 44 massive gravity.
Electrodynamics as a theory without masses is backed up by stringent experimental
upper bounds on the <4 photon mass.
One should add, though, that Lorenz-gauge is still a very sensible choice for cases
with a non-zero Proca-mass. Clearly, constructing the action S from the Lagrange-
density eqn. (E.457) includes the additional terms

S= J dx (271‘”‘80()(Ayl + n“”&axayx) =- J dx (2)( rﬁ"&mAM +x qavaaapx) (E.460)
7 N —_— —
=0 =0x

after integration by parts: In fact, Lorenz-gauge then makes the first term disappear
and forces the gauge field x to obey a wave-equation Oy = 0.

E.11.3 Modifications of the Coulomb-potential

Scalar fields ¢, even in the case of linear field equations, show an interesting phe-
nomenology on large scales: Starting from the most general Lagrange-density £(¢, d,,¢)
including all terms up to ¢? would ensure a linear field equation, as in the variation

process the powers get reduced by one:

i m’
L(9, dy@) = —-dup dyp — — 9" — dmpe + Ag, (E.461)
leading by variation to the field equation
(O +m?)Q = 4mp+ A (E.462)
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Figure 26: Field amplitude @(r) for the most general linear scalar field theory.

where one admits a source term p and an inhomogeneity A, which would be present
even in a charge free space and which would, in a gravitational theory, correspond to
the 44 gravitational constant. Focusing on a static, spherically symmetric situation
for a point charge one recovers from the field equation

(A—m*)p=—4np— A with Ag= riza, (rzar(p), (E.463)

depending on the choice of the two parameters, the classical Coulomb-potential

1
@(r) = p (E.464)
for m = 0 = X. Admitting a nonzero mass leads to the 4 Yukawa-potential
o(r) = M (E.465)

for m = 0 = A, where the field amplitude ¢ is suppressed at large r. The full theory
implies
exp(—mr)

- + Ar? (E.466)

¢(r) =

for m = 0 = A, with modifications large scales, while X alone gives rise to

o(r) = % +Ar? (E.467)

for m = 0 # A, which would, up to a sign, be the gravitational potential of a point
mass in the classical limit including a cosmological constant. Common to the results
are the definition of two additional length scales 1/m and 1/VX, which modify the
otherwise 4 scale-free Coulomb-solution. Fig. 26 summarises these modifications.
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Figure 27: Field gradients —d/dr for the most general linear scalar field theory.

The gradient —d@/dr would, if @ is interpreted as a potential, accelerate a test
charge. The acceleration as a function of r is shown in Fig. 27, illustrating how on
small scales r < 1/m and r < 1/\5, the unaffected Coulomb-potential is recovered,
while there are modifications on large scales r 3 1/m and r > 1/V. It should be
noted that the generalised inhomogeneity X is not admissible in a non-scalar theory
like electrodynamics, as a term linear in the 4-potential AA,, is clearly non-scalar.

E.12 Conformal invariance of the Maxwell-theory

Apart from Lorentz- and gauge-invariance, and the spacetime shift symmetries of the
Lagrange-density of Maxwell-electrodynamics there is, at least for vacuum-solutions,
a weird scale-symmetry. Applying a rescaling of the spacetime coordinates

1
x* - Ax® and consequently, Jd, — Xaa‘ (E.468)

The fields obey homogeneous wave equations in vacuum,

OF,=0 and OGM =0, (E.469)

where in fact the A~2 factor generated in (0 — [J/A? drops out because of the vanishing
right hand side of the two equations. This is an example of 44 conformal symmetry.
It is broken because the charge density p changes under the scaling o A~ instead of
oc A—2 as the differential operators.

E.13  Gauge-invariance as a geometric concept

The relationship between the fields and the derivatives in a relativistic notation
are summarised by this diagram: The potential A, has an antisymmetric derivative
Fob = e“ﬁ?“’apAV, and this dual is divergence-free in fulfilment of the Bianchi-identity:
d Fob = e“ﬁ‘“’f)aa”Av, with an exchange symmetry in the index pair (o, p) which
makes the expression disappear in conjunction with the antisymmetry of the Levi-
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Civita symbol: This is quite important because of two reasons: Not only does one
recover the homogeneous Maxwell-equations, but it is clear that the potential A is
incompatible with a hypothetical nonzero magnetic source P.

Converting Fof into F,; and bringing in the constitutive relation yields the field
tensor GY®. The divergence 9},G?"S is the source ;°, as an expression of the field
equation. And finally, charge conservation in the sense of ds;® = 0 is ensured by
ByabGV‘%, again with a contraction of a symmetric with an antisymmetric tensor.

The gauge function x changes A, but leaves F,, invariant: This is accomplished
by the derivative e"‘ﬁ""avaux = 0, as the two derivatives interchange, d,d, = 9,0

ul
but e* is antisymmetric in the index pair (, ).
. dy
B GV ——— Maxwell
0
!
Capyo |
|
!
apuvy !
A, 0 po oL 0 Bianchi (E.470)
+ +
N etxﬁwa’ .
X adyx 0 gauging

Finding a gauge function x for a given gauge condition, usually a derivative
property of the potential like a particular value for #¥d, A, as in the Lorenz gauge
requires the solution of a wave equation: Substitution A, — A, + d, x into the gauge
condition leads to 1Vd,d,x = —b with b = 19, A,. Wave-equations of this type are
readily solvable by means of the retarded Green-functions.

1o, .
Ay T sy condition
_ - (E.471)
14 "o, .
X r dux i Ox gauging

The same diagram with identical arguments can be more concisely expressed in
the language of 44 differential forms: Starting from the 4-potential A, as a one-form
A, application of the exterior derivative d leads to the two-form F, corresponding
to the field tensor F,,. The co-differential 5, which can be expressed as *dx with the
Hodge-star operator %, leads to the source j, again a one-form. The Hodge-dual of the
field two-form F would be #F, whose co-differential 9% F = xd**F = *dF = xddA = 0,
recovering the Bianchi-identity. The gauge field x has an exterior derivative dx, which
can be added to the one-form A without changing the observable fields contained in
the two-form F, as dA — d(A + dx) = dA + ddx = dA. On the other hand, F = dA is
only sensible if 0% F = 0 physically, i.e. that the magnetic charges are non-existent:
The existence of a potential A requires broken duality.
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o

*F ———— 0 Bianchi
l
*|
|
l

A d F,G o Ji Maxwell (E.472)

+ +

X d dx d 0 gauging

The construction of a (scalar) gauge function x for ensuring e.g. Lorenz-gauge
O0A = 0 implies that dx, now a one-form, is added to A and leads to odx = —b, with
a source b = dA after substitution into the gauge condition. ddx, however is the
Laplace-de Rham-operator, which for our case of a Lorentzian metric background is
the d’Alembert-operator [J, up to a symmetrisation.

A—2 b condition
- - (E.473)
X d dx o Ox gauging

E.14 Motion of particles through spacetime
E.14.1 Fermat’s or Hamilton’s principle?

The relativistic expression for the arc length s through spacetime, as mapped out by
proper time, can be amended by a second term, gA, dx* which should incorporate the
accelerating effects of electric and magnetic fields on a test particle with charge g:

B
s= de mc, /r]wul‘u" +qAdx! - LM, uf) = me nputuY + gA,ub, (E.474)
A

where in isolating the Lagrange function one rewrites dx* = u*dr, from the definition
ut = dx"/dr. Variation of the arc-length, now a function of both u" and x* (through
the coordinate dependence of A,) is achieved with the Euler-Lagrange equation,

doc o
dtou® = Ix’

(E.475)

The expression (E.474) for the relativistic arc length is remarkable, as it combines
the metric distance in the first term with a second distance measure A,dx" mediated
by the vector potential, called 4 Finsler geometry.

An intuitive (but gauge-dependent) picture might be, that different paths through
spacetime have the particle change its proper time according to the magnitude and

109

A The term Ayut emphasises

how natural velocity-dependent
forces in relativity are!


https://en.wikipedia.org/wiki/Finsler_manifold

E. COVARIANT ELECTRODYNAMICS

direction of A, relative to its velocity u¥, like a tail- or headwind that changes travel
time. The necessary derivatives are

oL

o = qu"aaAM (E.476)
and
L d JdC dut
e = mieut +qA,  — Tege = Mgy qutd Ay (E.477)

where the last term appears in the time derivative through the coordinate dependence
of A,:

dA, _dxtdA,
Tc " dc o ¥ Iyhq (E.478)
Collecting all results yields
dut
M = q(9aBy - IyAg) ut = gy ut (E.479)

by identifying the Faraday-tensor in the last step: Finally, we recover the Lorentz
equation of motion, and the appearance of F,, makes sure that the acceleration does
not depend on gauge. Multiplying both sides of the equation with u® leads to an
interesting result:

odut

m d
a5 = 5 gz (et ut) = qFyutut = 0, (E.480)

where the last term is necessarily zero as the contraction between the symmetric
tensor u%ut and the antisymmetric F,,. This safeguards the norm 1,,u®ut = c? from
any changes, and keeps the particle from being accelerated to superluminal velocities
outside the light cone.

While the equation of motion is perfectly gauge-invariant (and Lorentz-covariant),
the gauge-invariance of the Lagrange-function requires additional arguments: Per-

forming a gauge transform A, — A, + d,x with a gauge function x changes the
relativistic arc length according to

B B
jdr mc nwu”u"+qA ) - s+qfdr dux ut. (E.481)
A A

This new term can be rewritten, by falling back onto the form how it was introduced,

B B B

J‘d’[ dux ut = jdx”aux:jdx: (XB — XA)» (E.482)

A A A

using dx = auxdx?‘. In summary, there is a constant, additive term that becomes
irrelevant for the variation for obtaining the trajectory.
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coordinate ct

-15 -1.0 -05 0.0 05
coordinate z

Figure 28: Trajectory through spacetime, with the metric contribution 1,,dx"dx" to the

line element ds? in the background shading and the Finsler contribution A, dx¥ generated
by the potential A, as arrows.

An impression on the contributions to the line element ds? given by the metric
1yydx#dx” and the Finsler-term A, dx" is given in Fig. 28.

E.14.2 Relativistic horizons

We can probe the limits of special relativity by looking at accelerated, non-inertial
motion through spacetime. Starting from the coordinates x* we already defined the

4-velocity ut,
dxt d [ ct dt d [ ct c
b= = — =—— =
ST dx( x ) drdt( x ) V( v) (E.483)

with v = x and y = dt/dt. Repeating this argument one computes the 4-acceleration

at as
du* d c dt d c va 4 ¢ 2( 0
| = —— = —
“ dt dTY( v ) d"cdty( v ) Ry ( v )+y ( a ) (E.484)

with a = 0 = %, and the derivative dy/dt = y3va/c?. This system of equations
can be integrated numerically for e.g. an assumed constant acceleration a, giving
a parametric solution (ct(t), x(7)). The resulting trajectories in x*(t) are shown in
Fig. 29, where the accelerated trajectory evades light signals that are emitted at x = 0
later than ct > 4, which is impossible for inertial motion. Effectively, evading light
signals means that there is a relativistic 44 horizon between the emitter of light signals
and the accelerated particle.
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Figure 29: Paths through spacetime at constant velocity, and in comparison a path with
constant acceleration, with the emergence of a relativistic horizon.

The 4-acceleration a* is always perpendicular to the 4-velocity ut,

Huta’ =0, (E.485)

as a direct computation with the above expression shows. This has in fact dramatic
consequences, as

dut du?

d u
e (") = ”'”( @ e ) = 2ijuta” =0, (E.486)

implying that the (timelike) norm 1, utu" = ¢? > 0 of u* is conserved. At this point
it is worth mentioning that many texts attribute the impossibility of accelerating a
massive object past ¢ to the <4 relativistic mass increase, which is really superfluous
as a concept as it is completely covered by the geometric, kinematical structure of
spacetime. Proper acceleration is defined in terms of proper time T, which is dilated
relative to the coordinate time t by the Lorentz-factor y. A faster-moving system
reacts to an accelerating force as if it had more inertia and therefore a higher mass,
but it is really the conversion between proper time and coordinate time that brings in
the Lorentz-factor, and one does not need to invoke a new relativistic effect on mass,
and surely the number of atoms inside an object would be unchanged under Lorentz
transforms!

E.14.3 Tachyons and tardyons

4 Tachyons are hypothetical, superluminally moving particles with 4-velocities
ut outside the light cone, nwu”u" = —c? < 0. On the other side, A4 tardyons are
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Figure 30: Curves of constant Minkowski-norm 1),,x¥x" = *1, or equivalently, curves
traced out by the endpoint of a timelike and spacelike unit vector under Lorentz-transforms.

conventional, massive particles with subluminal velocities inside the light cone,
rhwu”u" =+c2>0. Naturally, these norms are conserved under Lorentz-transforms,
as illustrated by Fig. 30, where the hyperbolic curves traced out by the unit vectors
along the x- and ct-axes never leave their associated timelike or spacelike quadrants.
For a timelike vector this would be,

¢t ) _( coshd sinhi 1)\ _{ coshi
( X )_( sinh{ cosh ¢ )( 0 )_( sinh ) (E.487)

and for a spacelike vector correspondingly,

ct ) _( cosh sinhi 0) ( sinhy
( x )_( sinh{ cosh ¥ )( 1 )_( cosh P ) (E.488)

For a particle moving on a spacelike trajectory one would write down a line
element

crde® = Hdxtdx? = c2de? - yijdx;dx; = (cz - yi]-v’i)j)dt2 (E.489)

with v = dx'/dt. Negative norms would then imply that Yij viv/ > 2, and hence that
the magnitude of v exceeds c. The velocity u! for such a particle would necessarily
have the same negative norm, as one writes u" = dx!/dt, and because c2d7? =
nwu”uvdrz has to have the same overall sign.

The relativistic dispersion relation H? = (cp)? + (mc?)? suggests the definition of
a relativistic 4-momentum p, (as a linear form), whose norm is positive for tardyonic
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and negative for tachyonic particles, according to the location of the corresponding
velocities in the respective quadrants in a spacetime diagram,

Py = ( H, cp; ) with  n""p,p, = Hz—czyijpipj = H%—(cp)* = +(mc?)?, (E.490)
resulting in a funny shape of the dispersion relation,

H(p) = y/(cp)? = (mc?)?, (E.491)

for the negative sign: This is in fact consistent with their superluminality, as p? is

bounded from below by (11c)?: Tachyons need to be faster than the speed of light, and
if they brake down to approach the speed of light from above, they can only reach
mc. In a weird sense, this is analogous to the non-vanishing energy associated with
the rest mass for normal, tardyonic particles: While for them the energy is nonzero
even for vanishing momenta, tachyons have a minimal momentum even at zero
energies. To some degree of overinterpretation, tachyons have a minimal momentum
mc whereas the tardyons have a minimal energy mc?. Reexpressing the tachyonic
dispersion relation in terms of wave number and angular frequency would be

w = +cVk2 — m? (E.492)

Group and phase velocities for tachyons come out as

dw ck w cVkZ-m?
vgrfﬂfm>c and vph7%7T<c, (E.493)

exactly inverted compared to massive particles: The group velocity, associated with
particle propagation, is always superluminal because Vk? — m? < k, and the phase
velocity subluminal. Their geometric average, though, comes out as

Vg X Vph = €7 (E.494)

Of course one should keep in mind that outside the light cone there is no causal
ordering due to the relativity of simultaneity, so it would be problematic to have
tachyons influence the causal world inside the light cone. To conclude, there is no
place for tachyons in a Galilean world: In the formal limit of ¢ — oo, the future light
cone opens up: The timelike region increases while the spacelike region decreases,
until all of spacetime reaches an absolute causal ordering according to the universal,
Galilean time. And of course, every velocity is subluminal as ¢ — oo.
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X.1 Scalar products and orthogonality

The fundamental idea of Fourier-transforms is the question whether a function can
be represented as a linear combination of a parameterised family of base functions
which acts as a basis system, very much like the representation of a vector in terms
of its basis. For this purpose, one needs to generalise the notion of a projection to
functions, i.e. one needs to define a sensible scalar product. Scalar products in vector
spaces over R have the properties

1. positive definiteness:
(u,u) >0, and (u, u) = 0 implies u = 0

2. bilinearity:
(U, v1 +vp) = (u, v1) + (u, vp) as well as (uy + up, v) = (uy, v) + (uy, v), and
(o, v) = olu, v) as well as (u, av) = olu, v)

3. symmetry:
(u,v) = (v, u)

whereas in vector spaces over C there are slight differences,

1. positive definiteness:
(u,uy >0, and (u, u) = 0 implies u = 0

2. sesquilinearity (instead of bilinearity):
(u,v1 +vp) = (u, v1) + (u, vp) as well as (u; + up, v) = (uy, v) + (1, v), and
(u, av) = ofu, v) but (au, v) = a*(u, v) with a complex conjugation

3. hermiticity (instead of symmetry):
(u, vy = (v, u)*

In analogy to the scalar product in R” one can define a scalar product for R-valued
functions in the interval [a, b],

b
vy =uvt - (u,v)= jdx u(x)v(x) (X.495)

a

and for complex scalar products in C" and C-valued functions

b
(u,v) = u;vi - (u,v)= de u*(x)v(x) (X.496)

a

with a complex conjugation.
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The notion of orthogonality ‘ ‘
(u', uj) o 6} (X.497)

generalises straightforwardly to a set of functions u'/)(x) indexed by i, where we
denote functions as vectors with a basis |u;) and the associated linear forms with a
basis (ui|, borrowing the 4 bra-ket notation from quantum mechanics.

If such as set should be able to approximate a function g(x) in a linear combination

g(x) = a'lu;(x)) (X.498)

needs to make sure that the quadratic error Ay

(aju’ (x) = g(x)lal uj(x) — g(x)) (X.499)

between the function and its approximation over the interval [a, b] becomes small,
and ideally vanishes in the limit N — co. It is sensible to integrate up the quadratic
difference because the linear combination can over- or underestimate g(x): Ay is
positive definite and vanishes in the case of a perfect approximation.

A = aial (', uj) — ai(u’, gy — al(g, u)) + (g, 8) (X.500)

If the basis system of functions |u;(x)) is chosen to be orthogonal,

b
u, uj) = jdx u Dy ul(x) = b; (X.501)

a

the double sum in the first term collapses to a single sum, such that
AN = a?ai —a?(ui,g)—ai(g, u;y+4g, 8) (X.502)
The squared error Ay can be minimised with respect to a* and ay, which are mutually

independent (think of them as being complex numbers, clearly the real and imaginary
part are independent)

) aa; , dal  da] da’ )
W N = Ta’l‘ aj+a; W - Ba’l‘ (u', g) - w <grui>+w<grg> (X.503)
—— ~—— —— ~—— ———
=0 =6L =0 =5]f( =0

such that

b
%AN =a,—(guf)=0 — agx=(guf)= jdx g(x) u®(x) (X.504)
k
a
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Similarly, minimisation with respect to a; yields

8 aﬂ: i . aai 8“’: i 8(11' 3
TaZAN— Ba;{ a +a; aa’,‘( - aa; (u', ) - Ta;‘( (&W)*Td;((g'g) (X.505)
—— ~—— —— ~—— P
=5k =0 =k =0 =0
implying
5 b
b= g o a=Gng) = [ dx gt (X.506)
k

a

which is the hermitean conjugate of eqn. (X.504): When determining the expansion
coefficients a; of a complex function g(x), one directly obtains both the real and
imaginary part of a; from the projection integral, so a = (g, u) and ak = (uk, g) are
equivalent. In the case of a real-valued function g(x), both a}( and aF coincide, which
implies that the coefficients themselves are real-valued.

With the coefficents a’ and a; derived by projection, the value of the squared error
Ay at the minimum is given by

A = (g, ¢) - ala’ (X.507)

which ideally would tend towards zero as N — oo,

lim A = lim (aju’ —g,a'u;—g)=0 = (g.g)= lim aj’  (X.508)

N—ooo

referred to as convergence in the quadratic mean, implying the Parseval-relation,

which is tightly related to the completeness relation of the basis system: After all,
not all basis systems are able to make sure that the minimised mean quadratic error
tends to zero.

b b
aia’ =gy i) = [ dx gyt [ v’ wl (gt (X.509)

a

Changing the integration order leads to

b b
ata' = de g(x)" jdx' g(x’) ul (%) u;i(x) (X.510)
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If the system of functions fulfils

w'(x)"u;(x’) = Sp(x — x') (X.511)

then one can continue to write
b b b

ot = [ axgtor [ ax giople-x) = [dxgrg = gg)  (xs12)

a a a

and convergence is assured. This means, that the system of functions |u(x)) needs to
be able to represent the Dirac dp-function. If that is the case, the system is complete
for representing any function in the quadratic mean.

X.2 Fourier-transforms

Popular basis functions are plane waves because many differential equations in
physics actually describe oscillations. In the finite interval [-1, +7] C R, a discrete set
of plane waves u, = exp(inx) would be perfectly suited as a complete basis system,
because

N N
Zexp(inx) exp(-inx’) = Zexp(in(x -x') =

N

. mn_ expli(x = x)(N+1)) -1
Zexp(l(x - X)) = exp(i(x —x")) -1 (X-513)

n

as a consequence of the limit formula for geometric series, which can be reformulated
to yield

~ 8p(x —x') (X.514)

as the exponential becomes 1 in the limit x — x’, the sin(x)/x-function indeed

approximates the Dirac dp-function. To show that the value at x = x’ is actually
proportional to N + 1 requires the application of de I'Hopital’s rule for computing
the limit x — x’.

For the case of the infinite interval (—oo, +00) one can transition to a continuous set
of basis functions. Introducing a wave vector k = 21/L for a plane wave exp(2mix/L) =
exp(ikx) in the interval is likewise a complete basis system, and becomes continuous
in the limit L — 0. In fact,

+T(/Ldk +Tt/Ldk I (k( ’)) +m/L
dk . e dk ey L oexplik(x —x
j o exp(ikx)exp(ikx’)" = j 7m0 exp(ik(x — x7)) TR —
-1/L -m/L -/L
(X.515)

and evaluating the integral yields

_ Lsin(n(x - x')/L) (X.516)
TC

m(x — x’)/L

118



x.3. CONVOLUTIONS WITH FOURIER-TRANSFORMS

sin((N+1)r/2)/sin(r/2) /(N + 1) approximating dp(r)/N

. . . . . . .
-7 3n/4  —m/2 /4 0 /4 /2 3n/4 ™
distance r

Figure 31: Eqn. X.516 as an approximation to the dp-function in the limit N — oo.

which in the limit L — 0 behaves like the Dirac dp-function: The case of x— — x’ can
be sorted out by application of de I'Hopital’s rule, just as before in the discrete case.
In the continuum limit, the Fourier-transform g(k) of a function g(x) is given by

dk
g(x) = j P g(k)exp(+ikx) o« g(k) = de g(x) exp(—ikx) (X.517)

where you’ll find in the literature any combination of distributing the factor 27 and
choosing the sign in the wave exp(+ikx). The two are really inverse, as

dk
st = | 5 [ @ ste)enplikx =) =

de' g(x") J g—_ﬁ exp(ik(x — x’)) = de' g(x")op(x —x') = g(x) (X.518)

illustrating the necessity of the 2m-factor. Generalising to more dimensions it be-
comes clear that the plane wave exp(xik;r') factorises in Cartesian coordinates into
exp(+ik,x) exp(+ik,y) exp(+ik,z), such that the Fourier-transform in n dimensions
becomes a sequence of Fourier-transforms in 1 dimension:

d3k

g(r) = j e g(k)exp(+ik;r')  «  g(k) = jd% g(r)exp(-ik;r')  (X.519)

Any further simplification is only possible if the function to be transformed itself
factorises, too. The (scalar) product k - r = k;r’ in index notation shows that k; is in
fact a linear form, which is foreshadowing quantum mechanics that sets hk; = p; with
the momentum p;.

X.3 Convolutions with Fourier-transforms

One of the primary applications of Fourier-transforms is to carry out convolutions
¢ ® 1, as convolutions reduce to straightforward multiplications in Fourier-space.
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Fourier synthesis of a square wave

Figure 32: Square wave, assembled from the first 20 Fourier components.

Fourier synthesis of a sawtooth wave

Figure 33: Sawtooth wave, assembled from the first 20 Fourier components.
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Setting up a product @(k){(k) between two Fourier-transformed functions ¢(k) and
(k) and transforming back to configuration space yields

d3k .
04 = [ S (kg explikir) (X.520)

and substituting the forward-transformed fields gives

3 . .
= j (gn]; J‘dV' (1) exp(—ik;r"") f dV” P(r”) exp(-ik;r") exp(+iker¥) (X.521)

which, after reordering the integrations, is equivalent to

3 )
= JdV' (') j av” q)(f")j (;11_(]){3 exp(+ik; - [r— 1" = 1"]}) (X.522)

The d3k-integration gives the Dirac dp-function, which fixes r” to the value r — 1/,

= jdV’ o(r') J dV7P(r")op(r — ' — 1) = J-dV' Q(r)P(r — 1) (X.523)

i.e. a convolution, as advertised. Due to the perfect symmetry between Fourier-space
and configuration space, the opposite is true as well: Convolutions in Fourier-space
are products in configuration space.

X.4 Green-functions with Fourier-transforms

In the discussion of Poisson-type equations A® = —4mp for solving potential problems
we have seen that the potential @ is given by a convolution of the charge distribu-
tion p with the Green-function G, which incidentally is 1/r for the A-operator in 3
dimensions:

o(r) = de’ Glr - ')olr') = jdv' o(r) (X.524)

[r=7'|

This convolution needs to become a product in Fourier-space

_4n

(k) = G(k)p(k) with G(k)= 7

(X.525)

To obtain the expression for the Green-function G in configuration space it suffices
to transform G(k) back, where we make the replacement r — v’ — 1/, as the Green-
function only depends on the relative distance:

a3k ;
G(r) = J 2m)3 G(k) exp(+ik;r?) (X.526)

As G(k) = 4m/k? is spherically symmetric, it makes sense to carry out the integration
in spherical coordinates: d3k = k*>dk dp de with p = cos O being the cosine of the
polar angle ©:
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=) 21 o +1
k2dk 47 . 47 .
= J‘ g jdy .rd(p k—zexp(ﬂkm) = a2 jdk J-d},t exp(ikrp) (X.527)
0 -1 0 0 -1

because k;r! = kr cos © = krp, and because dg-integration just yields 2. Next, the
dp-integration can be carried out to yield

1
hrd ikr

°o—3

dk exp(+ikr) — exp(—ikr) _ EJdk sin(kr) _ EJ-dk]O (kr)= & (x.528)
e T r
0 0

because the integral over jy(x) = sin(x)/x can be shown to be

jdx sin(x (X.529)
0

after substitution x = kr, usually with the methods of complex calculus (see chap-
ter Y), but there are more down-to-Earth methods: There is no direct integration
method for this type of integral, but neat tricks exist!

Jd sin x jdx sin(x J‘dy exp(-yx) = fdy jdx sin(x) exp(-yx) (X.530)
0 0 0 0 0
—_—

=1/x

after changing the order of integration. The resulting dx-integral can be solved by
double integration by parts:

fdx sin(x) exp(-yx) = —% sin(x) exp(-yx)
0
0

+ i j dx cos(x)exp(-yx) (X.531)
0

where the first term vanishes at both boundaries. Continuing with the second inte-
gration by parts yields

0o

L= _iz cos(x) exp(-yx)
y 0

- yi J dx sin(x)exp(-yx) (X.532)

where the first term in this case yields —1 at the lower integration boundary. Collect-
ing the terms gives

1
( )jdx sin(x) exp(-yx) = — (X.533)
J y
such that - .
jdx sin(x) exp(—-yx) = N iz;z =1 +1}12 (X.534)
0
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and finally

(e

r sin(x) 1 ®
jdx P J 792 - arctan(x)| = (X.535)
0

0o 2
0

The inverse problem and slight generalisation of the above calculation is the
Fourier-transform of 1/r,

00 +1 21 o0 +1 21

1 —
Jrzdrjdy jd(p ;exp(—ikry.) - jrzdrjdu Jd(p Mexp(%kr}a)
0 -1 0 0 -1 0

(X.536)

where the issue about convergence of the integral can be alleviated by introducing
a factor exp(—Ar) to the integrand, and by considering the limit A — 0 after the
integration: This method is known as regularisation of an integral. Physically, we
compute the Fourier-transform of a Yukawa-potential instead of a Coulomb-potential.
Continuing as before gives

.= 41'(J r2dr MSIH = 4% J dr exp(—Ar)sin(kr) (X.537)
0 0
The remaining integral can be solved again by double integration by parts: Firstly,

00

Lk
b\

1
dr exp(—Ar)sin(kr) = Y exp(—Ar) sin( kr

°—3

jdr exp(—Ar)cos(kr) (X.538)
0

where the first term vanishes at both boundaries. Applying the second integration by
parts on the remaining term yields

£ exp(—Ar)cos(kr)| -

2 dr exp(—Ar)sin(kr)

> =

jdr exp(—Ar)cos(kr) =
0

>a >~
©
0%8

0
(X.539)

where at this step the first term vanishes at the upper, but not at the lower boundary.
Consequently,

1+ —)jdr exp(—Ar)sin(kr) = % (X.540)
0

suggesting for the final result:
L

4n
k

47 41
ki:k2+)\2_>ﬁ for A—>0 (X.541)
+ 3

jdr exp(—Ar)sin(kr) = 4
0

Clearly, the inverse Fourier-transform of 47t/k? should be 1/7 (in three dimensions);
as well in agreement with our experience with electrostatic potentials ® oc 1/r around
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point charges. The regularisation

1 -A 4 4
— exp(=Ar) corresponds to n n

- T EatT (X.542)

=~ |

and would work for inverse Fourier-transforms just as well.

A more professional method, which generalises to other types of Green-functions
more easily, is to use the residue theorem from complex analysis. Restarting at

=) 21 o
24
= J- (kz“ j J-d(p 12 eXP (+ikrp) = %Jdk sin(k (X.543)
0 -1 0 0

led us to the dk-integration over the spherical Bessel function. We can extend the
integration domain from —co to +co as the integrand is a symmetric function, and
write sin(x) out in terms of complex exponentials:

+00 +00 +oo
sinx 1 dx . . 1 dz . .
jdx =51 | & (explix) —exp(-ix) — — J- - (exp(iz) — exp(~iz))

(X.544)

by continuation to the complex plane. The two terms need to be treated differently

when closing the integration to a loop: The first term exp(iz) will decrease exponen-
tially towards the positive imaginary axis, so one should close the integration contour
there, while the second term exp(—iz) decreases exponentially towards the negative
imaginary axis, so this is where the loop should be closed. Keep in mind that the first
loop is traversed in the mathematically positive sense, while the second one in the
negative sense, leading in principle to negative results. Now, the integrand needs
to get shifted by +ie with a small € > 0, such that the pole is contained in one of
the integration contours and does not lie on the real axis. Let’s chose to move the
integrand towards the positive imaginary axis by changing z to z — ie. In this case,
only the first term contributes to the integral (with the integration contour <) as the
second integration contour (<) does not contain the pole and is therefore zero:

+0o0

dz . . 1 dz . 1 dz .
5| (exp(iz) — exp(—iz)) = 5 é < exp(iz) + 5 96 - exp(-iz) (X.545)

—00 o

Simplifying the relation further, the loop-integral can be solved with Cauchy’s
integral formula:

9601(; 8O _ i g(2) (X.546)
T

with T set to zero. As exp(iC) = 1 at this location, the sought integral bocomes

(&9 +00
i i 1 (d
ZIdx 512x = J‘dx Slzx = Z —Zexp(lz) =T (X.547)
0 —00
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Fig. 34 illustrates the integrand of the Green-function for A in Fourier-space, with
the singularity at the origin.

While these methods generalise straightforwardly to n > 4, the case of n = 2 is
downright weird. The corresponding Poisson-equation reads

A® = -2mp in two dimensions, (X.548)
because the solid angle element in 2d is 27, as the circumference of a circle with

unit radius. But the Fourier-transform of A is still oc 1/k? as shown before, only that
k2 =k2+ k2 in 2 dimensions. Writing formally

2 (e
G(r) = an (d 1;2 klz exp(ik - r) Jkdk jdcp 2 exp(ikr cos @) (X.549)
0 0

after introducing polar coordinates that imply d’k = kdkd¢, and writing the scalar
product as k - r = kr cos @, with ¢ being the angle between k and r. Carrying out the
do-integration first leads to the cylindrical Bessel-function J,, because

21

Jo(kr) = jd(p exp(ikr cos @) (X.550)
0

G(r) = J o(kr) —>J‘dk Jo(kr) (X.551)

by introducing a regularisation in the denominator, which avoids the divergence at
k = 0. Integrations of this type have the general solution

such that

oo kvl rEAVH )
Jdk K5 0) ;4+1] (kr) = IT(pr 1) Ky y(Ar) = Ko(rd) withv=p=0 (X.552)
0

in our particular case, with Ky(rA) being the modified Bessel-function of the second
kind,

r cos(rAt)
o(r\) = Jdt . (X.553)
J V1 + 2

This particular Bessel-function can be written in terms of a power series in its
argument rA. In the limit of vanishing regularisation, the value of the power series is
dominated by its first term:

Ko(rA) = = (In(rA) + y) Ip(rA) (X.554)

with Iy(r)) as the modified Bessel function of the first kind approaching unity in the
limit A — 0, leaving G(r) o In(r). y is 44 Euler’s constant.
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wave vector Im(k)

-1 0 1
wave vector Re(k)

wave vector Im(k)
o

-3
-3 -2 -1 0 1 2

wave vector Re(k)

w

Figure 34: Function exp(+ik)/k over the complex plane k = Re(k) + iIm(k), with color
indicating phase and hue indicating the absolute value, for the positive sign the exponent
(decreasing towards the positive imaginary axis) on the top and the negative sign (decreas-
ing towards the negative imaginary axis) on the bottom. The singularity at the origin is
clearly visible.
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X.5 Spectra of musical instruments

An externally driven oscillator illustrates nicely the purpose of a Green-function
to cope with inhomogeneities: Let’s work with a harmonic oscillator with proper
frequency wg, a damping 7y driven by an external acceleration a(t). Its defining
differential equation is

%+ i+ wdx(t) = a(t) (X.555)

Finding a solution for the homogeneous equation is straightforward: The ansatz
x(t) o exp(iwt) yields the characteristic equation w? —iwy— co(z) = 0, with two solutions,

Wy = (iy + Y- 40)6)/2. Effectively, this corresponds to taking the Fourier-transform

of the differential equation, which then becomes algebraic:

J %: [—w2 +iyw+ mg]exp(iwt)x(m) =0 (X.556)

as the differentiation d/dt replaces the prefactor iw, such that we recover the
quadratic characteristic equation again. The incorporation of the inhomogeneity
can easily be achieved in Fourier-space:

J Czl—z [—mZ +iyw+ w(z)] exp(iwt)x(w) = j i—:a(w) exp(iwt). (X.557)

Because the differential equation has become algebraic, solving for x(w) is easy:

M) = ——a(w) = Glw)a(w) (X.558)
~w? +iyw+ W)

such that the inverse Fourier-transform yields x(t) for a given driving term a(t). The
product relation in Fourier-space must be a convolution in real space,

([ dw 1

x(t) = a(w) exp(iot) = fdt’ G(t - t)a(t)) (X.559)

21 —0? +iyw+ W)

where the inverse differential operator is just the Green-function for this problem:

dw 1
2

Gt-t=| ——m8Mm ———
( ) 21 —w? +iyw + wj

explio(t - 1)) (X.560)

G(w) or equivalently, G(t — ') determines the response of the system, i.e. the damped
harmonic oscillator, to an external driving. Most obviously, this is understood in
Fourier-space, where G(w) translates the driving a(w) to the resulting amplitude x(w),
frequency by frequency. In configuration space, G(t — t’) is likewise the response of
the system, and it is defined formally as the solution to the differential equation to a
dp-like inhomogeneity,

& A )y = ap- 1) (X.561)
a2 Yy o - oD :
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because any inhomogeneity can be constructed from this by linear superposition:
Multiplying both sides with a(t’) and integrating over dt’ gives

((;1722 + Y% + w%) j dt’ G(t - t')a(t’) = jdt’éD(t —t")a(t') = a(t) (X.562)

-
=x(t)

such that the solution for the amplitude as a function of time has to be given by

x(t) = jdt' G(t - ta(t') (X.563)

i.e. as a convolution relation over the excitation a(t). The interpretation of the
response G(t —t’) as defined by eqn. (X.561) would now be the solution to the
dynamical system to an infinitely sharp excitation. Actually, this is sensible, as it
would in fact contain all possible Fourier-modes, even at equal amplitude. But is it
possible to construct the Green-function explicitly from the differential operator?
After all, the inhomogeneity a(t) is taken care of by the integration eqn. (X.563) and
the Green-function itself is defined formally by eqn. (X.561): In fact, in Fourier-space
this relation reads:

d? d 2 , d? d 5 dw .
(@ + ya + wO)G(t —-t)= (@ + ya + mO)J- I G(w) exp(iwt) =

j % (_wz +iyw+ (0(2)) G(w) exp(iwt) = J- i—: exp(iowt) = dp(t —t') (X.564)

such that .
Glw)=———" (X.565)
—w? +iyw + 0§

with the inverse transform

dw 1
2

N [ do . P
G(t-t') = J- = G(w) exp(in(t—1t')) = v ol ot ol

exp(io(t—t')) (X.566)

which can be shown to be a Lorentzian 44 spectral line profile.

To complete the analogy to electrodynamics it’s instructive to think of the inho-
mogeneity p in electrostatic Poisson-equation A® = —4mp as the external driving
that perturbs the solution to the 44 Laplace equation A® = 0. The resulting Green-
function G(w) is complex-valued; its real and imaginary parts are depicted in Fig. 35,
along with its modulus and phase.

A more complete view is presented in Fig. 36, where the Green-function is shown
with the phase in color and the modulus in hue.
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15

real

imaginary
absolute value | |
phase/n

1.0

°
n

complex Green-function G(w)
J
w o

-1.0}

.
107t 10° 10!
angular frequency w

Figure 35: Complex-valued Green-function G(w) for the damped harmonic oscillator, for
wg = v = 1, specifically the real and imaginary parts as well as the modulus and the phase
angle.

An external, sinusoidal driving would correspond to a choice of a value for w
on the real axis, and a value close to the two singularities would result in resonant
driving. The singularities are situated at

iy+ ,[4@% -2
o —iyw-wg=0 - wy=————— (X.567)

i.e. at V3/2 +i/2 for the numerical example with wy = y=1.

Fig. 37 shows spectra for a range of musical instruments. All spectra show the
4 harmonic series of integer multiples of the base note. Their relative amplitudes
determine the sound of the respective instruments.

Fig. 38 illustrates, how incredibly well-fitting the Lorentzian line shape for spectra
lines actually is. From this observation, one might conclude that a damped harmonic
oscillator with an external driving is a good mechanical model for the sound genera-
tion in a musical instrument, and motivates sound engineering in a 4 synthesiser.

X.6 Spherical harmonics

It is well possible to construct complete orthonormal systems of functions on other
manifolds, for instance on the surface of a sphere. As in the case of plane waves for
Euclidean space with Cartesian coordinate, which solve the Helmholtz differential
equation, one can look for the set of solutions to the wave equation

AY(0,¢) = 60+ 1)Ypn(0,9) = [A+E(C+1)]Y(09)=0  (X.568)
where the Laplace-operator is a differentiation with respect to the angular coordinate

6 and ¢. Comparing to the Cartesian Helmholtz-PDE [A + k2]exp(ikiri) = 0 one

identifies the term £(€ + 1) with k2, implying that 1/¢ should be a wave length (in
terms of radians) just like 21/k would be a physical wave length A.
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Figure 36: Complex-valued Green-function G(w) over the complex plane w = Re(w) +
i Im(w), with phase indicated by colour and absolute value by hue, again for wy = y = 1.
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Figure 37: Spectra of different musical instruments, showing higher-order harmonics.
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spectral line and Lorentz-profile
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Figure 38: Spectral line of a tone with a best-fitting Lorentz-profile.
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Figure 39: Legendre polynomials Py(x) for € = 1...8, with even parity for even {, and odd
parity for odd €.
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The Laplace-operator A in angular coordinates applied onto a scalar function
P(6, @) reads explicitly

1 0 (. o) 1 v
— = (sm 6—) + i GTcpz (X.569)

As there are no mixed derivatives one should try a separation ansatz

B(6, ) = T(6)P(¢) (X.570)

so that the Helmholtz-PDE becomes

P(¢) d ( : eaT(e))+ T(6) 9°P(¢)

Ap=-—P 2
v sin 6 00 s 00 sin?@ d¢?

= —€(C+1)T(6)P(¢) (X.571)

such that division by T(6)P(¢) separates the terms as dependent on 0 or ¢

. dT o, 19°P
sme%)+€(€+1)sm 6_—53—@2 (X.572)

sin® o
T 96
to the left and right side of the equation: They must therefore both be equal to a
separation constant m?. Then, the right side gives
10°P

(92
FaTﬂ‘_m - (a—q)z+m2)l’((p):0 (X.573)

which is again a Helmholtz-differential equation, this time in ¢ only. It has wave-type
solutions
P() oc exp(xime) (X.574)

with m playing the role of a wave number, but it has to be integer because otherwise
the continuity of the solution could not be ensured when rotating by 27

P(p+2m) = P(@) implies exp(xim(@+2m)) = exp(£2mim)exp(xim) = exp(+ime)
N
=1
(X.575)

if m is integer. With this knowledge we return to the 0-equation, which becomes the
associated Legendre-differential equation

[ L 9 (sinei)f m +€(€+1)]T(6):0 (X.576)

sin 600 sin2 O

after resorting the terms, where the particular case m = 0 leads to the actual Legendre-
differential equation,

1 9. dT ~
sin 090 (Sm e%) +C+1)T(O) =0 (X.577)
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Figure 40: Associated Legendre polynomials Py, (cos 6) in a polar representation.

Transitioning to the new variable x = cos O with sin 6 = V1 — x? then yields

d?t dT
1 —x2)@ —2xa+€(€+1)T(x) =0 (X.578)

whose solution are the Legendre-polynomials Py(x). They can be shown to obey an

orthogonality relation
+1

jdx Py(x)Pp (x)

-X

2

= még@' (X.579)

in the same way as the plane waves exp(xim) for the azimuthal coordinate, confirm-
ing that the Helmholtz differential equation in fact defines a system of orthonormal
waves on the surface of the sphere.

In the same way there is an orthogonality relation for the solutions to the associ-
ated Legendre differential equation
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+1
_ 2 (E+]m]!
dx me(x)Pf’m’(x) T 20+ 1 mbee * Sy (XSSO)
-1
such that the definition of the spherical harmonics including the prefactors
4n (€ = Im)!
Yem(6, @) = 2+ (€ + [m])! v Lem(cos B) exp(+ime) (X.581)
gives the fundamental orthogonality
[ 40 Y0001, (0.0 =200 (X.582)
4m
and completeness relations
0 +(
YD Yeul0.9)Y, (0 ¢') = 5p(6- 6)3p(¢ - ¢) (X.583)
=0 m=-C
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g
¢
¢

“@ % 6

Figure 41: Spherical harmonics Yg,,,(6, @) for € = 0,1, 2, 3 (top to bottom) and 0 < m < ¢
(corresponding rows).
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Y COMPLEX CALCULUS

Y.1 Aspects of complex differentiability

Many of the integrals needed for the construction of a Green-function with the Fourier
method are not solvable with elementary methods, i.e. integration by substitution, by
parts or using partial fractions, for instance

+0o0

J dw ([:]()2;—(‘)2 exp (—I(U(t - t,)) (Y,584)

—00

which shows two singularities at w = +ck. Methods from complex analysis, though,
provide a pathway of doing that.

A function g(z) = u(x, ) +iv(x, y) maps a complex argument z = x + iy onto a
complex value g = u +iy. It is continuous in T if there is an € > 0 for every > 0 such
that |g(z) — g(0)| < € follows form |z — T| < &. In other words, the limit

lim [g(z) — g(C)| =0 (Y.585)

(—z

does not depend on the way how T approaches z. The function g(z) is complex
differentiable in z, if the limit

L 8(2)-g(©) _dg
%er; = = a(z) (Y.586)
exists and is unique, or in other words: if the differential quotient is continuous.
Complex differentiability is a weird and very powerful concept. Historically, four
different aspects have been discovered which turn out to be identical and merely dif-
ferent sides of the same idea: (i) complex differentiable, (ii) analytical, meaning that
the Cauchy-Riemann differential equations hold, (iii) regular, defined as a vanishing
loop integral over closed curves, and (iv) holomorphic, meaning that the function
fulfils the residue theorem. An weidly enough, it blurs the boundaries between inte-
gration and differentiation, as exemplified by the Cauchy-theorem. Fundamentally, it
is yet another example of the powerful concept of exact differentials.

Y.2 Cauchy-Riemann differential equations

In a complex differentiable function, the derivative does not depend on the direction
how Az, itself a complex number, approaches zero,

dg _ . g(z+A2)-g(z)

= Y.587
dz Az—0 Az ( >8 )
Therefore, the derivative in x-direction parallel to the real axis,
gzt Ax)-glz) _9g
AI;IBO Ax T ox (¥.588)
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and the derivative in the y-direction parallel to the imaginary axis,

. glz+iAy)—g(z) _1dg
Al;l;rgo iAy T idy (Y:589)

must be equal. Writing this relation in terms of the components of g yields

dg _du dv_1dg 1du Jdg
ox ox Tox T idy 19y dy (¥-590)

and with a subsequent separation of the real and imaginary parts on arrives at the
Cauchy-Riemann differential equations

du v v du
Fri +a—y and i —a—y. (Y.591)

The notions of complex differentiability and the fulfilment of the Cauchy-Riemann
differential equations is equivalent.

Y.3 Complex line and loop integrals

Given a curve I' parameterised with A running from point A with coordinates z(a) to
point B at z(b), one can define a complex line integral by reducing it to an integral
over the parameter by substitution,

b

d
J dz g(z) = J-d)\ d—ig(z(k)). (Y.592)

Tap a

Covering the same path in opposite direction yields the same numerical result, but
with a negative sign

a b
d d
J‘dz o(z) = fdx d—ig(z()\)) = —de d—ig(z(h)) (Y.593)
b

Tga a

If an integral does not depend on the particular path from A to B, one can assemble
a trip from A to B on one path followed by a return trip from B to A on another path,
with the two contributions cancelling each other, with the overall result being

j dz g(z) + J dz g(z) = édz g(z)=0 (Y.594)
r

Tap Tga

Just as before, traversing a closed loop in the opposite sense of rotation would yield
an overall minus sign. Writing this relation component-wise

9Sdz g(z) = é(dx +idy) (u +iv) = é(udx —vdy) +i§(vdx +udy) =0 (Y.595)

r T T T
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Both terms can be reformulated as area integrals by virtue of Green’s theorem, JC =T,

du Jv du Jv
é(udx —vdy) = dedy (8y ax) and é(vdx + udy) = dedy ((9 Biy)
T c T c

(Y.596)

where one immediately recognises the Cauchy-Riemann equations in the integrands,
making both results vanish. In summary,

édz g(z)=0 (Y.597)

r

for any complex differentiable function. 4 Green’s theorem, which allows the con-
version of a loop integral to an area integral works for simply connected regions.

Y.4 Residue theorem and holomorphic functions

The Cauchy-theorem states that every value of a complex differentiable function
inside a closed curve T is fixed by the values on that curve,

1 g(0)
) = ﬁggdcciz (Y.598)
T

Functions with that property are called holomorphic, which is synonymous to
complex differentiable. In fact,

1 gl©) 1 8(0) —g(z) + g(z)
ﬁfﬁdCC—z_ﬁggd(’ -z
T T

after reordering the terms and using that 95d(, g(z)... = g(z)gEdC .... The first term
can be shown to be

21
édc édl C= J‘d)\ %% Jdk exp(ih) exp(—id) = ifd)\ =2m (Y.600)

0

after substitution T — z — T, which can then be solved by choosing the unit circle
C = exp(iA) with dT = iexp(iA)dA = iCdA as the integration contour. The second
integral can be treated like this:
1
dt —
98 “C-z
T

1
|27

€
<0/
|27

1 édrws =e (Y.601)
1

8(0) —g(2)
2md C-z ggd(

C-z

r
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if the function g is continuous, which is quite obvious as it is already assumed to
be complex differentiable: Then, the integration contour can be chosen to be small
enough such that |g(C) — g(z)| < e. In addition, the integral was already shown to
be 2mi. Overall, the second integral is bounded by ¢, and does effectively does not
contribute, as € can be chosen to be arbitrarily small.

It is worth memorising the iconic result

1
&y (Y.602)

27
r

but what about other powers in C? Clearly, for both positive and negative #, as long
asn = -1,

21

27
9Sdc "= j da %c" =i J- d\ exp(i) exp(in)) =
0 0

21

ijdk exp(i(n+ 1)) =

0

i(n+1)A

exp(i(n + 1)A) ox =0 (Y.603)
n+1 0
from elementary integration, again with the parameterised unit circle exp(i) as the
integration contour. But alternatively, one could argue that the plane waves form an
orthonormal system. Therefore, only for n = —1 one gets a nonzero result.

The Cauchy-theorem can be generalised to higher-order derivatives: Starting with
a Taylor-expansion of g(C) around z,
d?g

8(0) = glz)+ 2|, (C-2)+ 5|,

(T-2)?
dz? *

2

(Y.604)

Using the results from above, one can isolate g(z) from the series by multiplying it
with 1/(C - z), followed by a loop integration comprising z:

g(T C-z 1dg (C-2)?
43 = )9Sdc— | 98 o 2de| 9801(, bl (Y.605)
r
— —_—
=27 :0 =0

For accessing a higher order derivative, for instance dg/dz, one would need to
multiply the series by 1/(T — z)? before integrating,

|99 ok ;j;§|95

[ ——
=0 =27 =0

(Y.606)
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This pattern generalises to the Cauchy-theorem for derivatives of g(z),

g(C
Z” 2.‘-(1 é C— ot )n+1 4 (Y'607)

with the interesting implication that derivatives of a complex differentiable function
can be obtained through an integration process. If a function is complex differen-
tiable once, it is complex differentiable arbitrarily often, in stark contrast to real
differentiability.

The Cauchy-theorem can be applied in the solution of real-valued integrals that
can not be solved (easily) by means of elementary integration. A classic example of
this is e

1 (o)
j dx =arctanx|~ = (Y.608)
1+ x? —o0

—00

where a solution is only possibly by using the rule of the derivative of the inverse func-
tion and trigonometric identities. Instead, one can perform a complex continuation,

+00
1
d dz —— Y.609
j 1 T2 ( )

where x is interpreted as a complex-valued variable z. The denominator has two
poles at z = +i, allowing a decomposition into partial fractions,

1 1 1 1 1
= = *,(7,— ,), (Y610)
1+2z2 (1+z)(1-2z) 2i\z—i z+i

and the integration along the real axis from —co to +co can be extended by an semi-
circular arc, which does not contribute to the value of the integrand, as its arc length
increases with radius, but the value of the integrand decreases proportional to the
squared radius. This arc now makes the integration a complex loop integral, so that

we can write ) . d ) d
z z

d —Q0O——=QT =T Y.611

é ‘7241 2iYz-i 2y z+i (Y-611)

N —_
=27 =0

because only the pole at z = +i is contained inside the integration contour.

One would have arrived at exactly the same result if the arc had been closed at
the bottom instead of the top: Then, the sense in which the curve T is traversed, is
inverted, yielding a negative sign:

1 1 d 1 d
dzzizf 72,—*, Z. =T (Y612)
zc+1 2i z—1 2 z+1
.
=0 =-27

as now the other pole at z = —i is caught by the integration contour.
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Y.5 Laurent-series

In the example above we have already embedded a function of a single, real-valued
variable into the complex plane, and consider it to a (differentiable) mapping between
complex numbers. This idea can be generalised in analytical continuations of a
complex function g(z), in cases where it is known in a region around z; to a second
region around z bounded by A. There, the Cauchy-relation

_ 1 8(©) d'g; _ n! 8(0)
8(z) = 271 9Sd(’ C-z and dz" |Z T 27 dt (C—z)mt!
A A

(Y.613)

for any T circling the point z allows to access the values of g and its derivatives. The
function and its derivatives at z; can be used to construct a power series that extends
from a region around z; to z and defines the continuation of the function in this terra
incognita bounded by A.

The function’s values inside A are fixed by the Cauchy-theorem, and one can
assemble an integration path consisting of two concentric loops I (with radius ry)
and I, with radius 7, joined by two bridges A; and A,. This integration path replaces
A, as it would result from continuous deformation within the holomorphic region.
Then, g(z) can be computed as

_ b g(@ 1 g(©)
8(z)= 5 9€d(’(,—z 5 96‘1(’7(,—2" (Y.614)
) Iy

because the contributions along A; and A, cancel each other due to the opposite
direction in which they are traversed. Please note that the second loop I contributes
with a minus sign as the integration path is followed in a clockwise direction, i.e. in
the mathematically negative sense. From the two integrals, the secoond one vanishes
because of the Cauchy-theorem because z is outside I, but the first integral gives a
non-vanishing result, with z being contained in I5.

In our construction, the values of T traversed in the integration along the large
loop I, have a modulus of r,. Then, one can argue that

11 11 szzo” (Y.615)
C-z C-zol-72 G-z 4-\C-2 '

where in the last step we replaced the 1/(1 — g)-term with its corresponding geometric
series. There is no issue of convergence of

-z

Z no L because _‘27 r
n‘i—l_q q= -2

=—x<1 (Y.616)
]

Conversely, if Tis situated on the loop I} with radius r;, an analogous argument

applies, as
o 1 1 1 1 C—z\"
— 20
= = . Y.617
C-z z—zol_%zg 2—20;(2—20) ( )
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In this case, convergence of the geometric series is ensured by

n 1 C—-2
= —— where =|—
;p 1—p p

Z—-2p

- %1 <1 (Y.618)

Collecting these results leads to

1 (z—2p)" 1 (T—zp)"

I 0

It is an interesting realisation that the two fractions are inverses of each other, leading
to a natural continuation of the series towards negative n. Reordering integration and
summation yields:

_ 1 g(c) _ n_ L g(C) _ —(n+1)
g(z) = ; P ngc Tzt x(z—2zg) ; o édﬁ oz x(z—2zp) )
L

I
(Y.620)
In summary, this result can be rewritten
. " 1 g(0)
g(z) = n;m an(z=z)" with a,= 5 9801(, T (Y.621)
T

for any close curve running between I} and I, where the minus-sign is cancelled by
choosing a joint sense of rotation for the integration loop. This result is known as the
Laurent-series, a power-law expansion of holomorphic functions, with its remarkable
negative powers.

Y.6 Residue theorem

Looking at the Laurent series for g(z),

00

a_ a
Zan(z—zo)”:~~-+( ")n+--~+( ! )+a0+a1(z—zo)+---+an(z—zo)”+-~~,
zZ—2p zZ—2p

n=—o0

(Y.622)

all terms belonging to positive indices n > 0 remain finite in the limit z — z(, while
the terms for negative n = 0 are divergent. The function g(z) would possess a pole
of order —n at z; if the Laurent series terminates at finite —n. Please note that the
Laurent-series is constructed in a consistent way: Applying

1

— Y.62
—(dz (Y.623)

r

to both sides yields for the terms with positive exponents n > 0,

1

2714
T

dz(z—-29)" =0, (Y.624)
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and similarly for the negative exponents with n > 2,

1 1

— MNdz ——
2 z (z — zp)"
r

=0, (Y.625)

whereas only the term for n = -1 yields a non-vanishing result, namely:

1 1

— dZ
271 zZ—2
r

=1. (Y.626)

The particular coefficient corresponding to n = —1 of the Laurent series,

1
a_; = P §dc g(Q), (Y.627)
T

is called the residue of g(z) at z, which needs to be located within I'.

Y.7 Conformal mappings

Analytical (or complex differentiable, or regular, or holomorphic) functions automati-
cally fulfil the Laplace-equation Ag = 0 in two dimensions and, as such, are viable
solutions to the field equation ini vacuum. Starting with g(z) = u(x, y) + iv(x, v) we
write:

Au 9 Ju Jd Jdv %y

2 ox v ay ox o o =0 (¥.628)
~—— ~——
=dv/dy =—0du/dy

taking advantage of the fact that partial differentiations interchange and substituting
the Cauchy-Riemann equations twice. Conversely, one shows for the imaginary part

v d v J Jdu 2*v

2 9% ox :—a—y P :—a—yz - Av=0 (Y.629)
—_—— —_——
=—du/dy =dv/dy

from which we conclude that Au +iAv = A(u +iv) = Ag = 0. In addition, as complex
conjugation is a linear operation, it is valid that Ag* = 0.

Clearly, the solution to the field equation A® = 0 in electrostatics in vacuum or
to the field equations AA; = 0 for all three components A; of the vector potential
in Coulomb-gauge in magnetostatics, again in vacuum, could be represented by
a holomorphic function. One needs to keep in mind, though, that g is a complex
number with two components, whereas the potentials are real numbers. Hence the
question arises, what the other component W of g = ® + iW could represent!

If one were to identify @ with the real value of g, it would need to represent the
electric field E; = —9®/dx’ as the gradient of . It is possible to re-express the electric
field as a complex number E, +iE, = —0® with the Wirtinger derivative instead of
E; = —d;® in Cartesian coordinates. Additionally, there seems to be an auxiliary field
W, called the stream function, to be identified as W = v.
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The stream function is always perpendicular to lines of constant potential, which
can be seen by this argument: The gradients Vi and Vv are clearly perpendicular,

Ju oJv Ju oJv

Vu-Vv = x E +87y aiy =0 (Y.630)
N —_
=—du/dy =+du/dx

by substituting the Cauchy-Riemann differential equations, and so would be the
functions ® and W.

There is a neat shortcut to this relation, by using the tools of 44 Wirtinger-calculus:
Motivated by the fact that the coordinates x and y are combined into a complex
number z = x + iy (and its conjugate z* = x — iy), one can define the composite
derivatives:

d d d Jd .0

d . . 3
% " ox +1% aswellas J" = 5% - ox —18—3). (Y.631)

d

Combination of the two derivatives leads directly to the Laplace operator, as both
dd*g as well as d*dg are equal to Ag!

There is a neat application of conformal applications to potentials in vacuum in
two dimensions. Commonly, potential problems are easy to solve in highly symmetric
charge distributions, which makes the convolution with the Green-function relatively
simple: In particular, a convolution of spherical symmetric charge distributions
with spherically symmetric Green-functions give rise to the a spherically symmetric
potential. To make this point more obvious, let’s consider a circularly symmetric
charge distribution in two dimensions. The potential is necessarily @ oc In r with the
electric field E, = 1/r and E;, = 0. A more complicated charge distribution would
generate the potential ® = Idzr’ o(r)In(|r — r’|), with a potentially complicated
d?r’-integration.

The problem might be alleviated if a mapping of the old coordinates x, y to new
coordinates u, v can be found which would not have an influence on the differential
structure of the field equation.

This can in fact be achieved in two dimensions, where the coordinates can be com-
bined into a complex number z = x + iy, for vacuum solutions that obey the Laplace
equation A® = 0. The Laplace-operator A transforms under coordinate change in a
peculiar way and acquires just an overall strictly positive, position-dependent pref-
actor, which is called a conformal factor a®. The vacuum field equation transforms
as A® —» aAD = 0 but clearly, the conformal factor « is irrelevant and drops out
for vacuum solutions. Therefore, any vacuum solution in one set of coordinates is
automatically a valid vacuum solution in the transformed coordinates. The necessary
prerequisite is an analytical coordinate change.

To make things specific, let’s consider the mapping

G(u,v) = g(x,9) = G(u(x, v), v(x,y)) (Y.632)

and derive the Laplace-equation for g in the coordinates x, y in terms of the Laplace-
equation for G in terms of u, v. For the first derivatives one obtains:

dg JdudG dvdG

9udG  IvIG dg dudG JvdG
dx  dx du  Ix v

aswell as ==

5 = 990 " 3y v (Y.633)
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Continuing with the second derivatives one arrives at

Pg_(9u)' PG oudv PG PudG (o) PG dvou PG 9vIG
2x  \odx] ou?  Oxdxdudv 9x2 Ju ox| Jv? OJxodxdvdu Ix? du
(Y.634)

together with

g (au)zaZG dudv G 9*u dG (81/)282G v ou I*G  9*vdG

2y \ay) 9uz Ty ayauav T axz au \ay| 92 T ay ay avou " 9y? ou
(Y.635)
These two expressions can be combined into
d*g d’g ou\* (ou\’](2*G 9°G
ﬁ+873)2_"'_ (ﬁ) +(a—y) (W+W) (Y.636)

by making use of the interchangeability of the second partial derivatives and the
Cauchy-Riemann differential equations. The prefactor in square brackets is the posi-
tive conformal factor. In a actual application the problem of performing the convolu-
tion of the Green-function with the charge distribution is then reduced to finding an
analytical mapping between the simple and the complicated geometry.
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Z INDEX NOTATION

z.1 Vectors and linear forms

Many quantities in physics have components, or internal degrees of freedom. This
is particularly true in modern physics, with e.g. the realisation that the energy den-
. 2 _ to: .
sity pc® = T," is part of the energy momentum-tensor T," as a largerl entity. The
geometric picture is that there is a (vector)-space for all vectors v = v'e; = ) v'e;
i

which are decomposed into their components v’ with a basis e;, with the Einstein
summation convention in place. Velocities v, accelerations a, the magnetic field B and
the dielectric displacement D are examples of vectors. There is an associated (vector)

space of linear forms p = p;e’ = ¥ p;e’ which has identical geometric properties and
i

is spanned by a basis el Examples of linear forms are, for instance, the canonical
momentum p, the gradient of a potential d®, the electric field E or the magnetic
induction H.

A very useful notation used throughout theoretical physics is the so-called abstract
index notation, where one works entirely with the components of vectors and linear
forms, with an implicitly assumed basis. By convention, one denotes vectors with a
superscript, contravariant index v’ and linear forms with a subscript, covariant index
pj-

Canonically, one defines an orthogonality relation eiej = & between the basis
vector of the vector space and the basis linear forms, such that the inner product
between a vector v and a linear form p is given by

p-v= piei vje]- = pivj eiej = pivjb';: =pv'. (2.637)

According to the Einstein sum convention (also called a contraction), an expression
like p;v' is to be interpreted as )_ p;v', with an automatic implied summation over

all index pairs which are appear las super- and subscripts.

A metric y;; is used for converting a vector v/ to its associated linear form v; =
¥ijv!, while the inverse metric y'/ does the opposite: It translates a linear form p; to
its associated vector p' = y"/p;. Of course, making a linear form out of a vector and
then translating it back to being a vector again can not change anything,

yij (ijvk) = Yij']/jk ok = vt (Z2.638)
~———
:5;'(

and in this sense the metric and its inverse are related to each other:

Yk = 8. (Z.639)

Instead of computing p;v’ directly as the contraction between a linear form p; and
the vector v', one can use the metric to generate the linear form p; from a vector,
pi = vijp’ to arrive at

pivf = v = Yipp, (Z.640)
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Alternatively, one can generate the vector v’ = yijv]- from the associated linear
form v; using the inverse metric ¥'1. With this argument, one can say that the metric
defines a scalar product between vectors, while the inverse metric defines a scalar
product between linear forms. It is well worth it to differentiate carefully between the
metric y;; and the Kronecker symbol &', even in the case of Euclidean vector spaces.
The Kronecker symbol renames indices of vectors or linear forms, but never changes
them: )

V' =80/ and p; = d)p; (Z.641)

2.2 Coordinates and differentials

Coordinates are usually written as vectorial tuples x' (in themselves, they are not
vectors!), and this choice is purely conventional. The coordinates have the property
that every entry of x’ can change independently from the others, so

axi <

because x' only changes in the direction of x' at unit speed, whereas x' remains
constant if x/ is changed. This is encapsulated by the Kronecker symbol 6}. But in

this sense, derivatives with respect to the coordinates d; = d/dx’ are linear forms,

ox'! J D
i ﬁx’ =djx' = 6;- (Z.643)

and the contraction

i
9% _sion (Z.644)

i_
dix' = axi 7t

is sensibly defined and returns the dimensionality 1. Then, the divergence d;v’ of
a vector V' is defined in a straightforward way, and the divergence of a linear form
would be yijaipj = aiyijpj = 9;p' with the inverse metric.

This point can be illustrated better by considering a curve x’(A) which runs
through a scalar field ®@: The derivative of ® along the curve as A evolves, is

dd dx' 0P
ﬁ = ﬁﬁ = Xlaiq) (2645)

by virtue of the chain rule. We interpret this expression as the projection, or scalar
product between the gradient d;® of the potential as a linear form with the velocity
% = vl = dx?(\)/d) as a vector.

Let’s try out a change of coordinates with an invertible and differentiable replace-
ment x’(y?): The chain rule suggests that

d® _dx' 9P _(dy” ox'\(dy® 9P| _dy? ox' 9y’ o0 _dy" 00 _ .. o
dh T dxax  \dx ayeJ\axi apb | T AN 9yt ax gyt dx ayr P "
-
=8
(Z.646)
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such that the rate d®/d) is unchanged, no matter which coordinates have been
used to compute the velocity and the gradient. This is achieved because the Jacobian
0x'/dy? used to transform the vectorial velocity and dy?/dx’ for the transformation
of the potential gradient as a linear form are inverses to each other:
axi oyt oyt

- = =9 7.647
dy? dxi  dy* ¢ ( )

by recognising that the expression originates from 9y%/dy® from an intermediate
differentiation with respect to x as dictated by the chain rule. With the latter relation
it becomes clear that even though the coordinates x' are not (yet) a vector, the velocity
vl = dx'/d ] as the derivative is, and the gradient d®/dx’ is truly a linear form: Both
have the correct transformation properties. Vectors such as the velocity transforms
according to v\ — J,v* = 9x'/dy® v%, and linear forms inversely, p; — )%pa =
dy?/dx' p,. Indeed, in differential geometry all quantities (scalars, vectors, linear
forms, tensors of various rank and valence) are defined through their transformation
behaviour.

The Kronecker symbol arises as the fundamental property of the coordinates y*
then makes sure that only equal indices are considered in multiplying y?629,® =
9?0, P. This neat cancellation would not automatically take place in scalar products
between two vectors: Defining the Jacobian J', = dx'/dy® suggests the transformation
vl = Ji,v?, and the scalar product yijvivj can only be invariant if the metric trans-
forms inversely (defining an orthogonal transform), y;; — ],-“]jb%;b with the inverse
Jacobian J;:

7.3t = _ = §b (Z.648)

such that scalar products are in fact invariant:

b i i d i byl d b d N b.,d b
J,‘ulj Yab ]zcvc J]dv = I,‘a]lc ]] ]]d ?abvcv = 6g6d7/abvcv = Yab bgvc 6dv = Yubvav .

(Z.649)

The same argument applies to the invariance of the scalar product yijpipj, only that
the Jacobians now transforms the inverse metric yif and the inverse Jacobians the
linear forms p;:

VoY 1pe i pa = Vi V0 v pepa = 0080 v pepa = v 85pe 8ipa = v papy
(2.650)

The transformation properties of the metric and its inverse show that they are in fact
tensors of rank 2.
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7.3 Lagrange- and Hamilton-formalism in components

If one chooses the coordinates to be summarised in a vectorial tuple x/, the velocity
%' = dx'/dt and the acceleration %' = d?x'/dt? are vectors as well. The construction
of a scalar quantity like the Lagrange function requires the metric y;; for the kinetic
term,

L(x',x") = ?y,-]-x’x] - D(x") (Z.651)

as well as the potential ®. Variation with the Euler-Lagrange equation

d oL oL

dt oxa ~ oxa (2.652)
leads to
L m oxt ., ox m i i
i E%‘j( T ® o+ Er ) = E(Yajx] + Yigk') = mygd (2.653)
o o
:é»fZ :5{1

because the metric is symmetric, y;, = V,i, and any internal index in an expression
can be renamed. Together with

L 2
=- 7.654
Jx7 o0x ( )
one arrives at the Newtonian equation of motion
0D
My, = 5 (Z.655)

which can be brought into a more familiar shape by multiplying both sides with the
inverse metric y'*:

ia 0D

myi“yujjéj = mé}a’c’j =mi' = —y”’ﬁ =9, — mi =-y"9,® (2.656)

with yi“yaj = 5! such that the inverse metric relates the gradient of the potential,
itself a linear form, to the acceleration as a vector.

The canonical momentum,
L

Pi= o

(Z.657)

is, by this reasoning, a linear form (and a function pj()'ci) of the vectorial velocity
%', which can be inverted to yield %' (p;) for convex Lagrange-functions), so that the
Legendre transform . o

H = p;&'(p;) - L(x', X' (p))) (Z.658)

is sensibly defined and yields a scalar Hamilton function. The contraction of the
vectorial velocity X' with the linear form p; appears naturally. And it provides an
argument, why the canonical momentum p; = d£/dx' is more than just the kinetic
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momentum m%': On the contrary, with the definition of the canonical momentum p;
one obtains for a standard form of the Lagrange-function

pi = my,»]»xi and consequently, p; = -0, (Z.659)

from the Euler-Lagrange equation, showing how the metric is necessary, in one way
or another, to mediate between velocity and acceleration as vectorial quantities on
one side and momentum and potential gradient as linear forms on the other, even in
the case of a standard kinetic term in the Lagrange-function. Hamilton’s equations of
motion

pi = —gzj and ' = +Z—Z (Z.660)

remain consistent as the derivative with respect to a vector is a linear form, while

the derivative with respect to a linear form returns again a vector: dp;/dp; = 65 for
p; as a phase space coordinate. Please note how p; as a linear form emerges from

—9dH/dx' = —9®/dx' without a metric in contrast to equation (Z.655), in a consistent
variant of Newton’s second law: p; = —0;D.
Z.4 Duals

The cross product x x y between two vectors is defined in terms of their basis decom-
position as
XXy = xjej X ykek = xjyk ej X ep = xjyk eijkei = eijkxjyk e, (Z.661)
~——————
=(xxp);

with the Levi-Civita symbol as an expression of the right-handed orientation of the
(orthogonal) basis system. Therefore, cross product eijkxjyk is naturally a linear form,
but is it possible to construct a naturally antisymmetric quantity out of the vectors
xJ and y* as a vectorial object? Clearly, the antisymmetric rank-2 tensor x/p* — xKyJ
would be such a thing, and would be, up to a factor of two, equal to the cross product:

€ijk (xjyk - x*yl) = eijxlyk - epjxly* = (eijk - €ikj)xj31k =2exly* (2.662)

where in the first step the indices are interchanged j <> k, and then the property €;; =
—€jx;j is used. (x/y* — xKpi)/2 is called the dual, and the usability hinges heavily on the
fact that the contraction of two antisymmetric objects is nonzero. The dual x7y¥ — xKyJ
is a vectorial (antisymmetric) tensor that contains the same information as the linear
form resulting from eijkxjyk. Duals can be defined for any antisymmetric tensor, for
instance Ga;; = %eaﬁwG”". They convert all Maxwell-equations into divergences, as

e1%0,By = 0; (¢1°Ey) = 9, = —0, B, (Z.663)
as exemplified by the induction equation.
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z.5 Gauf- and Stokes-theorems

The Gauf3-theorem relates the volume integral over the divergence of a vector field to
the integral of that particular vector field over the surface bounding the volume,

JdV&iDi:de,- D' and deQiBi:JdSi B,

\% A% \Y% A%

(Z.664)

where in electrodynamics the relation gets applied to the two vector fields D' and
B’. The surface element dS; is a linear form, because it originates from the cross
product of two vectors. Similarly, the Stokes-theorem relates the surface integral of
the rotation of a field to the line integral along the boundary,

sti %0, By = jdri E; and jdsi %9 Hy = Jdri H;,

S s S 5}

(Z.665)

where in electrodynamics this becomes relevant for the two linear forms E; and H;.
It is a bit remarkable that the assignment of vectors and linear forms to the fields
in Maxwell’s equations only needs as geometric objects the differential d; and the
associated surface element dS; as linear forms, and never their possible vectorial
counterparts. The GauB-theorem gets only ever applied to the vectors D’ and B,
whereas the application of the Stokes-theorem is restricted to the linear forms E;
and H;. This, in fact, is a hint that electrodynamics would work even on non-metric
spacetimes, because the metric (and its inverse) would be a mean to convert between
the two types of fields.

z.6  Summary of co- and contravariant quantities in electrodynamics

0. rank 0: scalars and pseudoscalars

D electric potential

0 axion field amplitude

0 electric charge density

dv volume element

1. rank 1: vectors and linear forms

x! Euclidean coordinates d; coordinate differential

x! velocity pi momentum

it acceleration 2;® potential gradient

D dielectric displacement E; electric field

B magnetic field H; magnetic induction
A; vector potential

pi Poynting vector Y; Poynting linear form

7 electric current density ds; surface element

xt Minkowski coordinates Iy coordinate differential

ut 4-velocity Py 4-momentum
Ay 4-potential

Jis 4-current density
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z.6. SUMMARY OF CO- AND CONTRAVARIANT QUANTITIES IN ELECTRODYNAMICS

2. rank 2: co-, contravariant and mixed tensors

Y inverse Euclidean metric | y;; Euclidean metric
el permissivity tensor €ij inverse permissivity
n permeability tensor Wij inverse permeability
o'/ conductivity
Y inverse Minkowski metric | 1, Minkowski metric
GHY excitation B Faraday tensor
Fr Faraday dual Gy excitation dual
6;, 65 Kronecker-symbol
Ti] Maxwell stress tensor
T." energy-momentum tensor
A j endomorphism for vectors
v Al ]-U]
Ai] endomorphisms for linear

forms p; — Ai]pj
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